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THE CHROMATIC POLYNOMIAL OF P; x P, AND C; x P,
Thomas J. Pfaff and Jasmine Walker

Abstract. We provide formulas for the chromatic polynomials of the
Cartesian product of a path on two vertices with a path on n vertices,
and a cycle on three vertices with a path on n vertices. The result for the
Cartesian product of paths involves the trinomial coefficients. We define a
new sequence of numbers, CP(n,i), which are part of the result for the
chromatic polynomial of the Cartesian product of the three cycle and the
path. In both cases the chromatic polynomial is factored in the form A(A —

1).

1. Introduction. In this paper we provide an instance of the trinomial
coeflicients, which appear as the coefficients of the chromatic polynomial of
P, x P, in a particular form. We also give a new sequence of numbers that
appear as coefficients of the chromatic polynomial of C3 x P,.

Let P, be the path on n vertices and let C3 be the cycle with 3 vertices.
The graph P, x P,, the Cartesian product of the two graphs, is defined by
having vertex set V(P;) x V(P,) and there is an edge between (u,v) and
(u',v') if either v = v’ and vv' € E(P;) or v = v' and wu' € E(P,). In
this case, P» x P, is known as a ladder. The graph of C3 x P, is defined
similarly.

The chromatic polynomial of graph G, Pg(\) gives the number of ways
the graph G can be colored with A colors such that no two adjacent vertices
are colored the same. Brualdi [1] provides a number of interesting basic facts
about the chromatic polynomial. For instance, the signs of the coefficients
of the chromatic polynomial alternate, with the leading coefficient having
a positive sign. Connected graphs have nonzero A terms, but graphs that
are not connected have a zero A term. The constant term is always zero.
The absolute value of the A"~! term is the number of edges of the graph.

One particular chromatic polynomial we will use is that of a tree.
Starting with any vertex say v, we can color v with any of the A colors. Any
vertex that is adjacent to v can be colored with any of A — 1 colors, leaving
out the color that was used to color v. We can continue in this fashion to get
the chromatic polynomial of a tree with n vertices, Pr, (A} = A(A — 1)"~ 1.

Here we will focus our attention on Pp,xp, (A) and Pc,xp,(A). As
noted by Chia [2], little in general is known about the chromatic polyno-
mial of the Cartesian product of two graphs. Although in our case, we are
presenting a new form of Pp,x p, (A\) and P, xp, (M) as formulas since these
chromatic polynomials do exist. It is worth noting that the chromatic poly-
nomial is a specific case of the Potts model partition function in physics
which is discussed in [3|, while a specific calculation of the ladder can be
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found in [4]. We will use the deletion contraction algorithm to calculate our
chromatic polynomials.

To see how this algorithm works, let G be a graph with edge a con-
necting vertices a and b. If we delete the edge from G, we call this graph
Goq- If we contract the edge, in other words we identify the vertices a and
b and remove the loop a creates and any multiple edges, we denote the
graph by Gga; see Figure 1. The point here is that the graphs Gg, and
Gga are simpler than the original graph G, having either fewer vertices or
fewer edges. Now when coloring Gg,, since a and b are no longer adjacent,
they can be either the same color or not. Notice that Pg(A) counts the
number of ways that Gg, can be colored with A colors when a and b are
distinct colors. On the other hand, Pg,,(A) counts the number of ways
that Ggo can be colored with A colors when a and b are colored with the
same color. Hence, Pg,,(A) = Pg(A) + Pgg, (M), or, in the form that we
use, Pg(A) = Pgoo(A) — Pgga()). Note particularly the negative sign that
arises in this formula.

This algorithm is typically used repeatedly to reduce the original graph
down to graphs whose chromatic polynomial can be calculated. For in-
stance, Mathematica will compute chromatic polynomials but seems to al-
ways reduce the graph to a set of null graphs.

GSQ G@C

FIGURE 1. The result of deleting and contracting the edge « from G.
The + and — signs on the arrows represent the fact that
Pe(A) = Poga(A) — Poga(A).

As mentioned we will relate our chromatic polynomials to two se-
quences of numbers. The first are the trinomial coefficients (A027907 in [5]).
They can be defined as T'(n,) for n > 0 and 0 < ¢ < 2n, with 7(0,0) =1



VOLUME 20, NUMBER 3, 2008 171

and T(n,i) = T(n-1,9)+T(n—1,i— 1)+ T(n—1,1—2). Weisstein [6] shows
that the trinomial coefficients can be found by expanding (1 +z +z?)" and
can also be found by

' n!
T(n,d) = Z JHG+1-n)(2n - 25 —0)!

j=0

We define the second sequence in a similar manner as the trinomial co-
efficients. Let CP(n,i) be defined for n > 0 and 0 < i £ 3n + 1, with
CP(0,0) = CP(0,1) = 1 and CP(n,i) = CP(n—1,i) + 3CP(n — 1,i —
1) +5CP(n—-1,:1—2)+4CP(n - 1,i — 3) (the CP stands for cycle path
since they arise in the chromatic polynomial of C5 x P,). When n < 0 we
let CP(n,i) = 0. Here is a small table of the numbers CP(n,) (A123531
in [5]):

n\i | 012 3 4 5 6 7 8 9 100 11 12 13
0 11

1 14 89 4

2 17 2557 87 89 56 16

3 11051171411 735 986 977 684 304 64

4 113 86 378 1219 3027 5930 9254 11485 11185 8304 4448 1536 256

2. Chromatic Polynomial of P; x P,, with T(n,i). We can now
state and prove the result involving the chromatic polynomial of P, x P, and
the trinomial coefficients T'(n, ¢). The proof is an induction proof using the
deletion contraction algorithm. In this case, two deletions and contractions
reduces Py X P, to Py x P,_, with a “tail,” which we can deal with and is
what provides the recursion that involves the trinomial coefficients.
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a b
Py x P

P x P,

N

b
Qa
Pz X Pn—l Pg X P"_]

+A = 1)2Pryep (V) °
+ -

szpn—i szPn—l

=(A = 1)Prxpa-y(A) +Pryxp,_i(A)

FIGURE 2. The two deletion and contraction steps needed to reduce
Py x P, to P, x P,_; with a “tail”. Beneath the final graphs
is the chromatic polynomial for that graph.

Theorem 1. For n > 1 we have

2n—1

Ppyxp, (V)= Y (=)' T(n - 1,i— DA = 1)", (1)

i=1

Proof. We first calculate Pp, x p, (A). Since P, x P, is just a tree with two
vertices we have Pp,xp, (A) = T(0,0)A(A — 1), since T(0,0) = 1, which is
(1) with n = 1. Assume (1) holds with n — 1. Using the deletion contraction
algorithm as in Figure 2, we obtain

PP2XPn ()‘) = (’\—I)ZPszXPn_l(’\)—(A—l)PP;»XPn_x()‘)+PP2XPn~1(’\)' (2)
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Recall that T'(n,7) = 0 whenever 7 < 0 or ¢ > 2n so that

2n-3
(A= 1)Prxp, ,(A) = D (1) T(n - 2,i = A(A = 1)**?

=1

2n—1
=D (<) T(n - 2,4 - 3)A(A = 1)}

i=3

2n—1
=Y (-1)"!T(n - 2,i - 3)A(A - 1),

i=1

2n-3
(A= 1)'Pryup, () = D ()T (n - 2,i — YA — 1)

i=1

2n—-2
== > (-1 T(n-2,i - 2A(A - 1)}

1=2

2n-1

==Y (=) T(n-2,i = 2)A(\ - 1)},
i=}

and

2n-3

Ppyxp, (A = Y (=)' T(n - 2,i = DA = 1)}

i=1

2n—1
=Y (-1)*'T(n—2,i - DAA - 1)

i=1

Putting this all together using T(n —1,: = 1) =T(n - 2,i~3) + T'(n -
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2,i—2)+ T(n—2,i— 1) we see that

Pp,xp,(N)

2n—-1
=Y (1) T(n-2,i-3)+ T(n—2,i—2) + T(n—2,i — DA - 1)}

i=1

2n-1

= > (=1)*T(n—1,i - AN - 1)

i=1

There are other ways to calculate Pp,xp, (A). For instance, Theorem
1.3.2 in {3] states that given two graphs G; and Gz and G € G[G, U, G3]
then

1%:1(A)1%32(A).

Fe(d) = Pg.(N)

Here, we have K, representing the complete graph on r vertices, and G[G, U,
G3| representing the set of graphs that are obtained by identifying a K,
subgraph in both G; and G2, or in other words, gluing the two K, subgraphs
together. We can use this theorem repeatedly in the case when r = 2,
recognizing that P x P, can be built by gluing C4 graphs together at the
K, rungs of the ladder to show that

_1\4 _ n—1
Procr, () = BT E O DT @

but then we lose the clear relationship to the trinomial coefficients.

3. Chromatic Polynomial of C3 x P,, with CP(n,1i). The proof
here follows in the same manner as the previous proof. We do not provide
a figure here because there are 12 deletions and contractions, and hence,
the coefficients in the recursion of CP(n,t) add to 13, to reduce C3 x P,
to C3 x P,_; with a “tail.” In general, if we view C3 x P, as a double
ladder with an extra loop at each step, then we start the deletions and
contractions by deleting and contracting the top extra loop and then work
to separate the top step from the rest of the ladder until we are left with
our 3 x P,_; with a “tail.”
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Theorem 2. For n > 2 we have

3In--1
Poyxp,(A) = D (-1)'"'CP(n—1,i = DA(A - 1)** . (4)

i=1

Proof. First, C3 x P) is simply a triangle. One deletion and contraction
shows that P, x p, (M) = A(A=1)2=A(A—1). In the same manner as Figure
2 and equation (2) we obtain

PC:!XPn()‘) = (’\ - l)spcaxpn—l()‘) - 3()‘ - 1)2PC'3XPn—1(’\)
+5(’\" 1)PC3XPn—1(’\) —4PCa><Pn—1(A)' (5)
Recall that CP(n — 2,47) = 0 whenever i < 0 or ¢ > 3n — 5. Following the
same type of calculation as in the proof of Theorem 1 we have

3In—-4
(A= 1)Peyxp,,(A) = D (=1)'F'CP(n - 2,i — DA(A - 1)**

i=1

3n—1
= > (-1)'MCP(n-2,i - DAA - 1)*"7,

i=1

3n—-4
=3(A = 1)*Peyxp,_,(A) == D (=1)"*13CP(n - 2,i — A(A — 1)3" 7!

i=1

3n-3
=— > (-1)'3CP(n—2,i— 2)A(A = 1)*"""

=2
3n—-1 ] .
= > (-1)*3CP(n - 2,i - 2)A(A - 1),
i=1

3n-4
5(A = 1)Pcyxpa_,(A) = Y (=1)"F'5CP(n — 2,i — DA(A = 1)3* 772

i=1

3n—-2

=Y (-1)*'5CP(n—2,i - 3)A(A - 1)**~

=Y (=1)"*'SCP(n —2,i - 3)A(A - 1)*"7,

i=1
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and

3n—-4

—4Pgyxp, () == Y (~1)MM4CP(n — 2,i — AN = 1)*"173

i=1

3n~1

=— Z (—1)"4CP(n -2, - AN - 1)371—1‘
1=4

3n—-1
= > (-1)*MCP(n-2,i - 2AA - 1)

i=1

Hence, putting this all together with (5), we get

3n—-1
Poyxp,(\) = Y (=)' [CP(n-2,i—1)+3CP(n-2,i-2)

i=1

+5CP(n —2,i—3)+4CP(n — 2,i — 4)]A(A = 1)3*~*

3n-1
=Y (-)™ICP(n—1,i - DAA - 1)** 7%
1=1

We end by noting that a formula for Pc,xp,(A) can be derived in a

similar manner to the one for Pp,x p, (A) given in (3).
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