Radius of convexity for certain multivalent
functions with missing coefficients
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Abstract

The object of the present paper is to derive the radius of convexity for
certain multivalent functions with missing coefficients.

1 Introduction

Let A,(n) denote the class of functions of the form:

(e e]

fz) =2+ Y apzb™* (pneN={1,23,--}), (1.1)
k=n

which are p-valent analytic in the open unit disk U = {z: z € Cand |z| < 1}. A
function f(z) € A,(n) is said to be p-valently convex of order p in U if it satisfies

1))
Re |1+ > 0<p<p zel). (1.2)
< o)y )P Ose<p )
For functions f(z) and g(z) analytic in U, we say that f(z) is subordinate to

z
¢(z) in U, and we write f(z) < g(z) (z € U), if there exists an analytic function
w(z) in U such that

[w(z)| < |z| and  f(z) = g(w(z)) (z€U).
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Furthermore, if the function g(z) is univalent in U, then

f(z) <8(z) (zeU) <= f(0)=¢g(0) and f(U) Cg(U).
A number of results for p-valently convex functions have been obtained by
several authors (see, e.g., [1,2,3,4,5,6]). In this note we shall derive the radius of
convexity for certain p-valent functions with missing coefficients.

2 Main results

Theorem 2.1. Let f(z) belong to the class A,(n) and satisfy

;Z;(az—)l = G Z)Ar (0<q<1;zel). (2.1)
Then
Re {(1 ) (;ﬂ) "1 (1 + ZJJ‘C’”(S)> } >0 (2l <rm(pv.6,0),  22)

where 0 < 6 < 1,0 < p < landr,(p,7,9,p) is the root in (0, 1) of the equation
[T4+p—(p+1)0]r*" —2(1 =8+ ndy)r" +1—p+ (p—1)6 = 0.

The result is sharp.
Proof. From (2.1) we can write

@\ 1+2()
(o) = e )

where ¢(z) is analytic and |¢(z)| < 1 in U. Differentiating both sides of (2.3)
logarithmically, we arrive at

Zf”(Z) B 2nyz"@(z) + 2’)/Zn+1§0/(z) (z € U). (2.4)

) TP T T ) T - ()

2=

Put |z| =7 < 1and (%) = u+iv (u,v € R). Then (2.3) implies that
u—1+iv

_— 2.5
u+1+iv 2.5)

z'9(z) =

and

_n n
1—r <y< 1+7r .
1+m = 11—
With the help of the Carathéodory inequality:

1-lp@)
9'(a)] < =230,

(2.6)
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it follows from (2.5) and (2.6) that

refn-0 (f55) v o0 }72”)}

)
) } ' n+1 /(Z)
> (1—-30)u+pd+2nd Re{
noy v (u — 2" ((u+1)% +0?)
> — — hl
2 (1=0utpo+ 2 ( u2+02)+ 2 r” 1(1—r7-)(u7-—|—v7-)1/2
= F,(u,v) (say) (2.7)
and 3
%Fn(u,v) = 070Gy (u,v), (2.8)
where0 <r<1,0<é <1and
nu 1 —r2n

Gp(u,v) = + +
(,0) (U2 +02)2 " pn-1(1 — 12) (42 + 02)2

M((u+1)?+0%) — (u—1)* +27)

. >0 (2.9)
2rm=1(1 —r2)(u? + v2)2

because of (2.5). Since F,(u,v) is a dual function of v, from (2.7), (2.8) and (2.9),
we see that

Fy(u,v) > Fy(1,0) = (1 —0)u+ pd + n? (u — %) T+

% [(1 _ <u + %) 201+ rZ”)} . (2.10)

Let us now calculate the minimum value of F,(u,0) on the closed interval
[14" 147 } Noting that

1+r?1 4

1 — p2n
=11 —r2)

and (2.6), we deduce from (2.10) that

d oy 1— 2" 1 1— 2"
qu (w0 =1=0+ Krn—lu—ﬂ) +”) T2 <r”_1(1—r2) _”)}

>n (see[7])

5y 1 —r2n 1+1\? 1 —r2n
>1-— - _ _
o+ 3| () - () (e )
20I,(r)
—1_ 2.11
‘5+(1—rn)2’ (211)

where ,
Li(r) = 5(1—#?2”) —r(1 4724 +12"72),
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Also
I;l(r) — n2p2n—1 (1 + 372 RS (zn _ 1)1,2n—2).

Ii(r) =r—1 < 0. Suppose that I},(r) < 0. Then
La(r) = (n+ 127 — @0+ 1) — (1437 4+ (20 = 1)r"?)
< — (1437 -+ (2n—1)r*"2?)
< I (r) <O.

Hence, by virtue of the mathematical induction, we have I,(r) < 0 foralln € N
and 0 < r < 1. This implies that

Ii(r) >I,(1)=0 (neN;0<r<1). (2.12)
In view of (2.11) and (2.12), we see that

d 11— 1+
- <u< . .
dan(u,O) >0 (1—|—r” <u< 1—r”) (2.13)

Further it follows from (2.7), (2.10) and (2.13) that

Re{(l—é) (r{;é‘i)l)%jLé(lJrz]{/”(iZ)))}_pZFn (117::,0) .,

1—7r"  _p—2nyr" — pr"
1—i—r”+5 1—r2n L

— (1-9)

_ ) (2.14)

1 — 20’
where 0 < p < 1and
In(r)=[1+p—(p+1)8)r*" —2(1 =6+ néy)r" +1—p+ (p —1)é.

Note that J,(0) = 1—p+ (p—1)§ > 0and J,(1) = —2ndy < 0. If we let
rn(p,v,9,p) denote the root in (0,1) of the equation J,(r) = 0, then (2.14) yields
the desired result (2.2).

To see that the bound 7, (p, 7, 4, p) is the best possible, we consider the function

f(z) = P/Ozifp‘1 <1J_ri:)7dt. (2.15)

It is clear that for z = r € (rn(p,7,9,p),1),

10 (L) s (14 00) - bl g

which shows that the bound r,,(p, 7, 6, p) can not be increased.

Setting 6 = 1, Theorem 2.1 reduces to the following result.

Corollary 2.2. Let f(z) satisfy the condition (2.1) and 0 < p < 1. Then f(z) is
convex of order p in

N—
N

(my)*+ (p —p)?)
p—p

|2 <

— ”’Y] . (2.16)

The result is sharp.
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