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30. Singular Integrals on a Locally Compact Abelian
Group with an Action of a Compact Group
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Institute of Mathematics, Akita University

(Communicated by Késaku Yosipa, M. J. A., March 12, 1982)

Let G be a semidirect product group of a closed normal abelian
subgroup A and a compact subgroup K. An action of K on A is given
by k(a)=Fkak* for all ke K and a € A. Let A be the dual group of 4.
If ke K and 1 ¢ 4, the equation that (k(y), a>={r, k(a)) for alla € A4,
defines an action of K on A. If E is a finite dimensional vector space,
then for 1<p=< oo, L?(A; E) will denote the Banach space of all L?
functions on A with values in E. Suppose (4, F) is a finite dimen-
sional unitary representation of K. A G-action z(9) on L?(4 ; E) will
be defined by <(9)f(a’)=z(ak)f(a)= (k) f(k-"(a"'a’)) for all ¢’ e A and
all ge G with g=ak, ac A, ke K. The Fourier transform of f in

L'(A; E) is defined by §f(y)= f Gy a5 (@)da for all y e A, We givea
A

definition of a polar decomposition (2, C) of A (cf.[3]). Let K, be a
closed subgroup of K, and let C be a Borel subset of A whose elements
are invariant under the action of K,. Let 2 be the homogeneous space
K/K, We say that (Y, C)is a polar decomposition of A provided that

(a) for each r in C the stability group of » in K is precisely K,
and

(b) the mapping (kK,, r)—k(r) is a homeomorphism of 3 X C onto
a Borel subset 4, of A whose complement in A is of Haar measure
zero in A. To avoid a trivial case we assume that the identity ele-
ment e of A does not belong to 4, throughout this paper.

Let K be the set of all equivalence classes of irreducible unitary
representations of K. For z in K we denote by d(z) the dimension of
= and by m(z) the multiplicity with which = occurs in L¥2). Le K be
the subset of K consisting of all elements with m(z)20. We set K’O
— K —{the trivial representation}. Let (r, H,) be an element of K and
let {v3},_,,...,a(» be a fixed orthonormal basis of H, such that z(k)v;=v73,
j=1, -, m(x) for all k, in K,, We put Y;(k)=+vd@)(©;, n(k)v?),
i=1, ---,d(x), =1, - - -, m(z). Then the set of functions {Y7,:r e K,
=1, ---,d(n), =1, - - -, m(x)} is an orthonormal basis of LY(J). We
call the functions Y73, generalized spherical harmonics in L*(X).
Throughout this paper we will use a fixed set of generalized spherical
harmonics Y;; and we assume that A and A have polar decompositions
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(Z,0) and (2, €) respectively. The following Theorems 1 and 2 can
be proved by using a generalization of Theorem (3.10) in Coifman-
Weiss [1, p. 40].

Theorem 1 (A generalized Bochner’s theorem). For = in K, we
consider a function f in L*(A) of the form f(k(r)=f(r)Y:(k), ke K,
re C where f, is in L(C). Then the Fourier transform of f is of the
form

BIKE)= 2 /1 OVikb), ke, ¢eC
where [ is in L¥(C).

This theorem contains those of Gelbart [2] and Herz [4] in a special
case.

Theorem 2 (A generalized Riesz transform I). Let (4, E) be in )7¢
and {u,} an orthonormal basisin E. Let (2*, E*) be its contragredient
representation and {u}} the dual basis of {u;}. We consider a bounded
linear operator T of L¥(A) to LX(A; E*). Then the operator T is in-
variant under the G-action if and only if there exists a set of functions
{eticy, om0 L=(C) such that BT =M@P)FS () for all y A where
M(p)=>22 M (pus and M, (k(&)=27P c &)Y (k) for all ke K and
ee C. Moreover, if the above holds, then we have

el <v/d(2) min [|M,]|..
127542

From now we consider the case that A is an n-dimensional real
vector space with an inner product and K is a compact Lie group
which acts orthogonally on A and a polar decomposition (X, C) of A
has the following additional conditions:

(¢) C is a submanifold of A4,

(d) the mapping (kK,, r)—k(r) of ¥XC onto A, is a diffeo-
morphism,

(e) A,is open and a e A, implies —a e A,

(f) if r isin C then tr is in C but —¢r does not belong to C for
all t>0.

We call a diffeomorphism 7—d() of C into GL(A) (the set of all
invertible linear transformations of A) a system of dilations of A pro-
vided that

(a) () is symmetric with respect to the inner product of A for
all rin C,

(b) for each r in C there exists an element ' in C such that
8(r-1) is the inverse transformation of a(7),

(¢) there exists an element 1 in C such that 6(1) is the identity
transformation of A,

(@) det 8(r) is positive for all » in C and there exists a positive
number p such that det z(¢r)=t* det «(r) for all t>>0 and all r in C,

(e) the subset {r e C: det «(r)=1} is compact in C.
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We define a pseudo-norm |x| induced by the system of dilation a(r)
in the following way :

(a) when z is in C, we set |z|=|det ()",

(b) when z isin A, such that x=k(r), ke K, r € C, we set |z|=|r|.

(c) when z does not belong to A4,, we set |x]|=0.

Theorem 3. Let (1, E) be in K, and let (2%, E*), {u,} and {u¥} be
as in Theorem 2. Let Xx) be a function on A such that Q(k(r))
=290 Yi(k)uf for all kin K and r in C. We put

Tr@=[ SRy, >0

Then, Tf=1lim,_ , T.f exists in L*-norm (1<p<oo) and the operator T
is a bounded linear operator of LP(A) to L*(A ; E*) which is invariont
under the A-action. Moreover there exists a set of functions {ci;:
=1, ---,m(), i=1, - - -, m(D} in L=(C) such that F(Tf)(x)=Mx)Ff(x)
where M=% M, uf and M, (k(r)=27? c;(r)Yi(k) for all ke K and
re C and there exists a constant B such that sup,, ||ci|l. < Bvd(2).

Theorem 4 (A generalized Riesz transform II). Let (2, E),(2*, E*),
{u;} and {w}} be as in Theorem 3. Suppose that the system of dilations
o(r) satisfies that 6(r)k(1)=k(r) forallre Cand ke K. Then a bounded
linear operator T : L*(A)—L*(A ; E*) is G-action invariont and dilation
wmvariant if and only if there exists a set of constants {c,:i=1, .-,
m()} such that F(Tf) (@)= M(2)F f(x) and M(k(r)) =394 27 e, Y (k)u}
for all ke K and r e C.

Theorem 5. For 1<p< oo and a nonnegative integer l, we denote
by Wi(A) the Sobolev space with the norm | f|,.. Let Y(x,k) be a

function on AX2 withj Y(x, k)dk=0 such that Y(z, k)ec C=(2) for
b

each xec A, and D:Y(x, k) e W' (A) for all ke K and all K-invariont
diff erential operator Di on 3 of order o with |a|<h where h=2([m/2]
+1) (m=dim K) and l is a fixed nonnegative integer. Let (x,y) be
a function on A X A such that 2z, k(r))=Y(z, k) for allzec A, all ke K
and r e C and ¢ a function in WL.(A). We define an operator T, by
T @= @)@+ ____Qf;ciny) Fa—pdy, >0,

We put [|Y |, = maXyc q s, {SUPsex | DiY (2, K)|..)} and B =max {|¢|..,,
Y.}, Then for 1<p<oo,we have ||T [, <CB | f|, with a constant
C for all integers 0<i<1, and lim,_, T.f =Tf exists in Wi-norm. The
operator T also satisfies | Tf|,, ;< CB| fll,,. for all integers 0<i<1 with
the same constant C.

Our case in this paper contains the Euclidean space case and the
matrix space case ([2]-[4]) as examples. Details of result in this
paper will appear elsewhere. I would like to thank Prof. S. Igari,
M. Kaneko, A. Kodama and the referee for many valuable suggestions.
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