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Abstract

The classical Korovkin approximation theory deals with the convergence
of a sequence of positive linear operators. When the sequence of positive
linear operators does not converge it will be useful to use some summabil-
ity methods. In this paper we use the Abel method, a sequence-to-function
transformation, to study a Korovkin type approximation theorem for
positive linear operators acting from a weighted space C,, into a weighted
space Bp,. Moreover using the modulus of continuity we also give rate of
Abel convergence.

1 Introduction

The Korovkin theorem provides a criterion for whether a given sequence {L, }
of positive linear operators on C[0, 1] converges to the identity operator ([2],[12]).
Some variations of this result may be found in [13], [15], [18]. If the sequence
of positive linear operators does not converge to the identity operator then it
might be beneficial to use some summability methods ([1], [8], [14], [17]). Using
the Abel convergence method, recently Unver [19] has studied a Korovkin type
approximation theorem for the positive linear operators over the space of
continuous functions defined on a closed bounded interval. The purpose of this
paper is to use the Abel method, a sequence-to-function transformation, to study
a Korovkin type approximation of a function f by means of a sequence {L,(f; x)}
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of positive linear operators acting from a weighted space C,, into a weighted
space Bp,.
First of all, we give some basic definitions and notations used in this paper:
A real valued function p is called a weight function if it is continuous on R,
p(x) > 1forall x € R and
lim p(x) = o0
|| =00
where R denotes the set of all real numbers.
Let p be a weight function. The space of real valued functions f defined on
R and for all x € R satisfying |f(x)| < K¢p(x) is called the weighted space and
denoted by B,, where Ky is a constant depending on f. The weighted subspace
C, of B, is given by

{C,:= f € B, : f is continuous on R} .

It is known [9] that the spaces B, and C, are Banach spaces with the norm

Let L : Cp1 — sz be a linear operator. Then L is called positive if Lf > 0
whenever f > 0. If L is a positive linear operator then f < gimpliesthat Lf < Lg
and, |f| < gimplies |Lf| < Lg.

The following approximation theorem for a sequence of positive linear oper-
ators acting from C,, into B,, may be found in [9] and [10].

Theorem A. Assume that p; and p; are weight functions such that

. p1(x)
1 =0 1.1
A 02() 1)

and {L,} is a sequence of positive linear operators from C,, into Bp,. Then
lirrln |Lnf —f||p2 = 0 for every f € C,, if and only if lirrln |ILnFi — Fill,, = 0 for

i =0,1,2 where .
1
g X0 010

1+ x27
Some analogs of this theorem can be found in [3], [4] and [7].
In the present paper, using the Abel method, we will give another analog of
Theorem A.
Let us recall the Abel method:

If the series

Z xkock
k=0
converges for allx € (0,1) and
lim (1 — =1L 1.2
Jim (1 =) ), e (-2

then we say that the sequence x = (x;) is Abel convergent to L.
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1 o
As 1 a= thk, 0 <& <1,(1.2)is equivalent to the following;:
o k=0
li 1—« xp — L)ak = 0.
lim ( )k_ZO( k—L)

Note that the convergence of a sequence implies the Abel convergence of it, but
not conversely ([5], [16]).
Let {L, } be a sequence of positive linear operators from C,, into By, such that

[e0]

> 1Ln(or)]l, & < oo (1.3)
n=0

foralla € (0,1), then forall f € Cp, the series Y L, (f(t); x)a" converges. Hence
n=0
the operator U, defined by

Uy (f33) = (1— ) io Lu(£(£); x)ac”

is a positive linear operator from C,, to By, which is bounded for all « € (0,1).
Thus

IUdlle, 5, = sup [Uefll,

£l =1

(1—a)|Y_Lu(p1;x)a"
< sup n=0
"~ xeR 02
— U]l

foralla € (0,1).

2 Approximation by Abel Method on Weighted Spaces

In this section using the Abel method we study a Korovkin type approximation
theorem for a sequence of positive linear operators acting from C,, into By,.
We need the following lemmas.

Lemma 1. Let {L,} be a sequence of positive linear operators from Cp, into By, such
that (1.3) holds and let p1 and p, be weight functions satisfying (1.1). Assume that

ai?&i ) IUellc, —B, < (2.1)
If for any s € R,
lim sup sup U (5 2)] =0 (2.2)

=1 f), =t xi<s P1(Y)
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then

[Xli)nll ||utJ¢||Cpl—>Bp2 = 0.

Proof. The proof can be obtained easily by applying the same arguments used in
Lemma 2 [10]. But we include the proof for the sake of completeness.

It follows from (1.1) that, for any € > 0, there exists a number s, such that p1 (x) <
ep2(x) for all |x| > sp. By the continuity of p;/pp, there exists K > 0 such that
p1(x) < Kpa(x) for all |x| < so. Hence we get

||utx||cp1—>Bp2: sup ||szf||p2

[ llp, =1
~ sup SupM

[fllpy =1 xR P2
< sup Supw

Ifll,, =1lx|<s0 P2
+ sup sup [Ua (£ )]

Ifll,, =1lx|>s0 P2

U, (f;x

<K sup sup I gy

[ £1lp, =1 Ix[<s0
Then from (2.1) and (2.2) we have
0

leg?* ||ut><||Cp1—>Bp2 =

which concludes the proof. n

Lemma 2. Let {L;} be a sequence of linear operators from Cp, into By, such that (1.3),
(1.1) and (2.1) hold. If for any s € R,

lim sup sup Uy (f;x) — f(x)] =0 (2.3)

T £, =1 ¥l <s

then
lim [|Usf = £(x)]],, = 0

forany f € Cp,.

Proof. Let I be the identity operator on Cp,. Let T;; := L, — I and consider the
operator V, defined by

Va(fix) = (1—a) if" (F(1); x)a”
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for alla € (0,1), which is well defined from (1.3) and belongs to Bp,. Since

Vel -, = sup_IVefll,

115, =1
~ sup 1D| Va(f5 %)
£l ek p1(0)

B | (£520)]

X
sup sup ——
7], —1xeR  PL(Y)

)|

E
+ sup sup(l—a)’=
I£ll,, =1 x€R p1(x)
= [Usllc, 5, +‘ b £l (1 —a) Z‘b“”
o1 n=

= [[Ualle,, -5, +1
it follows from (2.1) that

sup [|Valle, g, < oo
2(01) p177Ppy

As p; > 1 we have for any s € R that

[Va(f; )| |Ua(f3 %) — f(x)]

sup sup ——,—<— = Ssup sup

Il =t lss PO g S o)
< sup sup [UL(fi%) — F(3)]. 2.4)
£llp, =1 x|<s

Then from (2.3) and (2.4) we have for any s € IR that

lim sup sup Valfix)]| =0.
w1 g, s P1)

Hence it follows from Lemma 1 that

tim [Vl s, =0 (25)
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Now we get for any f € C,, that

(1 - a) Y La(f 00 — £(x)
IUsf = £l = sup = e
(1-a) io (Lal(f3 %) — £(2)) "
ek 02(x)
(1—a) f:OTn(f;x)oc”
ek 02(x)
< Vs,

< Velle, s, 1,

Hence by (2.5) we have
Tim [[Uaf = fll,, = 0. .
Now we are ready to give our main result.

Theorem 1. Let {L;} be a sequence of positive linear operators from Cp, into By, such
that (1.1) and (1.3) hold. If

lim ||UsF; — Fl,, =0 (2.6)
a—1

then for all f € Cp,
lim [Uaf — £, = O, )
a—1

Xpi(x) . _

110 ,i=0,1,2.

Proof. Let f € Cp, and assume that (2.6) holds. It is obvious that (2.1) holds. Since
f € Cp, there exists a constant My such that |f(x)| < Myp;(x) for all x € R. By
using the same arguments in Theorem 14 of [11], we have for all « € (0,1) and
any s € R that

where F;(x) =

sup _sup |Ux(f3x) — f(x)] < K{e|[Uallc, 5,

1£1l,, =1 x| <s
+ [[UnF> — B,
+ |UF - R,
+ |[UaFo = ol }

where K := max {1+ K;K3, C(Ky + K3Ky) + K2K3}, K1 := Kq(s) = sup [f(x)],

|x|<s

—

1(x

Ky = Ks) = supHy(x) Kz = Kss) = Suplx\SS{Fo(x)}’

|x|<s

=)
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H
Ky = Ky(s) = sup‘x|§s{£1f())} H,, (x AM¢p1( ){ —i—lgzxz} and

C := max{ sup p1(x),2 sup |x|p1(x), sup x?p1(x } Hence from (2.1) and (2.6)

|x|<s |x|<s |x|<s
we have for any s € R that

lim sup sup |[Us(f;x) — f(x)| =0.

T £, =1 ¥l <s

Then by Lemma 2 we have
Tim [Usf = f],, =0

which concludes the proof. n

3 Rate of Abel Convergence

We consider the following weighted modulus of continuity

wo, (f,6) = sup {M}

|t—x|<5 p1(x)

where § is a positive constant and f € C,,. It was shown in [6] that w,, (f,0) is a
weighted modulus of continuity and it is well known that, for all f € C,, and for
allc >0,

wpy (f,€8) < (14 [lc[]) wp, () (3.1)

where [|c|] is the greatest integer less than or equal to c.
In this section, using weighted modulus of continuity, we study the rate of
Abel convergence.

Lemma 3. Let {L, } be a sequence of positive linear operators from C,, into By, such that

(1.3), (1.1) and (2.1) hold and let L, @, and L, Fy be in Cp, for each n where @x(t) :=
(t — x)? and Fy(t) = 1. Then forany s > Oand all « € (0,1)

sup sup [Us(f;x) — f(x)] SK{ sup wp, (f, ¢(a))

1£1lp, =1 x[<s 115, =1
+ |[UaFo = ol } (3.2)
holds, where (a) =\ /||{Un@x ||, and K := K(s) is a positive constant.

Proof. Using the linearity and positivity of Uy, foralla € (0,1),6 > 0and f € Cp,



820 M. Unver

we have

Ua(f;x) = f0)] < Ua{|f (1) = f(x)];x}
+1f ()] [Ua (Fo; x) — Fo(x)]

<u, <1+ [ =
+ [ f(x)] |Uy (Fo; x) — Fo(x)]

2
< p1(x)wp1 (f/é) Us <1+ ( ;zx) }x>

+ | f(x)] Uy (Fo; x) — ()]
< p1(x)wp, (f,0) {Ua (p1;%)

1
+5 U {(ox(t);x) v}
0
+ | f(x)| |Ux (Fo; x) — Fo(x)] - (3.3)
Since ¢, € Cp,, forany s > 0and all a € (0,1), we get from (3.3) that

sup sup [Us(f;%) = ()| <K} sup wp, (f,6) {I|Usllc, -,
11, =1 1x[<s 1fllp, =1

1
43z Ul
+ K2 |UaFo — Foll, (3.4)

where K; = sup p1(x) = 1+s? and K, = sup f(x)

jx|<s x|<s P1(¥)
a € (0,1), we have

. By the hypotheses, for all

||uzx||cp1_>3p1 <M.

Now putting 6 = ¢(a) = U,¢«||,, and by (3.4) we have, for all« € (0, 1), that
P g Y Pxllp, y

sup SUPUa(f;x)f(x)<K{ sup wp, (f, §(a))

111, =1 |x|<s 1£ll,, =1

+|UsFo ~ Foll, }

where K = max {K?(1 + M), K, } . ]

Theorem 2. Let {L;} be a sequence of positive linear operators from Cp, into By, such
that (1.3), (1.1) and (2.1) hold and let L, ¢ and L, Fy be in C,, for each n where @ (t) :=
(t—x)?and Fy(t) = 1. If
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Z) lim ||U,XF0t — F()le =0
a—1- )

i) im sup wp, (f,¢(a)) =0
x—1- —
1£1lp, =1

then for any f € C,, we get
T Uef = fll,, = 0.
Proof. By (i), (ii) and Lemma 3, we have
lim sup sup |[Us(f;x) — f(x)| =0.

T £, =1 ¥l <s
Then for all f € Cp,, it follows from Lemma 2 that

Tim Uaf = fll,, =0, .

4 Remarks

Let p1 and p, be weight functions satisfying (1.1) and {T,,} be a sequence of pos-
itive linear operators from C,, to B,, satisfying the hypotheses of Theorem A.
Now define a sequence & = (ay) as a, = 1if nis a perfect square, and a, = 0
otherwise. Note that « is Abel convergent to zero but not convergent. Let {L,}
be a sequence of positive linear operators acting from C,, into B,, defined as

Lu(f;x) = (1 +ay) Ty (f)

for f € C,,. Observe that the sequence {L,} does not satisfy the hypotheses of
Theorem A but it satisfies the hypotheses of our Theorem 1.
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