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72. Asymptotic Expansions of Solutions of Fuchsian Hyperbolic
Equations in Spaces of Functions of Gevrey Classes

By Hidetoshi TAHARA
Department of Mathematics, Sophia University

(Communicated by Ko6saku YosipA, M. J. A., Oct. 14, 1985)

In this paper, we deal with Fuchsian hyperbolic equations with
Gevrey coefficients and establish the asymptotic expansions of solutions
in spaces of functions of Gevrey classes. As to the Cauchy problem in
Gevrey classes, see Tahara [3].

1. Fuchsian hyperbolic equations. Let us consider the following
equation :

(E) (ta.)"u+ " |Z|:§ tt9a, (t, ©)(t,)05u=0,

j<m
where (¢, x)=(, @, - -+, 2,) €[0, TIXR" (T>0), me N(={1,2, ---}), a=(a,
e a) e ZN(={0,1,2, -1, |al=at- - Fa,, W, 0)eZ, (G+|a|<m and
ji<m), a;.t x)eC>(0,TIxXxR*) (G+|e|<m and j<m), d,=0/dt, and
0:=(9/0x)*- - -(@/0x,). Assume the following conditions:

(A-1) I, a)eZ, (j+|a|<m and j<<m) satisfy

G4, =xa,+ - - - +£,0,, when j+|a|=m and j<m,
(4, 0)>0, when j+|a|<m and |a|>0,
(4, ®)=0, when j+|a|<m and |a|=0
for some &y, - - -, £, € Q such that £,>0 (=1, .- -, n).
(A-2) All the roots ,(¢, z, &) (i=1, .-, m) of
I+ D0 a,.(t v)AE=0

j+lal=m
j<m

are real, simple and bounded on {(t, z, £) e [0, TIXR* X R" ; |&|=1}.

Then, (E) is one of the most fundamental examples of Fuchsian
hyperbolic equations. The characteristic exponents p=p,(z), - - -, p.(z) are
defined by the roots of

"+ Gy ()™ - - - () =0,
where a,(x)=[t'% @ Mg, 0@ 2)]|=e G=0, -+, m—1).

2. Asymptotic expansions in C=((0, T), &(R")). Let E£(R") be the
Schwartz space on R* and let C~((0, T), £(R")) be the space of all C~ func-
tions on (0, T') with values in &(R"). Then, by applying the result in Tahara
[2] we have

Theorem 1. Assume that (A-1), (A-2) and the condition :

(T) 14, )=k, + - - - +K,0, when j+|a|<m and |a|>0
hold, and that p(x)—p,(x) & Z holds for any x € R" and 1<i+=j<m. Then,
we have the following results.

1) Any solution u(t, x)e C=((0, T), E(R")) of (E) can be expanded
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asymptotically into the form
m o mk

(%) u(t, )~ Y (soi(ﬂc)t“(”-l- 20 20 pih(@)te e (log t)"""")
i k=1 h=0

=1
as t—+0 for some unique ¢,(x), pi(x) € E(R™).

(2) Conwversely, for any (), - - -, ¢ () € E(R") there exist a unique
solution u(t, x) e C=((0, T), &(RY) of (E) and unique coefficients ¢ (x)
e ERY) 1Zism, 15k<oo and 0<h<mk) such that the asymptotic rela-
tion in (1) holds.

In Theorem 1, the condition (T) seems to be essential to the charac-
terization of the general solution in C=((0, T), £&(R™). Therefore, if we
want to consider the case without (T), we must treat the equation (E) in
suitable subclasses of C=((0, T), E(R™)).

3. Asymptotic expansions in C=((0, T), " (R")). A function f(x)
(e C=(R")) is said to belong to the Gevrey class E/(R"), if f(x) satisfies the
following ; for any compact subset K of R* there are C>0 and h>0 such
that

3.1) sup |0 f(@)|SC R (a|!)’ for any e« e Z".
ZxEK

We denote by C=((0, T), &(R*)) [resp. C=([0, T1, £¥(R™))] the space of all
C> functions on (0, T) [resp. [0, T1] with values in &“(R") equipped with
the locally convex topology in Komatsu [1].
Now, let us consider the equation (E) in C=((0, T), &*(R")) under (A-1)
and (A-2). Let I(, @) (G+|a|<m and |«|>0) and &, ---, £, be as in (A-1).
Define the irregularity index ¢ (=1) by
og=max|1l, max {min <max M, (z, r))}],

f+lla}rl><0m t€8y \1Srsn
where &, is the permutation group of n-numbers and

Mj L, )= Z:=1 ('Cf(i)""Cm))af(z)‘l"(m——j)lir(r)—l(f, @) .
' (m-—j—-lo(l)li,(,.)

Impose the following conditions:
(A-3) 1<s<g/(c—1).
(A-1) a,,.@, x)eC~(0, T], EV(RY) (G+|a|=m and j<m).
When =1, (A-3) is read 1<<s<<oco. Then, we have
Theorem 2. Assume that (A-1)-(A-4) hold and that p;(x)—p,(x) & Z
holds for any x € R* and 1<i#j<m. Then, we have the following results.
1) Any solution u(t, x) € C((0, T), &'(R")) of (E) can be expanded
asymptotically into the form

(x%) utt, 2)~ 33 (et + 3 3 gith @t HQog ")
B k=1 h=0

=1
as t—+0 for some unique ¢,(x), ¢ (x) € EVH(R™).

(@) Conversely, for any ¢,(x), - - -, pn(x) € EVH(R") there exist a unique
solution u(t, x) € C=((0, T), EW(R™) of (E) and unique coefficients ¢, (x)
e EW(R™) (ALigm, 1<k<oco and 0Zh<mk) such that the asymptotic
relation in (1) holds.
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Here, the meaning of the asymptotic relation (xx) [resp. («)] is as
follows ; for any >0 and any compact subset K of R" there is an N, e N
such that for any N>N,

m N m
t-e@a) [uct, 2)— 33 (e@tno+ 3 3 piti@tne*gog )|
1 k=1 h=0 K

=1
—0 in &¥(K) [resp. £(K)] as t—+0 for any le Z,,
where £0HK) is the locally convex space of all functions f(x) € C*(K) satis-
fying (8.1) for some C>0 and £ >0 (see Komatsu [1]).
Remark. (1) o=1 is equivalent to (T).

(2) When ;= - =k, (=ry), o is given by
o=max[l, max (m—f—'l(j, @) /Ky )]
ek m—j—|al

(8) Also in the case I(j, @) € @ (j+|a|<m and j<m), we can obtain
the same results as above. To see this, we have only to apply the change
of variables t¥¥—t and x—2x. See §7 of Tahara [2].

(4) The reason why the logarithmic terms appear in (x) or (xx) (not-
withstanding the assumption p,(¥)—p,(x) & Z for i+) lies in the following
formula: (3/9z)t*® =(Bp(x)/dx)t*@(log t). Therefore, if p,(x) A<i<m)
are constant on U, the logarithmic terms do not appear on U in (x) or (x=).

4. Examples. (1) Let P, be of the form

P1=(tat)2—t2‘3§+tla(t, x)az+ b(t’ x)(tat)‘i" C(t, x)’
where (¢, ) € [0, TIXR and 2¢, le N. Then, ¢ is given by

g=max {1, 2e—1 }
K

(2) Let P, be of the form
P,=(t0,)*— t*19%, — t*29%, + t"a,(t, )9, + t"a;(t, )., + b(t, x)(td,)+ c(t, ®),
where (¢, z) € [0, T1 X R* and 2k,, 2k, I, , € N. Then, ¢ is given by
2k, —1, 2k,—1, }

o=max {1, ,
Ky Ky

(3) Let P, be of the form
P,= (t3,)((td,)* — t*0%, — t*+3% )+ t'a(t, £)9,,0,,,
where (¢, 2) € [0, T1 X R* and 2¢,, 2¢,, e N. Then, ¢ is given by

max {1, 3"‘_1, £y 26, —1 }, when 0<k, <k,
Ky Ky

g=

max {1, 26+ k=1 . 3”2_l}, when 0<k,<Zk,.

I Ky

Details and proofs will be published elsewhere.
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