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Abstract. In [8], we classified all ‘‘convex orders’’ on the positive root system Dþ of

an arbitrary untwisted a‰ne Lie algebra g and gave a concrete method of constructing

all convex orders on Dþ. The aim of this paper is to give a new description of ‘‘convex

bases’’ of PBW type of the positive subalgebra Uþ of the quantum a‰ne algebra

U ¼ UqðgÞ by using the concrete method of constructing all convex orders on Dþ.

Applying convexity properties of the convex bases of Uþ, for each convex order on Dþ,

we construct a pair of dual bases of Uþ and the negative subalgebra U� with respect to

a q-analogue of the Killing form, and then present the multiplicative formula for the

universal R-matrix of U .

1. Introduction

In the theory of quantum algebras, it is an important problem to construct

the dual bases of the positive subalgebra Uþ and the negative subalgebra U� of

the quantum algebra U ¼ Uq with respect to the q-analogue of the Killing form

which is defined in [12] and [15]. For example, the dual bases of Uþ and U�

were applied to express the universal R-matrix and the extremal projector of

the quantum algebra U in an explicit formula ([12], [13]), and it is known that

the dual bases are related to the canonical bases of Uþ or the global crystal

bases of U� ([3]). The positive and negative parts of the dual bases used to be

constructed as a kind of Poincaré-Birkho¤-Witt (PBW) type bases of Uþ and

U� respectively, and the both parts have several convexity properties con-

cerning the q-commutator and the coproduct of U . We would like to

emphasize that the convexity properties are useful for calculating values of

the q-Killing form, so we call the positive or negative parts of the dual bases

convex bases of Uþ or U� respectively.

By the way, each convex basis of Uþ is formed by monomials in certain q-

root vectors Ea with a positive roots, which are multiplied in a predetermined

total order on the positive root system Dþ of the underlying Lie algebra g.
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Because the total order on Dþ has several convexity properties, we call a such

total order on Dþ ‘‘convex order’’ on Dþ.

In the case where g is an arbitrary finite dimensional simple Lie algebra,

there is a natural bijective mapping between the set of the convex orders on Dþ
and the set of the reduced expressions of the longest element of the Weyl

group, and G. Lusztig constructed convex bases of Uþ associated with all

reduced expressions of the longest element of the Weyl group by using a braid

group action on U ¼ UqðgÞ ([14]). Therefore all convex bases of Uþ had been

constructed in the finite case.

In the case where g is an arbitrary untwisted a‰ne Lie algebra, in [2], J.

Beck constructed convex bases of Uþ associated with convex orders on Dþ of a

special type. On the other hand, in [8], we classified all convex orders on Dþ,

and we found out that there exist new types of convex orders on Dþ which was

not used in the Beck’s construction, and then we gave a concrete method of

constructing all convex orders on Dþ for the untwisted a‰ne case. So we

think that it is natural to extend the Beck’s construction of convex bases of Uþ

by using the new knowledge about convex orders on Dþ.

In this article, we give a new description of convex bases of Uþ for the

quantum a‰ne algebra UqðgÞ in the case where g is an arbitrary untwisted

a‰ne Lie algebra, i.e., the a‰ne Lie algebra of type X
ð1Þ
r , where X ¼

A;B;C;D;E;F ;G. More precisely, we construct convex bases of Uþ by using

the concrete method of constructing all convex orders on Dþ introduced in the

paper [8]. Theorem 3.2 is a summary of the results of the paper [8]. Then the

main results of this paper are Theorem 8.4 and Theorem 8.6, which are

presented by using the notation of Theorem 3.2. In Theorem 8.4 and

Theorem 8.6, we will use some parameter J, which is an arbitrary non-empty

subset of I
�
:¼ f1; . . . ; rg. Here, the set I

�
is the index set of the simple root

system of the underlying finite dimensional simple Lie algebra g
�
of type Xr

introduced in the book [11]. We note that the algebras UJ and Uþ
J are

subalgebras of U and Uþ respectively and that Uþ
J is nothing but Uþ in the

case where J ¼ I
�
.

This paper is organized as follows. The notations of this paper are

basically the same as the notations of the papers [7] and [8]. So, by referring

to the papers [7] and [8], we omit the description of the notations in this paper.

In section 2, we give notations and preliminary results on the root system of the

untwisted a‰ne Lie algebra g. In section 3, we give notations and preliminary

results on reduced words of the Coxeter group ðWJ;SJÞ and convex orders on

the positive root system DJþ. In section 4, we give notations and preliminary

results on the quantum algebra U ¼ UqðgÞ. In section 5, we construct the

subalgebra UJ of U associated with DJ and the braid group action on it. In

section 6, we define imaginary root vectors of Uþ
J . In section 7, we give
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several tensor product decompositions of the positive subalgebra Uþ
J of UJ. In

section 8, we give a concrete method of constructing convex bases of Uþ
J

associated with convex orders on DJþ. In section 9, we construct the dual

convex bases of Uþ and U� with respect to the q-Killing form, and then

present the multiplicative formula for the universal R-matrix of U associated

with an arbitrary convex order on Dþ.

2. Preliminary results on the untwisted a‰ne root systems

First of all, we would like to mention that the notations of this paper for

the root system of g follow that in [7] and [8], where g is the untwisted a‰ne

Lie algebra of type X
ð1Þ
r with X ¼ A;B; . . . ;G and r A N the rank of the

underlying finite dimensional simple Lie algebra of type Xr. So we will omit

the description of the notations. However, for writing this paper, we will

make a few changes in the notations and give some additional notations. In

this paper, let us denote by A ¼ ½Aij �i; j A I the generalized Cartan matrix of the

type X
ð1Þ
r with I ¼ f0; 1; . . . ; rg. In addition, we assume that ½Aij�

i; j A I
� is the

Cartan matrix of the type Xr with I
�
¼ f1; . . . ; rg.

For each i A I
�
, let ei be a unique element of h

� � such that ðei jajÞ ¼ dij for all

j A I
�
. For each non-empty subset JH I

�
, we set

P
�4
J :¼0

j A JZej; T̂TJ :¼ ftl jl A P
�4
Jg; ŴWJ :¼ T̂TJ cW

�
J HGLðh�0J Þ

and set

AutðDJÞ :¼ ff A GLðh�0J Þ j fðDJÞ ¼ DJ; ðfðlÞ j fðmÞÞ ¼ ðl j mÞðEl; m A h�0J Þg;

AutðDJ;PJÞ :¼ ff A AutðDJÞ j fðPJÞ ¼ PJg; WJ :¼ ŴWJ VAutðDJ;PJÞ:

Then ŴWJ ¼ WJ zWJ HAutðDJÞ. For each KH J, we set

AutðDJÞK :¼ ff A AutðDJÞ j fðP
�
KÞHDJþg;

W K
J :¼ WJ VAutðDJÞK; ŴW K

J :¼ ŴWJ VAutðDJÞK:

Note that AutðDJ;PJÞHAutðDJÞJ. Let lJ : ŴWJ ! Zþ be the extended length

function defined by setting lJðxrÞ :¼ lJðxÞ for each x A WJ and r A WJ. We

note that lJðyÞ ¼aFJðyÞ for all y A ŴWJ.

Proposition 2.1 ([9]). For each connected subset JH I
�
, the assignment

j 7! rJj :¼ tej w�jw� ð2:1Þ

defines a bijective mapping from the set J� :¼ f j A J j ðejjyJÞ ¼ 1g to WJnf1g.
Here, w� and w�j are the longest elements of W

�
J and W

�
Jnf jg, respectively.

Moreover, the condition that rðd� yJÞ ¼ aj for r A WJnf1g and j A J is equiv-

alent to the condition that r ¼ rJj with j A J�.
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Proof. Although the setting of Proposition 1.18 in [9] is di¤erent from

that of this case, the proof can be applied to this case with suitable mod-

ification.

Lemma 2.2. Let J be an arbitrary connected subset of I
�
, and K an arbitrary

subset of J. Then each f A AutðDJÞ can be uniquely written as f ¼ fKfK with

fK A AutðDJÞK and fK A W
�
K.

Proof. We first prove the uniqueness. Suppose that f ¼ aKaK ¼ bKbK
with aK; bK A AutðDJÞK and aK; bK A W

�
K. Then aK ¼ bKbKa

�1
K . Since aK A

AutðDJÞK and bKa
�1
K A W

�
J, we have bKa

�1
K ¼ 1, hence bK ¼ aK and bK ¼ aK.

We next prove the existence. By Corollary 3.10 in [11], the automorphism f

can be uniquely written as srz with s ¼G1, r A AutðDJ;PJÞ, and z A WJ.

Moreover, we see that z can be uniquely written as xy with x A W K
J and

y A W
�
K. Hence f ¼ srxy. In the case where s ¼ 1, put fK ¼ rx and fK ¼ y.

Then f ¼ fKfK with fK A AutðDJÞK and fK A W
�
K. In the case where s ¼ �1,

put fK ¼ �rxw� and fK ¼ w� y, where w� is the longest element of W
�
K. Then

f ¼ fKfK with fK A AutðDJÞK and fK A W
�
K. r

Lemma 2.3. Let J and J 0 be connected subsets of I
�
which are disjoint from

each other.

(1) For each j A J�, there exists a unique element wJj A W
�
J such that

ðiÞ tej jh�0J ¼ rJjwJj: ð2:2Þ

Moreover, the following equalities hold:

ðiiÞ rJj ¼ ðtej Þ
Jjh�0J ; ðiiiÞ wJj ¼ ðtej ÞJ ¼ w�w� j : ð2:3Þ

Here, ðtej Þ
J A ŴW J and ðtej ÞJ A W

�
J are unique elements such that tej ¼ ðtej Þ

Jðtej ÞJ,
and w� and w� j are the longest elements of W

�
J and W

�
Jnf jg respectively.

(2) For each i A I
�
nJ, z A W

�
J 0 , and j 0 A J 0

�, the following equalities hold:

ðiÞ ½ðtej Þ
J; tei � ¼ 0; ðiiÞ ½ðtej Þ

J; z� ¼ 0; ðiiiÞ ½ðtej Þ
J; ðtej 0 Þ

J 0
� ¼ 0:

Here, ½ ; � is the commutator, i.e., ½a; b� ¼ ab� ba. Moreover,

ðivÞ lððtej Þ
J
teiÞ ¼ lððtej Þ

JÞ þ lðteiÞ; ðvÞ lððtej Þ
J
zÞ ¼ lððtej Þ

JÞ þ lðzÞ;

ðviÞ lððtej Þ
Jðtej 0 Þ

J 0
Þ ¼ lððtej Þ

JÞ þ lððtej 0 Þ
J 0
Þ:

(3) For each j A J� and b A DJ 0 , the equality ðtej Þ
JðbÞ ¼ b holds.

(4) For each j A J�, the element ðtej Þ
J
satisfies the following equalities:
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ðiÞ Fððtej Þ
JÞHDJð1;�Þ; ðiiÞ Fðtej ÞVDJþ ¼ ðtej Þ

J
FðwJj Þ;

ðiiiÞ ðtej Þ
J
DJð1;�ÞHDJð1;�Þ:

Moreover, lððtej Þ
JÞ ¼ 0 if and only if J ¼ I

�
.

(5) For each j A J�, there exists a unique element j� A J� such that

ðiÞ rJjðaj�Þ ¼ d� yJ; ðiiÞ rJj� ¼ ðrJjÞ
�1:

In addition, ðrJjÞ
2 ¼ 1 if and only if j� ¼ j. Moreover,

ðiiiÞ ðtej Þ
J
sj�ðtej� Þ

Jjh�0J ¼ sd�yJ ; ðivÞ Fððtej Þ
J
sj�ðtej� Þ

JÞVDJþ ¼ fd� yJg;

ðvÞ Fððtej Þ
J
sj�ðtej� Þ

JÞnfd� yJgHDJð1;�Þ;

ðviÞ lððtej Þ
J
sj�ðtej� Þ

JÞ ¼ lððtej Þ
JÞ þ 1þ lððtej� Þ

JÞ:

Proof. (1) Set wJj :¼ w�w� j. Then wJj A W
�
J. By Proposition 2.1, we

have tej jh�0J ¼ rJjwJj. On the other hand, by Lemma 2.2, we have tej ¼
ðtej Þ

Jðtej ÞJ with ðtej Þ
J A ŴW J and ðtej ÞJ A W

�
J. It follows that tej jh�0J ¼

ðtej Þ
Jjh�0J ðtej ÞJ. Hence (2.3) follows from Lemma 2.2. The uniqueness of

the decomposition (2.2) follows from (2.3).

(2) By the part (1), we have ðtej Þ
J ¼ tej w

�1
Jj . It is clear that ½tej ; tei � ¼

½w�1
Jj ; tei � ¼ 0, which implies (i). Since ðejjaÞ ¼ 0 for all a A P

�
J 0 , we have

½tej ; sa� ¼ 0. Since wJj A W
�
J, we see that ½w�1

Jj ; sa� ¼ 0 for all a A P
�
J 0 . Thus

we get ½ðtej Þ
J; sa� ¼ 0 for all a A P

�
J 0 , which implies (ii). Since ðtej 0 Þ

J 0
¼ tej 0w

�1
J 0j 0

with wJ 0j 0 A W
�
J 0 , (iii) follows from (i) and (ii).

It is clear that lððtej Þ
J
teiÞa lððtej Þ

JÞ þ lðteiÞ. Since ½wJj ; tei � ¼ 0 we have

tej tei ¼ ðtej Þ
J
teiwJj, and hence lðtej teiÞa lððtej Þ

J
teiÞ þ lðwJjÞ. On the other hand,

we have

lðtej teiÞ ¼ lðtej Þ þ lðteiÞ ¼ flððtej Þ
JÞ þ lðwJjÞg þ lðteiÞ:

Thus we get lððtej Þ
JÞ þ lðteiÞa lððtej Þ

J
teiÞ, which implies (iv). The assertion (v)

is clear. It is easy to see that lððtej Þ
J
tej 0 Þa lððtej Þ

Jðtej 0 Þ
J 0
Þ þ lðwJ 0j 0 Þ. From

(iv) and (v), it follows that

lððtej Þ
J
tej 0 Þ ¼ lððtej Þ

JÞ þ lððtej 0 Þ
J 0
Þ þ lðwJ 0j 0 Þ:

Thus we get that lððtej Þ
JÞ þ lððtej 0 Þ

J 0
Þa lððtej Þ

Jðtej 0 Þ
J 0
Þ, which implies (vi), since

lððtej Þ
Jðtej 0 Þ

J 0
Þa lððtej Þ

JÞ þ lððtej 0 Þ
J 0
Þ.

(3) Since tej ðbÞ ¼ b and wJjðbÞ ¼ b, we have ðtej Þ
JðbÞ ¼ tej w

�1
Jj ðbÞ ¼ b.

(4) It is easy to see that

Fðtej Þ ¼ Fððtej Þ
JÞ q ðtej Þ

JFðwJjÞHDð1;�Þ: ð2:4Þ
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By (1)(ii), we have Fððtej Þ
JÞVDJþ ¼ q, hence we see that (i) and (ii) follow

from (2.4). Since both tej and w�1
Jj stabilize DJð1;�Þ, the equality ðtej Þ

J ¼ tej w
�1
Jj

implies (iii). We see that Fðtej ÞVDJð1;�Þ ¼ q if and only if J ¼ I
�
, hence the

second assertion follows from (i)(ii) and (2.4).

(5) By Proposition 2.1, there exists a unique element j� A J� satisfying

(i)(ii). Suppose that ðrJjÞ
2 ¼ 1, i.e., ðrJjÞ

�1 ¼ rJj. By (ii) and Proposition 2.1

we get j� ¼ j. Suppose that j� ¼ j. Then, by (ii) we get rJj ¼ ðrJjÞ
�1, i.e.,

ðrJjÞ
2 ¼ 1. By (1)(ii) and (ii), we see that

ðtej Þ
J
sj�ðtej� Þ

Jjh�0J ¼ rJjsj�ðrJjÞ
�1: ð2:5Þ

Since d� yJ ¼ rJjðaj�Þ, we have rJjsj�ðrJjÞ
�1ðd� yJÞ ¼ �ðd� yJÞ. Since

ðaj� j aj�Þ ¼ ðd� yJ j d� yJÞ and ððrJjÞ
�1ðaiÞ j aj�Þ ¼ ðai j d� yJÞ for all i A J,

we have sj�ðrJjÞ
�1ðaiÞ ¼ ðrJjÞ

�1ðaiÞ � 2ðai j d�yJÞ
ðd�yJ j d�yJÞ aj

� , which implies that

rJjsj�ðrJjÞ
�1ðaiÞ ¼ ai �

2ðai j d� yJÞ
ðd� yJ j d� yJÞ

ðd� yJÞ ¼ sd�yJðaiÞ:

Therefore (iii) follows from (2.5). By (4)(i), we see that

sj�Fððtej� Þ
JÞHDJð1;�Þ; Fðsj�ðtej� Þ

JÞ ¼ faj�g q sj�Fððtej� Þ
JÞ; ð2:6Þ

since sj�D
Jð1;�ÞHDJð1;�Þ. By (4)(iii) and the left equality in (2.6), we have

ðtej Þ
J
sj�Fððtej� Þ

JÞHDJð1;�Þ: ð2:7Þ

By (2.6) and the equality ðtej Þ
Jðaj�Þ ¼ d� yJ, we have

Fððtej Þ
J
sj�ðtej� Þ

JÞ ¼ Fððtej Þ
JÞ q fd� yJg q ðtej Þ

J
sj�Fððtej� Þ

JÞ: ð2:8Þ

Therefore (iv), (v), and (vi) follow from (4)(i) and (2.7)(2.8). r

Lemma 2.4. Let us use the notations as in Proposition 2.1. Assume that J

is a connected subset of I
�
with aJb 2 and that an element j A J� satisfies

ðrJjÞ
2 ¼ 1. Then there exist distinct elements i; i 0 A I and an element z A W

satisfying FðzÞHDð1;�Þ, aj ¼ zðaiÞ, and d� yJ ¼ zðai 0 Þ.

Proof. Let B be the subset of Dð1;�Þ consisting of all b such that

b þ ai1 þ � � � þ ain ¼ d� yJ ð2:9Þ

for some sequence ði1; . . . ; inÞ consisting of elements of I
�
with n A N. Then, it

is easy to see that both B and B 0 ¼ Bq fd� yJg are finite biconvex sets.

Hence, there exist unique z A W and i 0 A I such that B ¼ FðzÞ and d� yJ ¼
zðai 0 Þ by Theorem 2.4. We next show that

sjðd� yJÞ ¼ d� yJ; sjðBÞ ¼ B: ð2:10Þ
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By the assumption of the Lemma and the extended Dynkin diagram of D
�
J, we

see that ðd� yJ j ajÞ ¼ 0, which implies the left equality in (2.10). Let b be an

arbitrary element of B. To prove the right equality in (2.10), it su‰ces to

show that B includes the aj-string through b. Since aj is not a short root, we

see that the length of the aj-string through b is less than 2. If the length is 1,

there is nothing to prove. Suppose that the length is 2. In the case where

sjðbÞ ¼ b � aj, we see that sjðbÞ A Dð1;�Þ and

sjðbÞ þ aj þ ðai1 þ � � � þ ainÞ ¼ d� yJ;

which implies sjðbÞ A B. In the case where sjðbÞ ¼ b þ aj, we see that j ¼ ik
for some 1a ka n. Indeed, if j0 ik for all 1a ka n, then we see that

b þ ðai1 þ � � � þ ainÞ þmaj ¼ d� yJ for some mb 1 by applying sj to the

equality (2.9). Here we use the left equality in (2.10). This contradicts (2.9).

Hence, j ¼ ik for some 1a ka n. Thus we see that

sjðbÞ þ ðai1 þ � � � þ aik�1
þ aikþ1

þ � � � þ ainÞ ¼ d� yJ

with sjðbÞ A Dð1;�Þ. Here we have nb 2. Indeed, if n ¼ 1 then sjðbÞ ¼ d� yJ,

which contradicts the left equation in (2.10). Thus we get sjðbÞ A B.

By the right equality in (2.10) and the equality B ¼ FðzÞ, we see that

FðsjzÞ ¼ fajg q sjFðzÞ ¼ fajg qFðzÞ. On the other hand, since FðzÞHFðsjzÞ
and afFðsjzÞnFðzÞg ¼ 1, we see that FðsjzÞ ¼ FðzÞ q zfaig ¼ FðzsiÞ for some

unique i A I. Thus we get aj ¼ zðaiÞ. r

3. Preliminary results on reduced words and convex orders

We denote by Nn the set fm A N jma ng for each n A N, and set Ny :¼ N

and N� :¼ N q fyg, where y is a symbol. We extend the usual ordera on N

to a total order on N� by setting n < y for each n A N. We also set yþ n ¼
nþy ¼ yn ¼ ny ¼ y for each n A N�.

For each non-empty subset J of I
�
, we set ŜSJ :¼ SJ q ðWJnf1gÞ ¼‘CðJÞ

c¼1 ðSJc qWJcnf1gÞ. For each n A N�, we denote a sequence consisting of

elements sðpÞ A ŜSJ with p A Nn by s ¼ ðsðpÞÞp ANn
, and denote the set of all such

sequences by ŜSNn

J . In addition, let us denote by SNn

J the set of all sequences

s A ŜSNn

J such that sðpÞ A SJ for all p A Nn. Several operations (initial p-sections

sjp, products ss 0, limits limp!y sp, etc.) for the elements of SNn

J are defined in

[7], and the same operations can be defined for the elements of ŜSNn

J in the same

manner.

For each s A ŜSNn

J with n < y, we define an element ½s� of ŴWJ by setting

½s� :¼ sð1Þsð2Þ � � � sðnÞ. For each n A N�, we call an element s A ŜSNn

J a reduced

word of ðŴWJ; ŜSJÞ if lJð½sjp�1�Þa lJð½sjp�Þ for all p A Nn. Here, lJ : ŴWJ ! Zþ is

the extended length function.
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For each reduced word s ¼ ðsðpÞÞp ANn
of ðŴWJ; ŜSJÞ with n A N�, we set

s�1ðSJÞ :¼ fp A Nn j sðpÞ A SJg and lJðsÞ :¼as�1ðSJÞ, and call the non-negative

integer lJðsÞ the length of s. We denote by ŴWn
J the set of all reduced words

with length n and set ŴWJ :¼
‘

n AN ŴWn
J and ŴW�

J :¼ ŴWJ q ŴWy
J . We call an

element of ŴWJ (resp. ŴWy
J ) a finite reduced word (resp. an infinite reduced word )

of ðŴWJ; ŜSJÞ. For each n A N�, we denote by Wn
J the subset of ŴWn

J which

consists of elements s A ŴWn
J such that sðpÞ A SJ for all p A Nn, and call an

element s A Wn
J a reduced word of ðWJ;SJÞ. We set WJ :¼

‘
n AN Wn

J and

W�
J :¼ WJ qWy

J , and call an element of WJ (resp. Wy
J ) a finite reduced word

(resp. an infinite reduced word) of ðW J;SJÞ.
For each reduced word s A ŴW�

J , an injective mapping fs : NlðsÞ ! Dre
Jþ is

defined by setting fsðpÞ :¼ ½sjkðpÞ�1�ðasðkðpÞÞÞ for each p A N, where the k is a

unique strictly increasing function k : NlðsÞ ! N such that the image of k equals

to s�1ðSJÞ, i.e., ImðkÞ ¼ s�1ðSJÞ. We denote by F
lðsÞ
J ðsÞ the image of the

injective mapping fs. Note that if lðsÞ < y then F
lðsÞ
J ðsÞ ¼ FJð½s�Þ.

For a pair ðs; s 0Þ of elements of ŴWy
J , we write s@ s 0 if for each ðp; qÞ A N2

there exists ðp0; q0Þ A Zbp � Zbq such that lJð½sjp�
�1½s 0jp0 �Þ ¼ p0 � p and

lJð½s 0jq�
�1½sjq0 �Þ ¼ q0 � q. Then we see that @ is an equivalence relation on

ŴWy
J (cf. [7]). We denote by ŴWy

J the quotient set of ŴWy
J relative to the

equivalence relation @, and by ½s� the coset containing s A ŴWy
J . Let Wy

J be

the image of Wy
J by the canonical mapping ŴWy

J ! ŴWy
J . Then we can easily

show that Wy
J ¼ ŴWy

J . Moreover, we see that s@ s 0 if and only if Fy
J ðsÞ ¼

Fy
J ðs 0Þ (cf. [7]). Hence we may denote by Fy

J ð½s�Þ the set Fy
J ðsÞ.

Therefore we can set F�
Jð½s�Þ :¼ F

lðsÞ
J ðsÞ for each s A ŴW�

J .

In the case where J ¼ I
�
, we will denote the symbols above more simply by

removing J from them.

Definition 3.1. Let � be a total order on a subset B of DJþ. We say

that � is a convex order on B if it satisfies the following conditions:

COðiÞ ðb; gÞ A B2nðD im
þ Þ2; b0 g; b þ g A B ) b0 b þ g0 g;

COðiiÞ b A B; g A DJþnB; b þ g A B ) b0 b þ g:

Here we write b0 g if b � g and b0 g. We denote by �op the total order on

B defined by setting b �op g , b � g for each pair ðb; gÞ A B2, and call �op the

opposite of �. We also say that � is an opposite convex order if the opposite

�op is a convex order. For subsets C and D of B, we write C0D if c0 d for

all pair ðc; dÞ A C �D.

For each non-empty subset JH I
�
, we set

CnJ :¼ fK	 ¼ ðK0;K1; . . . ;KnÞ j J ¼ K0 XK1 X � � �XKn ¼ qg:
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We note that if n >aJ then CnJ ¼ q, and set CJ :¼
‘aJ

n¼1 CnJ. For each

n A NaJ and K	 A CnJ, we set

WK	 :¼ WK1
� � � � �WKn

; Wy
K	

:¼ Wy
K0

� � � � �Wy
Kn�1

:

Denote an element ðy1; . . . ; ynÞ A WK	 by y	, and an element ðs0; . . . ; sn�1Þ A
Wy

K	
by s	. Note that WKn

¼ f1g and yn ¼ 1 for each K	 A CnJ and y	 A WK	 .

Theorem 3.2 ([8]). Let J be an arbitrary non-empty subset of I
�
, and w an

arbitrary element of W
�
J.

(1) Let �� be an arbitrary convex order on DJðw;�Þ, �0 an arbitrary total

order on D im
þ , and �þ an arbitrary opposite convex order on DJðw;þÞ. We can

define a convex order � on DJþ by extending ��, �0, �þ to DJþ ¼ DJðw;�Þ q
D im
þ q DJðw;þÞ in such a way that DJðw;�Þ0D im

þ 0DJðw;þÞ. Moreover, we can

obtain every convex order on DJþ by applying the procedure above.

(2) For each n A NaJ and K	 A CnJ, there exists ðy	; s	Þ A WK	 �Wy
K	

such

that

DJðw;�Þ ¼
an

i¼1
wKi�1yi�1F

y
Ki�1

ð½si�1�Þ; ð3:1Þ

Ci :¼
a i

j¼1
wKj�1yj�1F

y
Kj�1

ð½sj�1�Þ A By
J for each 1e ie n; ð3:2Þ

where y0 :¼ 1. Then we can define a convex order � on DJðw;�Þ by applying the

following procedure Steps 1, 2.

Step 1. For each i ¼ 1; . . . ; n, define a total order �i on the set Ri :¼
wKi�1yi�1F

y
Ki�1

ð½si�1�Þ by setting

wKi�1yi�1fsi�1
ðpÞ �i w

Ki�1yi�1fsi�1
ðqÞ for each pa q:

Step 2. Define � by extending �1; . . . ;�n to DJðw;�Þ ¼
‘n

i¼1 Ri in such a

way that Ri 0Ri 0 for each i < i 0. Moreover, we can obtain every convex orders

on DJðw;�Þ by applying the procedure above.

Remark 3.3. (1) Theorem 3.2 gives a concrete method of constructing all

convex orders on DJþ, since DJðw;þÞ ¼ DJðww�;�Þ with w� the longest element of

W
�
J. (2) For each n A NaJ, we call the convex order on DJðw;�Þ described above

that of n-row type.

Definition 3.4. Let us use the notations as in Proposition 2.1 and

Lemma 2.3(5). From now on, we often denote the translation tej ð j A I
�
Þ

simply by ej if there is no fear of misunderstanding. Let J be an arbitrary

non-empty subset of I
�
. For each s A ŜSJ, we define an element ~ss A ŴW by setting

~ss :¼
ðejÞJc if s ¼ rJc j with c ¼ 1; . . . ;CðJÞ and j A Jc�;

sj if s ¼ sj with j A J;

ðejcÞ
Jc sj�c ðej�c Þ

Jc if s ¼ sd�yJc
with c ¼ 1; . . . ;CðJÞ;

8><>: ð3:3Þ
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where we fix an element jc A Jc� for each c ¼ 1; . . . ;CðJÞ. For each r A WJ, we

define an element ~rr A ŴW by setting ~rr :¼
QCðJÞ

c¼1 ercrc, where r ¼
QCðJÞ

c¼1 rc with

rc A WJc , and if rc ¼ 1 then we set ercrc :¼ 1.

For each s A ŜSJ, we fix a finite reduced word s 0s ¼ ðs 0sðpÞÞp ANNs
A ŴW such

that ½s 0s� ¼ ~ss, where s 0sðpÞ A ŜS for all p A NNs
. For each s ¼ ðsðpÞÞp ANn

A ŴW�
J

with n A N�, we set sp :¼ sðpÞ for each p A Nn, and define a sequence ~ss ¼
ð~ssðpÞÞp AN~nn

A ŜSN~nn with ~nn A N� by setting

~ss :¼
s 0s1s

0
s2
. . . s 0sn if n < y;

limp!y s 0s1s
0
s2
. . . s 0sp if n ¼ y;

(
ð3:4Þ

where ~nn :¼ Ns1 þNs2 þ � � � þNsn if n < y, and ~nn :¼ y if n ¼ y. For the

definitions of the product s 0s1s
0
s2
. . . s 0sn and the limit limp!y s 0s1s

0
s2
. . . s 0sp , the

reader is referred to the paper [7]. Note that for each p A Nn,

½fsjpsjp� ¼ fsð1Þsð1Þfsð2Þsð2Þ � � �gsðpÞsðpÞ: ð3:5Þ

Lemma 3.5. (1) The sequence ~ss ¼ ð~ssðpÞÞp AN~nn
defined in Definition 3.4 is an

element of ŴW� such that f~ss � f ¼ fs for some unique strictly increasing function

f : NlðsÞ ! N. In particular, ~ss A ŴWy if and only if s A ŴWy
J . Moreover, the

following equalities hold:

ðiÞ ½fsjpsjp�jh�0J ¼ ½sjp�; ðiiÞ ½fsjpsjp�DJð1;�ÞHDJð1;�Þ;

ðiiiÞ Fð½fsjpsjp�ÞVDJþ ¼ FJð½sjp�Þ; ðivÞ Fð½fsjpsjp�ÞnFJð½sjp�ÞHDJð1;�Þ;

ðvÞ lð½fsjpsjp�Þ ¼Xp

k¼1
lðfsðkÞsðkÞÞ

for all p A Nn. In particular,

ðviÞ F�ð½~ss�ÞVDJþ ¼ F�
Jð½s�Þ; ðviiÞ F�ð½~ss�ÞnF�

Jð½s�ÞHDJð1;�Þ:

(2) If s A ŴWy
J , then ~ss A ŴWy with the following equality:

Fyð½~ss�Þ ¼ Fy
J ð½s�Þ q DJð1;�Þ: ð3:6Þ

Proof. (1) The assertion (i) follows from Lemma 2.3(5)(iii). By Lemma

2.3(4)(iii), we see that fsðkÞsðkÞDJð1;�ÞHDJð1;�Þ for all k A Np. Thus, by (3.5) we

get (ii). By Lemma 2.3(4)(ii) and (5)(iv)(v), we have

FðfsðkÞsðkÞÞVDJþ ¼ FJðsðkÞÞ; FðfsðkÞsðkÞÞnFJðsðkÞÞHDJð1;�Þ: ð3:7Þ

By (i), (ii), and (3.5)(3.7), we have

Fð½fsjpsjp�Þ ¼ap

k¼1
½gsjk�1sjk�1�FðfsðkÞsðkÞÞ; ð3:8Þ
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where ½fsj0sj0� ¼ 1. Therefore we see that (v) holds and the sequence ~ss is an

element of ŴW� satisfying (iii) and (iv). It is easy to see that F�ð½~ss�Þ ¼
6

p ANn
Fð½fsjpsjp�Þ. Hence (iii) and (iv) imply (vi) and (vii). By (1)(i), (3.8),

and the left equality of (3.7), we see that there exists a unique strictly increasing

function f : NlðsÞ ! N such that f~ss � f ¼ fs.

(2) By the part (1), the sequence ~ss is an element of ŴWy. In the case

where J ¼ I
�
, we see that DJð1;�Þ ¼ q and ~ss ¼ s, and hence the equality

(3.6) is valid. Suppose that J is a proper subset of I
�
. By (1)(vi) and (1)(vii),

and Theorem 7.4 in [7], we see that the set Fyð½~ss�Þ is an infinite real biconvex

set such that Fyð½~ss�ÞVDJþ ¼ Fy
J ð½s�Þ and the set Fyð½~ss�ÞnFy

J ð½s�Þ is an infinite

subset of DJð1;�Þ, which implies the equality (3.6) by Theorem 6.7 in [7].

r

Recall that B�
J is the set of all real biconvex sets in DJþ (see [7]).

For each B A B�
J , we set ŴWJðBÞ :¼ fy A ŴWJ jFJðyÞHBg and WJðBÞ :¼

ŴWJðBÞVWJ.

Lemma 3.6. (1) Let B be a real biconvex set in DJþ. Then, for each pair

ðy1; y2Þ A ŴWJðBÞ2, there exists an element y3 A ŴWJðBÞ such that FJðy1ÞUFJðy2Þ
HFJðy3Þ.

(2) Suppose that a subset Y H ŴWJ satisfies the following condition: For

each pair ðy1; y2Þ A Y 2, there exists an element y3 A Y such that FJðy1ÞU
FJðy2ÞHFJðy3Þ. Then the set FJðYÞ ¼ 6

y AY FJðyÞ is a real biconvex set in

DJþ.

Proof. (1) By Corollary 7.6 in [7], we have B ¼ F�
Jð½s�Þ for some s A W�

J ,

hence B ¼ 6lðsÞ
p¼1

FJð½sjp�Þ. Since FJðy1ÞUFJðy2Þ is a finite set and FJð½sjp�ÞW
FJð½sjp 0 �Þ for p < p 0, we see that FJðy1ÞUFJðy2ÞHFJð½sjp0 �Þ for some

p0 A NlðsÞ.

(2) Suppose that b; g A FJðYÞ satisfy b þ g A DJþ. By the assumption on

Y , we may assume that b; g A FJðyÞ for some y A Y . Then b þ g A FJðyÞ,
hence b þ g A FJðY Þ. It is clear that DJnFJðYÞ ¼ 7

y AYfDJnFJðyÞg. Sup-

pose that b; g A DJnFJðY Þ satisfy b þ g A DJþ. Then b; g A DJnFJðyÞ for all

y A Y . It follows that b þ g A DJnFJðyÞ for all y A Y , hence b þ g A
DJnFJðYÞ. r

Proposition 3.7. Let ðJ; u; yÞ be an arbitrary element of P (see [7]).

Suppose that e A P
�
4 satisfies ðejaiÞ > 0 for all i A I

�
nJ and ðejajÞ ¼ 0 for all j A J

and that s A WJ satisfies ½s� ¼ y. Then ‘ðJ; u; yÞ ¼ 6
nb0

Fðu½~ss�tne Þ.

Proof. Set B ¼ 6
nb0

Fð½~ss�tne Þ. By the assumption on e, we see that

6
nb0

Fðtne Þ ¼ DJð1;�Þ. Hence, by Lemma 3.5(1)(iii) and Lemma 2.3(2) in [7],

we see that Fð½~ss�tne Þ ¼ Fð½~ss�Þ q ½~ss�Fðtne Þ for all nb 0. Thus, by Lemma 3.6(2),
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we see that B is an infinite real biconvex set such that B ¼ Fð½~ss�Þ q ½~ss�DJð1;�Þ.
Hence, by Lemma 3.5(1)(ii)(iii)(iv) we have BVDJþ ¼ FJðyÞ and BnFJðyÞH
DJð1;�Þ. Since DJð1;�Þn½~ss�DJð1;�Þ is a finite set, we see that DJð1;�ÞnB is a

finite set. By Theorem 6.7 in [7], we get B ¼ FJðyÞ q DJð1;�Þ. Since u A W
�

J

we see that Fðu½~ss�tne Þ ¼ FðuÞ q uFð½~ss�tne Þ for all nb 0, which implies that

6
nb0

Fðu½~ss�tne Þ ¼ FðuÞ q u6
nb0

Fð½~ss�tne Þ

¼ FðuÞ q uB ¼ uFJðyÞ q DJðu;�Þ ¼ ‘ðJ; u; yÞ: r

Lemma 3.8. Let J and K be connected subsets of I
�
such that KH J, and k

an element of K�. Suppose that ½s� ¼ tek with s A ŴWJ, and write the elements

½~ss� and tek of ŴW uniquely as ½~ss� ¼ ½~ss�K½~ss�K and tek ¼ ðtek Þ
Kðtek ÞK with ½~ss�K A ŴW K,

ðtek Þ
K A ŴW K, ½~ss�K A W

�
K, and ðtek ÞK A W

�
K. Then

ðiÞ ½~ss�Kjh�0K ¼ ðtek Þ
Kjh�0K ; ðiiÞ ½~ss�K ¼ ðtek ÞK:

Proof. By Lemma 3.5(1)(i), we have ½~ss�jh�0J ¼ tek jh�0J , hence ½~ss�jh�0K ¼ tek jh�0K
since h�0K H h�0J . On the other hand, we see that ½~ss�jh�0K ¼ ½~ss�Kjh�0K ½~ss�K and tek jh�0K ¼
ðtek Þ

Kjh�0K ðtek ÞK. Thus the assertions (i)(ii) follow from Lemma 2.2.

4. Notations and preliminary results on Uq

For each n A N, we define ½n�t; ½n�t!; ðnÞt; ðnÞt! A Z½t; t�1� by setting

½n�t :¼
tn � t�n

t� t�1
; ½n�t! :¼

Yn

k¼1
½k�t; ðnÞt :¼

t2n � 1

t2 � 1
; ðnÞt! :¼

Yn

k¼1
ðkÞt;

and set ½0�t ¼ ð0Þt ¼ ½0�t! ¼ ð0Þt! :¼ 1.

We assume that q is an indeterminate over Q. Let QðqÞ be the field of

rational functions of q with coe‰cients in Q. Let P be the weight lattice of g,

i.e., P ¼ fl A h� j ha4i ; li A Z ðEi A IÞg, and Q the root lattice of g. Let

U ¼ UqðgÞ be the quantized enveloping algebra over QðqÞ of the untwisted

a‰ne Lie algebra g of type X
ð1Þ
r , that is, the associative QðqÞ-algebra U with

the unit 1 defined by the generators fEi;Fi j i A Ig q fKl j l A Pg and the

following relations:

KlKm ¼ Klþm; K0 ¼ 1;

KlEiK
�1
l ¼ qðai jlÞEi; KlFiK

�1
l ¼ q�ðai jlÞFi;

½Ei;Fj� ¼ dijðKi � K�1
i Þ=ðqi � q�1

i Þ;X1�Aij

k¼0
ð�1ÞkX ð1�Aij�kÞ

i XjX
ðkÞ
i ¼ 0 ðwith i0 j for each X ¼ E;F Þ;
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where qi :¼ qdi , Ki :¼ Kai , and X
ðkÞ
i ¼ X k

i =½k�qi !. The last relations are called

the quantum Serre relations. Let U 0 be the QðqÞ-subalgebra of U generated

by fEi;Fi;K
G1
i j i A Ig, Uþ the QðqÞ-subalgebra of U generated by fEi j i A Ig,

U� the QðqÞ-subalgebra of U generated by fFi j i A Ig, and U 0 the QðqÞ-
subalgebra of U generated by fKl j l A Pg. The multiplication xn yn z 7!
xyz defines the following isomorphism of QðqÞ-vector spaces: Uþ nU 0 n
U� !@ U , which is called the triangular decomposition. Let Ub0 and Ua0 be

the images of Uþ nU 0 and U 0 nU� by the triangular decomposition,

respectively. Let W : U ! U be the Q-algebra anti-automorphism such that

WðEiÞ ¼ Fi, WðFiÞ ¼ Ei, WðKlÞ ¼ K�1
l , and WðqÞ ¼ q�1. Let C : U ! U be

the QðqÞ-algebra anti-automorphism such that CðEiÞ ¼ Ei, CðFiÞ ¼ Fi, and

CðKlÞ ¼ K�1
l .

For each m A Q, let Um be the weight space of U with weight m. Then

U ¼ 0
m AQ Um. We call a non-zero element u of Um a weight vector with

weight m and set wtðuÞ :¼ m. If a subspace V of U is stable under the

conjugate action of U 0 on U , then V ¼ 0
m AQ Vm, where Vm :¼ Um VV . For

each m; n A Q, u A Um, v A Un, we set ½u; v�q :¼ uv� qðmjnÞvu, and define a

QðqÞ-bilinear mapping ½ ; �q : U �U ! U by setting ðx; yÞ 7! ½x; y�q :¼P
m; n AQ½xm; yn�q, where x ¼

P
m AQ xm ðxm A UmÞ, y ¼

P
n AQ yn ðyn A UnÞ. The

mapping ½ ; �q is called the q-commutator or the q-bracket. For each x A U , we

define a QðqÞ-linear mapping adqx : U ! U by setting ðadqxÞ:y :¼ ½x; y�q.
For each a; b A D ða0 bÞ, x A Ua, y A Ub, and n A Zþ, we see that
1

½n�qa !
ðadqxÞn:y ¼

Pn
k¼0ð�1Þkqkðn�1þAabÞ

a xðn�kÞyxðkÞ, where Aab :¼ 2ðajbÞ
ðajaÞ A Z,

qa :¼ qðajaÞ=2, and xðkÞ :¼ xk=½k�qa !. In addition, we set ðadqxÞðnÞ:y :¼
1

½n�qa !
ðadqxÞn:y. Then the quantum Serre relations can be written as

ðadqEiÞð1�AijÞ:Ej ¼ ðadqFiÞð1�AijÞ:Fj ¼ 0 with i0 j.

The braid group BW ¼ hTi j i A Ii associated with the Weyl group W acts

on U as a group of QðqÞ-algebra automorphisms of U via

TiðEiÞ ¼ �FiKi; TiðEjÞ ¼ ðadqEiÞð�AijÞ:Ej ði0 jÞ; ð4:1Þ

TiðFiÞ ¼ �K�1
i Ei; TiðFjÞ ¼ WðTiðEjÞÞ ði0 jÞ; ð4:2Þ

TiðKlÞ ¼ KsiðlÞ ¼ KlK
�ha4i ;li
i ; ð4:3Þ

where i; j A I, l A P (cf. [14]). For each x A W , we set Tx :¼ Ti1Ti2 . . .Tin ,

where x ¼ si1si2 . . . sin with n ¼ lðxÞ and i1; i2; . . . ; in A I is a reduced expression

of x. The automorphism Tx does not depend on the reduced expressions.

Let A1 be the localization of the polynomial ring Q½q� at the maximal

ideal ðq� 1Þ, that is, the Q-subalgebra of QðqÞ consisting of elements of QðqÞ
which have no pole at q ¼ 1. For each A1-module M, we can define a vector

space 1M over Q by setting 1M :¼ QnA1
M, where Q is regarded as an
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A1-algebra via q 7! 1, and call the canonical mapping M ! 1M the special-

ization at q ¼ 1. We note that 1MFM=fðq� 1ÞMg, and denote by m the

image of m A M under the specialization at q ¼ 1.

Let A1
U 0 be the A1-subalgebra of U 0 generated by fEi;Fi;K

G1
i j i A Ig, and

A1
Uþ the A1-subalgebra of U 0 generated by fEi j i A Ig. Note that A1

U 0 is

stable under the action of BW on U . Set A1
Uþ

m :¼ A1
Uþ VUþ

m for each m A Qþ.

Then A1
Uþ ¼ 0

m AQþ A1
Uþ

m . We denote simply by 1U
þ and 1U

þ
m the image of

A1
Uþ and A1

Uþ
m under the specialization at q ¼ 1, respectively. Since A1

Uþ
m is a

finitely generated A1-module without torsion and A1 is a principal ideal

domain, we see that A1
Uþ

m is a free A1-module of finite rank.

Define sets ~DD im
þ and ~DDþ by setting ~DD im

þ :¼ fðmd; iÞ jm A N; i ¼ 1; . . . ; rg and
~DDþ :¼ Dre

þ q ~DD im
þ . Set Zþ :¼ Zb0 and define k : Qþ ! N by setting

kðmÞ :¼a
n
c : ~DDþ ! Zþ j

X
a AD re

þ
cðaÞaþ

Xy

m¼1

Xr

i¼1
cððmd; iÞÞmd ¼ m

o
:

Proposition 4.1 ([5], [14]). The Q-algebra 1U
þ is characterized as the

associative Q-algebra with the unit 1 defined by the generators fEi j i A Ig and the

following relations:
P1�Aij

k¼0 ð�1ÞkEð1�Aij�kÞ
i EjE

ðkÞ
i ¼ 0 with i0 j, where E

ðkÞ
i ¼

Ek
i =k!. Moreover, for each m A Qþ, the following equalities hold: dimQ 1U

þ
m ¼

dimQðqÞ U
þ
m ¼ rankA1

ðA1
Uþ

m Þ ¼ kðmÞ.

Lemma 4.2. Let V be a vector space over QðqÞ, W a submodule of V over

A1, and X ¼ fxl j l A Lg a subset of W with L an index set. Suppose that the

elements of fxl j l A Lg are linearly independent over Q. Then the elements of

X are linearly independent over QðqÞ. Here, xl is the image of xl under the

specialization at q ¼ 1. Moreover, if, in addition, the subset X is a basis of V,

then X is a basis of W over A1.

Proof. Suppose that
P

l AL klxl ¼ 0 for some finite subset LHL with

kl A QðqÞ�. Multiplying by a power of ðq� 1Þ, we may further assume that

kl A A1 for all l A L. Set n :¼ maxfmb 0 j kl=ðq� 1Þm A A1 for all l A Lg.
Then there exists an element l� A L such that kl�=ðq� 1Þn A A1nðq� 1ÞA1.

Hence the equality
P

l AL kl=ðq� 1Þnxl ¼ 0 holds in 1W with kl�=ðq� 1Þn 0 0.

This contradicts the assumption.

Let us prove the second assertion. Let w be an arbitrary non-zero

element of W . Then w ¼
P

l AM clxl for some finite subset MHL with

cl A QðqÞ�. Now we set p :¼ minfmb 0 j clðq� 1Þm A A1 for all l A Mg.
We now assume that p > 0. Then there exists an element la A M such that

claðq� 1Þp A A1nðq� 1ÞA1. Hence the equality 0 ¼
P

l AL clðq� 1Þpxl holds

in 1W with claðq� 1Þp 0 0. This contradicts the assumption. Thus we get

p ¼ 0. Therefore, all cl with l A M are non-zero elements of A1. r
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Definition 4.3. For each s A W� and p A NlðsÞ, we define a weight vector

Es;p of Uþ with weight fsðpÞ by setting Es;p :¼ Tsð1ÞTsð2Þ � � �Tsðp�1ÞðEsðpÞÞ. If

fsðpÞ ¼ b, we denote Es;p by Es;b.

Lemma 4.4. (1) Let b be an element of Dre
þ , and s an element of W� such

that b ¼ fsðpÞ for some p A NlðsÞ. Then Es;b belongs to A1
Uþ

b nðq� 1ÞA1
Uþ. In

particular, the image Es;b of Es;b by the specialization at q ¼ 1 is a non-zero

element of 1U
þ
b .

(2) Let b be an element of Dre
þ , and x an element of W such that b A FðxÞ.

We assume that Es1;b A QðqÞ�Es2;b for all s1; s2 A W satisfying ½s1� ¼ ½s2� ¼ x.

Then Es1;b ¼ Es2;b for all s1; s2 A W satisfying ½s1� ¼ ½s2� ¼ x.

(3) Let b be an element of Dre
þ , and x an element of W such that b A FðxÞ.

We assume that if b ¼
P

g AFðxÞ cðgÞg with cðgÞ A Zþ for all g A FðxÞ then

cðbÞ ¼ 1 and cðgÞ ¼ 0 for all g0 b. Then Es1;b ¼ Es2;b for all s1; s2 A W

satisfying ½s1� ¼ ½s2� ¼ x.

Proof. (1) By (4.1)–(4.3) and the equality T�1
i ¼ CTiC , it is easy to see

that TiðA1
U 0Þ ¼ A1

U 0, and hence Tiððq� 1ÞA1
U 0Þ ¼ ðq� 1ÞA1

U 0 for all i A I.

Thus we see that TiðA1
U 0nðq� 1ÞA1

U 0Þ ¼ A1
U 0nðq� 1ÞA1

U 0 for all i A I. Then,

by Definition 4.3, we see that Es;b ¼ Es;p A A1
Uþ

b nðq� 1ÞA1
Uþ, since EsðpÞ A

A1
Uþnðq� 1ÞA1

Uþ and Es;b A Uþ
b .

(2) Put l ¼ lðxÞ. Let ðp1; p2Þ be the unique pair of elements of Nl such

that fsiðpiÞ ¼ b for i ¼ 1; 2. To prove the assertion, it su‰ces to show the

equality Es1;p1 ¼ Es2;p2 . Since s1 can be transformed to s2 by a finite sequence

of braid relations, we may assume that s1 can be transformed to s2 by one of

the following (i)(ii)(iii)(iv).

(i): replacing two consecutive entries ðsi; sjÞ in s1 by ðsj; siÞ when

AijAji ¼ 0;

(ii): replacing three consecutive entries ðsi; sj; siÞ in s1 by ðsj; si; sjÞ when

AijAji ¼ 1;

(iii): replacing four consecutive entries ðsi; sj ; si; sjÞ in s1 by ðsj; si; sj; siÞ
when AijAji ¼ 2;

(iv): replacing six consecutive entries ðsi; sj; si; sj; si; sjÞ in s1 by ðsj; si; sj ;
si; sj ; siÞ when AijAji ¼ 3.

In the case (i), there exists a unique m0 A N such that s1ðm0Þ ¼ si, s1ðm0 þ 1Þ
¼ sj, s2ðm0Þ ¼ sj, s2ðm0 þ 1Þ ¼ si, and s1ðmÞ ¼ s2ðmÞ for all m0m0, m0 þ 1. Sup-

pose that p1 < p2. Then p1 ¼ m0 and p2 ¼ m0 þ 1 since fs1ðp1Þ ¼ fs2ðp2Þ.
Thus we get Es1;p1 ¼ Es2;p2 since Ei ¼ TjðEiÞ. Suppose that p1 ¼ p2. Then

p1 ¼ p2 < m0 or m0 þ 1 < p1 ¼ p2 since fs1ðp1Þ ¼ fs2ðp2Þ, hence the equality is

valid since TiTj ¼ TjTi and s1ðmÞ ¼ s2ðmÞ for all m0m0, m0 þ 1.
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In the case (ii), there exists a unique m0 A N such that s1ðm0Þ ¼ si,

s1ðm0 þ 1Þ ¼ sj , s1ðm0 þ 2Þ ¼ si, s2ðm0Þ ¼ sj, s2ðm0 þ 1Þ ¼ si, s2ðm0 þ 2Þ ¼ sj and

s1ðmÞ ¼ s2ðmÞ for all m0m0, m0 þ 1, m0 þ 2. Suppose that p1 < p2. Then

p1 ¼ m0 and p2 ¼ m0 þ 2, since fs1ðp1Þ ¼ fs2ðp2Þ. Thus we get Es1;p1 ¼ Es2;p2 ,

since Ei ¼ TjTiðEjÞ. Suppose that p1 ¼ p2. Then there exist three cases (a)–

(c) to be considered: (a) p1 ¼ p2 < m0, (b) m0 þ 2 < p1 ¼ p2, (c) p1 ¼ p2 ¼
m0 þ 1, since fs1ðp1Þ ¼ fs2ðp2Þ. In the case (a) or (b), the equality is valid

since TiTjTi ¼ TjTiTj and s1ðmÞ ¼ s2ðmÞ for all m0m0, m0 þ 1, m0 þ 2. In the

case (c), Es1;p1 and Es2;p2 are not proportional since TiðEjÞ and TjðEiÞ are not

proportional, which contradicts the assumption of (2). Therefore the assertion

is valid in the case (ii). The arguments for the cases (iii) and (iv) are similar to

that for the case (ii).

(3) Put l ¼ lðxÞ. Let ðp1; p2Þ be the unique pair of elements of Nl such

that fsiðpiÞ ¼ b for i ¼ 1; 2. Then Esi ;b ¼ Esi ;pi for i ¼ 1; 2. By Proposition

40.2.1 in [14], we see that

Es1;p1 ¼
X

ðc1; c2;...; clÞ A ðZþÞ l
kðc1; c2;...; clÞE

c1
s2;1

Ec2
s2;2

. . .Ecl
s2; l

;

where kðc1; c2;...; clÞ A QðqÞ. Now suppose that ðc1; c2; . . . ; clÞ is a sequence such

that kðc1; c2;...; clÞ 0 0. Then
P l

p¼1 cpfs2ðpÞ ¼ b. By the assumption, we see that

cp2 ¼ 1 and cp ¼ 0 for all p0 p2. Thus Es1;p1 ¼ kEs2;p2 for some k A QðqÞ�.
By the part (2), we get Es1;p1 ¼ Es2;p2 , i.e., Es1;b ¼ Es2;b. r

5. The subalgebra UJ associated with DJ and the braid group action

Lemma 5.1. Let e be an element of D
�
þ. If ðs1; s2Þ is a pair of elements of

W such that d� e A Fð½si�ÞHDð1;�Þ for i ¼ 1; 2, then Es1; d�e ¼ Es2; d�e.

Proof. We may assume that ½s1� ¼ ½s2�, and put x ¼ ½s1� ¼ ½s2�. Since

g A Dð1;�Þ for each g A FðxÞ, there exists dðgÞ A N such that g ¼ dðgÞdþ g with

g A D
�
�. Now suppose that d� e ¼

P
g AFðxÞ cðgÞg with cðgÞ A Zþ for all

g A FðxÞ. Then d� e ¼ ð
P

g AFðxÞ cðgÞdðgÞÞdþ
P

g AFðxÞ cðgÞg, which implies

that cðd� eÞ ¼ dðd� eÞ ¼ 1 and cðgÞ ¼ 0 for all g0 d� e. Thus the assertion

follows immediately from Lemma 4.4(3). r

Definition 5.2. For each e A D
�
þ, we define a weight vector Ed�e of Uþ

with weight d� e by setting Ed�e :¼ Es; d�e, where s is an element of W such

that d� e A Fð½s�ÞHDð1;�Þ. By Lemma 5.1, we see that the vector Ed�e is

independent of the choice of s.

Definition 5.3. For each non-empty subset JH I
�
, we define subalgebras

of U over QðqÞ by setting
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UJ :¼ hEa;K
G1
a ;Fa j a A PJiQðqÞ-alg; U 0

J :¼ hKG1
a j a A PJiQðqÞ-alg;

Uþ
J :¼ hEa j a A PJiQðqÞ-alg; Ub0

J :¼ hEa;K
G1
a j a A PJiQðqÞ-alg;

U�
J :¼ hFa j a A PJiQðqÞ-alg; Ua0

J :¼ hKG1
a ;Fa j a A PJiQðqÞ-alg;

where Fa :¼ WðEaÞ. Note that if J ¼ I
�
then UJ ¼ U 0 and UG

J ¼ UG. Define
~DD im
Jþ H ~DD im

þ and ~DDJþ H ~DDþ by setting ~DD im
Jþ :¼ fðmd; jÞ jm A N; j A Jg and ~DDJþ :¼

Dre
Jþ q ~DD im

Jþ, and define kJ : QJþ ! N by setting for each m A QJþ,

kJðmÞ :¼a
n
c : ~DDJþ ! Zþ j

X
a AD re

Jþ
cðaÞaþ

Xy

m¼1

X
j A J

cððmd; jÞÞmd ¼ m
o
;

where QJþ ¼ Qþ V spanZPJ:

Lemma 5.4. Let J and J 0 be connected subsets of I
�
which are disjoint from

each other, and j an arbitrary element of J�.

(1) Let j� be the unique element of J� such that rJjðaj�Þ ¼ d� yJ. Then

Xd�yJ ¼ TðejÞJðXj�Þ ð5:1Þ

for each X ¼ E;K ;F. Here, tej is simply denoted by ej . Let w� and w�j be the

longest element of W
�
J and W

�
Jnf jg, respectively, and set wJj :¼ w�w�j . Then

TðejÞJ ¼ Tej T
�1
wJj

: ð5:2Þ

In particular, Xd�aj ¼ Tej T
�1
j ðXjÞ for each X ¼ E;K ;F.

(2) For each i A I
�
nJ, z A W

�
J 0 , and j 0 A J 0

�, we have

ðiÞ ½TðejÞJ ;Tei � ¼ 0; ðiiÞ ½TðejÞJ ;Tz� ¼ 0; ðiiiÞ ½TðejÞJ ;Tðej 0 Þ
J 0 � ¼ 0:

ð5:3Þ

(3) For each i A I
�
nJ, z A W

�
J 0 , and ðX ;YÞ A UJ �UJ 0 , we have

ðiÞ TeiðX Þ ¼ X ; ðiiÞ TzðXÞ ¼ X ; ðiiiÞ TðejÞJðYÞ ¼ Y : ð5:4Þ

(4) For each ðX ;Y Þ A UJ �UJ 0 , we have ½X ;Y � ¼ 0.

Proof. (1) By Lemma 2.3(1)(i),(5)(i), and Definition 5.2, we get (5.1).

The equality (5.2) follows from the following equalities: lððejÞJÞ þ lððejÞJÞ ¼
lðejÞ and ðejÞJ ¼ wJj . In the case where J ¼ f jg, we see that j� ¼ j and

wJj ¼ sj , and hence Xd�aj ¼ Tej T
�1
j ðXjÞ for each X ¼ E;K ;F by (5.1)(5.2).

(2) This part follows from Lemma 2.3(2).

(3) Since teiðaÞ ¼ a, we see that TeiðXaÞ ¼ Xa for each X ¼ E;K ;F and

a A P
�
J. By (5.1) and (2)(i), we have TeiðXd�yJÞ ¼ Xd�yJ for each X ¼ E;K ;F ,

and hence we get (i). Since zðaÞ ¼ a, we see that TzðXaÞ ¼ Xa for each

X ¼ E;K ;F and a A P
�
J. By (5.1) and (2)(ii), we have TzðXd�yJÞ ¼ Xd�yJ for

149Newly described convex bases



each X ¼ E;K ;F , hence we get (ii). The assertion (iii) follows from (i)(ii) and

(5.2).

(4) Since ðaja 0Þ ¼ 0, it is clear that ½Ea;Ka 0 � ¼ ½Fa;Ka 0 � ¼ 0. Let us prove

that ½Ea;Ea 0 � ¼ 0. Suppose that j A J� and j 0 A J 0
�. In the case where ða; a 0Þ

A P
�
J �P

�
J 0 , it is clear that ½Ea;Ea 0 � ¼ 0. In the case where a ¼ d� yJ and

a 0 A P
�
J 0 , we have ½Ea;Ea 0 � ¼ TðejÞJð½Ej� ;Ea 0 �Þ ¼ 0 by (5.1) and (3), where j� is

the unique element of J such that rJjðaj�Þ ¼ a. In the case where a ¼ d� yJ
and a 0 ¼ d� yJ 0 , we have ½Ea;Ea 0 � ¼ TðejÞJTðej 0 Þ

J 0 ð½Ej� ;Ej 0� �Þ ¼ 0 by (5.1) and

(3), where j 0� is the unique element of J 0
� such that rJ 0j 0 ðaj 0� Þ ¼ a 0. Similarly,

we can prove that ½Ea;Fa 0 � ¼ ½Fa;Fa 0 � ¼ 0. r

Proposition 5.5. Let J be a non-empty subset of I
�
, and J1; . . . ; JCðJÞ the

connected components of J with CðJÞ the number of the connected components.

If Jc and Jc 0 are di¤erent connected components of J, then ½X ;X 0� ¼ 0 for all

ðX ;X 0Þ A UJc �UJc 0 . Moreover, the following equality holds:

UJ ¼ spanQðqÞ

nYCðJÞ
c¼1

Xc jXc A UJc

o
: ð5:5Þ

Proof. The first assertion follows from Lemma 5.4(4), and the second

assertion follows from the first assertion and Definition 5.3. r

Proposition 5.6. (1) Let us use the notation introduced in Definition 3.4.

If r A WJ and a A PJ, then T~rrðXaÞ ¼ XrðaÞ for each X ¼ E;K ;F. In particular,

the restriction T~rrjUJ
is an automorphism of UJ.

(2) Let J and J 0 be connected subsets of I
�
which are disjoint from each

other. Then ½T~tt;T~ss� ¼ 0 for all ðt; sÞ A WJ �WJ 0 . Moreover, T~ttðX Þ ¼ X for

all t A WJ and X A UJ 0 .

Proof. (1) By Proposition 2.1, we may assume that r ¼ rJj with j A J�.

Then we have T~rr ¼ TðejÞJ by Definition 3.5. By Lemma 2.3(4)(i)(iii), we have

lðfðejÞJg2Þ ¼ 2lððejÞJÞ, and hence TfðejÞJg2 ¼ ðTðejÞJÞ
2. In the case where a ¼

d� yJ, by (5.1), we see that T~rrðEaÞ ¼ ðTðejÞJÞ
2ðEj�Þ ¼ TfðejÞJg2ðEj�Þ ¼ ErðaÞ since

rðaÞ ¼ rðd� yJÞ ¼ fðejÞJg2ðaj�Þ ¼ aj A P
�
J. In the case where a ¼ aj� , the

required equalities are nothing but the equalities in (5.1). In the case where

a A P
�
Jnfaj�g, since rðaÞ A P

�
J, the required equalities are clear.

(2) The first assertion follows from Lemma 5.4(2)(iii), and the second

assertion follows from Lemma 5.4(3)(iii). r

Proposition 5.7. (1) Let J be an arbitrary connected subset of I
�
. Then

the QðqÞ-subalgebra UJ of U is characterized as the associative QðqÞ-algebra
with the unit 1 defined by the generators fEa;K

G1
a ;Fa j a A PJg and the following

relations:
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½Ka;Kb� ¼ 0; KaK
�1
a ¼ K�1

a Ka ¼ 1; ð5:6Þ

KaEbK
�1
a ¼ qðbjaÞEb; KaFbK

�1
a ¼ q�ðbjaÞFb; ð5:7Þ

½Ea;Fb� ¼ dabðKa � K�1
a Þ=ðqa � q�1

a Þ; ð5:8Þ

ðadqEaÞð1�AabÞ:Eb ¼ ðadqFaÞð1�AabÞ:Fb ¼ 0 ða0 bÞ; ð5:9Þ

where a; b A PJ. Moreover, the following equalities hold:

Uþ
J ¼ 0

m AQJþ
Uþ

Jm; dimQðqÞ U
þ
Jm ¼ kJðmÞ: ð5:10Þ

(2) For each non-empty subset JH I
�
, the multiplication defines the fol-

lowing isomorphism m of QðqÞ-vector spaces: m : Uþ
J nU 0

J nU�
J !@ UJ.

Proof. It is clear that all of the claims in (1) and (2) are valid in the case

where J ¼ I
�
. Hence we may assume that J is a non-empty proper subset of

I
�
. Then we see that the irreducible root system D

�
J is not of type E8 or F4 or

G2, and hence aJ� b 1.

Let �UUJ be the associative QðqÞ-algebra with the unit 1 defined by the

generators f �EEa; �FFa; �KK
G1
a j a A PJg and the relations (5.6)–(5.9) with Xa replaced

by �XXa for X ¼ E;KG1;F with a A PJ. To prove the part (1), it su‰ces to

prove the claim that the assignment �XXa 7! Xa for X ¼ E;KG1;F with a A PJ

defines a QðqÞ-algebra isomorphism hJ : �UUJ ! UJ. In the case where aJ ¼ 1,

the claim is nothing but that of Proposition 3.8 in [1]. Hence we may assume

thataJb 2. To prove the well-definedness of hJ, we show that the generators

fEa;K
G1
a ;Fa j a A PJg of UJ satisfies the relations (5.6)–(5.9). The relations

(5.6), (5.7), and (5.8) for a ¼ b are clear. Thus it su‰ces to prove the relations

(5.11) for a0 b and (5.9). In the case where fa; bgHP
�
J, the relations (5.8)

for a0 b and (5.12) are clear.

Suppose that fa; bg ¼ faj; d� yJg with j A J� satisfying ordðrJjÞb 3.

Then, there exists an element t of the cyclic group generated by rJj such that

tðaÞ and tðbÞ are distinct elements of P
�
J. Since Aab ¼ AtðaÞtðbÞ, it follows

from Proposition 5.6 that

T~ttð½Ea;Fb�Þ ¼ ½EtðaÞ;FtðbÞ� ¼ 0; ð5:11Þ

T~ttððadqEaÞð1�AabÞ:EbÞ ¼ ðadqEtðaÞÞð1�AtðaÞtð bÞÞ:EtðbÞ ¼ 0; ð5:12Þ

T~ttððadqFaÞð1�AabÞ:FbÞ ¼ ðadqFtðaÞÞð1�AtðaÞtðbÞÞ:FtðbÞ ¼ 0: ð5:13Þ

Since T~tt is an automorphism of UJ, the equalities (5.11)(5.12)(5.13) imply that

the relations (5.8) for a0 b and (5.9) are valid in this case.
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Suppose that fa; bg ¼ faj ; d� yJg with j A J� satisfying ðrJjÞ
2 ¼ 1. By

Lemma 2.4 and Definition 5.2, we see that Ea ¼ TzðEiÞ, Eb ¼ TzðEi 0 Þ, and

Fb ¼ TzðFi 0 Þ for some z A WðDð1;�ÞÞ and distinct elements i; i 0 A I. Since

Aab ¼ Aii 0 , it follows that ½Ea;Fb� ¼ Tzð½Ei;Fi 0 �Þ ¼ 0,

ðadqEaÞð1�AabÞ:Eb ¼ TzððadqEiÞð1�Aii 0 Þ:Ei 0 Þ ¼ 0;

ðadqFaÞð1�AabÞ:Fb ¼ TzððadqFiÞð1�Aii 0 Þ:Fi 0 Þ ¼ 0:

Suppose that fa; bg ¼ faj 0 ; d� yJg with j 0 A JnJ�. By Proposition 2.1 and

the first assertion of Lemma 2.3(5), we see that rJjðaÞ and rJjðbÞ are distinct

elements of P
�
J for each j A J�. Put r ¼ rJj. Since Aab ¼ ArðaÞrðbÞ, it follows

from Proposition 5.6 that the equalities (5.11)(5.12)(5.13) hold with t replaced

by r. Hence the relations (5.8) for a0 b and (5.9) are valid in this case.

We next prove (2). It is clear that Uþ
J HUþ, U 0

J HU 0, and U�
J HU�,

and hence the multiplication mapping m is an injective QðqÞ-linear mapping.

In the case where J is connected, by (5.6)–(5.8), we see that m is surjective. In

the general case, the surjectivity of m follows from Lemma 5.4(4).

The surjectivity of hJ is clear. We prove the injectivity of hJ. Let �UUþ
J be

the subalgebra of �UUJ generated by f �EEa j a A PJg, �UU 0
J the subalgebra of �UUJ

generated by f �KKG1
a j a A PJg, and �UU�

J the subalgebra of �UUJ generated by

f �FFa j a A PJg. Then hJð �UUþ
J Þ ¼ ðUþ

J Þ, hJð �UU 0
J Þ ¼ ðU 0

J Þ, and hJð �UU�
J Þ ¼ ðU�

J Þ.
Set hGJ :¼ hJjUG

J
and h0J :¼ hJjU 0

J
. Then we see that hJ � �mm ¼ m � ðhþJ n h0J n

h�J Þ, where �mm is the multiplication mapping �UUþ
J n �UU 0

J n �UU�
J ! �UUJ. Since both

m and �mm are isomorphisms of QðqÞ-vector spaces, it su‰ces to show that
�UUG
J VKer hJ ¼ f0g and �UU 0

J VKer hJ ¼ f0g. It is clear that �UU 0
J VKer hJ ¼ f0g.

Now suppose that u A �UU�
J VKer hJ. Let l be an element of h� such that

2ðajlÞ=ðajaÞ ¼ 1 for all a A PJ. For each n A N, let rn : U ! EndðMðnlÞÞ be

the representation of U on the Verma module MðnlÞ with highest weight nl,

and vn a highest weight vector of MðnlÞ. Set Mn :¼ rnðUJÞvn. Since rnðUþ
J Þvn

¼ f0g, we see that Mn ¼ rnðU�
J Þvn and U 0Mn ¼ Mn. It follows that Mn ¼

0
a AQJþ

ðMn VMðnlÞnl�aÞ and dimQðqÞðMn VMðnlÞnlÞ ¼ 1, where MðnlÞnl�a is

the weight space of MðnlÞ with weight nl� a. Therefore we may regard the

composition rn � hJ as a highest weight representation of �UUJ on Mn with

highest weight nl. Hence there exists a unique irreducible quotient Ln of Mn

as �UUJ-module. Since u A �UU�
J VKer hJ, we see that uLn ¼ f0g for all n A N.

By the assumptions on l, we see that Ln is an integrable highest weight �UUJ-

module for each n A N. Thus we get u A 7
n>0

ð
P

a APJ

�UU�
J
�FF nþ1
a Þ, and hence

u ¼ 0. Similarly, we have �UUþ
J VKer hJ ¼ f0g by considering lowest weight

modules.

The equalities (5.10) follow from the characterization of UJ and Propo-

sition 4.1. r
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Remark 5.8. (1) In the case where aJ ¼ 1, the characterization of UJ

described in the part (1) of Proposition 5.7 is given by J. Beck in [1].

(2) We will show that the part (1) of Proposition 5.7 is still valid in the

case where J is an arbitrary non-empty subset of I
�
(see Proposition 7.1).

Lemma 5.9. Let J be an arbitrary connected subset of I
�
. Then, for each

j A J, the following equality holds:

TjjUJ
¼ hJ � �TTj � h�1

J ; ð5:14Þ

where hJ : �UUJ ! UJ is the QðqÞ-algebra isomorphism introduced in the proof of

Proposition 5.7 and �TTj is Lusztig’s automorphism of �UUJ.

Proof. We note that the proof is similar to that of Corollary (a) of

Proposition 3.8 in [1]. Let M be an arbitrary integrable UqðgÞ-module. Then

M can be regarded as an integrable �UUJ-module via hJ. Let us denote by TjM

the QðqÞ-linear isomorphism T 00
j;1 : M ! M introduced in 5.2.1 of [14]. It

follows from Proposition 37.1.2 of [14] that

TjðEd�yJÞ:TjMðmÞ

¼ TjMðEd�yJ :mÞ

¼
X

a;b; cb0;�aþb�c¼nþha4
j
; d�yJi

ð�1Þbqb�ac
j E

ðaÞ
j F

ðbÞ
j E

ðcÞ
j Ed�yJ :m

¼ hJ

�X
a;b; cb0;�aþb�c¼nþha4

j
; d�yJi

ð�1Þbqb�ac
j

�EE
ðaÞ
j

�FF
ðbÞ
j

�EE
ðcÞ
j

�EEd�yJ

�
:m

¼ hJð �TTjð �EEd�yJÞ
X

a;b; cb0;�aþb�c¼n
ð�1Þbqb�ac

j
�EE
ðaÞ
j

�FF
ðbÞ
j

�EE
ðcÞ
j Þ:m

¼ hJð �TTjð �EEd�yJÞÞ:TjMðmÞ ¼ hJ � �TTj � h�1
J ðEd�yJÞ:TjMðmÞ

for all n A Z and m A Mn
j ¼ fm A M jKj :m ¼ qn

j mg. Thus we get TjðEd�yJÞ ¼
hJ � �TTj � h�1

J ðEd�yJÞ by Proposition 3.5.4 of [14]. Similarly, we see that

TjðuÞ ¼ hJ � �TTj � h�1
J ðuÞ for u ¼ Ea;Fa;Ka with a A PJ. Hence (5.14) is valid

since the both sides are automorphisms of UJ. r

Proposition 5.10. Let us use the notations introduced in Definition

3.5. Let J be an arbitrary connected subset of I
�
. Then the following equalities

hold:

TesaðEaÞ ¼ �FaKa; TesaðEbÞ ¼ ðadqEaÞð�AabÞ:Eb ða0 bÞ; ð5:15Þ

TesaðFaÞ ¼ �K�1
a Ea; TesaðFbÞ ¼ WðTesaðEbÞÞ ða0 bÞ; ð5:16Þ

TesaðKbÞ ¼ KsaðbÞ ¼ KbK
�Aab
a ; ð5:17Þ
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where a; b A PJ. In particular, the restriction of Tesa jUJ
is an automorphism of

UJ. If, in addition, J 0 is a connected subset of I
�
which is disjoint from J, then

the following equalities hold:

ðiÞ TesaðXÞ ¼ X ; ðiiÞ ½T~tt;Tesa 0 � ¼ 0; ðiiiÞ ½Tesa ;Tesa 0 � ¼ 0 ð5:18Þ

for all X A UJ 0 , ða; a 0Þ A PJ �PJ 0 , and t A WJ.

Proof. By Lemma 2.3(5) and Definition 3.4, we have

Tgsd�yJ
¼ Tðej0 Þ

JTj�
0
Tðej�

0
ÞJ ; ð5:19Þ

where j0 and j�0 are the fixed elements of J� such that d� yJ ¼ rJj0ðaj�0 Þ and

ðrJj0Þ
�1 ¼ rJj�

0
. Let us prove (5.17). In the case where a ¼ aj with j A J, the

equality is clear since Tesa ¼ Tj. In the case where a ¼ d� yJ, Lemma

2.3(5)(iii) implies (5.17). Let us prove the left equalities of (5.15) and (5.16).

In the case where a ¼ aj with j A J, the equalities are clear since Tesa ¼ Tj. In

the case where a ¼ d� yJ, it follows from (5.1), (5.19), and Proposition 5.6(1)

that

TesaðEaÞ ¼ Tðej0 Þ
JTj�

0
ðEj�

0
Þ ¼ Tðej0 Þ

Jð�Fj�
0
Kj�

0
Þ ¼ �FaKa:

Since WTesa ¼ TesaW, we have TesaðFaÞ ¼ �K�1
a Ea.

Let us prove the right equalities of (5.15) and (5.16). Since Fb ¼ WðEbÞ,
the right equality of (5.16) follows from the right equality of (5.15) and the

equality T�1
i ¼ CTiC . Hence it su‰ces to prove the right equality of (5.15).

In the case where a ¼ aj with j A J, since Tesa ¼ Tj, it follows from Lemma 5.9

that

TesaðEbÞ ¼ TjðEbÞ ¼ hJ � �TTj � h�1
J ðEbÞ ¼ hJ � �TTjð �EEbÞ

¼ hJððadq �EEjÞð�Aajb
Þ: �EEbÞ ¼ ðadqEjÞð�Aajb

Þ:Eb ¼ ðadqEaÞð�AabÞ:Eb:

In the case where a ¼ d� yJ and b ¼ aj with j A J, set g :¼ r�1
Jj0
ðbÞ ¼ r�1

Jj0
ðajÞ,

then we see that Tðej�
0
ÞJðEbÞ ¼ Eg and Tðej0 Þ

JðEgÞ ¼ Eb, and hence

TesaðEbÞ ¼ Tðej0 Þ
JTj�

0
Tðej�

0
ÞJðEbÞ ¼ Tðej0 Þ

JTj�
0
ðEgÞ

¼ Tðej0 Þ
JððadqEj�

0
Þð�Aj�

0
gÞ:EgÞ ¼ ðadqEaÞð�AabÞ:Eb;

where Aj�
0
g ¼ 2ðaj�

0
jgÞ=ðaj�

0
jaj�

0
Þ.

The equality (i) of (5.18) follows from Lemma 5.4(3)(ii)(iii), and the

equalities (ii)(iii) of (5.18) follow from Lemma 5.4(2)(ii)(iii). r

Definition 5.11. For each non-empty subset JH I
�
, we define a group

BŴWJ
, called the braid group associated with ŴWJ, by the generators

fJTsa ; JTt j a A PJ; t A WJg and the following relations:
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ðiÞ JTsa � JTsb ¼ JTsb � JTsa if ordðsasbÞ ¼ 2;

ðiiÞ JTsa � JTsb � JTsa ¼ JTsb � JTsa � JTsb if ordðsasbÞ ¼ 3;

ðiiiÞ ðJTsa � JTsbÞ
2 ¼ ðJTsb � JTsaÞ

2 if ordðsasbÞ ¼ 4;

ðivÞ ðJTsa � JTsbÞ
3 ¼ ðJTsb � JTsaÞ

3 if ordðsasbÞ ¼ 6;

ðvÞ JTt � JTsa ¼ JTstðaÞ � JTt; ðviÞ JTt � JTt 0 ¼ JTtt 0 ; ðviiÞ JT1 ¼ 1;

where ordðxÞ is the order of x. The braid group BŴWJ
is also defined by the

generators fJTx j x A ŴWJg and the following relations:

JTx � JTy ¼ JTxy if lJðxÞ þ lJðyÞ ¼ lJðxyÞ:

In the case where J ¼ I
�
, we can denote JTx simply by Tx.

Theorem 5.12. Let us use the notations introduced in Definition 3.4. For

each non-empty subset JH I
�
, the braid group BŴWJ

acts on UJ as a group of

QðqÞ-algebra automorphisms of UJ via

JTs 7! T~ssjUJ
; ð5:20Þ

where s A ŜSJ. Moreover, the action of JTx on UJ is given by

JTx 7! T½~ss�jUJ
ð5:21Þ

for each x A ŴWJ, where s is an element of ŴWJ such that ½s� ¼ x.

Proof. By direct calculations as in the section 39.2 of Lusztig’s book [14]

using Proposition 5.5–5.7 and 5.10, we see that the automorphisms T~ssjUJ
satisfy

the relations (i)–(vii) of BŴWJ
with JTs replaced by T~ssjUJ

, and hence the

assignment (5.20) defines a group homomorphism from BŴWJ
to the auto-

morphism group AutðUJÞ.
We next prove (5.21). Denote the sequence s by s ¼ ðsðpÞÞp ANn

with

n A N. Then

x ¼ ½s� ¼ sð1Þsð2Þ � � � sðnÞ; lJðxÞ ¼ lJðsð1ÞÞ þ lJðsð2ÞÞ þ � � � þ lJðsðnÞÞ;

hence the following equality in BŴWJ
holds: JTx ¼ JTsð1Þ � JTsð2Þ � � � JTsðnÞ. By

(3.5) and Lemma 3.5(1)(v), we see that

½~ss� ¼ fsð1Þsð1Þfsð2Þsð2Þ � � � fsðnÞsðnÞ; lð½~ss�Þ ¼ lðfsð1Þsð1ÞÞ þ lðfsð2Þsð2ÞÞ þ � � � þ lðfsðnÞsðnÞÞ;

which implies the following equality in BŴW : T½~ss� ¼ T esð1Þ � T esð2Þ � � �T esðnÞ. Thus

we see that T½~ss�jUJ
¼ T esð1ÞjUJ

� T esð2ÞjUJ
� � �T esðnÞjUJ

. Therefore the action of JTx on

UJ is given by (5.21). r
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Remark 5.13. Note that JTwðuÞ ¼ TwðuÞ for each w A W
�
J and u A UJ and

that if J ¼ I
�
then JTxðuÞ ¼ TxðuÞ for each x A ŴWJ and u A UJ. In Proposition

5.20, we will prove that the action of BŴWJ
on UJ is faithful.

Lemma 5.14. Let J be an arbitrary non-empty subset of I
�
, and K an

arbitrary connected subset of J.

(1) The equality ½JTx;Tei � ¼ 0 in AutðUJÞ holds for all x A ŴWJ and i A I
�
nJ.

(2) For each k A K�, we have

Ed�yK ¼ JTekT
�1
ðekÞKðEk�Þ; ð5:22Þ

where k� is the unique element of K� such that rKkðak�Þ ¼ d� yK. In particular,

Ed�yK A Uþ
J . Moreover, UK HUJ.

Proof. (1) This follows from Lemma 5.4(2)(i) and the equality

½Tj;Tei � ¼ 0 in AutðUJÞ for all j A J.

(2) Let s be an element of ŴWJ such that ½s� ¼ tek . Then, by Theorem

5.12, we have the following equality in AutðUJÞ:

JTek ¼ T½~ss�jUJ
: ð5:23Þ

By (1)(ii),(5)(i) of Lemma 2.3, and (i) of Lemma 3.8, we have

½~ss�Kðak�Þ ¼ d� yK ¼ ðekÞKðak�Þ:

Since FðekÞHDð1;�Þ, we have FððekÞKÞHDð1;�Þ. Moreover, by Lemma

3.5(1)(vi)(vii), we have Fð½~ss�ÞHDð1;�Þ, hence Fð½~ss�KÞHDð1;�Þ. Therefore,

by Lemma 5.1 and Definition 5.2, we have T½~ss�KðEk�Þ ¼ Ed�yK ¼ TðekÞKðEk�Þ.
By Lemma 3.8(ii), we have T½~ss� ¼ T½~ss�KTðekÞK . Since T�1

ðekÞK
ðEk�Þ A UJ, by (5.23),

we get (5.22) as follows: Ed�yK ¼ T½~ss�jUJ
T�1
ðekÞK

ðEk�Þ ¼ JTekT
�1
ðekÞK

ðEk�Þ.

Proposition 5.15. For each non-empty subset JH I
�
and j A J, we have

JTej ¼ Tej jUJ
: ð5:24Þ

Proof. Put K ¼ f jg. Then yK ¼ aj, ðejÞK ¼ sj , and j� ¼ j. By Lemma

5.14(2), we have

Ed�aj ¼ JTej T
�1
j ðEjÞ: ð5:25Þ

Suppose that j A J�. Then ej ¼ rJjðejÞJ, lJðejÞ ¼ lJðrJjÞ þ lJððejÞJÞ, and frJjrJj ¼
ðejÞJ. Since JTej ¼ JTrJj � JTðejÞJ , we get (5.24) as follows: JTej ¼ TðejÞJ jUJ

�
TðejÞJ jUJ

¼ Tej jUJ
. Suppose that j A JnJ�. It su‰ces to show that

JTej ðXÞ ¼ Tej ðXÞ ð5:26Þ

for X ¼ Ea;Fa;K
G1
a with a A PJ. In the case where X ¼ KG1

a , the equality

(5.26) is clear. By (5.25), we have JTej ðFjÞ ¼ �K�1
d�aj

Ed�aj ¼ Tej ðFjÞ for each
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j A J. In the case where j 0 A Jnf jg, we have tej ðaj 0 Þ ¼ aj 0 , and hence JTej ðFj 0 Þ
¼ Fj 0 ¼ Tej ðFj 0 Þ. Thus (5.26) holds in the case where X ¼ Fa with a A P

�
J.

Since ½W; JTej � ¼ 0, the equality (5.26) holds in the case where X ¼ Ea with

a A P
�
J. Therefore we have JTej jU� J ¼ Tej jU� J , where U

�
J is the QðqÞ-subalgebra

of UJ generated by fEa;Fa;K
G1
a j a A P

�
Jg. We next prove (5.26) in the case

where X ¼ Ed�yJ . By Lemma 5.14(2), we have Ed�yJ ¼ JTekT
�1
ðekÞJ

ðEk�Þ, where
k; k� A J� such that rJkðak�Þ ¼ d� yJ. Since k A J�, we have JTek ¼ Tek jUJ

.

Since T�1
ðekÞJ

ðEk�Þ A U
�
J, we have JTej T

�1
ðekÞJ

ðEk�Þ ¼ Tej T
�1
ðekÞJ

ðEk�Þ. In addition, it

is clear that ½JTej ; JTek � ¼ 0. Therefore we see that

JTej ðEd�yJÞ ¼ JTek � JTej T
�1
ðekÞJðEk�Þ ¼ JTekTej T

�1
ðekÞJðEk�Þ

¼ TekTej T
�1
ðekÞJðEk�Þ ¼ Tej TekT

�1
ðekÞJðEk�Þ ¼ Tej ðEd�yJÞ:

The equality (5.26) for X ¼ Fd�yJ also holds, since ½W; JTej � ¼ 0. r

Definition 5.16. Let J be an arbitrary non-empty subset of I
�
. For each

y A ŴWJ, we define QðqÞ-subalgebras AJðyÞ and AJðyÞc of Uþ
J by setting

AJðyÞ :¼ fu A Uþ
J j JT�1

y ðuÞ A Ua0
J g; AJðyÞc :¼ fu A Uþ

J j JT�1
y ðuÞ A Uþ

J g:

Note that AJðyÞ ¼ AJðjyjÞ and AJðyÞc ¼ AJðjyjÞc, where y ¼ jyjty, jyj A WJ,

and ty A WJ. For each B A B�
J , we set

AJðBÞ :¼ 6
y AWJðBÞ

AJðyÞ; AJðBÞc :¼ 7
y AWJðBÞ

AJðyÞc;

where WJðBÞ ¼ fy A WJ jFJðyÞHBg. Here note that AJðBÞc is a QðqÞ-
subalgebra of Uþ

J . In Proposition 7.2(2), we will show that AJðBÞ is also

a QðqÞ-subalgebra of Uþ
J . For each w A W

�
J, we set

AJðw;�Þ :¼ AJðDJðw;�ÞÞ; AJðw;�Þc :¼ AJðDJðw;�ÞÞc; ð5:27Þ

AJðw;þÞ :¼ CAJðDJðw;þÞÞ; AJðw;þÞc :¼ CAJðDJðw;þÞÞc: ð5:28Þ

In addition, we define a QðqÞ-subalgebra AJðw; 0Þ of Uþ
J by setting

AJðw; 0Þ :¼ AJðw;�Þc VAJðw;þÞc: ð5:29Þ

In the case where J ¼ I
�
, we will denote the symbols above more simply by

removing J from them.

Lemma 5.17. (1) For each y A WJ, the multiplication defines the following

injective QðqÞ-linear mapping: AJðyÞnAJðyÞc ,! Uþ
J .

(2) Let w� be the longest element of W
�
J. Then the following equalities

hold:

AJðw;þÞ ¼ CAJðww�;�Þ; AJðw;þÞc ¼ CAJðww�;�Þc; AJðw; 0Þ ¼ CAJðww�; 0Þ:
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Proof. (1) Since JTy is an automorphism of the QðqÞ-algebra UJ, the

assignment an b 7! JT
�1
y ðaÞn JT

�1
y ðbÞ defines an automorphism ðJT�1

y Þn2 of

the QðqÞ-algebra Un2
J . Let m be the multiplication mapping AJðyÞnAJðyÞc

! Uþ
J , and m 0 the multiplication mapping Ua0

J nUþ
J FUJ. Then we see that

JT
�1
y �m ¼ m 0 � ðJT�1

y Þn2jAJðyÞnAJð yÞ c ;

where ðJT�1
y Þn2jAJðyÞnAJðyÞ c is the restriction of ðJT�1

y Þn2 to AJðyÞnAJðyÞc.
Since the right hand side is injective, we see that m is injective.

(2) Since DJðw;þÞ ¼ DJðww�;�Þ we get the left and the middle equalities.

The middle equality implies that CAJðww�;þÞc ¼ CCAJðww�w�;�Þc ¼ AJðw;�Þc.
Hence, by (5.29), we see that

CAJðww�; 0Þ ¼ CAJðww�;�Þc VCAJðww�;þÞc ¼ AJðw; 0Þ: r

Definition 5.18. Let A be an associative algebra with the unit 1 over a

commutative ring R, and fXl j l A Lg a subset of A indexed by a totally

ordered set L with � the total order on L. For each function f : X ! Zþ, we

set suppð f Þ :¼ fx A X j f ðxÞ > 0g, and call suppð f Þ the support of f . If

asuppð f Þ < y, we call f a finitely supported function. For each finitely

supported function c : L ! Zþ, we set

X c
0 :¼ X

cðl1Þ
l1

� X cðl2Þ
l2

� � �X cðlmÞ
lm

; X c
1 :¼ X

cðlmÞ
lm

� � �X cðl2Þ
l2

� X cðl1Þ
l1

; ð5:30Þ

where suppðcÞ ¼ fl1; l2; . . . ; lmg with l1 0 l2 0 � � �0 lm, and call the element

X c
0 (resp. X c

1) a normally ordered (resp. opposite ordered ) monomial of

fXl j l A Lg. Here we set X c
0 ¼ X c

1 :¼ 1 if suppðcÞ ¼ q. We denote by

X �
0 (resp. X �

1) the set of all X c
0 (resp. X c

1). In addition, for each SHL,

we set

X �
0ðSÞ :¼ fX c

0 j suppðcÞHSg; X �
1ðSÞ :¼ fX c

1 j suppðcÞHSg: ð5:31Þ

Note that X �
0 ¼ X �

0ðLÞ and X �
1 ¼ X �

1ðLÞ.
For each s A SJ, we set

Es :¼
Ed�yJc

if s ¼ sd�yJc
with c ¼ 1; . . . ;CðJÞ;

Ej if s ¼ sj with j A J;

�
ð5:32Þ

where Ed�yJc
is introduced in Definition 5.2. For each s A W�

J and p A NlðsÞ,

we define a weight vector Es;p of Uþ
J with weight fsðpÞ by setting

Es;p :¼ JTsð1Þ � � � � � JTsðp�1ÞðEsðpÞÞ: ð5:33Þ

If fsðpÞ ¼ b, we denote Es;p by Es;b.

Proposition 5.19. (1) Let B be a real biconvex set in DJþ, s an element of

W�
J such that B ¼ F�

Jð½s�Þ, and a the usual total order on NlðsÞ. Then the set
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E �
s;< (resp. E �

s;>) (see Definition 5.18) forms a basis of a subspace UJ;<ðBÞ
(resp. UJ;>ðBÞ) of Uþ

J which does not depend on the choice of s. Moreover, the

multiplication defines the following injective QðqÞ-linear mappings:

UJ;<ðBÞnAJðBÞc ,! Uþ
J ; UJ;>ðBÞnAJðBÞc ,! Uþ

J : ð5:34Þ

(2) Let J1 and J2 be non-empty subsets of I
�
which are disjoint from each

other, and ðB1;B2Þ an element of B�
J1
�B�

J2
. Then the multiplication defines the

following injective QðqÞ-linear mappings:

UJ1;<ðB1ÞnUJ2;<ðB2Þ ,! Uþ; UJ1;>ðB1ÞnUJ2;>ðB2Þ ,! Uþ: ð5:35Þ

Proof. (1) We first consider the linear independence over QðqÞ of the sets

Es;<. Since the proof of the linear independence is similar to that of Lemma

8.21 in [10], we omit the detailed proof, but we give a key point. Since Ek
j is a

non-zero element of AJðsjÞ with weight kaj for each j A J and k ¼ 0; 1; . . . ;m,

the elements Ek
j ðk ¼ 0; 1; . . . ;mÞ of AJðsjÞ are linearly independent over QðqÞ.

Thus it follows from Lemma 5.17(1) that the equalities
Pm

k¼0 E
k
j uk ¼ 0 with

uk A AJðsjÞc ðk ¼ 0; 1; . . . ;mÞ imply that uk ¼ 0 for all k.

We next prove the independence of UJ;<ðBÞ from the choice of s. For

convenience, we denote by UJ;<ðsÞ the QðqÞ-subspace of Uþ
J spanned by E �

s;<.

Then it su‰ces to show that UJ;<ðsÞ ¼ UJ;<ðs 0Þ for another element s 0 A Wy

such that Fyð½s 0�Þ ¼ B. In the case where B is a finite biconvex set in DJþ,

since s is a finite reduced word, the proof of the assertion is similar to that of

Proposition 8.22 in [10], so we omit that. We will prove the case where B is

an infinite real biconvex set in DJþ. Since Fy
J ð½s�Þ ¼ Fy

J ð½s 0�Þ, for each

ðm; nÞ A N2, there exists ðm 0; n 0Þ A Z>m � Z>n such that FJð½sjm�ÞHFJð½s 0jm 0 �Þ
and FJð½s 0jn�ÞHFJð½sjn 0 �Þ, which implies UJ;<ð½sjm�ÞHUJ;<ð½s 0jm 0 �Þ and

UJ;<ð½sjn�ÞHUJ;<ð½s 0jn 0 �Þ. Since UJ;<ðsÞ ¼ 6
p AN UJ;<ð½sjp�Þ and UJ;<ðs 0Þ ¼

6
p AN UJ;<ð½s 0jp�Þ, we get UJ;<ðsÞ ¼ UJ;<ðs 0Þ. The proof of the assertion for

E �
s;> is quite similar.

We next prove (5.34). By Lemma 5.17(1), we see that the multiplication

AJð½sjp�ÞnAJð½sjp�Þ
c ! Uþ

J is injective for each p A NlðsÞ. It is clear that

UJ;<ðsjpÞHAJð½sjp�Þ
c and AJðBÞc HAJð½sjp�Þ

c. It follows that the multiplica-

tion mp : UJ;<ðsjpÞnAJðBÞc ! Uþ
J is injective. Suppose that two elements

ða1; b1Þ and ða2; b2Þ of UJ;<ðsÞ � AJðBÞc satisfy a1b1 ¼ a2b2. We may assume

that both a1 and a2 belong to UJ;<ðsjpÞ for some p A NlðsÞ. Then the

injectivity of mp implies that a1 ¼ a2 and b1 ¼ b2. Therefore the multiplication

mapping UJ;<ðBÞnAJðBÞc ! Uþ
J is injective. The proof of the remains are

quite similar.

(2) Set J ¼ J1 q J2. Then we see that B1 is a real biconvex subset in

DJþ. From (5.18)(i) in Proposition 5.10, it follows that both UJ2;<ðB2Þ and

UJ2;>ðB2Þ are subspaces of AJðBÞc. Thus (5.35) follows from (5.34). r
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Proposition 5.20. (1) Suppose that B is a real biconvex set in DJþ and set

Bc :¼ BVDJc for each c ¼ 1; . . . ;CðJÞ. Then the multiplication defines the

following isomorphisms of QðqÞ-vector spaces:

1CðJÞ
c¼1 UJc;<ðBcÞ !

@
UJ;<ðBÞ; 1CðJÞ

c¼1 UJc;>ðBcÞ !
@

UJ;>ðBÞ: ð5:36Þ

(2) Let C be a real biconvex set in DJþ, and y an element of WJðCÞ. Set

D :¼ y�1fCnFJðyÞg. Then the multiplication defines the following isomor-

phisms of QðqÞ-vector spaces:

UJ;<ðyÞn JTyUJ;<ðDÞ !@ UJ;<ðCÞ; JTyUJ;>ðDÞnUJ;>ðyÞ !
@

UJ;>ðCÞ;
ð5:37Þ

where UJ;<ðyÞ :¼ UJ;<ðFJðyÞÞ and UJ;>ðyÞ :¼ UJ;>ðFJðyÞÞ. In particular, we

have UJ;<ðyÞHUJ;<ðCÞ and UJ;>ðyÞHUJ;>ðCÞ. Moreover, we have:

UJ;<ðyÞ ¼ UJ;<ðCÞVAJðyÞ; JTyUJ;<ðDÞ ¼ UJ;<ðCÞVAJðyÞc; ð5:38Þ

UJ;>ðyÞ ¼ UJ;>ðCÞVAJðyÞ; JTyUJ;>ðDÞ ¼ UJ;>ðCÞVAJðyÞc: ð5:39Þ

(3) For each B A B�
J , we have UJ;<ðBÞUUJ;>ðBÞHAJðBÞ.

(4) The action of BŴWJ
on UJ is faithful.

Proof. (1) For each c ¼ 1; . . . ;CðJÞ, we set s�1ðSJcÞ :¼ fp A NlðsÞ j
sðpÞ A SJcg and nc :¼as�1ðSJcÞ, and denote by ic the unique strictly increasing

function from Nnc to NlðsÞ such that Im ic ¼ s�1ðSJcÞ. Then, for each c ¼
1; . . . ;CðJÞ, we define a sequence sc ¼ ðscðpÞÞp ANnc

A S
Nnc

Jc
by setting scðpÞ :¼

sðicðpÞÞ for each p A Nnc . We see that sc is an element of Wnc
Jc

such that

F�
Jc
ð½sc�Þ ¼ Bc. By Proposition 5.19(2), we see that the multiplication defines

the following injective QðqÞ-linear mappings: 1CðJÞ
c¼1 UJc;<ðBcÞ ,! Uþ and

1CðJÞ
c¼1 UJc;>ðBcÞ ,! Uþ. By Lemma 5.4(4) and Proposition 5.10(2), we see

that
QCðJÞ

c¼1 E �
sc;<

¼ E �
s;< and

QCðJÞ
c¼1 E �

sc;>
¼ E �

s;>, which implies (5.36).

(2) By definition, we see that for each s A W�
J and m A NlðsÞ the mul-

tiplication defines the following isomorphisms of QðqÞ-vector spaces:

UJ;<ðsjmÞnT½sjm�UJ;<ðsjmÞ !
@

UJ;<ðsÞ; an b 7! ab; ð5:40Þ

T½sjm�UJ;>ðsjmÞnUJ;>ðsjmÞ !
@

UJ;>ðsÞ; an b 7! ab; ð5:41Þ

where sjm is the initial m-section of s and sjm is the m-shift of s (see [7]).

Let us prove (5.37) in the case where B ¼ FJðzÞ A BJ with z A WJ. Since

FJðyÞHFJðzÞ, we have FJðzÞ ¼ FJðyÞ q yFJðy�1zÞ, and hence D ¼ FJðy�1zÞ.
Thus we see that there exists an element s A Wn

J such that ½s� ¼ z, ½sjm� ¼ y, and

½sjm� ¼ y�1z with n ¼ lðzÞ and m ¼ lðyÞ. Hence, (5.40)(5.41) imply (5.37).
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Let us prove (5.37) in the case where B A By. By Lemma 2.5 in [8], we

see that D A By
J and B ¼ FJðyÞ q yD. Thus there exists an element s A Wy

J

such that F�
Jð½s�Þ ¼ B, ½sjm� ¼ y, and Fy

J ð½sjm�Þ ¼ D with m ¼ lðyÞ. Hence,

(5.40)(5.41) imply (5.37).

It is easy to see that both UJ;<ðyÞ and UJ;>ðyÞ are subsets of AJðyÞ and

that both JTyUJ;<ðDÞ and JTyUJ;>ðDÞ are subsets of AJðyÞc, and hence

(5.38)(5.39) follow from (5.37).

(3) We see that E �
s;< ¼ 6

p AN E �
sjp;<

and E �
s;> ¼ 6

p AN E �
sjp;>

with E �
sjp;<

H

E �
sjpþ1;<

and E �
sjp;>

HE �
sjpþ1;>

, which implies that UJ;<ðBÞ ¼ 6
p AN UJ;<ð½sjp�Þ and

UJ;>ðBÞ ¼ 6
p AN UJ;>ð½sjp�Þ. Thus both UJ;<ðBÞ and UJ;>ðBÞ are subsets of

AJðBÞ, since UJ;<ð½sjp�ÞUUJ;>ð½sjp�ÞHAJð½sjp�Þ and ½sjp� A WJðBÞ for all p A N.

(4) Suppose that JTyjUJ
¼ id for y A WJ. Then AJðyÞ ¼ QðqÞ. Since

UJ;<ðyÞHAJðyÞ, it follows that UJ;<ðyÞ ¼ QðqÞ. Thus we get y ¼ 1 by

Proposition 5.19(1). r

Definition 5.21. For each w A W
�
J, we set

UJ;<ðw;�Þ :¼ UJ;<ðDJðw;�ÞÞ; UJ;>ðw;�Þ :¼ UJ;>ðDJðw;�ÞÞ; ð5:42Þ

UJ;>ðw;þÞ :¼ CUJ;<ðDJðw;þÞÞ; UJ;<ðw;þÞ :¼ CUJ;>ðDJðw;þÞÞ: ð5:43Þ

Note that

UJ;>ðw;þÞ ¼ CUJ;<ðww�;�Þ; UJ;<ðw;þÞ ¼ CUJ;>ðww�;�Þ ð5:44Þ

with w� the longest element of W
�
J. In the case where J ¼ I

�
, we will denote

the symbols above more simply by removing J from them.

Proposition 5.22. For each w A W
�
J and y A WJðDJðw;�ÞÞ, the multiplica-

tion defines the following isomorphisms of QðqÞ-vector spaces:

UJ;<ðyÞn JTyUJ;<ðy�1w;�Þ !@ UJ;<ðw;�Þ; ð5:45Þ

JTyUJ;>ðy�1w;�ÞnUJ;>ðyÞ !
@

UJ;>ðw;�Þ: ð5:46Þ

Proof. Since FJðyÞHDJðw;�Þ, we have

FJðyÞ q yDJðy�1w;�Þ ¼ DJðw;�Þ: ð5:47Þ

Thus the assertions follow from Proposition 5.20(2). r

Lemma 5.23. Let w be an arbitrary element of W
�
J.

(1) For each y A WJðDJðw;�ÞÞ, we have

JT
�1
y UJ;>ðw;þÞHUJ;>ðy�1w;þÞ; JT

�1
y UJ;<ðw;þÞHUJ;<ðy�1w;þÞ:

In particular, we have UJ;>ðw;þÞUUJ;<ðw;þÞHAJðw;�Þc.
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(2) For each y A WJðDJðw;þÞÞ, we have

JTy�1UJ;<ðw;�ÞHUJ;<ðy�1w;�Þ; JTy�1UJ;>ðw;�ÞHUJ;>ðy�1w;�Þ:

In particular, we have UJ;<ðw;�ÞUUJ;>ðw;�ÞHAJðw;þÞc.
(3) The following (i) and (ii) hold:

ðiÞ u A CTw�UJ;<ð1;�Þ ) TwðuÞ A UJ;>ðw;þÞ;

ðiiÞ u A CTw�UJ;>ð1;�Þ ) TwðuÞ A UJ;<ðw;þÞ:

(4) The following inclusions hold:

UJ;<ðw;�ÞUUJ;>ðw;�ÞHAJðw;�Þ; UJ;<ðw;þÞUUJ;>ðw;þÞHAJðw;þÞ:

Proof. (1) By (5.47), we have FJðy�1ÞHDJðy�1ww�;�Þ. By Proposition

5.22, we have JTy�1UJ;<ðww�;�ÞHUJ;<ðy�1ww�;�Þ. Thus, by (5.44), we get

JT
�1
y UJ;>ðw;þÞ ¼ CJTy�1UJ;<ðww�;�ÞHUJ;>ðy�1w;þÞ:

(2) Since FJðyÞHDJðww�;�Þ we have FJðy�1ÞHDJðy�1w;�Þ. Thus, by

Proposition 5.22, we get JTy�1UJ;<ðw;�ÞHUJ;<ðy�1w;�Þ.
(3) By (5.44) and (5.45), we see that the multiplication mapping

CUJ;<ðww�ÞnCTww�UJ;<ð1;�Þ ! UJ;>ð1;þÞ

is an isomorphism of QðqÞ-vector spaces. On the other hand, we see that

Tw� ¼ Tw�1Tww� and TwC ¼ CT�1
w�1 , and hence

TwðuÞ A TwCTw�UJ;<ð1;�Þ ¼ CTww�UJ;<ð1;�ÞHUJ;>ðw;þÞ:

The proof of (ii) is similar.

(4) The left inclusion follows from Proposition 5.20(3) and (5.42) and the

left part of (5.27). The right inclusion follows from Proposition 5.20(3) and

(5.43) and the left part of (5.28). r

6. Imaginary root vectors of Uþ
J

In this section, we introduce imaginary root vectors of Uþ
J , where J is an

arbitrary non-empty subset of I
�
.

Definition 6.1. For each ði;mÞ A I
�
� Z, we set

x�i;m :¼ Tm
ei
T�1
i ðEiÞ; xþi;m :¼ T�m

ei
ðEiÞ: ð6:1Þ

Lemma 6.2. (1) Suppose that n A N and m A Zþ. Then

Twðx�i;nÞ A U<ðw;�Þnd�wðaiÞ; Twðxþi;mÞ A U<ðw;þÞmdþwðaiÞ ð6:2Þ
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for each i A I
�
and w A W

�
. Moreover,

Twðx�i;nÞ A A1
Uþnðq� 1ÞA1

Uþ; Twðxþi;mÞ A A1
Uþnðq� 1ÞA1

Uþ: ð6:3Þ

(2) For each ð j;mÞ A J� Z, we have

x�j;m ¼ ðJTej Þ
m
T�1
j ðEjÞ; xþj;m ¼ ðJTej Þ

�mðEjÞ: ð6:4Þ

Therefore, both x�j;m and xþj;m are elements of UJ. Moreover, we have x�j;m A
AJð1;�Þ if m > 0, and xþj;m A AJð1;þÞ if mb 0.

(3) Let ð j;mÞ be an arbitrary element of J� Zþ, and s an arbitrary

element of WJ such that mdþ aj A FJð½s�ÞHDJð1;þÞ. Then CEs;mdþaj ¼ xþj;m.

Proof. (1) By Definition 5.2, Definition 5.21(5.42), and Definition 6.1, we

see that x�i;1 ¼ Ed�ai A U<ð1;�Þd�ai
, and hence Twðx�i;nÞ ¼ TwT

n�1
ei

ðEd�aiÞ A
U<ðw;�Þnd�wðaiÞ by (5.45). Let w� be the longest element of W

�
. Then, by

(5.44)(5.46), the multiplication mapping CU>ðw�ÞnCTw�U>ð1;�Þ ! U<ð1;þÞ is
an isomorphism of QðqÞ-vector spaces, and hence

U<ð1;þÞmdþai
HCTw�U>ð1;�Þ: ð6:5Þ

On the other hand, by Lemma 5.23(1), we see that xþi;m ¼ T�m
ei

ðEiÞ is an

element of U<ð1;þÞmdþai
, since Ei A U<ð1;þÞ. Combining with (6.5), we see that

xþi;m A U<ð1;þÞmdþai
HCTw�U>ð1;�Þ. Thus, by Lemma 5.23(3)(ii), we see that

Twðxþi;mÞ is an element of U<ðw;þÞmdþwðaiÞ.

It is easy to see that the set A1
U 0nðq� 1ÞA1

U 0 is stable under the action of

BŴW on U , which implies that both Twðx�i;nÞ and Twðxþi;mÞ are elements of

A1
U 0nðq� 1ÞA1

U 0. Moreover, by (6.2) we see that both Twðx�i;nÞ and Twðxþi;mÞ
are elements of Uþ. Thus we get (6.3).

(2) Since both Ej and T�1
j ðEjÞ are elements of UJ, the equalities (6.4)

follow immediately from (6.1) and Proposition 5.15. Since JTej is an auto-

morphism of UJ, by (6.4) we see that xGj;m A UJ. In the case where m > 0, by

(1) we have x�j;m A UJ VUþ ¼ Uþ
J . In addition, by the left equality in (6.4), we

see that ðJTej Þ
�mðx�j;mÞ ¼ �K�1

j Fj A Ua0
J , and hence x�j;m A AJð1;�Þ. The proof

of remains is similar.

(3) Firstly, we prove the fact that if ðs1; s2Þ is a pair of elements of WJ

such that mdþ aj A FJð½si�ÞHDJð1;þÞ for i ¼ 1; 2 then Es1;mdþaj ¼ Es2;mdþaj .

We may assume that ½s1� ¼ ½s2�, and put x ¼ ½s1� ¼ ½s2�. Since g A DJð1;þÞ for

each g A FJðxÞ, there exists dðgÞ A Zþ such that g ¼ dðgÞdþ g with g A D
�
Jþ.

Now suppose that mdþ aj ¼
P

g AFJðxÞ cðgÞg with cðgÞ A Zþ for all g A FJðxÞ.
Then mdþ aj ¼ ð

P
g AFJðxÞ cðgÞdðgÞÞdþ

P
g AFJðxÞ cðgÞg, which implies that

cðmdþ ajÞ ¼ 1 and cðgÞ ¼ 0 for all g0mdþ aj. Thanks to Theorem 5.12

and (5.33), by applying Lemma 4.4(3), we get Es1;mdþaj ¼ Es2;mdþaj .
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Thanks to the fact above, to prove the required equality, it su‰ces to show

that CEs 0;mdþaj ¼ xþj;m for some s 0 A WJ such that mdþ aj A FJð½s 0�ÞHDJð1;þÞ.
Put l ¼ lJðt�mej Þ and write t�mej as s1s2 . . . slr with s1; s2; . . . ; sl A SJ and r A WJ.

Let Eslþ1
¼ JTrðEjÞ with slþ1 A SJ, and define s 0 ¼ ðs 0ðpÞÞp ANlþ1

A Slþ1
J by setting

s 0ðpÞ :¼ sp for each p A Nlþ1. Then we see that the sequence s 0 is an element of

WJ satisfying FJð½s 0�ÞHDJð1;þÞ and fs 0 ðl þ 1Þ ¼ mdþ aj. Thus it follows from

the right equality in (6.4) that

xþj;m ¼ CJT�mej ðEjÞ ¼ CJTs1JTs2 . . . JTsl ðEslþ1
Þ ¼ CEs 0;mdþaj : r

Definition 6.3. For each ði; nÞ A I
�
�N, we set

ji;n :¼ ½x�i;n;Ei�q ¼ x�i;nEi � q�2
i Eix

�
i;n; ð6:6Þ

and also define jiðzÞ A Uþ½½z�� by setting jiðzÞ :¼ ðqi � q�1
i Þ
P

nb1 ji;nz
n. In

addition, we define Ii;n A Uþ
nd by the following equality in Uþ½½z��:

IiðzÞ ¼ logð1þ jiðzÞÞ1
X

nb1

ð�1Þn�1

n
jiðzÞ

n; ð6:7Þ

where IiðzÞ :¼ ðqi � q�1
i Þ
P

nb1 Ii;nz
n.

Lemma 6.4. (1) For each w A W
�

and ði; nÞ A I
�
�N, both Twðji;nÞ and

TwðIi;nÞ are elements of A1
Uþ

ndnðq� 1ÞA1
Uþ. Moreover, both Twðji;nÞ and

TwðIi;nÞ are non-zero elements of 1U
þ
nd.

(2) For each w A W
�
, the elements of fTwðIi;nÞ j ði; nÞ A I

�
�Ng are linearly

independent over Q.

(3) Suppose that j A JH I
�
. Then both Twðjj;nÞ and TwðIj;nÞ are elements

of Uþ
J for each w A W

�
J and n A N.

Proof. (1) Suppose that wðaiÞ > 0. Then we have TwðEiÞ A A1
Uþ

wðaiÞ.

Hence, by Lemma 6.2(1), we have Twðx�i;nÞ A A1
Uþ

nd�wðaiÞ, and hence Twðji;nÞ ¼
½Twðx�i;nÞ;TwðEiÞ�q A A1

Uþ. Suppose that wðaiÞ < 0. Then we see that w ¼
w 0si and lðwÞ ¼ lðw 0Þ þ 1 for some w 0 A W

�
, and hence Tw ¼ Tw 0Ti and

Tw 0 ðEiÞ A A1
Uþ. Thus Twðx�i;0Þ ¼ Tw 0TiðT�1

i ðEiÞÞ ¼ Tw 0 ðEiÞ A A1
Uþ. Combin-

ing with Lemma 6.2(1), we get

Twðji;1Þ ¼ Twð½x�i;0; xþi;1�qÞ ¼ ½Tw 0 ðEiÞ;Twðxþi;1Þ�q A A1
Uþ:

In the case where nb 2, by Lemma 6.2(1)(6.3), we have

Twðji;nÞ ¼ Twð½x�i;n�1; x
þ
i;1�qÞ ¼ ½Twðx�i;n�1Þ;Twðxþi;1Þ�q A A1

Uþ:

Therefore we see that Twðji;nÞ A A1
Uþ for each w A W

�
and ði; nÞ A I

�
�N. By

the definition, we see that
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TwðIi;nÞ ¼ Twðji;nÞ þ
X

T
n�1
k¼1 kpk¼n

�P
k pk � 1

�
!

p1!p2! . . . pn�1!

� ðq�1
i � qiÞTk

pk�1
Twðj p1

i;1j
p2
i;2 . . . j

pn�1

i;n�1Þ; ð6:8Þ

and hence TwðIi;nÞ A A1
Uþ. By Theorem 4.7 of [1], we have

½x�j;m; Ii;n� ¼ ðsgnðAijÞÞn½nAij�qix
�
j;mþn=n: ð6:9Þ

Combining (6.9) with Lemma 6.2(1), we see that TwðIi;nÞ A A1
Uþnðq� 1ÞA1

Uþ,

and hence Twðji;nÞ A A1
Uþnðq� 1ÞA1

Uþ by (6.8).

(2) We may assume that w ¼ 1. Hence, it su‰ces to show the linear

independence over Q of the elements of fIi;n j i A I
�
g for each n A N. Now we

suppose that
P l

i¼1 niIi;n ¼ 0 with ni A Q. By (6.9), we see that ½Ed�aj ; Ii;n� ¼
ðsgnðAijÞÞmAijx

�
j;nþ1=n for all j A I

�
, which implies that

P l
i¼1 niðsgnðAijÞÞnAij ¼ 0

for all j A I
�
. Thus ½n1; . . . ; nl �½ðsgnðAijÞÞnAij �

i; j A I
� ¼ ½0; . . . ; 0�. Since the matrix

½ðsgnðAijÞÞnAij �
i; j A I

� is invertible, we get ½n1; . . . ; nl � ¼ ½0; . . . ; 0�. Therefore the

assertion is valid.

(3) By Lemma 6.2(2), we have x�j;n A Uþ
J , and hence jj;n ¼ ½x�j;n;Ej�q A

Uþ
J . By (6.8), we have Ij;n A Uþ

J . Since UJ is stable under the action of Tw,

both Twðjj;nÞ and TwðIj;nÞ are elements of UJ. Thus we get the assertion in (3)

by combining with the first assertion in (1). r

Definition 6.5. For each w A W
�
J, we define a QðqÞ-subalgebra UJðw; 0Þ of

Uþ
J by setting UJðw; 0Þ :¼ hTwðIj;nÞ j ð j; nÞ A J�NiQðqÞ-alg. Note that Lemma

6.6(3) implies UJðw; 0ÞHUþ
J .

Proposition 6.6. Let w be an arbitrary element of W
�
J, and � an arbitrary

total order on J�N. Then UJðw; 0Þ is a commutative QðqÞ-subalgebra of Uþ
J ,

and the set TwðI �0Þ (see Definition 5.18) is a basis of UJðw; 0Þ.

Proof. We may assume that w ¼ 1. By Theorem 4.7 of [1], we see that

UJð1; 0Þ is a commutative QðqÞ-subalgebra of Uþ
J , and hence the set I �0 spans

UJð1; 0Þ. Thus it su‰ces to show the linear independence over QðqÞ of the set

I �0. Let us denote by I �0 the image of I �0 by the specialization at q ¼ 1. By

Proposition 4.1, Lemma 6.4(2), and the PBW Theorem of Lie algebras over Q,

we see that I �0 is linearly independent over Q. Combining with Lemma 4.2,

we see that I �0 is linearly independent over QðqÞ. r

Lemma 6.7. (1) For each t A TJ, there exists an element t 0 A TJ V
WJðDJð1;�ÞÞ such that tt 0 A TJ VWJðDJð1;�ÞÞ.

(2) Let w be an element of W
�
J, and y an element of WJðDJðw;�ÞÞ. Set

w 0 ¼ y�1w. Then there exist elements t; t 0 A TJ VWJðDJð1;�ÞÞ such that wt ¼
yw 0t 0 and lJðwtÞ ¼ lðwÞ þ lJðtÞ ¼ lJðyÞ þ lðw 0Þ þ lJðt 0Þ.
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Proof. (1) Clear. Let us prove (2). Since FJðyÞHDJðw;�Þ we have

FðwÞ q wDJð1;�Þ ¼ DJðw;�Þ ¼ FJðyÞ q yfFðw 0Þ q w 0DJð1;�Þg:

Hence we see that lJðwzÞ ¼ lðwÞ þ lJðzÞ and lJðyw 0z 0Þ ¼ lJðyÞ þ lðw 0Þ þ lJðz 0Þ
for all z; z 0 A WJðDJð1;�ÞÞ. Since yw 0 ¼ yw 0 ¼ w, we have yw 0 ¼ wtm with

m A Q
�
4
J . By (1), there exists an element tn A TJ VWJðDJð1;�ÞÞ such that

tmtn A TJ VWJðDJð1;�ÞÞ. Set t ¼ tmtn and t 0 ¼ tn. Then wt ¼ yw 0t 0. Since

t; t 0 A WJðDJð1;�ÞÞ we have

lðwÞ þ lJðtÞ ¼ lJðwtÞ ¼ lJðyw 0t 0Þ ¼ lJðyÞ þ lðw 0Þ þ lJðt 0Þ: r

Proposition 6.8. (1) If t A TJ and u A UJð1; 0Þ, then JTtðuÞ ¼ u.

(2) If w A W
�
J and y A WJðDJðw;�ÞÞ, then JT

�1
y UJðw; 0Þ ¼ UJðy�1w; 0Þ. In

particular, UJðw; 0ÞHAJðw;�Þc.
(3) If w A W

�
J and y A WJðDJðw;þÞÞ, then JTy�1UJðw; 0Þ ¼ UJðy�1w; 0Þ. In

particular, UJðw; 0ÞHAJðw;þÞc.
(4) If w A W

�
J, then UJðw; 0ÞHAJðw; 0Þ.

Proof. (1) This follows from Proposition 5.15, Proposition 6.6, and

Proposition 3.12 of [1].

(2) Set w 0 ¼ y�1w. By Lemma 6.7(2), we see that Tw � JTt ¼ JTy � Tw 0 �
JTt 0 for some t; t 0 A TJ VWJðDJð1;�ÞÞ. By (1), for each u A UJð1; 0Þ, we have

JTtðuÞ ¼ JTt 0 ðuÞ ¼ u, and hence JT
�1
y TwðuÞ ¼ Tw 0 ðuÞ A UJðy�1w; 0Þ. Thus the

assertion is valid.

(3) Since FJðyÞHDJðww�;�Þ, we have FJðyÞ q yDJðy�1ww�;�Þ ¼ DJðww�;�Þ,
and hence FJðy�1ÞHDJðy�1w;�Þ. By (2), we get UJðy�1w; 0Þ ¼ JTy�1UJðw; 0Þ.

(4) This follows from (5.29), (2), and (3). r

7. Decompositions of Uþ
J into tensor products of subalgebras

In this section, we give several decompositions of Uþ
J into tensor products

of subalgebras, where J is an arbitrary non-empty subset of I
�
.

Proposition 7.1. (1) For each w A W
�
J, the multiplication defines the

following isomorphism of QðqÞ-vector spaces:

UJ;<ðw;�ÞnUJðw; 0ÞnUJ;>ðw;þÞ !@ Uþ
J : ð7:1Þ

Moreover, the following equality holds:

UJðw; 0Þ ¼ AJðw; 0Þ: ð7:2Þ

(2) The multiplication defines the following isomorphism of QðqÞ-algebras:

1CðJÞ
c¼1 UJc !

@
UJ: ð7:3Þ
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(3) The part (1) of Proposition 5.7 is still valid in the case where J is an

arbitrary non-empty subset of I
�
.

Proof. Let us prove (1) and (2). Let s and s 0 be elements of Wy
J such

that Fy
J ð½s�Þ ¼ DJðw;�Þ and Fy

J ð½s 0�Þ ¼ DJðw;þÞ. By Proposition 5.19(1), we see

that E �
s;< and CE �

s 0;< are bases of UJ;<ðw;�Þ and UJ;>ðw;þÞ respectively. Let �
be a total order on J�N. By Proposition 6.6, we see that TwðI �0Þ is a basis of

U ðw; 0Þ. By Proposition 5.19(1), (5.29), the right part of (5.38), and the left

part of (5.43), we see that the multiplication defines the following injective

QðqÞ-linear mapping:

UJ;<ðw;�ÞnAJðw; 0Þn fAJðw;�Þc VUJ;>ðw;þÞg ,! Uþ
J : ð7:4Þ

By Proposition 6.8(3), we have UJðw; 0ÞHAJðw; 0Þ. By Lemma 5.23(1), we have

UJ;>ðw;þÞHAJðw;�Þc. Thus we see that the multiplication defines the follow-

ing injective QðqÞ-linear mapping:

m1 : UJ;<ðw;�ÞnUJðw; 0ÞnUJ;>ðw;þÞ ,! Uþ
J : ð7:5Þ

Hence the elements of the subset E �
s;<TwðI �0ÞCðE �

s 0;<Þ of Uþ
J are linearly

independent. In the case where J is connected, by (5.14), we see that the

set E �
s;<TwðI �0ÞCðE �

s 0;<Þ is a basis of Uþ
J , and hence the mapping (7.5) is

bijective. To consider the general case, we write w uniquely as w ¼
QCðJÞ

c¼1 wc

with wc A W
�
Jc . Then the multiplication defines the following isomorphism of

QðqÞ-vector spaces:

UJc;<ðwc;�ÞnUJc ðwc; 0ÞnUJc;>ðwc;þÞ !@ Uþ
Jc

ð7:6Þ

for each c ¼ 1; . . . ;CðJÞ. By Proposition 5.20(1) and Proposition 6.6, we see

that the multiplication defines the following isomorphisms of QðqÞ-vector
spaces:

1CðJÞ
c¼1 UJc;<ðwc;�Þ !@ UJ;<ðw;�Þ; 1CðJÞ

c¼1 UJc;>ðwc;þÞ !@ UJ;>ðw;þÞ; ð7:7Þ

1CðJÞ
c¼1 UJc ðwc; 0Þ !

@
UJðw; 0Þ: ð7:8Þ

Therefore we have the following diagram:

UJ;<ðw;�ÞnUJðw; 0ÞnUJ;>ðw;þÞ K���!m1
Uþ

J

j

x??? x???mþ
2

1CðJÞ
c¼1 ðUJc;<ðwc;�ÞnUJc ðwc; 0ÞnUJc;>ðwc;þÞÞ ���!@

1CðJÞ
c¼1 U

þ
Jc
:

Here, mþ
2 is defined by the multiplication and j is defined by setting
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jð1CðJÞ
c¼1 ucð�Þn ucð0Þn ucðþÞÞ

:¼
YCðJÞ
c¼1

ucð�Þ

 !
n

YCðJÞ
c¼1

ucð0Þ

 !
n

YCðJÞ
c¼1

ucðþÞ

 !
;

where ucð�Þ A UJc;<ðwc;�Þ, ucð0Þ A UJc ðwc; 0Þ, and ucðþÞ A UJc;>ðwc;þÞ. By Lemma

5.4(4), we see that the diagram above is commutative. By (7.6)–(7.8), we see

that j is an isomorphism of QðqÞ-vector spaces, which implies the injectivity of

mþ
2 . By Proposition 5.5, we have the surjectivity of mþ

2 . Thus both of mþ
2

and m1 are isomorphisms of QðqÞ-vector spaces. Moreover it is easy to see

that the multiplication defines the following isomorphisms of QðqÞ-vector
spaces:

m�
2 : 1CðJÞ

c¼1 U�
Jc
!@ U�

J ; m0
2 : 1CðJÞ

c¼1 U 0
Jc
!@ U 0

J : ð7:9Þ

Thus, by Proposition 5.7(2), we see that the multiplication defines the following

isomorphism of QðqÞ-vector spaces:

m2 : 1
CðJÞ
c¼1 UJc !

@
UJ: ð7:10Þ

It is easy to see that m2 is compatible with the standard QðqÞ-algebra structure

of the tensor product 1CðJÞ
c¼1 UJc . The equality (7.2) follows from Lemma

6.8(4), (7.1), (5.29), and Lemma 5.23(4).

Let us prove (3). The characterization of UJ in terms of the generators

and the defining relations follows from the part (2) and the first assertion of

Proposition 5.7(1). The equalities in (5.14) follow from the part (1) and

Proposition 6.6. r

Proposition 7.2. (1) For each y A WJ, the multiplication defines the

following isomorphism of QðqÞ-vector spaces:

AJðyÞnAJðyÞc !
@

Uþ
J : ð7:11Þ

(2) Let B be an arbitrary real biconvex set in DJþ. Then the following

equality holds:

UJ;<ðBÞ ¼ AJðBÞ ¼ UJ;>ðBÞ: ð7:12Þ

Moreover, AJðBÞ is a QðqÞ-subalgebra of Uþ
J .

Proof. Let us prove (7.11). We may assume that FJðyÞHDJðw;�Þ for

some w A W
�
J. Then there exists an element s A Wy

J such that Fy
J ð½s�Þ ¼

DJðw;�Þ and ½sjp� ¼ y with p ¼ lðyÞ. Let s 0 be an element of W�
J such that

FJð½s 0�Þ ¼ DJðw;þÞ, and � a total order on J�N. Then the product set

E �
s;<TwðI �0ÞCðE �

s 0;<Þ is a basis of Uþ
J . From Lemma 5.17(1), it follows that the

multiplication AJðyÞnAJðyÞc ! Uþ
J is injective. Moreover, we see that
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E �
sjp;< HAJðyÞ; JTyðE �

sjp;<ÞTwðI �0ÞCE �
s 0;< HAJðyÞc;

and E �
sjp;<JTyðE �

sj p;<Þ ¼ E �
s;<, where sjp is the initial p-section of s and sjp is the

p-shift of s (see [7]). Therefore we see that the multiplication AJðyÞnAJðyÞc
! Uþ

J is bijective and that the sets E �
sjp;<

and JTyðE �
sj p;<ÞTwðI �0ÞCðE �

s 0;<Þ are

bases of AJðyÞ and AJðyÞc, respectively. Since E �
sjp;<

is also a basis of

UJ;<ðyÞ, we get UJ;<ðyÞ ¼ AJðyÞ. Similarly, we can prove the equality

UJ;>ðyÞ ¼ AJðyÞ. Hence (7.12) is proved in the case where B ¼ FJðyÞ
with y A WJ.

Let us prove (7.12) in the case where B A By
J . Suppose that Fy

J ð½s�Þ ¼ B

with s A Wy
J . Then UJ;<ð½sjp�Þ ¼ AJð½sjp�Þ ¼ UJ;>ð½sjp�Þ for all p A N. Since

UJ;<ðBÞ ¼ 6
p AN UJ;<ð½sjp�Þ and UJ;>ðBÞ ¼ 6

p AN UJ;>ð½sjp�Þ, we have UJ;<ðBÞ
¼ UJ;>ðBÞ ¼ 6

p AN AJð½sjp�Þ. It follows that UJ;<ðBÞ ¼ UJ;>ðBÞHAJðBÞ,
since AJð½sjp�ÞHAJðBÞ for all p A N. Let y be an arbitrary element of WJðBÞ.
Then we have AJðyÞ ¼ UJ;<ðyÞHUJ;<ðBÞ. Thus we get AJðBÞHUJ;<ðBÞ ¼
UJ;>ðBÞ. Therefore (7.12) is valid.

Let us prove the second assertion of the part (2). Suppose that u1 and u2
are elements of AJðBÞ. By Definition 5.16, we may assume that ui A AJðyiÞ
with yi A WJðBÞ for i ¼ 1; 2. By Lemma 3.6(1), there exists an elements

y3 A WJðBÞ such that FJðy1ÞUFJðy2ÞHFJðy3Þ. By Proposition 5.20(2)

and the equality UJ;<ðyÞ ¼ AðyÞ for y A W , we see that AJðy3Þ is a QðqÞ-
subalgebra of Uþ

J such that AJðy1ÞUAJðy2ÞHAJðy3Þ, and hence u1 þ u2,

u1u2 A AJðy3ÞHAJðBÞ. Therefore AJðBÞ is a QðqÞ-subalgebra of Uþ
J . r

Proposition 7.3. For each w A W
�
J, the multiplication defines the following

isomorphisms of vector spaces:

AJðw;�ÞnAJðw; 0ÞnAJðw;þÞ !@ Uþ
J ; ð7:13Þ

AJðw; 0ÞnAJðw;þÞ !@ AJðw;�Þc; AJðw;�ÞnAJðw; 0Þ !
@

AJðw;þÞc; ð7:14Þ

AJðw;�ÞnAJðw;�Þc !@ Uþ
J ; AJðw;þÞc nAJðw;þÞ !@ Uþ

J : ð7:15Þ

Proof. The isomorphism (7.13) follows from (7.1), (7.2), and (7.12).

The left isomorphism in (7.14) follows from (7.13), Lemma 5.23(1), and

Proposition 6.8(2). The right isomorphism in (7.14) follows from (7.13),

Lemma 5.23(2), and Proposition 6.8(3). The isomorphisms in (7.15) follow

from (7.13)(7.14). r

Proposition 7.4. Let B and B1 be arbitrary real biconvex sets in DJþ such

that BHB1. Then the multiplication defines the following isomorphisms of

QðqÞ-vector spaces:
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AJðBÞn fAJðBÞc VAJðB1Þg !@ AJðB1Þ; ð7:16Þ

fAJðBÞc VAJðB1ÞgnAJðB1Þc !
@

AJðBÞc; ð7:17Þ

AJðBÞnAJðBÞc !
@

Uþ
J : ð7:18Þ

Proof. Let us prove (7.16). By Proposition 5.19(1) and (7.12), we see

that the multiplication defines the following injective QðqÞ-linear mapping:

AJðBÞnAJðBÞc ,! Uþ
J : ð7:19Þ

Since AJðBÞHAJðB1Þ, we see that the multiplication defines the following

injective QðqÞ-linear mapping:

AJðBÞn fAJðBÞc VAJðB1Þg ,! AJðB1Þ: ð7:20Þ

Hence it su‰ces to show the surjectivity of (7.20). In the case where B A BJ

and B ¼ FJðyÞ with y A WJ, the surjectivity of (7.20) follows from Proposition

5.20(2) and (7.12). We next suppose that B A By
J and Fy

J ð½s�Þ ¼ B with

s A Wy
J . Let u be an arbitrary weight vector of AJðB1Þ with weight b.

We use the induction on wtðuÞ ¼ b. In the case where u A AJðBÞc VAJðB1Þ,
there is nothing to prove. So we may assume that there exists y A WJðBÞnf1g
such that u ¼

P
l AL XlYl, where Xl and Yl are weight vectors of AJðyÞ and

AJðyÞc VAJðB1Þ respectively with wtðXlÞ > 0. Since all wtðYlÞ are lower than

b, by the induction, we see that all Yl belong to the image of the (7.20). Since

AJðyÞ is a subalgebra of AJðBÞ, we see that u ¼
P

l AL XlYl belongs to the

image of the mapping (7.20).

Let us prove (7.18), i.e., the surjectivity of (7.19). Let w be an element of

WJ such that BHDJðw;�Þ. By using (7.16) with B1 ¼ DJðw;�Þ, we see that

AJðBÞn fAJðBÞc VAJðw;�Þg !@ AJðw;�Þ. Moreover, since AJðw;�Þc H
AJðBÞc, we see that fAJðBÞc VAJðw;�ÞgnAJðw;�Þc ,! AJðBÞc. Com-

bining with (7.13), we get (7.18). The assertion (7.17) can be proved by using

(7.16) and (7.18). r

Lemma 7.5. Let y be an arbitrary element of WJ, s an element of WJ such

that ½s� ¼ y, and e an element of P
�
4 such that ðejaiÞ > 0 for all i A I

�
nJ and

ðejajÞ ¼ 0 for all j A J. Then, for each n A Zb0, we have

Að½~ss�tne ÞVUþ
J ¼ AJðyÞ; Að½~ss�tne Þ

c VUþ
J ¼ AJðyÞc: ð7:21Þ

Proof. By the definitions of the action of JTy on UJ and the subalgebra

Að½~ss�tne Þ of Uþ, we have

Að½~ss�tne ÞVUþ
J ¼ fu A Uþ

J jT�n
e JT

�1
y ðuÞ A Ua0g ¼ AJðyÞ;
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where the second equality follows from Lemma 5.4(3)(i) and Lemma 5.14(1).

The proof of the right equality in (7.21) is similar. r

Proposition 7.6. Let B be a real biconvex set in DJþ, and set ~BB :¼
Bq DJð1;�Þ. Then ~BB is a real biconvex set and the following equalities hold:

AJðBÞ ¼ Að ~BBÞVUþ
J ; AJðBÞc ¼ Að ~BBÞc VUþ

J : ð7:22Þ

Proof. We may assume that JW I
�
. Suppose that B A BJ. Then B ¼

FJðyÞ for some y A WJ. Let s be an element of WJ such that ½s� ¼ y, and e an

element of P
�
4 such that ðejaiÞ > 0 for all i A I

�
nJ and ðejajÞ ¼ 0 for all j A J.

By Proposition 3.7, we see that 6
nb0

Fð½~ss�tne Þ ¼ ~BB, hence ~BB A By by Lemma

3.6(2). Thus, by Lemma 7.5, we have

Að ~BBÞVUþ
J ¼ f6

nb0
Að½~ss�tne ÞgVUþ

J ¼ 6
nb0

fAð½~ss�tne ÞVUþ
J g ¼ AJðBÞ;

Að ~BBÞc VUþ
J ¼ f7

nb0
Að½~ss�tne Þ

cgVUþ
J ¼ 7

nb0
fAð½~ss�tne Þ

c VUþ
J g ¼ AJðBÞc:

Suppose that B A By
J . Let s be an element of Wy

J such that Fy
J ð½s�Þ ¼ B.

By the definitions of AJð½sjp�Þ and AJð½sjp�Þ
c, for each p A N, we see that

AJð½sjp�Þ ¼ Að½fsjpsjp�ÞVUþ
J and AJð½sjp�Þ

c ¼ Að½fsjpsjp�Þc VUþ
J . By Lemma 3.5(2), we

have 6
p AN Fð½fsjpsjp�Þ ¼ ~BB, and hence ~BB A By by Lemma 3.6(2). Thus we get

AJðBÞ ¼ 6
p AN AJð½sjp�Þ ¼ f6

p AN Að½fsjpsjp�ÞgVUþ
J ¼ Að ~BBÞVUþ

J ;

AJðBÞc ¼ 7
p AN AJð½sjp�Þ

c ¼ f7
p AN Að½fsjpsjp�ÞcgVUþ

J ¼ Að ~BBÞc VUþ
J : r

8. Convex bases of Uþ
J

The aim of this section is to construct convex bases of Uþ
J associated with

all convex orders on DJþ, where J is an arbitrary non-empty subset of I
�
.

Proposition 8.1. Let C1 and C2 be real biconvex sets in DJþ such that

C1 HC2. Write C1 and C2 uniquely as C1 ¼ ‘JðK;w; yÞ and C2 ¼ C1 q wyB

with KH J, w A W
�

K
J , y A WK, and B A B�

K. Then the following equality holds:

AJðC1Þc VAJðC2Þ ¼ Tw � JTyAKðBÞ ð8:1Þ

and the multiplication defines the following isomorphism of QðqÞ-vector spaces:

AJðC1ÞnTw � JTyAKðBÞ !
@

AJðC2Þ: ð8:2Þ

Proof. In the case where C1 A BJ, we have K ¼ J and C1 ¼ FJðyÞ,
which implies that w ¼ 1 and B ¼ y�1fC1nFJðyÞg. Thus AJðC1Þc VAJðC2Þ ¼
JTyAJðBÞ by Proposition 5.20(2) and Proposition 7.2(2). Therefore (8.1) is

valid in this case.
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We next suppose that C1 A By
J . Then KW J. Let e be an element of P

�
4

such that ðejaiÞ > 0 for all j A I
�
nK and ðejakÞ ¼ 0 for all k A K, s an element of

WK such that ½s� ¼ y, and s2 an element of W�
K such that F�

Kð½s2�Þ ¼ B. SetfC1C1 :¼ C1 q DJð1;�Þ and fC2C2 :¼ C2 q DJð1;�Þ. Then fC1C1 ¼ ‘ðK;w; yÞ and fC2C2 ¼fC1C1 q wyB. Thus, by Proposition 3.7, we havefC1C1 ¼ 6
nb0

Fðw½~ss�tne Þ; fC2C2 ¼ 6
nb0

6lðs2Þ
p¼1

Fðw½~ss�tne ½gs2jps2jp�Þ: ð8:3Þ

By Proposition 7.6, it follows that

AJðC1Þc ¼ 7
nb0

fAðw½~ss�tne Þ
c VUþ

J g; ð8:4Þ

AJðC2Þ ¼ 6
nb0

6lðs2Þ
p¼1

fAðw½~ss�tne ½gs2jps2jp�ÞVUþ
J g; ð8:5Þ

where

Aðw½~ss�tne Þ
c VUþ

J ¼ fu A Uþ
J jT�n

e JT
�1
y T�1

w ðuÞ A Uþg; ð8:6Þ

Aðw½~ss�tne ½gs2jps2jp�ÞVUþ
J ¼ fu A Uþ

J jT�1

½fs2jp�T�n
e JT

�1
y T�1

w ðuÞ A Ua0g: ð8:7Þ

Here, by Lemma 5.4(3), we see the fact that T�n
e ðxÞ ¼ x for all x A AKðBÞ.

Combining the fact with (8.4) and (8.6), we get Tw � JTyAKðBÞHAJðC1Þc.
Combining the fact with (8.7) and the equality KT½s2jp� ¼ T½fs2jp�jUK

, we see that

Tw � JTyAKð½s2jp�ÞHAðw½~ss�tne ½gs2jps2jp�ÞVUþ
J for all 1a pa lðs2Þ, and hence Tw �

JTyAKðBÞHAJðC2Þ by (8.5). Therefore we get Tw � JTyAKðBÞHAJðC1Þc V
AJðC2Þ. By (7.16) in Proposition 7.4, we see that the multiplication m :

AJðC1Þn fAJðC1Þc VAJðC2Þg ! AJðC2Þ is an isomorphism of vector spaces,

which induces the injective linear mapping:

j : AJðC1ÞnTw � JTyAKðBÞ ,! AJðC2Þ: ð8:8Þ

Since C1 q wyB ¼ C2, by Proposition 5.19(1) and (7.12), we see that

dimQðqÞðIm jÞm ¼ dimQðqÞ AJðC2Þm ¼a
n
c : C2 ! Zþ j

X
b AC2

cðbÞb ¼ m
o

for each m A QJþ. This implies that j ¼ m with the equality (8.1).

The (8.2) follows immediately from (8.1) and (7.16). r

Corollary 8.2. Suppose that B is a real biconvex set in DJþ satisfying

BHDJðw;�Þ for some w A W
�
J and that

B ¼ ‘JðK;wK; yÞ; Bq wKyDKðy�1wK;�Þ ¼ DJðw;�Þ

for some KH J and y A WK. Then the multiplication defines the following

isomorphisms of QðqÞ-vector spaces:
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AJðBÞnTwK � JTyAKðy�1wK;�Þ !@ AJðw;�Þ; ð8:9Þ

TwK � JTyAKðy�1wK;�ÞnAJðw;�Þc !@ AJðBÞc: ð8:10Þ

Proof. By (8.1), we have

AJðBÞc VAJðw;�Þ ¼ TwK � JTyAKðy�1wK;�Þ: ð8:11Þ

Hence, (8.9) and (8.10) follow from (7.16) and (7.17) respectively.

Definition 8.3. Let L be a totally ordered set with � the total order on

L. Then we call a subset I HL a section of L with respect to � if ½l; m�� H I

for all l; m A I satisfying l0 m, where ½l; m�� :¼ fn A L j l � n � mg. If, in

addition, I 0 ðLnIÞ then we call I an initial section of L with respect to �.
Moreover, for each l A L we set ð�; l�� :¼ fm A L j m � lg, ðl; �Þ� :¼ Lnð�; l��,
ð�; lÞ� :¼ fm A L j m0 lg, and ½l; �Þ� :¼ Lnð�; lÞ�.

Let A be an associative algebra with the unit 1 over a commutative ring R,

and fXl j l A Lg a subset of A indexed by the totally ordered set L. Then we

call the set X �
0 ¼ X �

0ðLÞ (resp. X �
1 ¼ X �

1ðLÞ) (see Definition 5.18) a convex basis

of A if X �
0ðIÞ (resp. X �

1ðIÞ) is a free R-basis of the R-subalgebra hXl j l A IiR-alg
of A for each section I of L with respect to �.

Theorem 8.4. Let ðn; K	; y	; s	Þ be an element of NaJ �CnJ�WK	 �Wy
K	

satisfying the conditions (3.1) and (3.2) (cf. Theorem 3.2(2)), and � the convex

order on DJðw;�Þ associated with the ðn; K	; y	; s	Þ. For each a A DJðw;�Þ, we

define a weight vector Ea ¼ E�;a A Uþ
J with weight a by setting

Ea ¼ E�;a :¼ TwKi�1 � JTyi�1
� JTsi�1ð1Þ � � � � � JTsi�1ð p�1ÞðEsi�1ðpÞÞ; ð8:12Þ

where a ¼ wKi�1yi�1fsi�1
ðpÞ with i A Nn and p A N. Then each of the sets

E �
0ðDJðw;�ÞÞ and E �

1ðDJðw;�ÞÞ (see Definition 5.18) is a convex basis of the

QðqÞ-algebra AJðw;�Þ and of the A1-algebra A1
AJðw;�Þ :¼ AJðw;�ÞVA1

Uþ.

Moreover, if I is an initial section with respect to �, then I is a real biconvex set

in DJþ and the following equalities hold:

hEa j a A IiQðqÞ-alg ¼ AJðIÞ; ð8:13Þ

hEa j a A I ciQðqÞ-alg ¼ AJðIÞc VAJðw;�Þ; ð8:14Þ

where I c :¼ DJðw;�ÞnI .

Proof. By (3.1)(3.2) in Theorem 3.2(2), we have

Dðw;�Þ ¼
an

i¼1
wKi�1yi�1F

y
Ki�1

ð½si�1�Þ; ð8:15Þ

Ci�1 q wKi�1yi�1F
y
Ki�1

ð½si�1�Þ ¼ Ci A By
J for each 1a ia n; ð8:16Þ
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where y0 :¼ 1 and C0 :¼ q. We set Bi�1 :¼ Fy
Ki�1

ð½si�1�Þ for each i A Nn.

Then, by (8.2) and (8.16), we see that the multiplication defines the following

QðqÞ-linear isomorphism:

AJðCi�1ÞnTwKi�1 � JTyi�1
AKi�1

ðBi�1Þ !
@

AJðCiÞ ð8:17Þ

for each i A Nn. Since Cn ¼ DJðw;�Þ and C1 ¼ B0, the multiplication defines

the following QðqÞ-linear isomorphisms:

1n

j¼1 Tw
Kj�1 � JTyj�1

AKj�1
ðBj�1Þ !

@
AJðw;�Þ; ð8:18Þ

1 i

j¼1 Tw
Kj�1 � JTyj�1

AKj�1
ðBj�1Þ !

@
AJðCiÞ; ð8:19Þ

1n

j¼iþ1 Tw
Kj�1 � JTyj�1

AKj�1
ðBj�1Þ !

@
AJðCiÞc VAJðw;�Þ: ð8:20Þ

Here, Aj�1 :¼ T
w

Kj�1 � JTyj�1
AKj�1

ðBj�1Þ is located on the left side of Aj 0�1 in the

tensor products above if j < j 0. By (8.18), we see that E �
0ðDJðw;�ÞÞ is a basis

of AJðw;�Þ. Moreover, by Lemma 4.4(1) we see that E �
0ðDJðw;�ÞÞ is a subset of

A1
AJðw;�Þnðq� 1ÞA1

AJðw;�Þ, and hence that the set E �
0ðDJðw;�ÞÞ is also a basis

of A1
AJðw;�Þ over A1 by Proposition 4.1 and Lemma 4.2.

We next prove (8.13)(8.14). Since I is an initial section, it is easy to see

that I is a real biconvex set in DJþ. Let us consider the case where I ¼ ð�; a��,
and let i A Nn and p A N be unique elements such that a ¼ wKi�1yi�1fsi�1

ðpÞ.
We put x :¼ ½si�1jp� and B 0

i�1 :¼ x�1fBi�1nFKi�1
ðxÞg. Then we see that

I ¼ Ci�1 q wKi�1yi�1FKi�1
ðxÞ; Ci ¼ I q wKi�1yi�1xB

0
i�1: ð8:21Þ

By (8.2) and the left equality in (8.21), we see that the multiplication defines the

following QðqÞ-linear isomorphism:

AJðCi�1ÞnTwKi�1 � JTyi�1
AKi�1

ðxÞ !@ AJðIÞ: ð8:22Þ

By (8.19) with i replaced by i � 1 and (8.22), we see that E0ðIÞ is a basis of

AJðIÞ and that (8.13) holds for I ¼ ð�; a��. By (8.1) and the right equality in

(8.21), we have

AJðIÞc VAJðCiÞ ¼ TwKi�1 � JTyi�1
� JTxAKi�1

ðB 0
i�1Þ: ð8:23Þ

Since I HCi HDJðw;�Þ, it follows from (7.17) that the multiplication defines the

following QðqÞ-linear isomorphism:

fAJðIÞc VAJðCiÞgn fAJðCiÞc VAJðw;�Þg !@ AJðIÞc VAJðw;�Þ: ð8:24Þ

By (8.20)(8.23)(8.24), we see that E �
0ðI cÞ is a basis of AJðIÞc VAJðw;�Þ and that

(8.14) holds for I ¼ ð�; a��. The assertion for I ¼ ð�; aÞ� can be proved

similarly.
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For each a � b, we see that E �
0ð½a; �Þ�ÞVE �

0ðð�; b��Þ ¼ E �
0ð½a; b��Þ and

hEh j h A ½a; �Þ�iQðqÞ-alg VhEh j h A ð�; b��iQðqÞ-alg ¼ hEh j h A ½a; b��iQðqÞ-alg:

Thus E �
0ðIÞ is a basis of hEh j h A IiQðqÞ-alg for I ¼ ½a; b��. Similarly, we can

prove the assertion for any sections with respect to �. Therefore E �
0ðDJðw;�ÞÞ

is a convex basis of AJðw;�Þ, and hence the set is a convex basis of A1
AJðw;�Þ

over A1 by Proposition 4.1 and Lemma 4.2.

The proof of the assertions for E �
1ðDJðw;�ÞÞ is quite similar. r

Proposition 8.5. The following equalities hold:

AJð1;þÞ ¼ hxþj;m j j A J;m A ZþiQðqÞ-alg; ð8:25Þ

AJð1;�Þ ¼ hEd�e; x
�
j;n j e A D

�
Jþ; j A J; n A NiQðqÞ-alg; ð8:26Þ

where both xþj;m and x�j;n are introduced in Definition 6.1, and Ed�e is introduced

in Definition 5.2. Moreover, for each w A W
�
, the following inclusions hold:

½AJðw;GÞ;AJðw; 0Þ�HAJðw;GÞ: ð8:27Þ

Proof. Since the proof of (8.26) is similar to that of (8.25), we prove only

(8.25). Set Xþ
J :¼ hxþj;m j j A J;m A ZþiQðqÞ-alg. Then, by Lemma 6.2(2) we

have AJð1;þÞIXþ
J . To prove the opposite inclusion AJð1;þÞHXþ

J , let l be an

element of Q
�
4
J nf0g such that l ¼

P
j A J kjej with kj A N for all j A J, and

s1; s2; . . . ; sn elements of SJ such that s1s2 . . . sn ¼ t�l with n ¼ lJðt�lÞ. Here,

we define an infinite sequence s ¼ ðsðpÞÞp AN A SN
J by setting sðpÞ :¼ sp for each

p A N, where p A Nn such that p1 p mod n. Then the sequence s is an

element of Wy
J such that Fy

J ð½s�Þ ¼ DJðw;þÞ, and hence the convex order � on

DJðw;þÞ associated with s is of 1-row type (see Theorem 3.2 and Remark

3.3). Since AJð1;þÞ ¼ hCE�;a j a A DJð1;þÞiQðqÞ-alg, it su‰ces to show that

CE�;a A Xþ
J for all a A DJð1;þÞ. We use the induction on htðaÞ. Firstly,

we consider the case where htðaÞ ¼ 1. Then a ¼ mdþ aj with ð j;mÞ A J� Zþ.

Hence, by Lemma 6.2(3) we see that CE�;mdþaj ¼ xþj;m A Xþ
J . Secondly, we

consider the case where htðaÞb 2. Let ½b; g�� be a minimal section of DJð1;þÞ
satisfying a ¼ b þ g. By Theorem 8.4 and Proposition 4.1, we see that there

exist elements c1; c2 A A1nðq� 1ÞA1 such that E�; gE�;b ¼ c1E�;a þ c2E�;bE�; g.

Since htðbÞ; htðgÞ < htðaÞ, by the hypothesis of the induction, we see that

CðE�;aÞ ¼
1

c1
CðE�;bÞFðE�; gÞ �

c2

c1
CðE�; gÞCðE�; gÞ A Xþ

J :

By (8.25), Proposition 6.6, and Theorem 4.7 in [1], we have

½AJð1;þÞ;AJð1; 0Þ�HAJð1;þÞ:
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Let w� be the longest element of W
�
J. Since DJð1;þÞ ¼ DJðw�;�Þ, by (5.27)(5.28)

and the right equality in Lemma 5.17(2), we have

½AJðw�;�Þ;AJðw�; 0Þ�HAJðw�;�Þ: ð8:28Þ

Set w 0 ¼ w�w
�1. Then Tw� ¼ TwTw 0 and Tw 0AJðw; 0Þ ¼ AJðw�; 0Þ. Since the

multiplication U<ðw 0ÞnTw 0UJ;<ðw;�Þ ! UJ;<ðw�;�Þ is an isomorphism of

QðqÞ-vector spaces, we have Tw 0AJðw;�ÞHAJðw�;�Þ. Therefore, by (8.28),

we have

½Tw 0AJðw;�Þ;Tw 0AJðw; 0Þ�HAJðw�;�Þ:

Since ½Tw 0AJðw;�Þ;Tw 0AJðw; 0Þ�HAJðw�;�ÞVAðw 0Þc, we see that

½Tw 0AJðw;�Þ;Tw 0AJðw; 0Þ�HTw 0AJðw;�Þ;

hence ½AJðw;�Þ;AJðw; 0Þ�HAJðw;�Þ. By the left and right equalities in Lemma

5.17(2), we see that

½AJðw;þÞ;AJðw; 0Þ� ¼ ½AJðw;þÞ;CAJðww�; 0Þ�HAJðw;þÞ: r

Theorem 8.6. Let � be an arbitrary convex order on DJþ, and w A W
�
J the

unique element such that DJðw;�Þ0D im
þ 0DJðw;þÞ. We define ��, �0, and �þ

to be the restriction of � to DJðw;�Þ, D im
þ , and DJðw;þÞ, respectively, and define a

total order ~��0 on the set

~DD im
Jþ ¼ D im

þ � J ¼ fðnd; jÞ j n A N; j A Jg

by setting

ðnd; jÞ ~000 ðn 0d; j 0Þ , nd00 n
0d if n0 n 0;

j < j 0 if n ¼ n 0:

�
ð8:29Þ

In addition, we define a total order ~�� on the set

~DDJþ ¼ D re
Jþ q ~DD im

Jþ ¼ DJðw;�Þ q ~DD im
Jþ q DJðw;þÞ

by extending ��, ~��0, and �þ so that DJðw;�Þ ~00 ~DD im
Jþ ~00DJðw;þÞ. For each

h A ~DDJþ, we set

Eh ¼ E�;h :¼
E��;h if h A DJðw;�Þ;

TwðIj;nÞ if h ¼ ðnd; jÞ A ~DD im
Jþ;

CðE� op
þ ;hÞ if h A DJðw;þÞ;

8><>: ð8:30Þ

where �op
þ is the opposite order of �þ. Then each of the sets E �

0ð ~DDJþÞ and

E �
1ð ~DDJþÞ (see Definition 5.18) is a convex basis of the QðqÞ-algebra Uþ

J and of

the A1-algebra A1
Uþ

J :¼ A1
Uþ VUþ

J . Moreover, for each h; z A ~DDJþ satisfying

h ~00 z, the following equalities hold:
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½Eh;Ez�q ¼
X

suppðcÞHðh; zÞ ~��

hcE
c
0; ½Eh;Ez�q ¼

X
suppðcÞHðh; zÞ ~��

gcE
c
1; ð8:31Þ

where hc; gc A A1.

Proof. By Proposition 6.6, Proposition 7.1(1), Theorem 8.4, and Prop-

osition 7.2(2), we see that E �
0ð ~DDJþÞ is a basis of Uþ

J . Moreover, by Lemma

4.4(1) and Lemma 6.4(1), we see that E �
0ð ~DDJþÞ is a subset of A1

Uþ
J nðq� 1ÞA1

Uþ
J .

Hence, it follows from Proposition 4.1 and Lemma 4.2 that the set E �
0ð ~DDJþÞ is

also a basis of the A1-algebra A1
Uþ

J .

Suppose that h A DJðw;�Þ. Since ð�; h� ~�� ¼ ð�; h���
, by (8.13), we see that

E �
0ðð�; h� ~��Þ is a basis of AJðð�; h� ~��Þ. By (8.14), (7.17), and the left equality in

(7.14), we see that E �
0ððh; �Þ ~��Þ is a basis of AJðð�; h� ~��Þ

c.

We next suppose that h A DJðw;þÞ. Here we remark that C is an anti-

automorphism of the QðqÞ-algebra Uþ
J . Since ðh; �Þ ~�� ¼ ðh; �Þ�þ

, by (8.13), we

see that E �
0ððh; �Þ ~��Þ is a basis of CAJððh; �Þ ~��Þ. By (8.14), (7.17), and the right

equality in (7.14), we see that E �
0ðð�; h� ~��Þ is a basis of CAJððh; �Þ ~��Þ

c.

We next suppose that h A ~DD im
Jþ. By Proposition 6.6, (7.2), (7.13), Theorem

8.4, and Proposition 8.5(2), we see that E �
0ðIÞ is a basis of the subalgebra

hEh j h A IiQðqÞ-alg in the case where I ¼ ð�; h� ~�� or I ¼ ðh; �Þ ~��.
Therefore we see that E �

0ðIÞ is a basis of hEh j h A IiQðqÞ-alg in the cases

where I ¼ ð�; h� ~�� or I ¼ ðh; �Þ ~�� for each h A DJþ. Similarly, we can prove that

E �
0ðIÞ is a basis of hEh j h A IiQðqÞ-alg in the case where I ¼ ð�; hÞ ~�� or I ¼ ½h; �Þ ~��

for each h A DJþ.

For each h ~�� z, we see that E �
0ð½h; �Þ ~��ÞVE �

0ðð�; z� ~��Þ ¼ E �
0ð½h; z� ~��Þ and

hEh j h A ½h; �Þ ~��iQðqÞ-alg VhEh j h A ð�; z� ~��iQðqÞ-alg ¼ hEh j h A ½h; z� ~��iQðqÞ-alg:

Thus E �
0ðIÞ is a basis of hEh j h A IiQðqÞ-alg in the case where I ¼ ½h; z� ~��. Sim-

ilarly, we can prove that E �
0ðIÞ is a basis of hEh j h A IiQðqÞ-alg for each section I

with respect to �. Therefore E �
0ð ~DDJþÞ is a convex basis of Uþ

J . Since

E �
0ð ~DDJþÞ is also a basis of the A1-algebra A1

Uþ
J , it is easy to see that

E �
0ð ~DDJþÞ is a convex basis of A1

Uþ
J . The proof of (8.31) is similar to that

of Proposition 7 in [2]. r

9. Dual convex bases with respect to the q-Killing form

Firstly, we introduce a well-known standard QðqÞ-bilinear form between

Ub0 and Ua0, which is called the q-Killing form since it can be regarded as a

q-analogue of the Killing form on g. Secondly, we introduce Damiani’s work

concerning detailed computation of values of the q-Killing form on the
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subalgebras generated by the imaginary root vectors. Thirdly, we will con-

struct the dual convex bases of Uþ and U� with respect to the q-Killing form.

Finally, we will present the multiplicative formula for the R-matrix of UqðgÞ
associated with an arbitrary convex order on Dþ.

Let m0 be a positive integer such that m0ðP jPÞHZ, and F an extension

field of QðqÞ such that F contains an m0-th root q1=m0 of q.

Theorem 9.1 ([15]). There exists a unique non-degenerate QðqÞ-bilinear
form ð j Þ : Ub0 �Ua0 ! F which satisfies the following equalities:

ðx j y1y2Þ ¼ ðDðxÞ j y1 n y2Þ; ðx1x2 j yÞ ¼ ðx2 n x1 jDðyÞÞ;

ðKm jKnÞ ¼ q�ðmjnÞ; ðEi jKmÞ ¼ ðKm jFiÞ ¼ 0; ðEi jFjÞ ¼ dij=ðq�1
i � qiÞ;

where x; x1; x2 A Ub0, y; y1; y2 A Ua0, i; j A I, m; n A P, and D is the coproduct of

U defined by

DðEiÞ ¼ Ei n 1þ Ki nEi; DðFiÞ ¼ Fi nK�1
i þ 1nFi; DðKmÞ ¼ Km nKm:

Here we use the notation ð j Þ also for the QðqÞ-bilinear form ð j Þ : ðUb0Þn2 �
ðUa0Þn2 ! F induced by ðx1 n x2 j y1 n y2Þ :¼ ðx1 j y1Þðx2 j y2Þ.

Lemma 9.2 ([10]). (1) For each m; n A Qþ, x A Uþ
m , y A U�

�n, and x; h A P,

the following equality holds: ðxKx j yKhÞ ¼ dmnq
�ðxjhÞðx j yÞ. Moreover, the re-

striction of the form ð j Þ to Uþ
m �U�

�m is non-degenerate.

(2) For each ðx; yÞ A Uþ �U�, the following equality holds: ðCðxÞ jCðyÞÞ
¼ ðx j yÞ.

(3) For each i A I, x A AðsiÞc, y A A�ðsiÞc, and m; n A Zb0, the following

equality holds:

ðxEm
i j yF nÞ ¼ dmnðx j yÞðEm

i jF m
i Þ ¼ dmnðx j yÞðmÞqi !=ðq

�1
i � qiÞm: ð9:1Þ

Proof. Although in [10] the assertions are proved in the case where g is

an arbitrary finite dimensional simple Lie algebra, the proof can be applied to

the untwisted a‰ne case. r

Proposition 9.3. For each y A W, a A CðAðyÞcÞ, and b A CðA�ðyÞcÞ, the
following equality holds: ðTyðaÞ jTyðbÞÞ ¼ ða j bÞ.

Proof. Since the equality is clear in the case where y ¼ 1, we may

assume that lðyÞ > 1. We use the induction on l ¼ lðyÞ. In the case where

l ¼ 1, we can apply the proof of Proposition 8.28 in [10] to this case. In the

case where lb 2, there exist i A I and y 0 A W such that y ¼ y 0si and lðy 0Þ ¼
l � 1. Then we see that Ty ¼ Ty 0Ti, TiðaÞ A CðAðy 0ÞcÞ, and TiðbÞ A
CðA�ðy 0ÞcÞ. Hence, by the inductive assumption, we have the following

equalities:

ðTyðaÞ jTyðbÞÞ ¼ ðTy 0TiðaÞ jTy 0TiðbÞÞ ¼ ðTiðaÞ jTiðbÞÞ ¼ ða j bÞ: r
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Proposition 9.4. Let B be an arbitrary element of B�. If x1 A AðBÞc,
x2 A AðBÞ, y1 A A�ðBÞc, y2 A A�ðBÞ, then the following equality holds:

ðx1x2 j y1y2Þ ¼ ðx1 j y1Þðx2 j y2Þ.

Proof. We first prove the claim in the case where B ¼ FðyÞ with y A W .

By Proposition 7.2(2), we have AðBÞ ¼ AðyÞ ¼ U>ðyÞ and A�ðBÞ ¼ A�ðyÞ ¼
U�

> ðyÞ. We use the induction on l ¼ lðyÞ. In the case where l ¼ 0, since

y ¼ 1, we have U>ðyÞ ¼ U�
> ðyÞ ¼ QðqÞ, which implies the equality. In the

case where l > 0, there exist i A I and y 0 A W such that y ¼ siy
0 and lðy 0Þ ¼

l � 1. By Proposition 5.20(2), there exist m; n A Zb0, a 0
2 A TiU>ðy 0Þ, and

b 0
2 A TiU

�
> ðy 0Þ such that a2 ¼ a 0

2E
m
i and b2 ¼ b 0

2F
n
i . Then T�1

i ða 0
2Þ A U>ðy 0Þ

and T�1
i ðb 0

2Þ A U�
> ðy 0Þ. In addition, we have T�1

i ða1Þ A Aðy 0Þc and T�1
i ðb1Þ A

A�ðy 0Þc. By Lemma 9.2(3), Proposition 9.3, and the inductive assumption, we

see that

ða1a2 j b1b2Þ ¼ ða1a 0
2E

m
i j b1b 0

2F
n
i Þ ¼ ða1a 0

2 j b1b 0
2ÞðEm

i jF n
i Þ

¼ ðT�1
i ða1ÞT�1

i ða 0
2Þ jT�1

i ðb1ÞT�1
i ðb 0

2ÞÞðEm
i jF n

i Þ

¼ ðT�1
i ða1Þ jT�1

i ðb1ÞÞðT�1
i ða 0

2Þ jT�1
i ðb 0

2ÞÞðEm
i jF n

i Þ

¼ ða1 j b1Þða 0
2 j b 0

2ÞðEm
i jF n

i Þ ¼ ða1 j b1Þða2 j b2Þ:

We next prove the claim in the case where B A By. By Proposition

7.2(2), we have AðBÞ ¼ U>ðBÞ and A�ðBÞ ¼ U�
> ðBÞ. Then, by Proposition

5.20(2), there exists y A WðBÞ such that x2 A AðyÞ and y2 A A�ðyÞ, and hence

x1 A AðyÞc and y1 A A�ðyÞc. Therefore the equality is still valid in this case.

r

Proposition 9.5. (1) Let w be an arbitrary element of W
�
. If Xþ A

Aðw;þÞ, Yþ A A�ðw;þÞ, X0 A Aðw; 0Þ, Y0 A A�ðw; 0Þ, X� A Aðw;�Þ, Y� A A�ðw;�Þ,
then ðXþX0X� jYþY0Y�Þ ¼ ðXþ jYþÞðX0 jY0ÞðX� jY�Þ.

(2) Let � be an arbitrary convex order on Dðw;�Þ. Set F c
1 :¼ WðE c

0
Þ.

Then

ðE c
1jF c 0

1 Þ ¼ dc; c 0
Y

a ADðw;�ÞðcðaÞÞqa !=ðq
�1
a � qaÞcðaÞ: ð9:2Þ

Proof. (1) Since XþX0 A Aðw;�Þc and YþY0 A A�ðw;�Þc, by Proposition

9.4, we see that ðXþX0X� jYþY0Y�Þ ¼ ðXþX0 jYþY0ÞðX� jY�Þ. Moreover,

since Aðw; 0ÞHAðw;þÞc and A�ðw; 0ÞHA�ðw;þÞc, by Lemma 9.2(2) and Prop-

osition 9.4, we see that ðXþX0 jYþY0Þ ¼ ðXþ jYþÞðX0 jY0Þ. Thus (1) is valid.
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(2) We assume that suppðcÞU suppðc 0Þ ¼ fb1; b2; . . . ; bmg with b1 0 b2
0 � � �0 bm, and put I ¼ ð�; b1��. By (8.13)(8.14) in Theorem 8.4, we see that

E
cðbmÞ
�;bm

. . .E
cðb2Þ
�;b2

A AðIÞc, E
cðb1Þ
�;b1

A AðIÞ, F
c 0ðbmÞ
�;bm

. . .F
c 0ðb2Þ
�;b2

A A�ðIÞc, and F
c 0ðb1Þ
�;b1

A

A�ðIÞ, where F
cðaÞ
�;a :¼ WðE cðaÞ

�;a Þ for each a A Dðw;�Þ. Hence, by Lemma 9.2(1),

Proposition 9.4, and the induction on m, we see that

ðE c
1jF c 0

1 Þ ¼ ðE cðbmÞ
�;bm

. . .E
cðb2Þ
�;b2

E
cðb1Þ
�;b1

jF c 0ðbmÞ
�;bm

. . .F
c 0ðb2Þ
�;b2

F
c 0ðb1Þ
�;b1

Þ

¼ ðE cðbmÞ
�;bm

. . .E
cðb2Þ
�;b2

jF c 0ðbmÞ
�;bm

. . .F
c 0ðb2Þ
�;b2

ÞðE cðb1Þ
�;b1

jF c 0ðb1Þ
�;b1

Þ

¼
Ym

k¼1
ðE cðbkÞ

�;bk
jF c 0ðbkÞ

�;bk
Þ ¼ dc; c 0

Y
a ADðw;�ÞðE

cðaÞ
�;a jF

cðaÞ
�;a Þ:

The equality (9.2) follows from Lemma 9.2(3) and Proposition 9.3. r

Thanks to Proposition 9.5, to complete the computation of values of the q-

Killing form, it su‰ces to compute the values on Aðw; 0Þ � A�ðw; 0Þ. For the

completion of the task, we refer to the following work of I. Damiani

concerning detailed computation of the values of the q-Killing form on the

subalgebras generated by the imaginary root vectors.

Proposition 9.6 ([6]). (1) For each n A N and i; j A I
�
with i < j, there is a

solution fAðnÞ
il A QðqÞ j ia l A I

�
g of the following system of linear equations:P

ial A
ðnÞ
il ðsgnðAljÞÞn½nAlj�ql=n ¼ 0 under the condition A

ðnÞ
ii 0 0.

(2) For each ði; nÞ A I
�
�N, one set ~IIi;n :¼

P
ial A

ðnÞ
il Il;n and ~JJi;n :¼ Wð~IIi;nÞ.

Then the elements f~IIi;n j n A N; i A I
�
g satisfy the following conditions (i)(ii):

(i) for each n A N, the sets f~IIi;n j i A I
�
g and fIi;n j i A I

�
g, respectively, are

bases of the same QðqÞ-vector subspace of Uþ;

(ii) for each pair ðc; c 0Þ of finitely supported Zþ-valued functions on I
�
�N,

the following equality holds:�Y
ði;nÞ A I

�
�N

~II
cði;nÞ
i;n j

Y
ði;nÞ A I

�
�N

~JJ
c 0ði;nÞ
i;n

�
¼ dc; c 0

Y
ði;nÞ A I

�
�N

ðcði; nÞÞ!ð~IIi;n j ~JJi;nÞcði;nÞ;

where the value of ð~IIi;n j ~JJi;nÞ is given by

ð~IIi;n j ~JJi;nÞ ¼ A
ðnÞ
ii

X
ia j

A
ðnÞ
ij ðsgnðAjiÞÞn½nAji�qj=fnðq

�1
i � qiÞg: ð9:3Þ

Remark 9.7. For each n A N and i; j A I
�
with i < j, a solution fAðnÞ

il A
QðqÞ j ia l A I

�
g of the system of the linear equations in the part (1) of Prop-

osition 9.6 is given in Proposition 7.4.3 of [6].

Theorem 9.8. Let us use the notations as in Theorem 8.6 and Proposition

9.6, and assume that J ¼ I
�
. For each h A ~DDþ, we set
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~EEh ¼ ~EE�;h :¼
E��;h if h A Dðw;�Þ;

Twð~IIi;nÞ if h ¼ ðnd; iÞ A ~DD im
þ ;

CðE� op
þ ;hÞ if h A Dðw;þÞ;

8><>: ð9:4Þ

and set ~FFh ¼ ~FF�;h :¼ Wð ~EE�;hÞ. Then the sets ~EE �
~11
ð ~DDþÞ and ~FF �

~11
ð ~DDþÞ (see Def-

inition 5.18) are convex bases of Uþ and of U� respectively satisfying

ð ~EE c
~11 j ~FF c 0

~11 Þ ¼ dc; c 0
Y

h A ~DDþ
ðcðhÞÞqh !ð ~EE�;h j ~FF�;hÞcðhÞ ð9:5Þ

¼ dc; c 0
Y

a AD re
þ
ðcðaÞÞqa !=ðq

�1
a � qaÞcðaÞ

�
Y

ðnd;iÞ A ~DD im
þ
ðcðnd; iÞÞ!ð~IIi;n j ~JJi;nÞcðnd;iÞ; ð9:6Þ

where the value of ð~IIi;n j ~JJi;nÞ is given by (9.3). Therefore, the convex basis
~EE �
~11ð ~DDþÞ of Uþ and the convex basis

f ~FF c
~11=ð ~EE

c
~11 j ~FF c

~11Þ j c : ~DDþ ! Zþ s:t: asuppðcÞ < yg

of U� form a pair of dual bases with respect to the q-Killing form ð j Þ.

Proof. By Proposition 6.6, (7.2), and the definition of ~IIi;n, we see that the

set ~EE �
~11ð ~DD

im
þ Þ is also a basis of the commutative subalgebra Aðw; 0Þ. So, in the

same manner as in the proof of Theorem 8.6, it is easy to see that the first

assertion is valid. By Proposition 9.6(2) and Proposition 9.3, we see that

ð ~EE c
~11 j ~FF c 0

~11 Þ ¼ dc; c 0
Y

ðnd; iÞ A ~DD im
þ
ðcðnd; iÞÞ!ð~IIi;n j ~JJi;nÞcðnd; iÞ ð9:7Þ

for each pair ðc; c 0Þ satisfying suppðcÞ; suppðc 0ÞH ~DD im
þ . Let w� be the longest

element of W
�
J. Then Dðw;þÞ ¼ Dðww�;�Þ. Hence, by Proposition 9.5(2) and

Lemma 9.2(2), we see that

ð ~EE c
~11 j ~FF c 0

~11 Þ ¼ dc; c 0
Y

a ADðw;þÞðcðaÞÞqa !=ðq
�1
a � qaÞcðaÞ; ð9:8Þ

for each pair ðc; c 0Þ satisfying suppðcÞ; suppðc 0ÞHDðw;þÞ. Therefore the equal-

ities (9.5) and (9.6) follow from Proposition 9.5(1)(2), (9.7), and (9.8). The last

assertion follows from the first assertion and the equality (9.5). r

Corollary 9.9. Let us use the notations as in Proposition 9.6 and

Theorem 9.8. For each convex order � on Dþ, the universal R-matrix R of

UqðgÞ can be expressed as follows:

R ¼
�Y1

a ADðw;þÞ Y�;a

��Y1

a AD im
þ
Y�;a

��Y1

a ADðw;�Þ Y�;a

�
q�T ;
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where T A h� n h� is the canonical element of the inner product ð j Þ on h� and

Y�;a :¼
expqaððq�1

a � qaÞE�;a nF�;aÞ for a A Dre
þ ;

expð
Pr

i¼1 Twð~IIi;nÞnTwð ~JJi;nÞ=ð~IIi;n j ~JJi;nÞÞ for a ¼ nd A D im
þ :

(
Here, Y�;a 0 is located on the left side of Y�;a in the product above if a 0 1 a, and

expqaðxÞ ¼
Py

m¼0 x
m=ðmÞqa !.

Proof. Let Y be the canonical element of the restriction of the q-Killing

form to Uþ
q �U�

q . Then it is known that the universal R-matrix R of UqðgÞ
can be expressed as follows (cf. [15]): R ¼ Y � q�T . By Theorem 9.8, we see

that

Y ¼
X

c

~EE c
~11
n ~FF c

~11

ð ~EE c
~11
j ~FF c

~11
Þ
¼
X

c

Y~11

h A ~DDþ

~EE
cðhÞ
�;h n ~FF

cðhÞ
�;h

ðcðhÞÞqh !ð ~EE�;h j ~FF�;hÞcðhÞ

¼
Y~11

h A ~DDþ

Xy

m¼0

1

ðmÞqh !
~EE�;h n ~FF�;h

ð ~EE�;h j ~FF�;hÞ

 !m
¼
Y~11

h A ~DDþ
expqh

~EE�;h n ~FF�;h

ð ~EE�;h j ~FF�;hÞ

 !

¼
�Y1

a ADðw;þÞ Y�;a

��Y~11

h A ~DD im
þ
Y�;h

��Y1

a ADðw;�Þ Y�;a

�
;

where Y�;h :¼ expðTwð~IIi;nÞnTwð ~JJi;nÞ=ð~IIi;n j ~JJi;nÞÞ for h ¼ ðnd; iÞ A ~DD im
þ . Since

the elements of fTwð~IIi;nÞnTwð ~JJi;nÞ j ði; nÞ A I
�
�Ng are commutative with each

other, the factor ð
Q~11

h A ~DD im
þ
Y�;hÞ of Y can be written as

Y~11

h A ~DD im
þ
Y�;h ¼

Y1

nd AD im
þ

Yr

i¼1
Y�; ðnd;iÞ ¼

Y1

nd AD im
þ
Y�;nd: r
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