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Introduction. Following Z. Goseki [2] we define a collection (A,
B, f, g) as follows: Let A and B be groups. If there are homomor-

phisms f and g such that
g
-A f -B

g
)A is exact, we say that

the collection (A, B, f, g) is well defined. Suppose (C, D, f, g,) is well
defined where C and D are subgroups of A and B respectively. If fl
----f on C and gl---g on D then we call (C, D, fl, g) a subgroup of (A, B,
f, g) and denote it by (C, D, f, g). If C<A and D<B then (C, D, f, g)
is a normal subgroup of (A, B, f, g). Goseki [2] states that if (C, D,
f, g) is a subgroup such that C is a Sylow p subgroup of A then D is
a Sylow p subgroup of B.

We prove that this statement does not hold in general but does
hold for a wide class F of groups, which contains for example periodic
soluble linear groups and FC groups (locally normal groups), z will
always denote a set of primes and ’ its complementary set.

The following fact is. a direct consequence of Zorn’s lemma. "Let
G be any group. Then every subgroup of G is. contained in a max-
imal subgroup of G". In particular G possesses a maximal u sub-
group, we shall refer to such as. S subgroups.

Definitions. 1) A local system for a group G is a set of sub-
groups such that every finite subset of G is contained in some member
of Z.

2) A group is locally finite if it has a local system consisting of
finite subgroups.
In this paper all groups will be locally finite and all local systems
will consist of finite subgroups.

Following [8] we define an S subgroup to be good if it reduces
into a local system.

Definition. An S subgroup P of G is good with respect to a local
system if for each X e we have that P X is an S subgroup of X.
We say that P is good if there is some local system with respect to
which it is good.

It is not hard to prove ([8], Proposition 1.12) that
Proposition 1. If N is a normal subgroup of G, P is an S sub-

group of G which is good with respect to and PX is a Hall z sub-
group of X for each X then PN and PN/N are good S subgroups
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of N and GIN respectively.
Note. A Hall subgroup o a finite group is a u subgroup whose

index is a ’ number.
In this paper we show that Goseki’s remark mentioned above is.

true for infinite groups, provided that only "good" subgroups are used,
and give a counter example to show that it need not hold in general (in
fact it seems likely that it is true only or good S subgroups). We then
briefly discuss the class F of groups all of whose S subgroups are
good, showing that it contains many important classes of groups.. Let

F= F.
all primes

P

Remark. We remark that most of the results of [2] and [12] can
easily be extended to infinite F groups. For example Theorems 2 and
3 of [2] and Theorems 1 and 2 of [2(i)].

1. The following example shows that if (A, T, f, g) is a sub-
group of (A, B, f, g) where A is an S subgroup of A then T need
not be an S subgroup o B.

lxample. Let A be the standard restricted wreath product.
A=Cq(Cp ) Cp)

where C and Cq are cyclic groups of orders p and q respectively and

C is a Priifer group.
Let B--Eq X (Cp (Cp) where Eqo is an infinite elementary abelian

q group. Then A has a normal subgroup M-Eq which is the base
group of the wreath product and B has. a normal subgroup N-C
C. Take f to be the natural homomorphism with kernel M and

image N. Similarly let g have kernel N and image M.
Let A be an S subgroup of A which is isomorphic to C (by

Hartley [3], Theorem A).
Let T,--f(A) then f(A)--N(T and g(T)--1--MA. Thus

(by [2], Lemma 1) (A, T, f, g) is well defined. But T clearly is not
an S subgroup of B.

This. shows that Goseki’s lemma ([2], Lemma 5) which holds for
finite groups does not hold in general or infinite groups..

We now prove that Goseki’s theorem holds or all good S sub-
groups..

Theorem. Let (A, T, f, g) be a subgroup of (A, B, f, g). Then

if A, is a good S, subgroup of A, it follows that T is an S subgroup
of B.

Before the proof we need a lemma.
Lemma 1. Let S be an Sp subgroup of G such that for some

normal subgroup N we have that S [N and SN/N are Sp subgroups

of N and GIN respectively, then S is an S subgroup of G.
Proof. If SVIN is. an S subgroup of N and SN/N an S, sub-
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group of GIN and S is not an S subgroup of G then let RS be an
Sp subgroup of G. Then R [ N and RN/N are p subgroups of N and
G/N respectively. Thus

RN--SN and R [ N--S [ N
S.O

R S.
The proof of the theorem. By the above lemma Tp is an S sub-

group of B if TN/N and TN are S subgroups, of B/NM and N
respectively.

Now since (Ap, T, f, g) is well defined, by Goseki [2] we have
g(TN)--AM

and
f(AM) T [ N.

By Proposition 1 above we have A[M and AM/M are S sub-
groups of M and AIM respectively. Since f induces an isomorphism
between A/M and N and g between BIN and M, we can deduce that
TN/N and T [N are S subgroups oi B/N and N respectively.

By the lemma it follows, that T is an S subgroup of B as as-
serted.

Note. We have not been able to determine whether T is neces-
sarily good. If A and B are soluble however (or even u-ascendant,
see [8]). Theorem A1 of [8] may be used to show that T must be good.

2. Definition. The class Fp consists of those groups all of
whose S subgroups are good. Let

F= ( F.
all primes

B. Hartley [5] defines the class U as follows.
Definition. G e U if and only if the following conditions are

satisfied.
(U1) The locally finite group G has a finite series 1---G0<GI<...

<Gn--G such that Gt/G+I is locally nilpotent for i=1, ..., n--1.
(U2) If H is any subgroup of G and any set of primes then all

S subgroups of H are conjugate.

Theorem. U is contained in F.
Proof. Let Ge U,P be any S subgroup and N<G. Then by

Hartly ([5], Lemma 2.14) P[N and PN/N are S subgroups of N and

GIN respectively. Now by A. Rae ([8], Theorem A1) it follows that
since P covers every factor of G, it is good. Thus G e F.

Definition. A group G e . if G has a subnormal local system X
(i.e., one such that if XY where X, Y are members of then X is a
subnormal subgroup of Y).

In [9] it is shown that the class .L" contains the class of periodic
locally normal groups [6] and is in 2:.
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In addition Wehrfritz [11] shows that the class of periodic locally
soluble linear groups is in the class U. Stonehewer [10] shows that
locally soluble groups having a locally nilpotent subgroups of finite
index and McDougall [7] that metabelian groups satisfying the minimal
condition for normal subgroups are in the class U. Thus all these
classes are contained in F.
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