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70. Deformation of Linear Ordinary
Differential Equations. IV

By Tetsuji MiwaA

Research Institute for Mathematical Sciences, Kyoto University

(Communicated by Kdsaku Yo0SIDA, M. J. A., Sept. 12, 1980)

In this note exploiting quantum field operators we construct an
isomonodromy family with a prescribed monodromy data. This ap-
proach was initiated by Sato, Miwa and Jimbo [1] in the case of
regular singularities. As for irregular singularities some special
cases have been treated in [2], [8]. Here we consider the following
general case; we construct an mXxXm matrix Y(z,, £) normalized as
Y (%, ) =1 which enjoys the monodromy property with respect to
with the following monodromy data [41, [ 5]

(1) Qs T(-”m ] T(()l), Sil)’ ] Séi),,’ C(l)y

Qs IO, - o, T, 8, - - -, 8§, O™,
Here a,, - - -, a, are distinct points in C. 7, is the rank of the irregu-
lar singularity at a,. T®,-..,T{ are the exponent matrices at a,.
We assume that if »,>1,
(2) £, ,#t9,,  for azp,
where T, =(t%),.0,0) 0 p=1,0eme Sy - -+, S are the Stokes multipliers
with respect to the sectors S{*} at a, (see (2.38) and (2.43)in [4]). C®
is the connection matrix from a, to x,, Note that x=oo is chosen to
be a regular point for Y(x,, ). We should assume the following con-
sistency conditions.
(3) > 5 =0,
(4 ) (C(")"lez“iTél’Sé:‘;‘;-_f :x:glin)—lc(n))

NEEED (0(1)—1ezx17’51)s%)1—1. . .Sil)—IC(l))=1.
Under the above assumptions, we shall give a Neumann series for
Y (x,, ) in (22), which is convergent if 7% and SP—1(@=1,---,n;
7=0,1,-.--,7,;1=1, ..., 2r) are sufficiently small.

We also give expressions for the characteristic matrices G*»®®
yp=1,---,n; 1, k=1) (see [ 6]) of the isomonodromy family. Since
the characteristic matrices give rise to solutions to the non-linear de-
formation equations for the isomonodromy family, we thus obtain
analytic expressions for these solutions. We refer the reader to [ 7 ]-
[12] as for previous results on analytic expressions for solutions to
Painlevé equations and their generalizations.



302 T. M1iwa [Vol. 56(A),

We exploit free fermions denoted by +,(x), ¥*(x), v (x) and ¥ (x)
@eR;a=1,---,m;v=1,.-.,n). We define the expectation value
between ., (x)(¥¥(x)) and one of the free fermions to be zero except for
the following.

(5) @U@ = DU @ =0 m

* (v 7 (v YW, by—~1 —'1,
(8)  CH@IPEN) =P @I =(C gL,
(1) @) =l @) =0 L
The table of the expectation values for other pairs is given in (16) and
(17). Here we need only the following.
(8) PE@P D @)y = PP (@) EP (2)) =0,
PEP@PE (@) = PP @ (2)) =0.

We set
(9)  gp=e?, =jj dadat RY (&, a4 @20 @),
. oY,
10 RY ’ =_“_ 1 el (x') ,
{10 @ = e T @
a1 e (%) =exp (Z t@;,ai@(.%w; log (x—a,)).
= -

12)  gev=yerer, oo [deeo@ 0@ k2D,

(13) S0‘(:»,—1) =,\I,.2<(v,-—l)ep&”’ s ;f(v,—l) =T§T{ j dwe,ﬁ”*””(x)«p;“”’(x) (lgl)’

14) e P(w)=@w—a)el(@)  (GeZ).
(15) BB _w*(u,—z>\!,(v,k)ep(”’ @, k=1).
We define kernels K&%*(z, %) (v, p=1,---,n;a,8=1,.--,m) and
the remaining expectation values as follows.
16 Ky(,a)=—(CVC" et )
={ PFO@IP @)y b<p
— PP EIVEO@)Y > p).
amn K (%, #7) =230(x—2) (P,
— { PEO@P @)y (@<p)
— PP @)@y (@>P).
Here 2%} is a complex parameter specified below. The kernel K" (z, 2)
and the rest of the expectation values between & (x) and }“(x) are
Zero.
Now let us consider the product
(18) 509) .. '§0£r11.) . SD(n) (n) — <§0(1) (1) sD{n) . SD;::)> : el 5
19) =3 3 j dada/ RS (2, )& @NWE® (@),

vyu=1 a,f=1
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The kernel is given, at least formally, by the following Neumann series.

@Q0) R, 2)=3 [da,. - j o, 3
i=0 v1yee

Sg—1=1 ayees ajon=1
X R&(,, xl)KmJ:l) (@, wz)Rf,”ﬁ(xz, X)K 02w (24, )
e 'Rg;j)(xZJ, xz/-v-l)a

where (v, ) =@, a), (v, @)= (g, p), xZ,=x and x,,,,=2'. Since the free
fermions are defined on the real axis the integrations appearing in (20)
should be on the real axis. Nevertheless in order to obtain an iso-
monodromy family we introduce the following modification for the
contours of integration.

We assume that Ima, (¢k=1, ---,n) are distinet. If v,_,#v,, the
contour for xz,,_, (resp. %,,) should be I¢-v (resp. I*?) of Fig. 1.

I(v)

Fig. 1

If v =y (=), K;;}‘)(ka—u To) (r=0tu_y, ¥ =0,) containg o(Lyy_;— Lap)-
Hence we can integrate over 2,,_,. Then the integrand for x,, contains
the factor e (x,,)/e%(x,,). In the case of 7,1, by the assumption (2)
there exist r, sectors S, ---,S®,, at a, along which this factor is

decreasing. We choose S%,,, - -+, S®,,, successively anticlockwise so
that S is contained in either S U S or S&HUSE) (see (2.38) in [4 D).
Then we take a contour I©, from oo to @, through S®, IP, (=1,

«++,7,) should be chosen so that Imu,, ,>Imuax, , for z,,,el?,
(7=1,2)(;<l) when z,,,—oo,, (Fig. 2).
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Fig. 2

Moreover we choose 2% of (17) differently for each contour; we take
A9, for IV, (I=1, - --,r,). When the contours for z,, and x,,, coincide
with each other, we choose the contour for z,.,, in the right of the
contour for x,,. Likewise x, (resp. #,,,,) is supposed to be in the left
of the contour for z, (resp. in the right of the contour for x,). With

the above prescriptions for integration contours, the Neumann series
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(20) is convergent for sufficiently small 2%, @=1, .-, n;l=1,..-,7,;

a, pf=1,.--,m)and t* ,(v=1,---,n;75=0,1,---,7,; a=1, ..., m).
Now let us consider the following expectation value.

1) Y (25 ), =2m0(x — ) (P () 1 €72 rp(2)).

From (56)—-(7) and (19) we have
@) Y@;w,=1+3 > [ da j da,

vyp=1 a1 ag=1JIW
v)-1 - (vy) ? ()
x(C )m, 5 —W_ 5 R&0 (2, xz)g‘ —— -FB‘C“”'
Here z, (resp. ) are supposed to be outside of the contour I (resp.
I®).  The mxm matrix Y(@,; )= @y} %)ep)a,p=1,....n gives the iso-
monodromy family normalized at x,, i.e. Y(2,, ,)=1. The connection
matrix from a, to 2, is given by C*, the Stokes multipliers S{» (=1,
-,2r,) are given by
(23) SP=A—4M"M"1,
where (4{),,=24{, if e (x)/ey’(x) is decreasing in the sector &, ;N S;11,5
and (4{”),,=0 otherwise.
The characteristic matrix G®»&* [ 6] is expressed as follows.
R G SR S R VAT (R
if p<voryv=y, <
(24) G(” o) (1K) — {pf? - Pl oS i« + XORYS
lf yv=p, a=4
<SD§1) .. .SDc('v,—l) . '90,(9/1,’6) . (n)>/<$0(1) ir?)>
ifv<porv=py, alf.
Now let us consider the Schlesinger transform for Y(x,, ) of the

type {Z’(;)'_ '.Uf'b,,)} where L® =(020,4).,5-1,....n =1, - - -, n) such that

L b=
(seeII[6]. We set
(25) (v,—-l)_,\ll,*(v,—l)_ . .\p;‘,‘“v“”eﬂ&"’ (=1,
S0((;:,0) ___sDc(lv) o
PEB =D R grd” (k=1).
Then we have (see II[6])

Gy Ay . <¢(1 D, €0(1 RESI ¢(n RN "¢§7SW>
(26) detW{I;mmLm,Y(x)} + s
@7) Y (24, @),y = 20— i) St @I . 905,’:’ Poprg(@))

(W BN o zm)>
The logarithmic derivative of the correlatlon function {p{- - o>
is given by
@8) dlog (e oy=—> > > j : .del. dx,,
oyap=1

1=1 viyeee, =1 a1,

X AREP (24, ) K4 (204, ) REP (05, ) K 0229 (24, 5)
* 'Rgl’;l)(wzt-ly xzz)K%z’;l)(xzu 1):



No. 71 Deformation of Linear Ordinary Differential Equations. IV 305

where the contours for integration should be specified as in (20). We
can prove the following identity (see (33) [5]).
29) o=dlog {p{ - o).

Thus the correlation function (¢{---¢®™> coincides with the
function.

It is a pleasure to thank Dr. M. Jimbo, Prof. M. Sato and Dr. K.
Ueno for useful discussions.
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