
On semi-typically real functions which are

generated by a fixed semi-typically real function

Katarzyna Tra̧bka-Wiȩc law

Abstract

Let A denote the family of all functions that are analytic in the unit disk
∆ := {z ∈ C : |z| < 1} and normalized by f (0) = f ′(0)− 1 = 0.

In this paper, we investigate the class TG defined as follows

TG :=

{

√

F(z)G(z) : F ∈ T
}

, G ∈ T ,

where T denotes the class of all semi-typically real functions i.e. T := {F ∈
A : F(z) > 0 ⇐⇒ z ∈ (0, 1)}. We find the sets

⋃

G∈T TG and
⋂

G∈T TG,
the set of all extreme points of TG and the set of all support points of TG.
Moreover, for the fixed G, we determine the radii of local univalence, of star-
likeness and of univalence of TG.

1 Some properties of the class T .

Let A denote the family of all functions that are analytic in the unit disk ∆ :=
{z ∈ C : |z| < 1} and normalized by f (0) = f ′(0)− 1 = 0. Let A be a subclass of

A and let A(2) := { f ∈ A : f (z) = − f (−z) for z ∈ ∆}.

Let T denote the well-known class of all typically real functions, i.e. T is the
subclass of A consisting of functions f such that Imz Im f (z) ≥ 0, z ∈ ∆. From the
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definition we conclude that T = { f ∈ A : f (z) ∈ R ⇐⇒ z ∈ (−1, 1)}. Robert-
son in [7] gave the explicit relation between a function f ∈ T and a probability
measure µ defined on [−1, 1]. Namely

(1) f ∈ T ⇐⇒ f (z) =
∫ 1

−1
kt(z)dµ(t), where kt(z) =

z

1 − 2tz + z2
.

The class of semi-typically real functions was considered in [5] and was de-
fined as follows

T := {F ∈ A : F(z) > 0 ⇐⇒ z ∈ (0, 1)}.

For simplicity, instead of h or z 7→ h(z) we will use h(z). We know that for

F ∈ T we have
F(z)

z 6= 0. Thus for F, G ∈ T let us define

Fε(z) G1−ε(z) := z

(

F(z)

z

)ε (G(z)

z

)1−ε

, ε ∈ [0, 1], 1ε = 1.

Let us recall some properties of the class T as the following lemma (see [5]).

Lemma 1.

(2) F ∈ T ⇐⇒
√

F(z2) ∈ T(2).

(3) F ∈ T ⇐⇒
√

z F(z)

1 + z
∈ T.

P. Todorov in [9] gave the estimation for the operator Re
z f ′(z)

f (z)
for f ∈ T.

Namely

Theorem 1. [P.G. Todorov] For each typically real function we have:

(i)

Re
z f ′(z)

f (z)
≥ 1 − 6r2 + r4

1 − r4
, for 2 −

√
3 ≤ r = |z| < 1

with equality for the function f (z) = z(1+z2)
(1−z2)2 = 1

2 k1(z) +
1
2 k−1(z) at the points

z = ±ir.

(ii)

Re
z f ′(z)

f (z)
≥ 1 − r

1 + r
, for 0 ≤ r = |z| ≤ 2 −

√
3

with equality for the functions k1(z) =
z

(1−z)2 and k−1(z) =
z

(1+z)2 at the points

−r and r, respectively.

Now let us prove that for odd typically real functions the following estimation
is satisfied.
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Theorem 2. For f ∈ T(2) we have

Re
z f ′(z)

f (z)
≥ 1 − 6r2 + r4

1 − r4
for z ∈ ∆, r = |z|

with equality for the function f (z) = z(1+z2)
(1−z2)2 at the points z = ±ir.

Proof. For r ≥ 2 −
√

3 the above estimation is an obvious corollary from the

Todorov Theorem. So let us prove it for r < 2 −
√

3.

Suppose that f ∈ T(2). Then f (z) = (1+z2)
z h(z2) for some h ∈ T (see [6]). Thus

z f ′(z)
f (z)

= z

(

2z

1 + z2
+

2z h′(z2)

h(z2)
− 1

z

)

= −1 − z2

1 + z2
+

2z2 h′(z2)

h(z2)
.

We have |z|2 < 2 −
√

3 and
∣

∣

∣

1−z2

1+z2

∣

∣

∣
≤ 1+r2

1−r2 . From these and the Todorov Theorem

we get

Re
z f ′(z)

f (z)
= −Re

1 − z2

1 + z2
+ 2Re

z2 h′(z2)

h(z2)

≥ −1 + r2

1 − r2
+ 2

1 − r2

1 + r2
=

1 − 6r2 + r4

1 − r4

and the proof is complete.

From (2) we have F ∈ T ⇐⇒ F(z2) = f 2(z), f ∈ T(2). This relation and
Theorem 2 give us

Re
z2 F′(z2)

F(z2)
= Re

z f ′(z)
f (z)

≥ 1 − 6r2 + r4

1 − r4
, r = |z|.

Hence, Re z F′(z)
F(z)

≥ 1−6r+r2

1−r2 and we get the following corollary.

Corollary 1. For F ∈ T we have

Re
z F′(z)
F(z)

≥ 1 − 6r + r2

1 − r2
for z ∈ ∆, r = |z|

with equality for the function F(z) = z(1+z)2

(1−z)4 at the points z = −r.

In this paper, we determine the radii of starlikeness rST, of local univalence
rLU and of univalence rS in certain classes of T . Let us recall some definitions.
Hereafter, let A be a given subclass of A.

Definition 1. We say that rST(A) is the radius of starlikeness in the class A, if it

is the maximum of the numbers r ∈ (0, 1], such that the inequality Re
z f ′(z)

f (z)
> 0

holds in the disk |z| < r for each function f ∈ A.
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Definition 2. We say that rS(A) (rLU(A)) is called the radius of univalence (local
univalence) in the class A, if it is the maximum of numbers r ∈ (0, 1], such that
every function f ∈ A is univalent (local univalent) in |z| < r.

In the class A the following inequalities are satisfied

(4) rST(A) ≤ rS(A) ≤ rLU(A).

Definition 3. A set G ⊂ ∆ is called the set of local univalence in the class A, if
∀ f∈A ∀z∈G f ′(z) 6= 0 and ∀z∈∆\G ∃ f∈A f ′(z) = 0. We denote the set of local

univalence in the class A by GLU(A).

Definition 4. The class A is convex, if ∀ f1, f2∈A∀ε∈[0,1] ε f1 + (1 − ε) f2 ∈ A.

2 Some properties of the class TG.

For typically real functions f , g and ε ∈ [0, 1] we know that f εg1−ε ∈ T. Anal-

ogously for functions f , g ∈ T(2) and ε ∈ [0, 1] we have f εg1−ε ∈ T(2). Be-

cause T =
{

F :
√

F(z2) ∈ T(2)
}

, thus for semi-typically real functions F, G we

get Fε G1−ε ∈ T , ε ∈ [0, 1]. In this paper, we investigate functions Fε G1−ε for

ε = 1
2 , i.e.

√
F G. Denote

(5) TG :=

{

√

F(z) G(z) : F ∈ T
}

for some fixed function G ∈ T .

Observe that the class TG is not empty, because the function G belongs to TG.
In the next few theorems we introduce successive important properties of the
class TG.

Theorem 3. TG =
{

F(z) : F(z2) =
√

G(z2) f (z), f ∈ T(2)
}

.

Proof. Let G ∈ T . Thus from (5) and the fact that H ∈ T ⇐⇒
√

H(z2) = f (z),

f ∈ T(2) we get

TG =

{

F(z) : F(z2) =
√

H(z2) G(z2), H ∈ T
}

=

{

F(z) : F(z2) = f (z)
√

G(z2), f ∈ T(2)

}

.

Theorem 4. TG =

{

(1 + z)
√

G(z)
z f (z) : f ∈ T

}

.

Proof. Assume that G ∈ T . Therefore from (5) and the fact that F ∈ T ⇐⇒
F(z) = (1+z)2

z f 2(z), f ∈ T we obtain

TG =

{
√

(1 + z)2

z
f 2(z) G(z) : f ∈ T

}

=

{

(1 + z) f (z)

√

G(z)

z
: f ∈ T

}

.
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Since the class T is convex, then from Theorem 4 we get the following corol-
lary.

Corollary 2. For all G ∈ T , the class TG is convex.

We know that (see for example [2] and [3]):

ET = {kt : t ∈ [−1, 1]} ,

σT =

{

n

∑
i=1

εi kti
: εi ∈ [0, 1],

n

∑
i=1

εi = 1, ti ∈ [−1, 1]

}

,

where EA is the set of all extreme points of A, σA is the set of all support points
of A and the function kt is given by (1). Hence for the class TG we have:

ETG =

{

(1 + z)

√

G(z)

z
f (z) : f ∈ ET

}

=

{

(1 + z)

√

G(z)

z
kt(z) : t ∈ [−1, 1]

}

,

σTG =

{

(1 + z)

√

G(z)

z
f (z) : f ∈ σT

}

=

{

(1 + z)

√

G(z)

z

n

∑
i=1

εi kti
(z) : εi ∈ [0, 1],

n

∑
i=1

εi = 1, ti ∈ [−1, 1]

}

.

Theorem 5.

(i)
⋃

G∈T
TG = T .

(ii)
⋂

G∈T
TG =

{

z

(1 − z)2

}

.

Proof. Notice that TG ⊂ T . Hence,
⋃

G∈T TG ⊂ T . Moreover, G ∈ TG, so
⋃

G∈T TG ⊃ ⋃

G∈T {G} = T . From these facts we conclude that
⋃

G∈T TG = T .
Now we prove the second part of Theorem 5.

Assume that g1(z) = z (1+z2)
(1−z2)2 and g2(z) = z

1+z2 . Since g1, g2 ∈ T(2), so func-

tions F1(z) =
z(1+z)2

(1−z)4 , F2(z) =
z

(1+z)2 belong to T .

First we prove that TF1
∩ TF2

=
{

z
(1−z)2

}

. Let F ∈ TF1
∩ TF2

. Therefore from

Theorem 4 we have

F(z) = (1 + z)

√

F1(z)

z
f1(z) = (1 + z)

√

F2(z)

z
f2(z), where f1, f2 ∈ T.

Suppose that f1(z) = z + a2z2 + . . . and f2(z) = z + b2z2 + . . .. Then

F(z) = (1 + 4z + 8z2 + . . .)(z + a2z2 + . . .) = z + (4 + a2)z
2 + . . .
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and

F(z) = f2(z) = z + b2z2 + . . . .

Because f1, f2 ∈ T, so −2 ≤ a2 ≤ 2 and −2 ≤ b2 ≤ 2. From these and the
equality 4 + a2 = b2 we conclude that a2 = −2 (and b2 = 2). Thus f1(z) =

z
(1+z)2 = z − 2z2 + 3z3 + . . . (and f2(z) = z

(1−z)2 = z + 2z2 + 3z3 + . . .). Hence

F(z) = z
(1−z)2 .

We obtain that
⋂

G∈T
TG ⊂ TF1

∩ TF2
=

{

z

(1 − z)2

}

.

Now we prove that z
(1−z)2 ∈ TG for all G ∈ T . From [8] we know the Rogosin-

ski representation

(6) h ∈ T ⇐⇒ h(z) =
z p(z)

1 − z2
, p ∈ PR,

where PR consists of all analytic functions p such that Re p(z) > 0, p(0) = 1 and
having real coefficients. From (6) and the fact that p ∈ PR ⇐⇒ 1

p ∈ PR we get

1
p(z)

=
z

(1 − z2) h(z)
∈ PR.

Let f (z) = z
1−z2

1
p(z)

=
(

z
1−z2

)2
1

h(z)
. From the above relations f ∈ T ⇐⇒ h ∈ T.

From Theorem 4 we get

TG =

{

(1 + z)

z

√

z G(z) f (z) : f ∈ T

}

=

{

(1 + z)2

z
h(z) f (z) : f ∈ T

}

,

where h(z) =

√
z G(z)
1+z . From (3) we know that h ∈ T.

For f (z) =
(

z
1−z2

)2
1

h(z)
we know that the function

(1+z)2

z h(z) f (z) = z
(1−z)2 is

in TG.

3 Some properties of the class Tid.

Let us consider the class TG, where G(z) = z. Denote this class by Tid. Then

H ∈ Tid ⇐⇒ H(z) =
√

z F(z), F ∈ T . Hence

(7)
z H′(z)
H(z)

=
1

2

(

z F′(z)
F(z)

+ 1

)

, F ∈ T .

From (7) and Corollary 1 we have

2 Re
z H′(z)
H(z)

= Re

(

z F′(z)
F(z)

+ 1

)

≥ 1 − 6r + r2

1 − r2
+ 1 =

2 − 6r

1 − r2
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for z ∈ ∆, r = |z|. Therefore, Re z H′(z)
H(z)

> 0 for 0 ≤ r <
1
3 . So rST(Tid) ≥ 1

3 .

Observe that min Re
(

z F′(z)
F(z)

)

is reached by the function F given in Corollary 1,

thus min Re
(

z H′(z)
H(z)

)

is reached by the function H0(z) =
z(1+z)
(1−z)2 for z = −r.

Furthermore, we have H′
0

(

− 1
3

)

= 0. This implies rLU(Tid) ≤
∣

∣

∣
− 1

3

∣

∣

∣
= 1

3 . From

these and (4) we get inequalities 1
3 ≤ rST(Tid) ≤ rLU(Tid) ≤ 1

3 , which finally lead

us to equalities rST(Tid) = rS(Tid) = rLU(Tid) =
1
3 .

We have proved the following theorem.

Theorem 6. rST(Tid) = rS(Tid) = rLU(Tid) =
1
3 .

4 Some properties of the class TG for G(z) = z
(1−z)2 .

Let us study TG, where G(z) = z
(1−z)2 . Thus H ∈ TG ⇐⇒ H(z) =

√
z F(z)
1−z ,

F ∈ T . Therefore

(8)
z H′(z)
H(z)

=
1

2

(

z F′(z)
F(z)

+
1 + z

1 − z

)

, F ∈ T .

Taking into account (8) and Corollary 1 we obtain

2 Re
z H′(z)

H(z)
= Re

(

z F′(z)
F(z)

+
1 + z

1 − z

)

≥ 1 − 6r + r2

1 − r2
+

1 − r

1 + r
=

2(1 − 4r + r2)

1 − r2
,

for z ∈ ∆, r = |z|. Then, Re z H′(z)
H(z)

> 0 for 0 ≤ r < 2 −
√

3. Hence rST(TG) ≥
2 −

√
3. Since min Re

(

z F′(z)
F(z)

)

is reached by the function F given in Corollary 1,

so min Re
(

z H′(z)
H(z)

)

is reached by the function H0(z) =
z(1+z)
(1−z)3 for z = −r.

Moreover, H′
0

(

−2 +
√

3
)

= 0. Thus rLU(TG) ≤
∣

∣

∣
−2 +

√
3
∣

∣

∣
= 2 −

√
3. The

inequality (4) and the above facts give us 2−
√

3 ≤ rST(TG) ≤ rLU(TG) ≤ 2−
√

3,

so finally rST(TG) = rS(TG) = rLU(TG) = 2 −
√

3.
We have proved the following theorem.

Theorem 7. For G(z) = z
(1−z)2 we have rST(TG) = rS(TG) = rLU(TG) = 2 −

√
3.

5 Some properties of the class TG for G(z) = z
(1+z)2 .

Let us investigate the class TG, where G(z) = z
(1+z)2 . Hence from Theorem 4 we

get the following theorem.
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Theorem 8. For G(z) = z
(1+z)2 we have TG = T.

Theorem 8 and also [1] and [4] give us the following corollary.

Corollary 3. For G(z) = z
(1+z)2 have:

(i) rST(TG) = rS(TG) = rLU(TG) =
√

2 − 1.

(ii) GLU(TG) =
{

z ∈ ∆ : 2|z| < |1 + z2|
}

=
{

z : |z + i| <
√

2
}

∩
{

z : |z − i| <
√

2
}

.

6 Some properties of the class TG for G(z) = z(1+z)2

(1−z)4 .

Let us consider TG, where G(z) = z(1+z)2

(1−z)4 . This implies H ∈ TG ⇐⇒ H(z) =

(1+z)
√

z F(z)

(1−z)2 , F ∈ T . Therefore

(9)
z H′(z)
H(z)

=
1

2

(

z F′(z)
F(z)

+
1 + 6z + z2

1 − z2

)

, F ∈ T .

Relation (9) and Corollary 1 give us

2 Re
z H′(z)
H(z)

= Re

(

z F′(z)
F(z)

+
1 + 6z + z2

1 − z2

)

≥ 1 − 6r + r2

1 − r2
+

1 − 6r + r2

1 − r2
= 2

1 − 6r + r2

1 − r2
,

for z ∈ ∆, r = |z|. Thus, Re z H′(z)
H(z)

> 0 for 0 ≤ r < 3 − 2
√

2 = (
√

2 − 1)2.

Therefore rST(TG) ≥ (
√

2− 1)2. Due to the fact that min Re
(

z F′(z)
F(z)

)

is reached by

the function F given in Corollary 1, so min Re
(

z H′(z)
H(z)

)

is reached by the function

G(z) = z(1+z)2

(1−z)4 for z = −r (G ∈ TG).

Apart from these, G′
(

−3 + 2
√

2
)

= 0. Then rLU(TG) ≤
∣

∣

∣
−3 + 2

√
2
∣

∣

∣
= 3 −

2
√

2 = (
√

2 − 1)2. From these and (4) we get inequalities (
√

2− 1)2 ≤ rST(TG) ≤
rLU(TG) ≤ (

√
2 − 1)2, so finally rST(TG) = rS(TG) = rLU(TG) = (

√
2 − 1)2.

We have proved the following theorem.

Theorem 9. For G(z) = z(1+z)2

(1−z)4 we have rST(TG) = rS(TG) = rLU(TG) = (
√

2− 1)2.
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7 Some properties of the class TG for G(z) = z(1 + z)2.

Let us study the class TG, where G(z) = z(1 + z)2. Thus, H ∈ TG ⇐⇒ H(z) =

(1 + z)
√

z F(z), F ∈ T . Then

(10)
z H′(z)
H(z)

=
1

2

(

z F′(z)
F(z)

+
1 + 3z

1 + z

)

, F ∈ T .

Taking into account (10) and Corollary 1 we conclude

2 Re
z H′(z)

H(z)
= Re

(

z F′(z)
F(z)

+
1 + 3z

1 + z

)

≥ 1 − 6r + r2

1 − r2
+

1 − 3r

1 − r
= 2

1 − 4r − r2

1 − r2
,

for z ∈ ∆ , r = |z|. Therefore, Re z H′(z)
H(z)

> 0 for 0 ≤ r <
√

5 − 2. Hence rST(TG) ≥
√

5 − 2. Since min Re
(

z F′(z)
F(z)

)

is reached by the function F given in Corollary 1,

then min Re
(

z H′(z)
H(z)

)

is reached by the function H0(z) =
z(1+z)2

(1−z)2 for z = −r.

Moreover, H′
0

(

2 −
√

5
)

= 0. This implies rLU(TG) ≤
∣

∣

∣
2 −

√
5
∣

∣

∣
=

√
5 − 2.

From these and (4) we have
√

5 − 2 ≤ rST(TG) ≤ rLU(TG) ≤
√

5 − 2. These
finally lead us to equalities rST(TG) = rS(TG) = rLU(TG) =

√
5 − 2.

We have proved the following theorem.

Theorem 10. For G(z) = z(1 + z)2 we have rST(TG) = rS(TG) = rLU(TG) =
√

5 −
2.
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