378 [Vol. 16,

83. On the Theory of Spectra.

By Kosaku YOSIDA.
Mathematical Institute, Osaka Imperial University.
(Comm. by T. TAKAGI, M.LA., Oct. 12, 1940.)

The “ algebraization ” of the spectral theory, inaugurated by J. von
Neumann, H. Freudenthal and S. Steen, was taken up recently by S.
Kakutani, F. Riesz, M. H. Stone and B. Vulich,” and was treated with
their respective methods and results. The purpose of the present note
is to give a ring-lattice-theoretic treatment of the problem, stressing
the analogy to the field of real numbers. Without assuming metrical
(even topological) nor divisibility axiom, a characterisation of the func-
tion ring of the Borel-measurable functions?® is obtained. Thus the re-
sults may be applied to the operator theory as well as to the theory
of probability.

§1. Axioms of Pythagorean ring. A system R of elements A,
B, .., X,Y,Z is called a “ Pythagorean ring ” if it satisfies the follow-
ing axioms.

(A-1) R is a commutative, associative ring with unit I, admitting
the field of real numbers as coefficients (Operatoren).—The real num-
bers will be denoted by small greak letters.

(A-2) X2=0 implies X=0.

(A-3) If non-zero element X of the form X=7Y? is called “ posi-
tive” (in symbol X >>0), then the sum of positive element and “ non-
negative” element is positive, viz. X230 or Y220 implies the ex-
istence of Z22 0 such that X%+ Y?=22

(A-4) By the semi-order relation X > Y(X— Y >0), there exists,
for all X, the lowest upper bound (l.u.b.) sup(X,0) of X and 0.—
We will write sup (X, 0)=X"*, sup(—X,0)=X" and | X|=X"+X".

(A-5) X*-X"=0 for all X.

(A-6) Monotone increasing sequence {X,} bounded from above
admits the 1. u. b. iu}i X,.

(A-7) If A>0, X;=0, X;,;,=X; and sup X; exists, then
A .sup X;=sup (4 - X)). B

Remark 1. The “real ” character of R is expressed by the “ Pytha-
gorean axiom” (A-3) together with (A-2). (A-4) and (A-6) are lattice-

theoretic axioms.® (A-b) is equivalent to | X?|=| X |?, and (A—7) means
a generalised distributive law.

1) J. von Neumann: Rec. Math.,, 43 (1936), 415-484. H. Freudenthal: Proc.
Akad. Amsterdam, 39 (1936), 641-651. S. Steen: Proc. London Math. Soc., 41 (1936),
361-392. S. Kakutani: Proc. 15 (1939), 121-123. F. Riesz: Ann. Math., 41 (1940),
174-206. M. H. Stone: Proc. Nat. Acad. Sci., 26 (1940), 280-288. B. Vulich: C.R. URSS,
26 (1940), 850-859. The last two papers appeared during the preparation of the present
note. In the redaction, the writer is much suggested by Steen’s paper.

2) Not necessarily bounded!

3) Concerning lattice see G. Birkhoff: Lattice Theory, New York (1940).
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Remark 2. If we assume the “boundedness axiom,” i.e. for any
X, there exist a, 320 with —al < X < 81, then it is easy to see that
the axioms (A-5) and (A-7) are redundant. In this case we may re-
place (A-3) and (A-4) by the postulate of the existence of semi-order-
ing satisfying (2-1) below. For we are able to make use of the power
series expansion of “square root.” Thus, in this bounded case, our re-
sults coincides with that of M. H. Stone. The details and applications
will be published elsewhere.

§$2. Some preliminary consequences from the axioms.

(2-1) I>0. X>Z,Y=Wand «a20 imply X+Y>Z+ W and
aXZaZ If X>Z>0, YZWZ=0, then XY=ZW=0. X*>0
if X30.

(2-2) By the semi-order relation X>Y, R is a lattice, viz. to
any pair X, Y there corresponds the L u.b. sup (X, Y)=(X-Y)*+ Y=
(Y—X)*+X and the greatest lower bound (g.l. b.) inf (X, Y)=—sup
(-X, —Y)

Proof. By (2-1), the translations A— A+ B and the expansions
A—aA (¢>0) induce one-one transformations of R which preserve
the semi-ordering ; the one-one transformation A — —A of R inverts
the semi-ordering.

2-3) sup(X+Z, Y+Z)=sup (X, Y)+2Z.

(2-4) sup (X, Y)+inf (X, Y)=X+Y, in particular X=X*—-X".

Proof. Add X, Y tosup (X, Y)+inf (—X, —Y)=0 and apply (2-3).

(2-5) The pair (X*, X) is characterised by X=X*"—X"-, X*- X~
=0, X* >0 and X~ =>0.

Proof. Let X=X—-X",X'-X"=0,X =0, X’ =0, then (X*—X")?
=X"-X) X —X)=—X"-X"+X-X7). Thus (X*'—X)<0,
and so X*=X' by (A-2).

(2-6) A-sup(X,Y)=sup(4-X, A-Y) (A-inf (X, Y)=inf (4-X,
A-Y)), if A>0.

Proof. By (2-3), it is sufficient to prove the case Y=0, i.e. A-X*
=(4-X)". Now AX=AX"—AX", AX*>0, AX =0, AX*"-AX"~
=A%.(X*-X")=0, and hence A-X*=(4-X)* by (2-5).

(2-7) Any sequence {X,} bounded from above (below) admits the
L ub. sup X, (g.1Db. }n,llfl X,).

Proof. Put X;=sgp X,. and apply (A-6) to {X,}.
(2-8) If sup X,, sup Y, (inf X,, inf Y,) exist, then
n21 n=1 n=1 n=1

sup (X, +Y,)=sup X, +sup Y, (inf (X,+ Y,)=inf X, +inf Y,,) .

Proof. Surely sup (X,+Y,) <sup X, +sup Y,.. Let the equality
does not hold good, then sup X, £sup(X,+Y,)—sup Y,. Thus X,
exists such that X, £sup(X,+Y,)—supY, and so Y, exists such
that X, + Y., £ sup (X,,+Y,,), which is a contradiction.

2-9) If X,=0, Y,=0 and iuJ}X,. and sup Y. (’itréle,., }gfl Y.)
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exist, then (sup X,)-(sup Y.)=sup (X,-Y,) ((inf X,)-(inf Y,)=inf
(X V).

Proof. By (A-7) and (2-6), we have X;- "Sup s sup Yo m=SUD ns;xg
(X;-Y,)=sup(X;-Y,). Thus we have sup (X,,-Y,,)= sup (X -sup Y)=
(sup X,,) - (sx;p Y,) " i "

(2-10) Let X>0, then };gfl (X/n)=0.

Proof. Let inf (X/n)=Y >0, then 0 << sup nY)<X. By Y>0

we have sup(nY) £sup(nY)—Y and hence mY £sup(nY)—Y for
an m. Thus (m+1)Y £ sup (rY), which is a contradiction.

(2-11) Let 0<<X, 0<<Y, then X2<<Y? implies X< Y.
Proof. (Y—X)(Y+X)>0 and hence (Y—X) -(Y—-X)(Y+X)

=—((Y—X)")*-(Y+X) =0 by (A-5). Thus (Y—X))"-(Y+X)=0,
and hence by (A-3) and (2-1), we obtain ((Y—X )‘)2- Y=0,
(Y—%x)7)*-X=0. Thus (Y—X))"-(Y—X)=—((Y—X)-)’=0 and
s0 (Y—X) =0 by (A-2). Therefore we must have Y > X.

§$3. Spectral theorem for positive elements.

(3-1) Let X>0,then X=Y2 By (A-5)wehave (Y*+ Y )2=(Y*)?
F(Y P=(Y*"-Y P=Y2=X. We call (Y*+Y") the “positive square

root” X! of X. Because of (2-11), X! is characterised by X*go,
(Xte=x

(38-2) Let X>0 and put Xl=i2f1X”, X;=X—X;. Then X2> X,
X,- X,=0 and X;< X, -

Proof. By (2-9) Xz—me”*"'>Xl, X -X=X- X—Xl-—mf
Xntl— me”*’"—O From X"“—X2 X"+ X=X(X-1I)3- (X”‘2+X"‘3
+ - +I)>0 we obtain me"+1 X2>1an" -X, i.e. XX—X2=
X2—-X2>X;—X. This proves X< X, by X3=X2—-2XX;+ X3=X2—
X2

(3-8) By (3-2) and (2-11) we have X, = > xi z Xi foxht> .
gX = ---2=0. Thus, by (2-7) and (2-9), 121; Xl =F exists and
EP=E< X, -

(8-4) XE=X,= X1E>E X(I-E)= XZ—XZ(I—E')<(I—-E)

Proof. XE=X-inf X = inf (X7 )= int (x5 Xl)z") inf

1
(XF1-XX) ™ )=0. Thus XE=X,E+X,E=X;-E. Next from X,
1
< X% we obtain X¥' < X7 and hence X;<inf (X X")=2X,-inf
1

X" =X3E. On the other hand EXTI by I-E=I-2E+E*=(I—-E)*
=0 and thus X;=X,E. Therefore X;=X;E. We have already
X(I-E)=X-X;=X;=X,(I—E). To show that Xo(I-FE)<I-FE, it
is sufficient to prove X;<I Now we have 0 < (I-X;)?=1-2X,+
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X< I-2X%+X=1I-X; by X;< X i.e. ;<L
(8-5) For any X>0 and 1>0, put

1
Bttt )

Then, by (3-4), Ei=E,, E,-X=E;-(X|)1<E,, X(I-E})=A(X/2)-
(I—-E)) Z \(I-E)).

(386) If 2>p¢>0, we have E,<FE; and E,-E,=E, i.e.
(EA _Eﬂ)z‘—" (E; —E’/l)°

Proof. That E;, > E, is evident, and hence E,=FE%2<E,-E,, We
have, by E; <L E,-E;<E, and thus E,-E,=E,.

3-7) Let 2>p>0, then #(E;,—E)X X(E,—E) < 1(E,—E)).

Proof. X(E;—E,)=XE,(E;—E,)=XE;(I-E,) = E;(pI-E,)) =
ME,—E,) by (3-6). The last inequality may be proved in the same
manner.

(3-8) If we put }Illfo E,=FE, and §1>1%) E,=FE., then XE,;=0 and
E.=1I

Proof. XE.,=0 follows from 0 < XE,< 1E;,. We have X/1>
(I-E;)=0. Thus, by (2-10), E.=1I.

(3-9) E,=E, = fgg E,.

Proof. We have A(E;—E,_o)=X(E,—E,_,). Hence, by the defini-
tion of E, and the idempotent character of (E;,— E;_), (E;— E;-o)=(X/2)" -
(E,—E;-0)=(I—E))-(E;— E;_¢)=0.

(3-10)—Spectral theorem. Let X >0, >0, 0=2<<hh<<Ag<<:---
<=pand L—241<<e AaAa=2; (t=1,2,...,k). Then, if we

put E,=0, we have —el < XE, —gkl 12—1(Ex,.—Eai_1) <<el, and thus we
may write X-E,= j:ldEX. Therefore, by ilipo E,=1, we obtain the
spectral representation X= j:sz;.

Proof. XE‘,‘——%_“J i (Ey,— E‘;—l) = 12 (X—2;_.0) (Ey,—E;,_), and
moreover, by (3-7), we obtain (1;_;—A_) (E,—E;, )= X — i)
(B, —Ej,_) < (—2-) (B, —E;, ).

§4. Spectral theorem for general elements. Let X be not neces-
sarily positive. By (3-10) we have the spectral representation of

(X+nD)*, n=1, 2, ...: (X+nI)+=j:/1dEA(n), Ejm=I-int (inf

mx1
(X+nDy* /).)m)?;‘—. Hence, for any 4 > ¢>>0, we have /t(EA(n)—Eﬂ(n))
< (Ein)—En)) (X+nl)* < A(E)—E,n)). Since (X+nI)*-(X+
nI)~=0 by (A-5), we have (X+nI)~ -(Eyn)—EJn)) =0. Hence (1—n)
(Bi(m)—E.(n) < X (E,(0)—E,(n)) < a—n) (Ey(m)—E,{n)).  Putting

E/I(n)=El—n, ny W€ th'llS have /‘(El,n_Ey, 'n) é X(El.n_Eu.os) _S_l(EA.n—
E, ), A>p> —n. Hence, if we put
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El =sup Eg, »=Sup E/Hn('n) ’
n=1 n>1

we obtain Ei=E, E;ZE,(A>p> —»), p(I-E,) < X(I—E,) and
XE, £ AE;. Therefore, as in (8-10), we have the spectral representation

{ X= | 14E;, E;=Fj=Fy, E-==g.1b. F;=0, E.=lub. E;=1,

E; ZE/: (2 Z/‘)

It is easy to see that the spectral system {E,} is uniquely determined
by the above properties.

§5. Concrete representation of the idempotents as point sets. The
set § of the “idempotents” E(E?=E) of R satisfies the following
three conditions.

(5-1) A,BeS implies AV B=A+B—ABeS, A\ B=ABe§.

(5-2) 0,7I¢$, and Ae ¥ implies I—Ae$.

(5-3) If A, BeS are different, then either B<A or ASB.
ILet BZ< A, then there exists CeS such that BA Cx0, A A\ C=0.
(Take, for example, C=B A (I—A).)

& is thus a “ complemented, distributive lattice” by the “join”
V and the “meet” A, satisfying the “disjunction property” (5-3).
Hence, by G. Birkhoff-Stone-Wallman’s theory of Boolean ring, there
exists a totally disconnected, bicompact Ti-space & and a closed, open
base {A} of & with the properties :

By a suitable correspondence s A <> Ae §c, & is lattice-isomorphic

~ /—_/ ~ . ~ — ~ ~ .
to {A}, i.e. (AV B)=A+B, (A )\ B)=A-B—Here + and - denote
the set-theoretic sum and product.

For the proof of this fact see, for example, H. Wallman’s paper.”

Moreover, by (A-6), & is countably additive and countably multi-
plicative as lattice. This fact implies the following property :

Let A;<A,<-- and V A;=A. Then surely 423 4. The

closed set (A —g A;) does not contain any open set, i.e. (Z—glﬁ is
“ non-dense.”

Proof. If otherwise, (E—g A:-) would contain a certain B with
B2c0. Then, by the isomorphism C«>C, we must have B/ A=B
and B A 4;=0 (i=1,2,...). This contradicts to A=V 4.

Therefore the closed and open base {A} of the topological space

§ is countably additive and countably multiplicative, if we neglect the
set of “first category,” i.e. enumerable sum of non-dense sets. Hence,

{A} constitutes a “Borel field” except the set of first category. Let
a real-valued function f() on & satisfies i) for any 1>>p, the set
ltv'}(/l >f(t) > #) coincides with a certain A except the set of first cate-

3

1) Ann. Math.,, 39 (1938), 112-126.
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gory, and ii) the set ?(lf (t)|=) is of first category, then we may

call such function f(f) as “ Borel-measurable.”
§6. Concrete representation of R as function ring. By the spec-

tral theorem we have, for all xze R, ac=fldEl. Let 0<2,—2;.<<1/n

(z=0 *1, +2,...), .liEn l;=—o0, l_ig 1;=o and consider the step fune-

~ /_’_/
tions £ 2(t) on & : f&(t)=2; for te (E;,—E,,_). Surely fX(t)=l£m f&@®
is Borel-measurable. It is easy to see that, by the correspondence
X— fx(t), R is ring-isomorphically and lattice-isomorphically represented
upon {fx(t)}.—Here sums, products in {fx(t)} are ordinary functional
sums and products, and fx(t) is called positive if the function fx(?) is
positive except the ¢-set of first category.

However, to assure that any Borel-measurable function f(f) is the
image of some XeR, it is necessary and sufficient to assume the follow-
ing axiom.

(A-8) For any sequence {X;} with inf (| X;|, | X;)=0(i xj), we
have

sup inf >} X;=inf sup D X;eR.
n=l mSn i=1 n=21 m=n i=1
Proof. We have only to approximate f(¢) by finitely-valued Borel-
measurable step functions and to put X=the limit (which surely ex-
ists by (A-8)) of the inverse images in R of these step functions.
Remark 1. The axiom (A-8) is redundant, if we assume the
“boundedness axiom ” as stated in the Remark 2 after (A-7). For,
in this case, we deal only with “ bounded” Borel-measurable functions.
Thus, in the “ bounded case,” R constitutes a characterisation of the
function ring of “ bounded ” Borel-measurable functions. Such charaec-
terisation is also announced by M. H. Stone, loc. cit. However, stone’s
method is different from ours.
Remark 2. In (3-3) we may take E=inf (Xi, I)=inf (I, X, X?,
X3, ..). Thus, in (8-5), we may put

(3-5) E;=I—inf (I, X/, (X%, (X3P, --.) .

The proof is easy. Accordingly, the axioms (A-2) and (A-3) may be
replaced by (2-1). (3-5) together with (8-10) give a lattice-theoretic
interpretation of Stone-Lengyel’s proof of the spectral theorem (Ann.
Math. 37 (1936), 853—-864). To this point I hope to discuss in another
occasion.



