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82. A Generalization of Poincaré Normal Functions
on a Polarized Manifold

By Kazuhiko AoMO0TO
Department of Mathematics, Nagoya University

(Communicated by Kunihiko KODAIRA, M. J. A., Nov. 12, 1979)

1. Recently J. L. Dupont found out the connection between con-
tinuous cohomologies of semi-simple Lie groups and integrals of in-
variant forms over geodesic simplices in symmetric spaces ([5]). In
this note we shall study the analytic structure of analogous integrals
of rational forms over a simplex-like polyhedron which more or less
corresponds to an n-th iterated path, associated with (z41) intersection
points of n-ple hyperplane sections in a polarized manifold. It will
be shown that these can be expressed by means of a finite sum of
iterated integrals of special 1-forms in the sense of K. T. Chen, which
can be regarded as a natural generalization of abelian integrals on
projective algebraic varieties ([8]). The notion of periods of abelian
integrals will also be generalized as the part of corresponding “shuffle
structures” fixed by monodromy groups.

2. Let (V,E) be an n-dimensional polarized complex manifold.
Let |F| be the complete linear system of Cartier divisors associated
with the line bundle . We denote by & the dimension of H*(V, ©,(K)).
Consider the space X=X, consisting of sequences of m linearly in-
dependent sections s, s,, - - -, s, of H(V, Ox(E)). X, is isomorphic to
the Stief,,,,, the space of sequences of m linearly independent vectors
inC* LetS,S,, - --,S, bem Cartier divisors in |F/|, associated with
Si, Sy -+ +, S, respectively. We shall call this a ‘“configuration of
hyperplane sections” and the set of all them “configuration space of
hyperplane sections”. This is parametrized by X,,.

Let W be an algebraic subset of V -of codimension 1 such that
V —W is affine if W is not empty. We denote by 2°(V, *xW) the space
of rational forms on V with poles in W. Let S_,,S_,., ---,S, be
(n+1) Cartier divisors in |F| such that S_,,S_,,;, ---,S, and W are in
general position.

Definition 1. Let v,, —n<7<0, be arbitrary points of S_,NS_..,
N---NS,.;NS;.:N---NS_;NS,. We consider a simplex-like =n-
polyhedron 4 of class C' disjoint from W, satisfying the following

conditions: i) 94, ,...,:,= 4;10,10,.1, Where 4, ;. .., denote 4
78 in,meevip)
NS,N -+ NSy 1) 4., ... i 1,141,...,0 COnsists of the only one point v,.

.....
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This will be called a “fundamental simplex with the vertices v,, v,
ceey, /U_n” .

By making use of the isotopy theorem due to R. Thom, it can be
easily seen that such a 4 can be constructed from lower dimensional
faces.

We consider the relative analytic space X consisting of pairs (V
—W,S_,US_,..U---USy, S_,,---,S»eX, so that we have the
natural projection = : ¥—X, with the fibre (V—-W,S_,U.--US,). Let
Y be the subset of X such that = becomes singular, namely the con-
figuration <S_,, ---,S,) and W are not in general position. Then %X
—z~(Y) is a topological fibre bundle over X —Y with the above fibre.

Now we are interested in the analytic structure of the integral

(1) 77=j ,  for pe O™V, «W).
4

Lemma 1. 5 being fived, ij depends only on the homotopy class
of 4, provided that v,, —n<1<0, are all fired. Namely let A(t), 0t
<1, be a continuous family of 4 such that 4,,,...., DV, 4.....,=Su
NS,N---NS8,, and 4,,,,,...,.,(t) are fixed. Then 7 is independent of t.

For the proof see, for example, [9].

We put £,=®y< <., 29 for the ordered sequence I=(i,, %, - - -, 1,)
where 9¢ denotes @,-, 2¢-V-1(V,, »(WNV,)). When I is empty, we
denote 9, simply by 0. Let ¢; be the canonical projection from £ onto
9,. We can define boundary operators d and d, on 9 and 0,, respec-
tively, as follows:

(2) (dSD)img ,,,,, 1:1,=d(§011,1:z ----- z,,)+22=1 (—l)th‘SDil,---,iq,l,iqﬂ,.--,z,,, .
for o=(04,15,...,00)0sp51 € 25
on each V,. Then the following is commutative:

0-%,0

( 3 ) lez lel .

NI PR
0,590,

Then we have an extended de Rham complex (£, d) with the nilpotent
covariant derivation d, associated with the configuration {(S_,,S_...,
-, 8». We denote by C(V,) the cell complex in V, over C. Let ¢
=@ <pzn ¢ s ¢ »=@; C,_ (V) be the chain complex with the boundary
operation :
(4) (éc)il,za,m/,\zp=czl,1z ,,,,, 11,—21@(1',,{2,...,%) cj,il,ig,u-,'tp(_l)p
in V, for ¢c=(c,) e C,.

‘We now define the natural pairing between 9 and C as follows:

(5) {p, c>=Z’L, @1
Then we have the Stokes formula :

(6) <d90’ cy= o éc>
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The integral 7 can be regarded as an element of H (9, d), by taking as
;=7 and ¢,=0 otherwise. 4 itself becomes a cycle.

Proposition 1. H™(9, d) has o filtration F, satisfying the fol-
lowing conditions: i) F,=H*@,d,), i) F,DF, if IcJ, and
i) H" D,/ Y5, 0y d) =F; N H" 2, d) ] 3,5, Fy N H (0, d))
=H""\(V,—-WnV,,C).

We denote by HX, ©(xY)) the space of rational vector fields on
X with poles only on Y. Then

Proposition 2. Forany r e H'(X, O(xY)), the covariant diff erentia-
tion V of the Gauss-Manin connection :

(1) (mde | o)=[ 7o

acting on Ox_y-H*(D, d), satisfies
(8) VoO.F,CcO.F,® 3 ,2:O0.F,.

This follows from the following

Lemma 2. Let V be an affine variety of dimension n embedded
in C™*™, Let f,, [, -+, [ be linearly independent linear functions on
c™m™, Let 4 be an n-polyhedron in V satisfying 4=\, 04N {f;=0}.
We assume that each f, depends holomorphically on t in an open
netghbourhood UCC. Then
(9) ajat | p=[ P3| af,/ot-n/df,

4 4 0t 34n{f3=0}
for a holomorphic n-form 5 on 4.

According to Proposition 1, there exists a basis {ef’, 1<v=p,} of
H1\(V,—V,NW, ) such that each {e¥; 1<v<p,, JDI} forms a basis
of H*-'1/(D,,d,). Let P,be a system of ¢ linearly independent horizontal
solutions of the Gauss-Manin connection D; on H""V '(!3,/ Dot Q,,d)
=H"""\(V,—V,NW,C). Then there exists an integrable connection
form o, = (0} ) € 2'(X, *Y)®gl(y;, C) such that

10) D,P,=d;P,—w,; - P;=0.
According to Proposition 2 we have
an dx [[er— Tt o €= 20rms Al [

with A7, (2, dz) e 2'(X,*Y). Therefore by solving the differential
equation (11), we arrive at the following
Theorem 1. For any sequence ¢cl,cl,C---CI,C{—n, —n+1,

.+, 0}, the integral 7, being a linear combination of f e”, 1=<r=yu,,

can be described as an element of the 2°X, xY)-module generated by
the py- 1, components of the matriz valued iterated integrals of the
following type :

(12) P¢(90) j’” P;:l(x1) 'A¢Il(x1’ dxl) ‘le(xl) 'le PI_ll(xz) 'All,Ia(x2’ dmz)
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xP,z(xz)-j L j Pt ) Agy_ (@, ) - P (3,).

According to K. T. Chen’s formula (see [4, p. 222]) we have

Corollary. The monodromy M,,y € n,(X—Y, %) preserves each F:
M,.-F,CF,;. Using the dual basis {ef,} of the above {e7}, M, can be
written in an explicit way :

@a3) M)’(e;k,f) = ZGJDI,S=1 M?J,I),r' ef‘r‘,:-
Therefore M, is unipotent if and only if M, ,;, are all the identities.

By taking a suitable finite covering X of X, we may assume that
M, 1., and M, are the identities of orders deg (V, E) and dim H*(V
— W, C), respectively. The fixed part Hom, (H (0, d), C)* of m,(X
—%, %)-module Hom, (H ©(9, c?), C) contains H,(V—-W,C) when V—-W
is affine and contains the (n,0)-part of H,(V,C) when W is empty.
When 7 is equal to 1, this coincides with the usual periods system of
abelian integrals. Under this situation the following questions seem
interesting: Do H,(V—W, C) and the (n, 0)-part of H,(V,C) coincide
with Homg (H*(D, d), C)™ when V —W are affine and empty respectively?
Does the totality of elements of the matrices M, ,, € Hom (Z [z (X
— ¥, %), R*".) generate Hom, (H*(D, d), C)=? It also seems interesting
to give any relation between Hom, HD, d), O) and Griffiths inter-
mediate Jacobian (see [7]).

3. In this section we shall give important examples where M, are
all unipotent. From now on we shall assume the Fujita 4-genus
AV, E) vanishes. Then it is known that (V, E) is isomorphic to a) the
complex projective space (CP*, H), b) the hyper-quadric (@, H), ¢) the
tautological line bundle of an ample vector bundle over the projective
line and its base space, or d) (CP?, H?) where H denotes the hyperplane
bundle (see [6]). We shall take as W the union of Cartier divisors
S, 8, - -+, 8, of |E| in general position. Then we have

Proposition 3. There exists a finite covering X, Y) over (X,Y)
branched along Y such that
14) V.o.F,c>,2:0.F,
for any r € H'(X,0(Y)). M, ; all become the identities.

Actually F, can be explicitely computed (see also [1]).

Definition 2. Consider the space B(2'(X,log (Y))) spanned by
iterated integrals on the path space P(X— ¥, x) of X— ¥

(15) f Wiyy Wygy * ° 0y Wy,
where ;e Q‘(X', log (?}). The elements of B° depending only on

homotopy classes in Q’(X — ¥, %) will be called “hyper-logarithms of p-
th order” (see [2]).

Then Proposition 2 implies immediately the following
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Theorem 2. If A(V,E)=0, then the integral 7 can be described
as a finite sum of

(rational functions) X (hyper-logarithms of at most n-th order)
on X with singularities only on Y.

In view of Lemma 2, Proposition 2 can be proved case by case,
by computing suitable bases of the cohomologies H* \(V,—V, N W, C).
(It is essential that all 4(V;, E';) vanish for E,=FE|,,.) In fact, by using
a technique in [3], we have

Lemma 3. Casea) Weput V'=V-S, and W=V'NW. Then
W’ is the union of hyperplane sections S,;: f,=0 A<j<m—1) in gen-
eral position in V'=C". As is well known, H*(V'—W’, C) has a basts
consisting of the logarithmic forms:

dlog f,/\---Ndlog fi..

Case b) Let V' and W’ as above. Then W’ is the union of hyper-
plane sections S,: f,=0 A<j<m—1) in the hyperquadric V': x}+x}
+--oFai=1im C*'. H (V' —W’',C) has a basis:

0 , 0<p<n, and, {fo’fila“"fin}'l"g’ p=mn,
lefiz"’fip fil zz'"fz,,
with 1<4,<--- <, <m—1and =371, (=1 -z, dx, N\ - - - ANdx,_,\dx,.,
N ANdx,, where {fo, fi,, -+ Ji}" denotes a non-zero linear function
g such that (9,1)=(g,f,)="---=(9,/:)=0, and (a, D) denotes > 7t a;B,
fora=37"_(a;x;4a,,, and b=2"7_, B;%;+ Br.1-

Case ¢) There exists a sequence of positive integers p, pr, =y tn
such that V is embedded in CP"', h=p+p+ - +p,+n, by the
mapping

C*X C"—CP*"!
W w
(wo, Wi;5 8 8oy Cn)_>(uj,k)
where w, ,=w{ " wk-{;. Let S,,, be the divisor defined by w,={;=0
in V which is in general position with respect to S,,S,, - -+, S,.. Then
V'=V—-8,.: 18 isomorphic to C™ with the coordinates w,/w,=x,, ¢,/
=%y - +,8,/C,=%,. Let W’ be the union of hypersurfaces S;: f,=0
in V', 1<j<m, where f;=ZZ‘=z “jk(w1) : xk—'—ajl(xl)’ ajk(xl) € Clz]. HW(V'
—W’,C) has a basis
M _dw,Adlogf,Adlog fu A+ Adlog f,
[7'1’ Toy =+ vy ,I’n—l]
1é’£1< e <in—1§m: 0§o§deg [7:1’ iz, s '77:n—1]"'1 and
Cdm A\ - Ndw,
Jor S
1<i,< - <i,Em,0<c<deg [}, 4y, - - -, 1,1 —1, whereli, &, - - -, 4, ] and
[, %y, - - -, 1.1 denote the determinants

A
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A2t " Uyyn (477 R £ #70
... and .
Qg2 iy 1n [ 7SRRI ¢ F s
respectively.

Cased) LetS,,, betheline atinfinity in CP?, which is in general
position with respect to S,, S,, -+, S,.. Let V' be CP*—S8,,,,=C* Let
W’ be the union of S,: f;=0. Then H"(V'—W’,C) has o basis
Af NSy gna G /N\dw;

ftfj fi
where ¢, (x,, x,) € Clx,, x,] mod. the ideal (f;, f,).

The author would like to express his sincere gratitude to the re-

feree for many useful advices.
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