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Let G be a semidirect product group of a closed normal abetian
subgroup A anda compact subgroup K. An action of K on A is given
by k(a)= kalc-’ for all ] e K and a e A. Let be the dual group of A.
If ]ce K and 7 e {, the equation that <](7), a> (7, ]-’(a)> for all a e A,
defines an action of K on {. If E is a finite dimensional vector space,
then for l__<p__< oo, L(A;E) will denote the Banach space of all Lp

functions on A with values in E. Suppose (, E) is a finite dimen-
sional unitary representation of K. A G-action r(g) on L’(A E) will
be defined by r(g)f(a’)=r(alc)f(a’)=2(ta)f(k-’(a-’a’)) for all a’ e A and
all g e G with g--a], a e A, ] e K. The Fourier transform of f in

L’(A;E) is defined by f(7)-f <, a-->f(a)da for all 7 e . We give a
dA

definition of a polar decomposition (X, C) of A (cf. [3]). Let K0 be a
closed subgroup of K, and let C be a Borel subset of A whose elements
are invariant under the action of K0. Let X be the homogeneous space
K/Ko. We say that (X, C) is a polar decomposition of A provided that

(a) for each r in C the stability group of r in K is precisely K0,
and

(b) the mapping (]cK0, r)-+ k(r) is a homeomorphism of X X C onto
a Borel subset A0 of A whose complement in A is of Haar measure
zero in A. To avoid a trivial case we assume that the identity ele-
ment e of A does not belong to A0 throughout this paper.

Let K be the set of all equivalence classes of irreducible unitary
representations of K. For z in/ we denote by d(z) the dimension of
z and by re(z) the multiplicity with which z occurs in L(X). Le/ be
the subset of/ consisting of all elements with re(r)#0. We set/0
-K-{the trivial representation}. Let (z,H) be an element of K and
let {v}=,,..., be a fixed orthonormal basis of H such that z(Io)V=V,
]--1,..., m() or all ]Co in K0. We put Y(k)-/-()(v.,(k)v;),
i 1, d(z), ] 1, re(z). Then the set of functions {Y" zeK,
i- 1, ., d(z), ]- 1, ., re(z)} is an orthonormal basis of L(X). We
call the functions Y; generalized spherical harmonics in L(X).
Throughout this paper we will use a fixed set of generalized spherical
harmonics Y#. and we assume that A and have polar decompositions
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(X, C)and (X, C) respectively. The following Theorems i and 2 can
be proved by using a generalization of Theorem (3.10) in Coifman-
Weiss [1, p. 40].

Theorem 1 (A generalized Bochner’s theorem). For in K, we
consider a function f in L(A) of the form f(k(r))=f(r)Y(k), k e K,
r e C where f is in L(C). Then the Fourier transform of f is of the

m()

f(k()) f()Y(k), e K, e C
=1

where f is in L(C).
This theorem contains those of Gelbart [2] and Herz [4] in a special

cse.
Theorem 2 (A generalized Riesz transform I). Let (, E) be in K

and {u} an orthonormal basis in E. Let (*, E*) be its contragredient
representation and {u} the dual basis of {u}. We consider a bounded
linear operator T of L(A) to L2(A E*). Then the operator T is in-
variant under the G-action if and only if there exists a set of functions
{c}=,,...,() in L() such that (Tf)(7)=M(7)f(7) for all 7 e where
M(7)= M(7)u and M(k())=72 c($)Y}(k) for all k e K and
e . Moreover, if the above holds, then we have

From now we consider the case that A is n n-dimensional real
vector space with an inner product and K is a compact Lie group
which acts orthogonally on A and a polar decomposition (X, C)of A
has the following additional conditions"

(c) C is a submanifold of A,
(d) the mapping (kKo, r)k(r) of XC onto A0 is a diffeo-

morphism,
(e) A0 is open and a e A0 implies --a e A0,
(f) if r is in C then tr is in C but -tr does not belong to C for

all t 0.
We call a diffeomorphism r(r)of C into GL(A)(the set of all

invertible linear transformations of A)a system of dilations of A pro-
vided that

(a) 6(r) is symmetric with respect to the inner product of A for
all r in C,

(b) for each r in C there exists n element r-’ in C such that

6(r-’) is the inverse transformation of 6(r),
(c) there exists an element 1 in C such that (1) is the identity

transformation of A,
(d) det 6(r) is positive for all r in C and there exists positive

number p such that det r(tr)=t det r(r) for all t0 and all r in C,
(e) the subset {r e C" det r(r)= 1} is compact in C.
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We define a pseudo-norm xl induced by the system of dilation (r)
in the ollowing way"

(a) when x is in C, we set Ixl=ldet r(x)l/.,
(b) when x is inA0 such that x=k(r), keK, r e C, we set
(c) when x does not belong to A0, we set Ixl=0.
Theorem :. Let (2, E) be in Ko and let (2", E*), {uj} and {u} be

as in Theorem 2. Let [2(x) be a function on A such that [2(k(r))
--/,j=lx() yji(k)u for all k in K and r in C. We put

Tf(x)=,y,_o i-i f(x-y)dy, e >0.

Then, Tf lim,0 T,f exists in Lp-norm (1 p c) and the operator T
is a bounded linear operator of LP(A) to L’(A E*) which is invariant
under the A-action. Moreover there exists a set of functions {c"
/=1,..., m(2), i=1,..., m(2)} in L(C) such that (Tf)(x)=M(x)f(x)
where M--,. Mju and M(k(r))=,( c(r)Y(k) for all k e K and
r e C and there exists a constant B such that supt,

Theorem 4 (A generalized Riesz transform II). Let (2, E), (2*, E*),
{u} and {u} be as in Theorem 3. Suppose that the system of dilations
6(r) satisfies that (r)k(1)-k(r) for all r e C and k e K. Then a bounded
linear operator T" L(A)-L(A E*) is G-action invariant and dilation
invariant if and only if there exists a set of constants {c" i=l, ...,
m(2)} such that (Tf)(x)= M(x)f(x) and M(k(r))-- / ,j=Ix() () cY(k)u
for all k e K and r e C.

Theorem 5. For l=p<= c and a nonnegative integer l, we denote
by W(A) the Sobolev space with the norm ]]f],t. Let Y(x, k) be a

function on A with [ Y(x, k)dk= 0 such that Y(x, k) e C($) for
J

each x e A, and DY(x, k) e W(A) for all k e K and all K-invariant

differential operator D on of order with Ia]<_h where h=2([m/2]
+1) (re=dim K) and is a fixed nonnegative integer. Let 9(x, y) be
a function on A A such that 9(x, k(r))= Y(x, k) for all x e A, all k e K
and r e C and a function in W(A). We define an operator T, by

Tf(x)=(x)f(x)+ 9(x, y) f(x-y)dy,

We put Y ] max0_ll_ (supez IIDY(x, k)ll,} and B max

]IY]I}. Then for l<p< c, we have [[T.f[I,,<_CB llfll, with a constant
C for all integers O_i<_l, and lim0 T,f= Tf exists in W-norm. The
operator T also satisfies TflI,<=CB llfll, for all integers O<_i<_l with
the same constant C.

Our case in this paper contains the Euclidean space case and the
matrix space case ([2]-[4]) as examples. Details of result in this
paper will appear elsewhere. I would like to thank Prof. S. Igari,
M. Kaneko, A. Kodama and the referee for many valuable suggestions.
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