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138. On Ewvans Potential

By Mitsuru NAKAI
Mathematical Institute, Nagoya University
(Comm. by K. KUNUGI, M.J.A., Nov. 12, 1962)

Throughout this note, we always assume that R is an open
Riemann surface with null boundary and (R,)s, is a normal exhaus-

tion of R such that R—R, is connected. An Evans potential p(z)
on R is a harmonic function with one negative logarithmic singularity
at a point of R such that lim,..infs_z,,, p(#)=c. Kuramochi?
proved the existence of Evans potential on R. Although his argu-
ment is very interesting and contains wide generality, it is some-
what complicated and difficult to follow. So we give here a simple
shorter alternating proof. We shall take Cech boundary as the ideal
boundary of R, which makes automatically the Green kernel conti-
nuous® with respect to one variable. But we shall abandon to prove
the symmetricity of Green kernel at the ideal boundary and to supply
this disadvantage, we shall make some trick for the evaluation of

the transfinite diameter of the ideal boundary. We shall prove the
following

THEOREM. There exists a harmonic function u(z) on R— R, with

boundary value zero on oR, such that f *du=2r and

ARy
lim,,_., infz_3z,,,,u(2) = .

In virtue of the linear operator method of Sario,® the existence
of Evans potential follows at once from the above theorem. In fact,
let L be a normal linear operator of Sario on R—odR, and s(z) be
the harmonic funection with singularity such that —s(z) is equal to
the Green function g¢,(2,w) in R, with pole w in R, and s(z) is

equal to u(2) in Theorem in R—R, Since f *ds=0, the equation
aRG+o R,

p—s=L(p—s) has a solution on R, which is an Evans potential on R.

1. Green kernel on Cech compactification. Let R* be the
Cech compactification of R, i.e. the compact Hausdorff space contain-
ing R as its dense subspace such that any bounded continuous func-
tion on R is continuously extended to R*. Since R is completely
regular, R* exists uniquely.* Moreover, since R is locally compact,

1) Osaka Math. J., 8, 119-1387 (1956).
2) Hereafter, a continuous function means [— oo, coJ-valued continuous.
3) Trans. Amer. Math. Soc., 72, 281-295 (1952).

4) E. Cech: Ann. of Math., 38, 823-844 (1937).
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R is open in R*. We denote by I' the compact set R*—R, which
is called the Cech boundary of R. We remark one more fact that
any continuous function f(2z) on R is continuously extended to R*
uniquely. In fact, let g(z)=max (f(2),0) and k(2)=g(2)—f(2) on R.
Then (1+g(z))~! and (1+%(2))"! are bounded continuous functions on R
and so extended continuously to B*. Hence the same is true for g(z)
and h(2). We denote the extended functions by the same notations.
Assume that g(p)=o at a point p in R*. Then we can find a neigh-
borhood U of p such that ¢>0 on U and so f>0 on UNR and A=0
on UNR. As R is dense in R*, so h(p)=0. Similarly, h(p)=c implies
9(p)=0. Thus the expression g(p)—f(p) on B* has a definite meaning
and gives a continuous extension to R* of f. Since R is dense in
R*, the extension is unique.

Let g(z, w) be the Green function on R—R, with pole w. We
set g(z, w)=0 if at least one of z and w belongs to R,. Then, since
9(z, w)=g(w, z) is continuous on (R—R,)X(R—R,), thus extended
funection g¢(z, w) is continuous on R X R. Hence if we fix one variable
in R, g(z, w) is continuously extended to R* with respect to the other
variable. For (z,p) in RX I, we set

9(z, p)=limz, wp 9(z, W).
If we fix p in I', then g(#, p) is continuous on R and harmonic on
R—R, and vanishes on E,. In fact, clearly g(z, p)=0 on R, So we
have to show that g(z, p) is harmonic on R—R, and vanishes conti-

nuously at dR,. Let 2, be a point in R—R, Given an arbitrary
positive number e. By Harnack’s inequality, we can find a dise K
with center 2z, such that for any zin K and w in R—R,— K, we have
| 9(z, w)—9(%, w)| <e. Hence by letting w—>p, |9(z, p) —9(z, )| <e for
any z in K. This shows that g(z, p) is continuous on R—R,. Next
take a countable dense subset (z,) in R—R, Since g(z,, w)—>g(z, p)
(w—>p), we can find sequences (U, ,)»-: of neighborhoods of p such that
nn(RﬂUk,n):¢ and Uk,nDUk,n+1’ Uk+1,n and limnsupUlcmnstlg(zk! w)
—9(2, p)| =0. Let V,=RNU,,. Then lim, supv,s«|9(z, w)—g(2,, »)|
=0 for any £=1,2,8,---. Fix a point w, in V,. The sequence
(9(2, w,))7-, converges to g(z,p) on the dense set (2,). Again by
Harnack’s inequality, it converges to a harmonic function #(z) on
R—R, Hence u(2)=g(z, p) on (z,) and since g(z,p) is continuous on
R—R,, and g(z, w,)=0 on R,
(1) 9(z, p)=lim,.. 9(z, w,)
uniformly on each compact subset of R—R,.

Since g(z, p) is continuous on R, it is extended continuously to
R*. From hitherto considerations, we may define Green kernel G(p, q)
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on (R*—Ry) X (R*—R,) by
G(p, @) =lim z_z,s.,p (lim R—Ro>w—q 9(z, w)).

From this definition, it is clear that G(p, ¢)=g(p,q) in R—R,, i.e.
@ is an extension of g. It is also clear that if at least one of »
and q belongs to R—R,, then G is symmetrie, i.e.
(2) G(p, 9)=G(g, p).
Notice that we do not claim G(p, ¢)=G(q, p) for p and ¢ in I". Since
G(z,9)=9(#, q) for (z,q) in (R—R,)XI", if we fix ¢ in I, then G(p, q)
is continuous on R*—R; and harmonic on R—R, and vanishes on
oR,. Again notice that we do not claim the continuity of G(p, q)
with respect to ¢ at I” for fixed p in I'. Moreover we have for a
fixed ¢ in R*—R,,

3 *dG(z, @) =2r.
(3) { a6
In fact, let gc R— R, and V be a disc with center ¢ such that VCR,—R,
(n>m,) and v,(2) be harmonic in F,=R,—R,— V with boundary value

1 on 0R,J3V and 0 on 9R,. By Green’s formula, Dy, (v, G)= f *dG
J J IRCSTE

+ [ *dG. Since v,11 and *dG=—2r, we get *dG(z, q) = 2r.
v v

2R,

Next suppose gel’. By (1), we can find a sequence (w,) in R—-—EO
such that G(z, w,)>G(z, ¢)(m—>w) on R—R,, Hence f *dG(z, g)=lim,

ARy
f *dG(z, w,)=2r.
ARy
2. Transfinite diameter of I'. For each compact set K in

R*—R, we set

The sequence (D,(K))z., is non-decreasing, since the usual proof of
this need not the symmetricity of kernel.” Hence we can define
D(K)=lim ,_. D,(K).
Then D(K) increases as K decreases. Similarly we set
n B, (K)=8UDp,,...pnex Infpex >0 G(D, D).
It is clear that (m+n)E, ., (K)>mE, (K)+nE,(K). Hence the se-
quence (E,(K))m, converges and so we can define®
E(K)=lim,_., E,(K).
For these two quantities, we get
(4) E(K)>D(K).
In fact, fix a positive integer » and a point p, in K. Since G(p, p,)

5) See, for example, M. Tsuji: Potential Theory in Modern Function Theory, Maruzen,
Tokyo (1959). See also M. Ohtsuka: Topics on Function Theory, Kyodritsu, Tokyo (1957)
(in Japanese).
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is continuous on R*—R, in p, we can find a point p,., in K such
that G(p,-1, »,)=inf,.G(p, p,) and the right term <E,(K) and so
G(D,-1, D,) <E,(K). Similarly, since G(p, p._,)+G(p, p,) is continuous
on R*—R, in p, we can find a point p,_, in K such that G(p,_s, Dn-1)
+G(Pp-2 Do) =Inf pcx (G(D, Pn-1)+G(, p,)) and the right hand term
<2E,(K) and s0 G(D,-z DPu-1)+G(Dp-2 P.) <2E,(K). Repeating this
process, we get n points P,, Pu-1, Pu-2"**, Pz P1 in K such that
> Vjen—it1 G(On-0y ) <TE(K) (1=1,2,--+,n—1).
Summing up these n—1 inequalities, we get >\, G(p;, p,) <>t

1 E,(K), or "
D,(1) < (S K3 ).

By letting m—oc in the above inequality, we get (4).

For simplicity, we set K,=R*—R,, and B,,=0R,. Then
(5) D(K,)=D(B,,).
In fact, it is sufficient to show that D,(K,)=D,(B,). Clearly D,(K,)
<D,(B,). So we have only to show D,(K,)>D,(B,). For the aim,
take m arbitrary points p; 4, 0y,5°**, 91, in K,. The number a,
=>1i<; G(01,0, 1,;) is the sum of hy(p,)=>%-2G(p;, 1, p:,,) and
Sli<iii, j41G(D1, 4, 1y, ;). The function h,(2) is positive harmonic on R—R,,
except at most a finite number of possible logarithmic pole. So £,(z)
takes its minimum on B,=0R,. In fact, let t=min,_h,(2). Contrary
to the assertion, assume that (2z¢e R—R,; h,(?)<s)x¢ for some s<t.
Let F' be a component of this set. Then, since s—#,(z) is a bounded
harmonic function on F' vanishing on 0F and not constant, F¢S0,,.
This is a contradiction, since Re0,.* Hence we can find a point
pe,; in B, such that h1(p2,1)§h1(p1,1)- Let p, ,=p, ,(3=1) and a,
=214<;G(Dz,4» P2, ;). Then a;>a,. Notice that G(p;, 1, s, ) =G(Ps, 5 D2,4),
since p; ; is in R—R,. Then a, is the sum of ky(p, 5) =171, ;G (D2, 2 D2, ;)
and >licjiq, jx2 G(D2,4, e, ;). Similary as above, k() takes its minimum
on B, and so we can find a point p,;, in B, such that h,(p; ,)
<hy(ps,2). Let py ;=p, (722) and @y =>i<; G(Ds, 1y Dy, ;). Then a,>a,.
Repeating this process, we finally get » points D, ;, D, 5 *\Ps,» In
B, such that

Zt<jG(pl,h Dy, j)ZZi<]G(pn,i’ Da, j)9

which proves our assertion (5).

We define one more quantity only for B,,. Let () be the family
of unit Borel measures on B, and I,(#) be the energy integral

f G(z, w)dp(z)du(w) and set

W(Bm)zinfﬂs(ﬂ) Im(la)'
Since G(z,w) is a positive, symmetric and continuous kernel on B,,
it is well known that®

6) See, for example, T. Kuroda: Osaka Math. J., 6, 231-241 (1954).
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(6) D(B,)=W(B,).
Moreover, we have
(7) lim,, .., W(B,,) = co.

In fact, since G(z, w) is a usual potential theoretic kernel on (R, — R,)
X (R, —R,), there exists a g, in (¢) such that I,(z,)=W(B,) and the
function U, (2)= f G(z, wydp,(w) is equal to the constant ¢,=W(B,,)
on B, except a polar set in B,.” Clearly U,(2) is harmonic on
R,—R, and vanishes on R, and so U, (2)=¢,w,(2) in R, —R,, where
w,,(2) is the harmonic function in R,—R, with w,,=1 on 4R, and
w,=0 on dR, By Green’s formula and (3),

WDzl =6, [ *dw,=c, [*dw,= [*av,

c RmR(W) Oaﬂmd’w f f

ARy (243

= f ( f *d,G(z, w)>d,um(w)=27r,

ARy
whence c¢,,=2r/Dy, _7,(W,)—> o (m—>o), since w,, 1 1.

3. Proof of Theorem. From (4),(5) and (6), E(I")>D(I")>D(K,,)
=D(B,)=W(B,,) (m=1,2,---). Thus by (7), E(I")=c or lim,_.E,(I")
=oo. Hence we can find a suitable subsequence (%,)s, such that
E,(>2¢"%k=1,2,---). Let p, be the Borel measure on I" with
total measure 2% such that p(p, .)=1/n2" (¢=1,2,-.-, n,), where
Di.¢ (i=1,---,m,) are chosen in I" so as to satisfy

infye r SWEG(D, i, ) =121
This is possible by the choice of (n,). Let

u(p)= f G(p, D)arx(q) =305 G(D, Dy, )/1:2"

Clearly u,(?) is harmonic in R —R, and vanishes on 9R, and continuous
on R*—R, So there exists a neighborhood V, of I" such that
u,(p)>1/2 on V,, since u,(p)>1/2 on I

Here we remark that G(z, ¢)=G(q, ?) is finitely continuous for
(2, 9)e(R—R,) XI'. In fact, G(, q) is harmonic in ze(R—R,) for fixed
geI” and finitely continuous in gel” for fixed ze¢(R—R,) and so by
applying Harnack’s inequality, we get our assertion.”

Let #=>%1t. Then # is a Borel measure on I" with p#(I")=1.
Set

w(z) = [ 6z, Q)dnta).

Then u(z) is harmonic on R—R, and vanishes on dR, Clearly

u(P) = >5=1U(P)
on R*—R, As R*—R, is a neighborhood of I" and N;..(R*—R,)=1,

7) Cf. Lemma 3.1 at p. 445 in M. Heins: Ann. of Math., 61 (1955).
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so for each k, there exists » such that R*—R,CV,NV,N--

Hence
inf,crz, W) >k/2 (m>n).
Thus we have

lim, inf z_4,,,% (2) = .
By (8), we see that

f*du:f(f *dG(z, q))d/x(q)=27r.

ARy aRo
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