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37. On Green’s Lemma.

By Masatsugu TsuJt.
Mathematical Institute, Tokyo Imperial University.
(Comm, by S. KAKEYA, M.LA., April 13, 1942.)

1. We will prove the well known Green’s lemma in the following
generalized form.

Theorem. Let D be a domain on the z=x+1y-plane, bounded by
a rectifiable curve I' and A(z)=A(z,y), B(z)=B(x,y) be continuous
and bounded functions of z inside D, which satisfy the following con-
ditions :

(i) lUim A(2), lim B(z) exist almost everywhere on I', when z tends
to I'" non-tangentially.

(i) Az, ¥o) s an absolutely continuous function of x on the part
of the line y=yo, which lies in D, for almost all values of vy, and
Bl(x,, ¥) s an absolutely continuous function of y on the part of the
line w=mwx, which lies in D Jor almost all values of .

(iii) SS ( 1;;1 l 2 dedy is finite.
Then ?
ﬁ (%‘3 +3§~)dwdy=§r(A(z)%—B(z)—dd%)ds

where ds is the arc element on I’ and the line integral around I is
taken in the positive sense.

The extension of Green’s lemma for a domain D, bounded by a
rectifiable curve was first proved by W. Gross® under the condition
that A(z), B(z) are continuous in the closed domain D+I and
aA °B
oz’ oY
extension under the condition that A(z), B(z) are contimuous in the
closed domain D+ 1" and the conditions (ii) and (iii) of our theorem.

We remark that since A(w, ) is continuous, the Dini’s derivatives:

are continuous in D. Recently W.T. Reid® proved another

A, y)=lim A@ThY)—Al,y)

R>+0 h

Ai(, y)= lim A@Th =4 )

h>+0 h

are B-measurable functions of (x, ¥)®, so that the set £ in which
Al(x, y)=A}(x,y) is measurable. By the condition (ii), %4— exists al-
= x
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most everywhere on the line y=v,, hence from the measurability of F
and Fubini’s theorem, it follows that %—A exists almost everywhere in
2

D and is a measurable function of (x,y). Similarly for —aa—Bi.
Y

2. To prove our theorem, we map D conformally on |w|<<1 by

z=z2(w)=f(w). Let |w|<r, |w|=r (0<<r<<1) correspond to D,, I

on the z-plane. Since I" is rectifiable, by F. Riesz’ theoreml’, F(e¥) is

an absolutely continuous function of 6 and liﬁl f(re?®)=f"(e") exists

almost everywhere on |w|=1 and

lim ﬁ of (ré?) —f/(e%) | d9=0.. @
r>1 JO
Since on |w|=m, izf’(z)=if£l—/';—w—)—, we have from (1),
lim f" dfre?) i dF0e?) | go_g )
™1 J, r>1 il
. , D iy GSre?) _ dfe?) .. df(e?) .
Since by Fatou’s theorem?, hr_)m1 0 T if 7 exists,

which occurs almost everywhere by the absolute continuity of f(e),

we have from (2),
(] df(re®) _ df(e”)
i So do do

If we put z(re®®) =x(reé®)+y(re?), then from (3),

do=0. 8)

(7] dx(re®)  da(e) —

lim Sa 7] g | 9=0

(2 dy(re®)  dy(e®) _

lim jo o 2. Lag=0. ()

By Fubini’s theorem and the condition (ii),

”D,(%‘%%f)dwdyﬂrr (A) dy— B() dz)

[ iy dy(re) _ a0y da(re”)
jo (Are) IS, — p(re) 220 Jio,  ®
where we put A(z(re“)) =A(re¥), B (z(rei")) = B(re?). Since for r—1,

2(re”) tends to I" non-tangentially almost everywhere on |w|=1 and
by F. and M. Riesz’ theorem®, a null set on I" corresponds to a null
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set on |w|=1, we have by the condition (i), ligll A(re?)= A(e?),
r-

li_gl B(ré¥’) = B(¢") exist almost everywhere on |w|=1. New

J ¥ <A(1'ew) M —A(e") M) @ ’

do

oy (| dy(re?) _ dy(e?)
5 | Al [ =4 a9

+[ 71 Atre) - a(e)|
0

dy(e ) ( dé

dy(re'?) dy(e’”)
dé dag

< Mj

j | A(rei?)— A(e“’)l‘ dyle?) ldo (6)

where we put | A(z)| < M in D, so that

a0y a0y || dy(e’) <
| A(re®)— Ale )Il——da =

dy(e”)
2M | =71,
‘ dag

hence by Lebesgue’s theorem,

lim f"| Alre?)— A("?) |
r>1 0

dy(e %) l a0

— S"”‘lim | A(rei?)— A(e) | ‘ dy(e?) ‘ a9=0. (1)
0 r>1 dﬁ
By (4), (6), (7), we have
o (P p ey QY(re®®) o (P 40 iny dy(e®?)
1:31150 Afre®) ) g gﬂ A W) gy
Similary
. (o o da(re®) _ 2w o da(e®)
I,ILI} SO B(re )—————da do 50 B(e )————~d0 do .

Hence we have from (5),

) (%*‘a‘li)d”dy j () W) _ pen) D )gp . (3)

Let s be the arc length on I measured from a fixed point, then
by F. and M. Riesz’ theorem, =6(s) is an absolutely continuous funec-
tion of s, so that by changing the variable of integration from 8 to s
in (8), we have

SS <%;l+£)d wdy = S (A(z)%{*B(z)%)ds, a. e d.



