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170. A Pentavalued Logic and its Algebraic Theory

By Kiyoshi ISKI and Sh6tar6 TANAKA
(Comm. by Kinjir5 KuNUC.I, M.J.A., Sept. 12, 1966)

In this Note, we shall concern with a pentavalued logic by J.
Lukasiewicz and its algebraic theory. The fundamental ideas are
due to Professor Gr. C. Moisil (see 1 and 2).

Let L be a set {x, y, z, ...} of propositions. The truth values we
denote by 0, 1, 2, 3, and 4. We introduce the negation Nx of z by

x 0,1,2,3,4
N 4, 3, 2,1,0

The disjunction V and the conjunction A are defined as follows:
V 0 1 2 3 4 A

0 1 2 3 4 0
i i 2 3 4 1
2 2 2 3 4 2
3 3 3 3 4 3
4 4 4 4 4 4

0 1 2 3 4

0 0 0 0 0
0 1 1 1 1
0 1 2 2 2
0 1 2 3 3
0 1 2 3 4

Then two operations V, A satisfy the well known axiom of a dis-
tributive lattice, hence L is a distributive lattice. On the other
hand, consider a commutative ring of characteristic 5, and denote
the elements by 0, 1, 2, 3, and 4. Then we have 5-x/ /x / x/
x=0, and x--xxxxx--x.

The negation and the modalities have the following algebraic
representations.

The negation Nx of x is algebraically denoted by Nx-4(x/ 1).
The necessity

x 01234

vx 00004
and the possibility

x 01234

/x 00111
are denoted by x x /4x + x + 4x and /x 3x / 4x / 4x + 4x re-
spectively.

In the pentavalued logic, there are two positive modalities as
follows:

x 01234

NINx 00044
NNx 04444



764 K. ISK: and S. TANAKA Vol. 42,

These modalities are algebraically denoted by NlNx-2x/2x/x,

are following four modalities containing the
NNx 4x.

Further there
negation functor N.

These are denoted by

and

ggx

Nlx
Nx
[Nx

0 1 2 3 4

4 4 4 4 0
4 4 0 0 0
4 0 0 0 0
4 4 4 0 0

Nx 4x / x /4x + x/ 4,
Ntx-2x + x / x / x/ 4,
Nx =x +4,

[Nx-3x / 3x /4x/ 4.
The conjunction xAy is expressed by the polynomial

xAy--(3xy /4xy)(x /y)/ 3xy(x /y)/xy /2xy / 3xy.
Similarly the disjunction xVy is expressed by

x Vy 2xy(x /y)/ 2xy(x / y’) / xy(x /y)
/4xy +3xy +2xy/ (x/ y).

To find the above expressions, we must solve ten linear equations
with 10 unknown. The calculations are not so easy, but we shall
omit the detail.
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