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Abstract

The paper presents new Birkhoff-Kellogg type theorems for maps in the
S-KKM class. Best proximity pair theorems are also established for the ad-
missible class 2% and the PK class.

1 Introduction

The paper discusses maps in the S-KKM class and in the admissible class 2A%. We
prove new Birkhoff-Kellogg type results on invariant direction for the class of S-
KKM maps, which is a general class of maps including other important classes such
as the composite class 2. We also obtain ”invariant direction” results for countably
condensing maps. We establish best proximity pair theorems for multimaps in the 2(
and PK classes. The results given in this paper extend, generalize and complement
various known results in the literature including those of [1, 7, 8, 10, 11, 13].

2 Preliminaries

Let X and Y be Hausdorff topological vector spaces. Recall a polytope P in X
is any convex hull of a nonempty finite subset of X. Given a class X of maps,
X(X,Y) denotes the set of maps F : X — 2Y (the nonempty subsets of Y)
belonging to X, and X, the set of finite compositions of maps in X. A class 2 of
maps is defined by the following properties:

(i). A contains the class C of single valued continuous functions;

(ii). each F € 2, is upper semicontinuous and compact valued; and
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(iii). for any polytope P, F' € 2(.(P, P) has a fixed point, where the intermediate
spaces of composites are suitably chosen for each 2.

Definition 2.1. F € A5(X,Y) (i.e. F is Af—admissible) if for any compact subset
K of X, thereisa G € A.(K,Y) with G(z) C F(z) for each x € K.

Definition 2.2. Let X be a convex subset of a Hausdorff topological vector space
and Y a topological space. If S,T : X — 2¥ are two set-valued maps such that
T(co(A)) C S(A) for each finite subset A of X , then we say that S is a generalized
KKM map w.rt. 7. The map T : X — 2V is said to have the KKM property if
for any generalized KKM w.r.t. T map S, the family

{S(z):z e X}
has the finite intersection property. We let

KKM(X,Y) = {T: X — 2¥ : Thas the KKM property } .

Remark 2.1. If X is a convex space, then 2% (X,Y) C KKM(X,Y) (see [6]).

Definition 2.3. Let X be a nonempty set, Y a nonempty convex subset of a
Hausdorff topological vector space and Z a topological space. If S : X — 2V,
T:Y — 2% F: X — 27 are three set-valued maps such that T'(co(S(A))) C F(A)
for each nonempty finite subset A of X, then F' is called a generalized S-KKM
map w.r.t. 7. If the map T : X — 27 is such that for any generalized S-KKM
w.r.t. T map F', the family
{F(x):z e X}

has the finite intersection property, then 7" is said to have the S-KKM property. The
class

S-KKM(X,Y,Z) = {T : Y — 2% : T has the S-KKM property } .

Remark 2.2. Note that S-KKM(X,Y,Z) = KKM(X, Z) whenever X = Y and
S is the identity mapping 1x. Moreover, KKM(Y, Z) is a proper subset of S-
KKM(X,Y,Z) for any S : X — 2¥. SSKKM(X,Y, Z) also includes other important
classes of multimaps (see [4, 5] for examples).

Remark 2.3. Let X be a convex space, Y a convex subset of a Hausdorff locally
convex space, and Z a normal space. Suppose s : Y — Y is surjective, ' €
ssKKM(Y,Y, Z) is closed, and f € C(X,Y). Then Fo f € 1x —KKM(X, X, Z) (see
[5])-

Remark 2.4. Let X be a convex subset of a Hausdorff topological space, Y a convex
space, and Z, W topological spaces and S : X — 2Y. If FF € S-KKM(X,Y, Z) and
felC(Z, W), then foF € SKKM(X,Y, W) (see [5]).

Let (E,d) be a pseudometric space. For any C' C F, let B(C,e) = {z € E :
d(z,C) < €}, here € > 0 The measure of noncompactness of the set M C FE is
defined by «(M) = inf Q(M), where

QM) ={e>0: M C B(A,e) for some finite subset A of E}.
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Let C' be a subset of a locally convex Hausdorff topological vector space F, and
let P be a defining system of seminorms on E. Suppose F : C — 2F . Then F
is called countably P -concentrative mapping if F'(C) is bounded, and for p € P
and each countably bounded subset S of C', we have «,(F(5)) < a,(5), and for
p € P for each countably bounded non- p-precompact subset S of C' (i.e., S is not
precompact in the pseudonormed space (E,p)) we have o,(F(5)) < a,(S5); here
a,(.) denotes the measure of noncompactness in the pseudonormed space (E,p).

Let @ be a subset of a Hausdorff topological space X . We let @ (respectively,
0Q , int(Q) ) denote the closure (respectively, boundary, interior) of @ .

Definition 2.4. Let Z and W be subsets of Hausdorff topological vector spaces FE\
and E, and F a set-valued map. We say that F' € PK(Z,W) if W is convex,
and there exists a map S : Z — W with

Z = Uu{intSH(w) : w € W}, co(S(x)) C F(z)forx € Z,

and S(x) # 0 for each x € Z; here S™'(w) ={z:w € S(2)}.

Remark 2.5. Suppose Z is paracompact, W is convex, and F € PK(Z,W).
Then there exists a continuous (single valued) mapping f : Z — W such that
f(z) € F(x) for each x € Z (see [9]).

A nonempty subset X of a Hausdorff topological vector space E is said to be
admissible if for every compact subset K of X and every neighborhood V' of 0, there
exists a continuous map h : K — X with © — h(z) € V for all x € K and h(K) is
contained in a finite dimensional subspace of E. X is said to be g-admissible if any
nonempty compact, convex subset {2 of X is admissible.

The following results [2, 4] will be needed in the sequel.

Theorem 2.1. Let 2 be an admissible convexr subset of a Hausdorff topological
vector space E and X a nonempty subset of €2 Suppose s : X — € is surjective
and F € s — KKM(X,Q,Q) is compact and closed. Then F has a fixved point in
Q.

Theorem 2.2. Let Q be a g-admissible closed convex subset of a Hausdorff topo-
logical vector space E with xo € €. Suppose s : 0 — Q 1is surjective and F €
s — KKM(Q,Q,9Q) is closed with the following property holding:

(2.1) ACQ, A=co({xo} UF(A)) implies A is compact.

Then F' has a fized point in 2.

Theorem 2.3. Let €2 be a closed convex bounded subset of a Fréchet vector space
E (P is a defining family of seminorms) and xq € €. Suppose s : Q — Q is
surjective and F € s — KKM(Q,Q,Q) is closed countably P-concentrative map.
Then F has a fized point in Q.

The following fixed point result is a particular case of a result established in [9].

Theorem 2.4. Let Q be a nonempty convex subset of a Hausdorff locally convex
topological vector space and F € 2A5(,Q) a compact map. Then F has a fized
point.
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3 Birkhoff-Kellogg Type Results

We obtain a variety of the Birkhoff-Kellogg type results on invariant directions. Let
E be a Hausdorff locally convex topological vector space, C' a closed convex subset
of E, and U C C' a convex, open subset of E with 0 € U. Since U is open in C, we
have intcU = U. Let s : U — U be surjective. We consider maps F : U — K(C)
which satisfies ' € s — KKM (U, U, C); here U denotes the closure of U in C' and
K(C) represents the family of nonempty closed subsets of C.

Throughout we will assume the map F : U — K (C) satisfies one of the following
conditions:
(H1). F is compact;
(H2). If D C U and D C @o({0} U F(co({0} U D) N T)), then D is compact;
or
(H3). F is countably P-concentrative and E is Fréchet (here P is a defining system
of seminorms).

Fix i € {1,2,3}. Wesay F € s — KKMYU,U,C)if F € s— KKM(U,U,C)
satisfies (Hi).

Theorem 3.1. Fixi € {1,2,3} and let E be a Hausdorff locally convez topological
vector space, C a closed convexr subset of E, U C C' conver, U an open subset
of E, and 0 € U. Suppose C is a normal space, s : U — U is surjective and
Fes— KKM(U,U,C) is closed. Then either

(i). F has a fized point in U;

or

(ii). there exists x € OU and X\ € (0,1) with x € A\Fx;

here OU denotes the boundary of U in C.
PROOF: Let u be the Minkowski functional on U and let r : E — U be defined by

r(z)

~ max{1, u(z)}

Let G = Fr. Then G € 1o — KKM(C,C,C) by Remark 2.3. Furthermore G is
closed. Next we show that G has a fixed point in C for i € {1,2,3}.

Let i = 1. Since F € s— KKM(U,U,C) is compact and r is continuous, it follows
that G is compact. Now Theorem 2.1 guarantees that there exists y € C' such that
y € G(y).

Let i =2. Let D C C and D =c({0} UG(D)). Then since r(A) C co({0} U A) for
any subset A of F, we have

for z € E.

D C @({0} U F(co({0} U D) N T)).

Since F € s — KKM*(U,U, (), if follows that D is compact. Now Theorem 2.2
guarantees that there exists y € C' such that y € G(y).

Now let 7 = 3. We show that G is countably P-concentrative. To see this, let p € P
and (2 a countably bounded non-p-precompact subset of C'. Then since

G(Q) C F(r(Q) C F(co({0}uQ)NT),
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we have
ap(G() < ap(Q).

Thus G is countably P-concentrative. Now Theorem 2.3 guarantees that there exists
y € C such that y € G(y).

Thus, in each case, we can find y € C with y € G(y) = Fr(y). Let x = r(y). Then
r € rF(x), ie., v = r(w) for some w € F(z). Now either w € U or w ¢ U. 1If
w € U =UUAU (notice that intcU = U since U is open in E), then r(w) = w
and so z = w € F(z). If w ¢ U, then z = r(w) = & with p(w) > 1. Thus
= w (le, w € AF(w)) with 0 < A = ﬁ < 1. Notice that z € 9U since u(x) =
w(Aw) =1 (note that OU = 0gU since intcU = U). Consequently, x € AF(z) with
A:ﬁe(o,l) and z € OU. 0O

Next we assume

(3.1) for any map F € s — KKM(U,U, C) and any
' A € R, we have that \[' € s — KKM(U,U, C).

As an application of Theorem 3.1, we derive some Birkhoff-Kellogg type theo-
rems.

Theorem 3.2. Let E be a Hausdorff locally convex topological vector space, C' a
closed convexr subset of E, U C C convex, U an open subset of E, and 0 € U.
Suppose C' is a normal space, s : U — U is surjective and F € s — KKM*(U,U, C)
is closed and assume (3.1) holds. In addition suppose the following condition holds

(3.2) there exists yu € R with pF(U)NU = 0.

Then there exists A € (0,1) and x € OU with (A" 'p~')x € Fx (i.e. Flay has an
eigenvalue); here p # 0 is chosen as in (3.2).

PROOF: Choose i # 0 as in (3.2). By (3.1), we have uF € s — KKM(U,U,C).
Also we have uF is closed and compact since F' € s — KKM(U,U,C) is closed and
compact. Now (3.2) guarantees that pF has no fixed points in U. An application
of Theorem 3.1 yields that there exists A € (0,1) and x € U with z € A\(uF)x.
Consequently, (A™*u~1)x € Fz. This completes the proof. [

Theorem 3.3. Fiz i € {2,3} and let E be a Hausdorff locally convex topological
vector space, C' a closed convex subset of E, U C C convexr, U an open subset
of E, and 0 € U. Suppose C is a normal space, s : U — U is surjective and
Fes—KKM(U,U,C) is closed. In addition suppose the following conditions are
satisfied:

(3.3) for any mapF € s — KKM(U,U,C) and any\ € R
' with|\| < 1 we have that \F € s — KKM(U,U,C)

(3.4) there exists p € R with |p| <1 and uF(U)NT =)
and
(3.5) if 1 = 2, assume eitherp > 01in(3.4)

' or — F(D) = F(D) for anyD C U.
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Then there exists X\ € (0,1) and v € OU with (\"'u~Y)x € Fa.

PROOF: Choose p # 0 as in (3.4) and notice that uF € s — KKM(U,U,C) from
(3.3). We claim

(3.6) pFes— KKM\(U,U,C).

Let i = 2 and let D C U with D C @({0} U uF(D)). From (3.5), we have
pF (D) C co({0} U F(D)). As a result, we have

D < 2o({0} U co({0} U F(D))) = zo(co({0} U F(D))) = co({0} U F(D)).

Since F' € s — KKM?*(U,U,C), D is compact. So (3.6) holds if i = 2. Now let
i = 3, then (3.6) holds since |u| < 1. Now Theorem 3.1 guarantees that there exists
A€ (0,1) and z € OU with x € A(uF)z. Hence (A" 'pu Yz € Fr. O

Remark 3.1. In Theorem 3.3, (3.5) can be replaced by the more general condition

(3.7) then D is compact; here y is chosen as in (3.4)

{ ifi = 2, and if D C U with D C @({0} U uF (D)),

(with this assumption we do not require to assume |p| < 1in (3.4) if i = 2). For
example, if F'is P-concentrative (here E is Fréchet), then clearly (3.7) is satisfied
(i ] < 1).

Theorem 3.4. Let E be a normal locally convex topological vector space, C' a closed
conver subset of E, U C C' convex, U an open subset of E, and 0 € U. Suppose
s:U — U is surjective and F € s — KKMY(U,U, C) is closed. In addition suppose
(3.2) holds Then there exists X € (0,1) and x € OU with (A" 'u=1)x € Fz.

PROOF: Choose i # 0 as in (3.2). Define f(z) = px for x € C. Then f € C(C, E).
By Remark 2.4 we have uF' € s — KKM(U,U, E). Furthermore puF is closed and
compact. Now (3.2) guarantees that puF has no fixed points in U. An application
of Theorem 3.1 yields that there exists A € (0,1) and z € OU with x € A(uF)x. As
a result, we have A\ 'y Nz € Fz. O

Essentially the same reasoning as above yields the following result.

Theorem 3.5. Fizi € {2,3} and let E be a normal locally convez topological vector
space, C' a closed convex subset of E, U C C' convex, U an open subset of E, and
0 € U. Suppose s : U — U is surjective and F € s — KKM(U,U,C) is closed.
In addition suppose (3.4) and (3.5) holds. Then there exists A € (0,1) and x € OU
with A\ 'p Yz € Fu.

In Theorem 3.2 (respectively Theorem 3.3) if © > 0 in (3.2) (respectively (3.4)),
we say that F'|gy has an invariant direction (i.e., has a positive eigenvalue). Some of
the ideas here are borrowed from the literature (see [8] and the references therein).

Theorem 3.6. Let E = (E,||.||) be an infinite dimensional normed linear space,
C = E, U = B, Suppose s : B — B is surjective and F € s — KKM'(B, B, E) is
closed; here B = {x € E : ||z|| < 1}. In addition suppose the following conditions
are satisfied:
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(3.8) 0 ¢ F(S);

here S = {x € E : ||z|| = 1}. Then F has an invariant direction.

PROOF: Tt is known [3] that there exists a continuous retraction r : B — S. Let

G = Fr. Then, as before, G € 15 — KKM(B, B, F). We claim that we can find a
number p > 0 such that

(3.9) uF(S)NEB = 0.

If this is not true, then for each n € {1,2,3, ...}, there exists y, € F(S) and w,, € B
with y, = Zw,. This implies that 0 € F(S). This contradicts (3.8).
Using (3.9), we have

pG(B)NB = ).
Now Theorem 3.4 (applied to G with U = B and C' = FE) guarantees that there

exists A € (0,1) and x € 9B = S with A™'y~'x € Gx = Frz = Fz. Hence F has
an invariant direction.

Remark 3.2. Let E be a normal locally convex topological vector space and U any
open set with 0 € U. Theorem 3.6 remains valid if we replace B by U provided oU
is a retract of U. However, in this case, (3.8) is replaced by

(3.10) there exists u > 0 with pF'(OU)NU = 0.

Remark 3.3. In Theorem 3.6, F € s — KKM'(B, B, E) could be replaced by
Fes— KKM(S,S,E).

It was shown [3] that if E is an infinite dimensional normed linear space, then
there exists a Lipschitzian retraction r : B — S with Lipschitz constant ko(E), say;
here B and S are as in Theorem 3.4. In fact, there exists a kg with ko(E) < kg for
any space E (as described above).

Let 7 : B — S be a Lipschitzian retraction with Lipschitz constant kq(E).

Theorem 3.7. Let E = (E,||.||) be an infinite dimensional normed linear space,
C = E, U = B, Suppose s : B — B is surjective and F € s — KKM(B, B, E)
is closed; here B = {x € FE : ||z|| < 1}. In addition suppose the following two
conditions are satisfied:

(3.11) Fis countably k-set-contractive with) < k < m;

' here ko(E) is a Lipschitz constant as described above
and
(3.12) there exists p > 0 with 0 < u < 1 and pF(S)N B = 0.

Then I has an invariant direction.

PROOF: Let G = F'r, where r is a Lipschitzian retraction with Lipschitz constant
ko(E). Then as before G € 15— KKM (B, B, E). Clearly G is countably kko(E)-set
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contractive. Thus G € s — KKM?3(B, B, E). Now Theorem 3.4 (applied to G' with
U = B and C = E) guarantees that there exists A € (0,1) and x € 0B = S with
A tu~tz € Gx = Frxz = Fx. Hence F has an invariant direction.

Remark 3.4. In Theorem 3.7, F € s — KKM(B, B, E) could be replaced by F €
s— KKM(S, 8, E).

4 Best Proximity Pair Results

Let A and B be nonempty subsets of a normed space £ = (E, ||.||). Then A is called
approximately compact if for each y in F and each {z,} in A with ||z, — y|| —
d(y, A), there exists a subsequence of {z,} converging to an element of A. The set

Py(z)={a€ A:|la—a|| = d(z, A)}

is the set of all best approximations in A to any element x € E. It is known [12] that
if A is an approximately compact convex subset of E, then P4(x) is a nonempty
compact convex subset of A and the multivalued mapping P, : E — 24 is upper
semicontinuous on F.

A mapping f from a topological space X to another topological space Y is called
proper if f~!(K) is compact in X whenever K is compact in Y.

If B is convex, a mapping f : B — FE is said to be quasi-affine if for every real
number r» > 0 and z € E, the set {b € B : ||f(b) — z|| < r} is convex.

We recall the following notations (see [11, 13]).

d(A,B) = inf{||a —b|| : a € A,b € B}

Proxz(A,B) = {(a,b) € Ax B :|la—b|| =d(A,B)}
Ag={a € A:|la—10|| =d(A, B)for some b € B}
By ={be€ B :|la—b|| =d(A, B)for some a € A}.

Various sufficient conditions for the non-emptiness of the set Proxz(A, B) were
explored by many authors, see, for example, [12, 14].

Remark 4.1. Note Pa(Bgy) C Ap. Indeed, let y € P4(By). Then y € P4(b) for some
b € By. This implies that ||y —0b|| = d(b, A). Since b € By, we have ||a—b|| = d(A, B)
for some a € A and so ||y — b|| = d(b, A) < ||a — b|| = d(A, B). On the other hand,
d(A,B) < ||y —b|| for all y € A and b € B. Consequently, ||y — b|| = d(A, B) and
so y € Ap.

Theorem 4.1. Let E = (E,||.||) be a normed space. Let A be a nonempty, approz-
imately compact convex subset of E and B a monempty closed convexr subset of E
such that Prox(A, B) is nonempty and Aq is compact. Let C' be a nonempty subset
of £ containing a nonempty convex set Cy. Assume that

(a) F € PK(A,C) such that F(Ag) C Cy

(b) G € A5(C, B) such that G(Cy) C By

(c)f : A — A is a continuous, proper, quasi-affine, surjective single-valued map
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such that f=*(Ay) C Ay.
Then there exists xg € Ay such that

d(f!lfo, GFZL’Q) = d(A, B)

PROOF: By Remark 2.5, there exists a continuous function g : A — C such that
g(x) € F(z) for each z € A. Let T = HGg, where H = f~1P4 : By — 240, Then
T(Ag) C Ap since G(Cy) C By, Pa(By) C A and f~1(Ag) C Ap. Also T : Ag — 240
is a compact multifunction because Ag is compact.

Now we show that H is a convex, compact-valued upper semicontinuous function.
Let D be a closed subset of Ag and {x,} € H~'(D) such that z, — x as n — oo.
Then for each n, choose y,, € H(x,) N D such that || f(y,) — z,|| = d(z,, A). Since
D is compact, we may assume that y, — y for some y € D. Using the triangle
inequality, we have

() —xall < W) = Fn)ll + 11 (yn) = 2nll + |2 — 2]
= ) = fyn)ll + d(an, A) + [ — 2],

which on letting n — oo yields

1f(y) = =[] < d(z, A)

since f is continuous and d(z,, A) — d(z, A). On the other hand, d(x, A) < ||f(y) —
x||. Thus

1f(y) — xf| = d(z, A)
and so f(y) € Pa(z). As aresult y € H(z) N D. Hence x € H™'(D) and so H is

upper semi-continuous.
Let z1, 25 € H(z) and X € [0,1]. Then

1f (1) = f| = d(z, A) = [[f(x2) — ]|

Since f is quasi-affine, the set {a € A : ||f(a) — z|| < d(z, A)} is convex. Set
y = Azx; + (1 — A)xe. Then

1f(y) = xf| = d(z, A)

and so H(x) is convex.

Since f is a proper map and Pa(z) is compact, H(x) is compact. Hence H €
A%(By, Ap). Since 2% is closed under compositions, 7" € A% ( Ay, Ag). Next we show
that Ay is convex. Let aj,as € Ag and A € [0,1]. Then ||a; — b1|| = d(A, B) and
llag — ba|| = d(A, B) for some by,by € B. Since A and B are convex, Aa; + (1 —
Nag € A and Aoy + (1 — A)by € B. Now [[Aa; + (1 — ANag — [Aby + (1 — N)bs]|| <
AMlar = bi|| + (1 = N)||ag — ba|| = d(A, B). Consequently,

Aar + (1 = Nas — My + (1 — \bo]|| = d(A, B)

and so Aaj + (1 — N)as € Ap. Thus Ay is convex. Now Theorem 2.4 guarantees that
there exists zq € Ay such that zq € T'(xg). Set yo = g(zo). Then yy € F(z0) and
xo € H(zp) for some zy € G(yp). This implies that f(z¢) € Pa(z) and so

d(f(x0), GF(x0)) < || (20) — 20l = d(20, A).
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Since yg € Cy and G(Cy) C By, we have 2y € G(yo) C G(Cy) C By and so there
exists a € A with ||a — z|| = d(A, B). Therefore

d(f(wo), GF(x0)) < d(2, A) < [la — 2| = d(A, B).
On the other hand, d(A, B) < d(f(x¢), GF(z0)). Hence
d(f (o), GF(x0)) = d(A, B).

Corollary 4.2. Let E = (E,||.||) be a normed space. Let A be a nonempty, ap-
proximately compact convex subset of E and B a nonempty closed convex subset of
E such that Proxz(A, B) is nonempty and Ag is compact. Assume that

(a) F € PK(A, B) such that F(A) C By

(b)f : A — A is a continuous, proper, quasi-affine, surjective single-valued map
such that f~1(Agy) C Ay.

Then there exists xg € Ay such that

d(fl’(], F,To) = d(A, B)

Corollary 4.3. Let E = (E,||.||) be a normed space. Let A be a nonempty, compact
convex subset of E and C' a nonempty convexr subset of E. Assume that

(a) F € PK(A,C)

(b) G e AE(C, A).

If the multifunction GF' is closed-valued, then it has a fized point and hence G and
F have coincidence (i.e., there exist xo € A and yo € C such that yo € F(xo) and
zo € G(yo))-

PROOF: Theorem 4.1 (note B = A) guarantees that there exists o € Ag = A with
d(zo, GFxg) = 0. Now since GF has closed values we get the result.
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