Convergence of difference analogues to the
Darboux problem with functional dependence

H. Leszczynski

Abstract

We consider the Darboux problem with functional dependence for z, D,z
and Dyz on the right-hand side of the differential equation. We investigate a
wide class of difference schemes for the differential-functional problem. In the
present paper we prove convergence theorems by means of consistency and
stability statements.

1 Introduction

Take a, b > 0 and «, 3 > 0. Define E = [0,a] x [0,b], E° = [—a, a] x [—3,b]\(0, a] x
(0,b], and B = [—a,0] x [-3,0] Given a function z : E°U E — R and a point
(z,y) € E, we define the functional z(, ) : B — R by 2(;,)(§,n) = z(x+&,y+n) for
(&,m) € B. Suppose that we are given a function f: Q:= F x Xy x X; x Xy — R,
where Xy, X1, Xo are some subsets of the set of all functions from B to R. Take a
differentiable function ¢ : E° — R. Consider the Darboux problem

Dmyz(x7y> = f(xvya 2(z,y)> (Dl‘z)(l‘,y)’ (Dyz)(l‘,y))v (1>

dzy) = o(@y), () €E (2)
We will assume that there exists a classical solution to problem (1), (2), i.e. a
continuous function v : E° U E — R which satisfies (2) on E°, is of class C* on E,
and satisfies (1) on the set E.
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Fix a constant ¢ > 1. Define the set of acceptable steps

a B

1
k_
o p €N kG

Id:{(h,k)e(o,a]x(o,b]‘ ghgkc},

where the symbol Ay denotes all natural numbers including 0. We write x; = ih
and y; = jk. Take Zn, = {(xz,yj)| i,j € Z} Denote by EP, the set of all

(zi,y;) € E° N Zpy. Denote B}, = (0,a] x (0,b] N Zyy. Define

Ew = {(@,y) € Zu| (@i, y501) € By}

Ew. = (E°UE)NZw, B = BN Zy.
If 2 : By — R, we denote 20 = z(z;,y;). Let F(X,Y) be the set of all functions
from a set X into Y.

We will need some difference operators 91, d2, 612 which correspond to the deriva-
tives Dy, Dy, D,,, respectively. We define these operators as follows

L10) _ (i)

512(i’j) = 4]1 5 (xia yj)7 (xi-l—la yj) € Ehk’
(4,+1) _ ,(4,9)
. z V4 [
G229 = R — (i, y5), (Ti, Yjr1) € Enk,
(i+1,j+1) _ (i—l—l,j) _ (i,j—f—l) (i,j)
i z z Z +z ~
5122( J) = 5 (xia yj)7 (xi—I—la yj+1> € Ehk?

hk

for z € f(Ehk, R)

Define also a discrete counterpart of z(,,). If z € F(Eu, R) and (z;,y;) €
Eyk, then we define the function zj; ;) € F(Buk, R) by 2 j(Tu, ) = 2litmitv) for
(% Yv) € B

Suppose that fhk . Qhk = Ehk X f(Bhk,Rg) — R and ¢hk . Egk — R. We
consider the difference scheme in correspondence with differential-functional problem

(1), (2).

512z(i,j) — fhk (gji’ Yjs Z[ij) (512>[i,j]7 (522)[i,j]) (JZ'Z‘, yj) € Ehka (3)
269) _ 50, (z1,y;) € EY. (4)

In [KL] we investigate the Darboux problem without partial derivatives in the right-
hand side. We develop there a general theory of convergence under some relatively
weak assumptions of non-linear Perron-type estimates of the right-hand-side func-
tion. This theory corresponds with the existence and uniqueness theory for hyper-
bolic equations in this way that typical integral forms of the Darboux problem and
their basic properties are reflected on the ground of difference schemes by also very
natural inverse summation formulas from which one can deduce a priori bounds
for all discrete solutions and their errors, that is: the differences between the so-
lutions to the difference scheme and the solution to differential problem restricted
to the mesh. In the above mentioned item of the literature as well as in [L2] and
[L3], we can find a standard way of dealing with convergence theorems, namely:
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if the difference scheme is consistent with the differential or differential-functional
problem (at least on a class of solutions which are sufficiently regular) and if it is
stable (not too sensitive with respect to perturbations of the right-hand sides and
the initial data), then the solutions to difference scheme converge to the solution
of the differential problem provided it exists and it is unique. The paper [L3] is
devouted to a class of finite difference approximations to parabolic problems and
the convergence is obtained by some realization of discrete maximum principle. In
[L2] we consider a strongly coupled hyperbolic system of first-order equations whose
difference analogues are proved to converge due to a recurrence comparison formula
for a properly transformed error equation. Considering difference schemes for the
Darboux problem with functional dependence, we begin our analysis of error equa-
tions by means of an inverse formula, which is very similar to getting an integral
fixed point equation for differential-functional problem (1), (2).

2 Main examples

We illustrate in the present section how to specify the above difference operators
and how to produce a new right-hand side in the difference scheme on the ground
of the function f. Finally, we give two very common types of functional dependence
which could be easily specified from (1).

Example 1. Suppose that we are given three interpolation operators Iy, I1, I :
F(Bni, R) — C(B, R). We can define the discrete counterpart of the function f in
the following way

fhk (l‘z‘, yj, Wop, W1, w2) = f(l'z, yj, [Q’UJQ, [1’(1]1, [2’(1]2) (5)

for (zi,y;) € Bu and w, € F(Bu, R), (v = 0,1,2). If there is no functional
dependence, i.e. if f(x,y,wo, w1, ws) = f(x,y,w(0,0),w;(0,0),ws(0,0)) for some
function f : E x R®* — R and for all (z,y, wo, wr,ws) € Q, then we can put simply
(I,w,)(z,y) = w,(0,0) in formula (5), and we have the difference scheme

512Z(i’j) = fN(xza Yjs z(i’j)a 51Z(i’j)7 52z(i’j)) . (6)

It is seen that in that case the function fj; coincides with the function f restricted
to the mesh.

Example 2. Suppose that we are given the same operators I, I1, I> as in Example
1. Take another interpolation operator I : C(B, R) — C(B'(h, k), R), where

B'(h,k) ={(x+&y+n)| (@,9) € B, (&) €[0,h/2 x [0,k/2]}.
Define the function Fj : 2 — R by

Fu(P) = f(P)+ (7)

gDm F(P) + gDyf (P) + Duy f(P)((Two) y2/2) — wo ) +

Du, F(PY((Tw1) /22y = w1) + Duy F(P)((Tw2)nj2.ks2) — w2)
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for P = (z,y,wp, w1, ws) € Q. Now, instead of formula (5), we write
fhk(l'iayjaw07wlaw2) = Fhk(xiayja[Ow07[1w17[2w2) (8)

for (z;,y;) € Ene and w, € F(Bug, R), (v = 0,1,2). It is seen that the function
Fyi(x,y,...) approximates the value f(x+h/2,y+k/2,...) for it is derived from the
Taylor formula of second order, possible when the function f is sufficiently regular.
This difference scheme, as such, is to approximate the solution to the differential-
functional problem much better than the scheme in Example 1.

Example 3. The interpolation operators Iy, I, I in Examples 1 and 2 should pro-
vide a relevant approximation for sufficiently regular functions. One such example
is the spline interpolation: we define Iy = I; = I by

(Lowy)(s,t) = (9)
(i) 1_5_5’32‘> (1_t_yj> (i1g+1) S~ T L= Yj
W ( I Ko )T n kT
uﬂws_%<1_t_%> @ﬂU(L_S_%>t_%
W wo )T 3 2

h
for v = 0,1,2 and for (s,t) € B, (24,y;) € Bpg such that z; < s < ;41 and
Yi << Y
Example 4. Besides typical examples such as the Darboux problems for equations
without functional dependence such as

Dyyz(x,y) = F(x,y, 2(x,y), Doz(x,y), Dyz(z,y)),

we can find in equation (1) some equations with deviations and with the Volterra-
type integral dependence. Suppose that F': E x R® — R, wy,wi,wy : B — EgUE
and Go,G1,Gy : B x R — R. Assume that these functions are continuous and that
the functions w, for v = 0, 1, 2 satisfy the condition

(l‘— aay_ﬁ> < wV(x7y> < (l‘,y) for (l‘,y) €E.

Consider the equations

Dayz(,y) = F (2., 2(wol(z, ), Dez(wi(w.y)), Dyz(wa(w,y))) (10)

and

Dyyz(z,y) = (11)
F(x,y,/ Go(s,t,z(s+z,t +y))dtds,
B

/ Gi(s,t, Dyz(s + o, t +y)) dt ds, / Ga(s,t,Dyz(s+z, t+y))dt ds> .
B B
The first (deviated) equation can be specified from equation (1) when we substitute

f<x7y7w07w17w2) =

F (g, wolwo(x,y) = (z,9)), wi(wi(z,y) = (2,9)), wa(wa(w,y) — (.1)))
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for (x,y,wp, w1, wy) € Q. Indeed, we have then the equality

I (29, 200 (Do) @) (Dy2) ) =
F(ZL‘, Y, Z((WO(xa y) - (l‘, y)) + (l‘, y)),
Doz ((wi(w,y) = (2,)) + (2,9)), Dy2((ws(w,y) = (x,9)) + (x,y)))

The differential-integral equation can be obtained from equation (1) when we define
the function f on 2 by

f(l', Y, Wo, W1, w2) =

F(%%/ G0(87t7w0(87t))dtd87

B
/Gl(s,t,wl(s,t))dtds,/ Gg(s,t,wg(s,t))dtds>
B B

The explanation is similar to that in the former case. Changing w, into its discrete
counterpart I,w, (cf. (5)) leads to particular quadratures for the above integrals.
3 Notations and assumptions
Define the discrete operators Lo : F(Enpe, R) — F(E}., R) and

L1 F(Ewe, R) = F((0,k) + B, R), Lo : F(Ep, R) — F((h,0) + Epi, R).

Given a function z € F(Ep, R), we define

Loz = 260 4 0.5) _ ,(0,0) 4 (12)
i—1j—1
hkD 2> fun (:vm Yo Zlu)s (012) 0] (5275)[#,”])7
pn=0 v=0
o . . j_l
ﬁlz(z’j) = 51/2(2’0) +k Z fhk (xia Y, Zliv]s (51Z>[i,u]7 (52Z>[i,u])7
v=0

i—1
L5209 = 5200 4 1 Y fur (5, 2y (012) s (922)ju)

n=0
for (w;,y;) € Ei5, (0,k)+ Eng, (h,0)+ Epy, respectively. Observe that if the function
z € F(En, R) is a solution to equation (3), then we have
P A ) ((xi,yj) € E,;Lk), (13)
5lz(i’j) = ﬁlz(i’j) ((xhyj) € (07 k) + Ehk)7
02207 = L5209 ((xiayj) € (h,0) + Ehk)-
A function v : Iy — Ry is said to be of the class Iy if lim, x)—(0,0)7(h, k) = 0.

We introduce assumptions which will guarantee consistency and stability of the
difference scheme.
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Assumption 1 Suppose that there is a function v € C(E°U E, R) which satisfies
(1), (2) and the function v , = ¢ is of class C*, the function vy, is of class C*. Of
the function v satisfying these conditions we will say that it is of class C%3.

Assumption 2 Suppose that there is yo[w] € Ty such that

i (5 935 (@0) 5, 5 (1)1, (W2 ) = F iy i, wo, w1, w2)| < Ao[w] (b )
for (xi,yj, wo, w1, we) € Q, where w = (wo, wy, wa).

Assumption 3 Suppose that there are constants Loy, L1, Ls € Ry (independent of
(h,k)) such that

|fhk(xi7yj7w07w17w2) - fhk(xiayﬁwOawlan” S

Lollwo — wo || + L1 |lwy — w1 + La|lws — s
for (x;,yj, wo, w1, w2), (i, y;, Wo, Wi, Wa) € Qp.

If 2 € F(Ep, R), then we will denote by f,(lz};j) 2] ((x,y;) € Eng) the following
residual expression

W12 = 0122 — fu (i, 5, 20050, (012) 07, (522)1ag) ) (14)

4 Lemmas on consistency and stability

We start this section with a lemma on the consistency of the difference scheme with
the differential-functional problem.

Lemma 1 Suppose that Assumptions 1, 2 and 3 are satisfied. Then the function

v(h, k) = max; |£,(13;j) [v]| is of class Ty.

Proof. Since the function v is of class C%% we can expand 0107 in the Taylor
power series with the error of the third order. Then we obtain the estimate

161207 = Doyv(as, )l < [I(h, )| Y. |IDEDyv| (15)
w,v>0; u+v<3

for (z;,y;) € Epx. Moreover, we can get

101 (015, Jiay = (Dav)i, Dl = (16)

omae |30 — Do (i gl < B Daol]
13X %

102(v15, Vg = (Dy0)is, Jiall =

max |00 — Do (@i, yin] < K[| Dyyvll.
(zp,yv) EBhik

Consequently, we get

G < bl X IDEDyv]+ (17)

205 ptr<3

Yolv, 010, 050](h, k) + Ly k|| Dagvl| 4 Lokl Dyy v
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for (z;,y;) € Enk, where 7yo[v, 610, 690] € T'g is taken out of Assumption 2. This

completes the proof.

We formulate a lemma on stability of the difference scheme.

Lemma 2 Suppose that Assumption 3 is satisfied. Take z,Z € ]—"(Ehk,R); the

function z satisfying (3), (4), and the function Z satisfying the inequalities

A(h, k) for (xi,y;) € Enk,

VAN VAN VAN VAN

where ¥, 5, V1,52 € I'g. Then we have

Wo(zi,y;)  for (wi,y;) € E,
Wilzi,y;)  for (4,9;), (i1, ;) € L?hk,
W2(xi7yj> fO?“ (xiayj>7 (xiayj-i—l) € Ehka

INIA A

where the functions Wy, W1, Wy : Eg U E — R are defined by

Wole.v) 3% (h, k) + zyy(h, k) + [T [Y W (s, t)dtds on E,

ey Wo(max{:c,O},max{y,O}) on EQ,
Wi (2, y) Y1(h, k) + yy(h k) + [Y W (z,t)dt on E,

nee Wy (masc{z, 0}, max{y, 0}) on By,
Wa(z,y) Fo(h, k) + x3(h, k) + J§ W (s,y)ds on E,

Y WQ(maX{x70}7maX{y70}) on EQ,

and the function W : E — R, is a unique solution to the Darbouz problem

D.yz(z,y) = Loz(x,y) + L1 Dyz(x,y) + LaDyz(x, y),

2(0,y) = (3L0’70 + L1 + Loye + Y(yLa + 1))6'1/%_1, fory €[0,0],
z(x,0) = (BLO% + L1y + Lovys + (Lo + 1))695%_1, for x €0, a],

where 7, = ¥, (h, k) forv=0,1,2, and 57 = 7y(h, k).

(18)

(19)

(20)
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Proof. In view of formula (12) we deduce for (z;,y;) € Ejf, the estimate

|2 7

i—1 j—1
L0200 — L0204 1k S S e [7]
pn=0 v=0
3’70(]1, k) + l‘z‘yj’_)/(h, k) +
i—1j—1
ik 32 3~ (Loll(z = 2l + Lall(01(2 = 2)juai | + Lall (022 = 2)puuill) <
pn=0v=0
3’_)/0(]1, k) + l‘z‘yj’_)/(h, k) +
i—1 j—1
hky > (LoWo(xu, Yu) + LiWi(zy, yo) + LaWa(zy, yu)) <
pn=0rv=0

3Ho(h, k) + iy (h, k) +

/ Z /y] (LOWO(S’t) + LiWi(s,t) + L2W2(S,t)) dtds <
o Jo

Wo(l‘zyj)

Now, we take (x;,y;) € (0, k) + Ep; and derive the estimate

10,209 — §,209)| <
|£1209) — £,20:9)) 4 kz |£(”
’71(/1 k) +yiy(h, k) +
kZ(LoH 2= Dalll + Lall(G1(z = 2))aai | + L2l (82(z = 2)anlll) <
’71(/1 k) +yiy(h, k) +
k Z(LOWO i y) + LW (20, 3) + LaWalwi, ) ) <

71(h7 k) + yjfy(ha k)

/y] (LQWQ(l'Z‘, t) -+ L1W1(xi, t) -+ LQWQ(.TZ‘, t)) dt S
0

Wl(l'zyj)
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Taking (z;,y;) € (h,0) + Ep, we derive the estimate
|£22 ﬁgz | +/€Z |€(Mj

’72(h k) +xiy(h, k) +

h Z(Lou Al + Lill(01(2 = 2)pugll + Lall (62(z = )l <
72(]17 k) + xz’)/(ha k) +
1—1

k ZO(LOWO(:L«M,%) + LW (2, 5) + LaWa(t,, 7)) <
’7:(/% k) +xziy(h, k) +

/Omi (LOWO(& y;) + LiWi(s, y;) + LaWa(s, y;) ds) <
Wo(zi.y;).

These estimates establish the assertion of our lemma, which finishes the proof.

5 The main result - convergence theorem

Our convergence result is based on consistency and stability. The main theorem will
be followed by some efficient error estimates.

Theorem 1 Suppose that Assumptions 1, 2 and 3 are satisfied. Assume that the
function z € F(En, R) is a solution to problem (3), (4) satisfying within Ey, the
mequalities

Yo(h, k) for (zi,y;) € Epy, (21)
:Yl(ha k) fO?“ (xiayj>7 (xi-l—layj) € Elglm
Yo(h k) for (mi,y;), (Ti,yj+1) € Epg,

91 = Olzi,45)
0104 — 816

s — 559

INIA TN

where ¥, Y, V1,52 € I'g. Then we have
[0 — 20D Dyv (i, y;) — 01209, [Dyv (s, ;) — 8,209 — 0
as (h,k) — (0,0).

Proof. 1t follows from Lemma 1 that the function y(h, k) = max; |£,(12j) [v]| is of
class T'y. Define 4<Iy as the right-hand side of inequality (17):

k)= I(E) > IDEDyvll+ (22)
w,v>0; u+r<3

Yo[v, 810, 020 (h, k) + Lih||Dyyv|| + Lak|| Dyyv||.
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If we put z = v, - then formulas (17), (22), (21) yield (18). It follows from Lemma
2 that

|2(09)  4y(@)]
16,2009) — 5,009

162209 — §,p09)|

Wo (s, y;)  for (z4,9;) € En,
Wi(zs,y;) for (z4,y5), (i41,Y5) € B,
Wa(zi,y;)  for (2i,5), (i, yj41) € Bk,

INIA A

where the functions Wy, Wy, Wy : EgU E'— R are defined by (19) with 0% satisfying
(20). Because of the continuous dependence on the initial data, we claim that the
function W, and consequently the functions Wy, Wy, Wy tend to 0 as (h,k) — 0.
Finally, we derive

| Dyv(zi, ;) — 61209 < (23)
| Dav(w, y;) — 0008|6000 — 6,209 | < B Dygo| + Wi, y))
for (1, y;), (Tit1,Y;) € Ep,
| Dyv (i, y;) — 62259 <
| Dyv (i, y;) — 02089| + [62009) — 65209 | < k|| Dyyol| + Wa(i, ;)
for (i, 9;), (i, Yj41) € Enn.
This completes the proof.

In order to give some explicite error estimates we will majorate it by means of
the following lemma the function W satisfying equation (20).

Lemma 3 Suppose that a function z : E — R satisfies the equation

D.yz(z,y) = Loz(x,y) + LD, z(z,y) + LDyz(x,y),
z2(2,0) = O(1 + z)(e"* = 1)/L, for x €0, 4], (24)
2(0,y) = C(1+y)(e™ —1)/L, fory € 0,0],

for some C, L € R,. Then we have

C i 3 (Lo+IP)zy)  © . -
z(z,y) < ¢ ety =0 ( (v!)? ) < 2oLty +(Lo+L?)zy (25)
for (z,y) € E.

Proof. Define the function Z : E — R as 3(x,y) = e X+ (2, y) for (z,y) € E. It
is clear that the function Z satisfies the equation

Dayi(x,y) = e "W 2(2,y) (Lo + L) = Z(z,y) (Lo + L?) (26)
and the initial condition

{ (2,0) = C(1+2)(1 —e 5% /L < C(1+2)/L, forz € [0,a],
0,9)=C(1+y)(1—e™)/L<C(+y)/L, forye]l0,b].

AN

(27)

N
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If we solve the comparison problem with respect to problem (26), (27), then we
obtain the estimate

) c & ((Lo+ LA)ay)
Z(x,y) < 7 ;0 i . (28)

The remaining part of the proof is trivial.

Corollary 1 Suppose that the assumptions of Theorem 1 are satisfied. Then we
have

(@) — 0] < (29)
C(h,k 2
390(h. k) + 3 (b, K) + migy SO tovs o)

for (l‘z‘,yj) € El—z’—/w
| Dyv(ws,y;) — 61207 < (30)

C(h,k e . 2
hHDm’UH + ’71(11, k) + yfy(h, k) +y; % e(@ity;) Ltwiy; (Lo+L )’

for (xia yj>7 (xi-l—la yj> € Ehk7
| Dyv (i, y;) — 62209 < (31)

C(h,k 2
KDyl + 20(h, k) + 3, K) + 2, S ot s
for (xiayj>7 (xiayj-i—l) S Ehk7
where

L = Li+ Ly,
C(h, k) = 3LoYo(h, k) + Limi(h, k) + Laya(h, k) +5(h, k)(L + 1).
Proof. From Lemma 3 we obtain the estimate
W(a,y) < 5 oHerostiarin 32)
with C'= C(h, k). Observe that
/a: /y eL(s+t)+(LO+L2)st dtds < xyeL(ac—f—y)—f—(LO—i—LQ)a:y’
0 /Oy eL(g;+t)+(LO+L2)a:t dtds < yeL(m—i—y)—f—(LO—i—LQ)a:y
/Om LA H LIS g gs < gLt H (Lot L)y,
0

Y

Our assertion follows from the estimates in the proof of Theorem 1. This completes
the proof.

Note that Corollary 1 yields some effective error estimates in dependence on the
perturbations of the data and on the a priori bounds of classical solutions to the
Darboux problem. Applying the more subtle estimate from Lemma 3 and the exact
values of the integrals, we can obtain a more accurate error estimate.
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6 An existence theorem

We give in Example 4 two generic kinds of functional dependence (deviated and
integral) not only because of the awareness of a noticeable imbalance between the
deviated and the integral dependence, namely: the Lipschitz condition holds for
itegral functionals with somehow regular kernels, whereas any non-trivial deviations
affect this property. The same behaviour has been observed while dealing with
difference analogues of differential-functional problems. We will quote a theorem
from [L1] which includes much more difficult type of equations with delays. First,
we quote the assumptions concerning the case in question.

A[f]. Suppose that f: Qcp := F X X x X1 x Xo — R, where Xy = C(B, R) (the
class of continuous functions satisfying the Lipschitz condition), X; = Cy11(B, R)
(the class of continuous functions satisfying the Lipschitz condition with respect
to the second variable) and Xy = CLio(B, R) (the class of continuous functions
satisfying the Lipschitz condition with respect to the first variable). Assume that
the function f is continuous on )¢ and there are L, Ly, L1, Ly € R, such that

|f(x7y7w07w17w2) - f('i.aga 'U_JQ,’U_Jl,'U_JQ)| S

Ll[(x — 2,y — 9)|| + Lollwo — wo||z + L1[|wy — w1 lorz + Lallws — w2 £10

for all (wg, w1, ws), (Wo, w1, ws) € Xo X X7 X X5 and (x,y) € E, where the norms
|- llz, | * llo+zs || - [|z+0 in functional spaces Xo, X7, X are defined by

wollz = |Jwol| +  sup Iwo(:c,y)_— wo(%«, )|
@yA@n (@ =2,y =)l
lwillosr = |Jwi]] + sup jwi(z,y) — ’L_U1(:c,y)|
(@) #(2.) ly — 7l
|lwa|| 4o = |Jwe|| + sup jwa(,y) — ’L_Uz(:c,y)|
(z,y)#(@,y) |z — 7|

Y

for w, € X, (v=0,1,2).
A[¢]. Suppose that ¢ : Ey — R is differentiable and D,¢ € Coir(Ep, R), Dy €
CL+0(E07 R)

Observe the fact of losing the global character of existence, which results in
demanding that the Lipschitz constants L, Lo be sufficiently small.

A[C,]. Suppose that there are 6 € (0,1) and Cy € Ry such that
0= Lo(ab+a+b)+ Li(1+b)+ La(1 + a) and 1f(-,-,0,0,0)|| < Cy.

If the assumption A[C,] holds, we can define a few positive constants: C, Cj,
Cl, CQ by

Co = (ab+a+b)C+3[|o] + 2[|¢]|c,

Cr = oz + (1 +0)C, Cy = 18]l + (1 +a)C.
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Define the set X1[Cy, C1, Cs] by the fomula

XL[007 Cla 02] =
{(20, 21, 22) € X |20/l < Co, [|21llo4r < C1, [l22]|0 < Ca},
where
l20llz = sup [[(20)(@yllz,

(z,y)€E

HZIHO—I—L = sup H(zl)(m,y)HO—kLa
(z,y)€E

|22llz+0 = sup H(Z2)(a:,y)HL+0-
(z,y)€E

We cite after [L1] the existence theorem for differential-functional problem (1), (2).

Theorem 2 Suppose that the assumptions Afp], A[f] and A[C,] are satisfied. Then
there is a unique solution z = (2o, 21, 22) to a natural integral equivalent of problem
(1), (2) in the class XL[Cy, C1, Cs]. Moreover, we have z; = Dyzy and zo = Dyzg
on Eqg U E, and the function zy is a classical solution to problem (1), (2).

Existence results can be found also in [By], [Cz], [LLV]. We shall formulate as-
sumptions which reflect the character of these sufficient conditions for existence and
uniqueness. The ideas and methods used in the proofs of stability and convergence
statements can be found to be parallel to that of existence and uniqueness.

7 Other stability, consistency and convergence results
Define the discrete norms

lwlle = lJwll + forw[| + [[d2w]], (34)

lwllzro = flwll + 61wl lwllorz = lwll + [|62w]]

for w € F(X,R), where X stands either for ENhk or By, in dependence on the
context. The difference operators in the above definition are discrete counterparts
of the Lipschitz constants.

Assumption 4 Suppose that there are constants Lo, L1, Ls € R, (independent of
(h,k)) such that

|fhk(xi7yj7w07w17w2) - fhk(xiayﬁwOawlan” S

Lo||wo — wo||z + Li||wr — w1ljos+r + Lal|we — we|| 1o
for (z, y;, wo, w1, wa), (x4, y;, Wo, W1, Wa) € Qpy.

Note that what Assumption 4 states of the function fy is very close to A[f],
compare also Example 1 and 2.

We start the main body of this section with a lemma on the consistency of the
difference scheme with the differential-functional problem.
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Lemma 4 Suppose that Assumptions 1, 2 and 3 are satisfied. Then the function

v(h, k) = max; |£,(12j) [v]| is of class Ty.

We omit the proof as it is similar to that of Lemma 1. We formulate a lemma
on stabiliy of the difference scheme.

Lemma 5 Suppose that Assumption 4 is satisfied. Take z,Z € ]—"(Ehk, R); the func-
tion z satisfying (3), (4), and the function z satisfying the inequalities

G < k) for (ay;) € B, (35)
|?Fz’j) - Z(ZA j)| < ’_70(]17 k) fO?“ (xiayj> € Elglm
|512(%’{) — 512“ j)| < ’71(]1, k) fO?“ (Z‘Z‘, yj), (xi-f—la yj) c E2k7
|52ZFZfJ) - 525(1"{” < Falh, k) for (i y;), (€3, yj41) € Epy,
|512z(z’j) - 512Z(Z’j)| S ’_)/12(]17 k) fO?“ (xia yj>7 (xia yj+1>7 (33'2‘—1—17 yj) S E/?k’

where ¥, %o, Y1, Y2, Y12 € I'o. Then we have

|Z(i’j) - Z(ZA’j)| < Co(h, k) fO?“ (xiayj> € ENhka (36>
|512(Zi’j:) —512(Zi’j:)| < Ci(h k) for (wi,y;5), (Tiv1,y;) € ]f?hk,
|522FZTJ) - 522(1&” < CQ(ha k) fO?“ (xiayj>7 (xiayj-f-l) € Ehki
|512Z( 9 512Z(Z’j)| < Cia(h, k) for (xi,y;), (Tiv1,Yjr1) € B,
where
Co(h, k) = 33(h, k) + aby(h, k) + abC(h, k), (37)
Ci(h, k) = (h, k) +by(h, k) + bC(h.k),
Co(h, k) = Ao(h, k) + ay(h, k) + aC(h, k),
C(12(]17 k) = ’_Y(ha k) +C(h7 k)
with
C(h, k) = (38)
390(h, k) Lo + 31 (h, k) (Lo + L) + Fa(h, k) (Lo + Ls) + 3(h, k)9

1—-6 ’
and Co(h, k), Cl(h, k), Cg(h, k), Clg(h, k) — 0 as h, k — 0.
Proof. The estimates are obvious on EY,. If we define the error z — z, then there

is no question of the explicite solvability of the error equation. The only matter is
how to estabish its relevant estimate. In view of formula (12) and the above remark
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on recurrence solvability we deduce for (z;,y;) € E}}. the estimate

i—1 j—1
L0209 — L6200 + bk 3 3 1€ [2]
pn=0 =0
i-1 j—1
330(h, k) + 2y (h, k) + bk Y2 3 (Loll(z = 2) [l +
pn=0v=0

Ly[[(61(2 = 2))puillo + Lall(G2(2 = 2)puatlloss) <
3%0(h, k) + 27 (h, k) + hkij(Lo(Co(h, k) + Ci(h, k) + Ca(h, k)) +
Ly(Ci(h, k) + Cha(h, k)) + Lo(Ca(h, k) + Cra(h, k))) < Co(h, k).

Now, we take (x;,y;) € (0,k) + Ep; and derive the estimate
|£1Z £12 | +/€Z |€(ZV

(k) +y7(h k) + k j (LO(CO(h, k) + Cy(h, k) + Cao(h, k) +
Ly(Cy(h, k) + Cua(h, k)) + La(Ca(h, k) + Ca(h, k))) < Ci(h, k).

Taking (z;,y;) € (h,0) + Ep, we derive the estimate
|02209) — §,209)| <
|Lo209) — £,7(09) |+kZ|£(’”

Yo(h, k) + 27 (h, k) + hi (LO(CO(h, k) + Cy(h, k) 4 Co(h, k) +
Ly(Cy(h, k) + Cua(h, k)) + La(Ca(h, k) + Caa(h, k))) < Ca(h, k).

Finally, taking (x;,y;) € Eng such that (z,41,9;), (Ti, yj+1) € Enk , we get

ok (i, 95 2400, (012)(3.0, (922)p17) ) —

fhk(xzayjaz[ZJ] (512)[2j] (522)[1j] )| _|_kz |€(MJ | S

(h, k) + (Lo(Co(h, k) + Ca(h, k) + OQ(h, k) +
Ly(C1(h, k) + Cha(h, k) + La(Ca(h, k) + Cha(h, k))) < Cia(h, k).

These estimates establish the assertion of our lemma, which finishes the proof.

53
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Theorem 3 Suppose that Assumptions 1, 2, 4 and A[C,] are satisfied. Assume
that the function z € F(Enk, R) is a solution to problem (3), (4) satisfying within
Ep, the inequalities

6 — Sz y)| < Folhi k) for (wi,y;) € Efy, (39)
0165 — 61690 < Fulhok)  for (zi,y;), (w1, y5) € By,
|52¢§f;;j) — 620D < Ao(hk)  for (wi,y5), (Ti,yj11) € B,
|512<Z5§f/%j) — 510" < Aol k) for (@i, y5), (T4, Yjar)s (Tiv1, y5) € By,
where ¥, %o, V1,52 € I'g. Then we have
o) — 53 Co(h, k) — 0, (40)

)

|Dyv(zi, ;) — 61259 h||Dyav|| + Ci(h, k) — 0,

A })| kHDyyUH"i‘C2(hak) — 0,
)

IR > IDEDyoll + Cra(h, k) — 0.

w205 ptr<3

|Dyv(xi, y;) — 622
|Da:yv(xi7 yj> - 512Z(i’j

VAN VAN VAN VAN

Proof. 1t follows from Lemma 1 that the function y(h, k) = max; ; |£,(fkj ) [v]| is of class
[o. Define ¢l as the right-hand side of inequality (17). Assertion (40) is obtained
by means of Lemma 5 with 7, 79, 91, Y2, 712 satisfying (35). This completes the
proof.

Remark. The last inequality in (35) and (36) seem unnatural and inconvenient, but
these constraints are contained by themselves just in the definitions of ||012]|o+r =
1012]| + [|0122|| and ||d22]| 40 = ||022|| + [|d122]|. Our error estimates are local, which
is due to Assumption 4 and A[C,]. Some parts of our assumptions (for instance
on the boundedness of f) are not applied in their explicite forms. They are hidden
somehow in the regularity of the solutions to the Darboux problem.

8 Numerical examples

We illustrate the results of our numerical experiments performed by PC IBM 486.
Three differential equations whose share solution is

ut,z) =1+ ta® — zt? (41)

are considered in E = [0,0.5] x [0,0.5]. We introduce the usual mesh with h = k =
0.005 and show some computed values at the main diagonal of the square F.

Numerical example 1. We compute approximate solutions of the following non-
linear equation

Du(t, ) = u(t, z) + sin (Dyu (8, ©) + Dyu (t, 2)) + fi(t, 2), (42)
where the function f; : E — R is defined as follows

filt,z) = =1 — 3t* + 22 + tPx — tz* + sin (t3 — 2tz + 3tz — x2) .
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The following table contains the diagonal values of Uenp (i, x;) and U(x;, x;), the
solutions of enhanced and usual difference schemes, and their errors err.,;, and err,

respectively.

i Uenn(Ti, ) errenn Ui, i) err
0.05 1.00011878 0.00000003 1.00010687 —0.00001188
0.10 1.00090013 0.00000013 1.00085493 —0.00004507
0.15 1.00286904 0.00000029 1.00277278 —0.00009597
0.20 1.00640053 0.00000053 1.00623895 —0.00016105
0.25 1.01171959 0.00000084 1.01148191 —0.00023684
0.30 1.01890122 0.00000122 1.01858020 —0.00031980
0.35 1.02787044 0.00000169 1.02746249 —0.00040626
0.40 1.03840224 0.00000224 1.03790770 —0.00049230
0.45 1.05012163 0.00000288 1.04954522 —0.00057353
0.50 1.06250361 0.00000361 1.06185512 —0.00064488

In the usual scheme we take Uli, j| ~ u(t;, z;) and progressive difference operators

instead of Dyuf. ..

) and Dyuf. ..

namely: fi(;, z;) is replaced by fi (ti+1/2,xj+1/2), and

Uli,jl+ Ui+ 1,j]+ Uli,j + 1] + v

Q

). The enhancement requires some modifications,

u (ti+1/27 ZCj+1/2) ;

4
5 ( [ ]1 [ ] + [h ]> ~ Dtu (tz‘+1/27xj+1/2)7
1 (Uli,j+ 1] —Uli,j v—Uli+1,j
5 ( [ ]]1 [ ] + [h ]> ~ Dyu (ti+1/2,$j+1/2)7

where v is an approximate value of U[i + 1,7 + 1] obtained in a certain number
of iterations. In fact, this is an explicit scheme which is close to a second-order
implicit scheme. The above table shows how much the enhanced scheme improves
the approximation.

Numerical example 2. We consider a differential equation with simple delays /2
and x/2. Of course, it is no need to give initial data in a ’thick’ set Ey, because
these delays act within the set E.

Diu(t,x) = —u (t, %) +4u (%,x) (43)
e -reon (5 3) (4 2) hin

where f5(t, ) is given by the formula

folt, x) = —5.625 — 3> + 0.125 3 + 2z — 0.5tz — 2.625 ta>.
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We obtain the following table

X

0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50

U(x’ia xz)

1.00010746
1.00085979
1.00278952
1.00627974
1.01156452
1.01872942
1.02771199
1.03830232
1.05014368
1.06273311

err

—0.00001129
—0.00004021
—0.00007923
—0.00012026
—0.00015423
—0.00017058
—0.00015676
—0.00009768

0.00002493
0.00023311

H. Leszczynski

The above table shows the discrete values and the adequate errors at every tenth
diagonal knot of our mesh. Concerning the points between two knots, we derive
functions as mean value of these from two or four natural neighbouring knots, which
corresponds to applying the linear spline interpolation. In order to get a significant
decrease in error, similarly as in the former numerical example, one can use the

concept of enhancement.

Numerical example 3. Finally, we consider a kind of the Voterra dependence

represented by an integral over the set [t — 1,¢] x [z — 1, x].

Duu(t,2) = Dt 2) + Dou(t,2) + 24 [ [ uls,)dyds + i), (1)

where f3(t,x) is defined by the formula

f3(t,x) = =17 — 20t + 15t* — 11#* — 16 2 + 48tz — 33t%x+
2430 + 11 2% — 2422,

In this example, we need some initial data in Fy := [—1,0.5] x [—1,0.5]\ E. In fact,
our initial data are given by (41). The meaning of the following table is clear.

X

0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50

U(xia xz)

1.00012740
1.00107177
1.00367755
1.00878061
1.01719461
1.02969647
1.04701205
1.06980335
1.09865893
1.13408995

err

0.00000865
0.00017177
0.00080880
0.00238061
0.00547586
0.01079647
0.01914330
0.03140335
0.04854018
0.07158995

What is worth mentioning is that the integrals over subsets of Ejy are accurate,
whereas the remaining parts of these integrals are replaced by summation formulas
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from (0,0) to (7,7), which reflects a sort of approximation by means of piecewise
constant functions. The necessity of dealing with numerous sums results in a no-
ticeable decrease in accuracy and speed of computations. In particular, the above
table contains reliable values only in [0,0.3) x [0,0.3). Presumably, applying other
quadratures and averaging operators would lessen the error.
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