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Abstract. A new proof, which is much simpler and which works in more generality,

of a structure theorem on maximally di¤erential graded ideals in a Noetherian graded

ring containing a field of characteristic zero is given.

1. Introduction

Let R ¼ 0y
n¼0

Rn be a Noetherian graded ring and let I be an ideal of R.

It was shown in [1] that if R ¼ R0½R1� and R0 is a field of characteristic zero

and if I is the maximally D-di¤erential graded ideal of R for some set D of

R0-derivations of R, then there exist a Noetherian graded subring A ¼ 0y
n¼0

An

of R, elements x1; . . . ; xr A R1 such that x1; . . . ; xr are algebraically indepen-

dent over A, R ¼ A½x1; . . . ; xr� and I ¼ nR, where n ¼ 0y
n¼1

An, the irrelevant

maximal ideal of A.

One wonders whether some of the conditions in the hypothesis of above

result are indeed required. In other words is the result true without the

following assumptions?

(1) R is generated by R1 as an R0-algebra.

(2) D is a set of R0-derivations.

If one analyses the proofs in [1], one realizes that the proof of the above

result depends essentially on Lemma 3 and Lemma 5 of the article. Proof of

Lemma 3 can be modified to remove both the conditions. However, it is not

clear if the same can be done to the proof of Lemma 5.

In this article we give a proof of the above result without the assumptions

of (1) and (2). We use some of the ideas of [1], which are modified to suit the

situation and we also use some ideas from [4]. The proofs in this article are

more direct, much simpler and slicker.

2. Results

By a ring we mean a commutative ring with unity.
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We recall the following definition:

Definition 1. Let R ¼ 0y
n¼0

Rn be a graded ring and let D be a set of

derivations of R. Let F be the set of all proper graded ideals I which are

D-di¤erential, that is, I 0R and dðIÞM I for all d A D. By a maximally

D-di¤erential graded ideal of R, we mean a maximal element of F . If R0 is a

field then it is immediate that R has a unique maximally D-di¤erential graded

ideal.

An ideal I is said to be a maximally di¤erential graded ideal if it is the

maximally D-di¤erential graded ideal for some set D of derivations of R.

We now prove a few lemmas. The construction in the lemma below is

from [2].

Lemma 1. Let A be a ring and let B ¼ A½x�, where x is an indetermi-

nate. Let d be a derivation of B. For a A A and ib 0, let diðaÞ denote the

coe‰cient of xi in the expression of dðaÞ. Then for all ib 0, di is a derivation

of A.

Proof. For all a A A, dðaÞ ¼
Py

i¼0 diðaÞxi. Therefore for all a; b A A, we

have

dðaþ bÞ ¼ dðaÞ þ dðbÞ ¼
Xy

i¼0

ðdiðaÞ þ diðbÞÞxi

and

dðabÞ ¼ bdðaÞ þ adðbÞ ¼
Xy

i¼0

ðbdiðaÞ þ adiðbÞÞxi:

On comparing the coe‰cient of xi, we get diðaþ bÞ ¼ diðaÞ þ diðbÞ and

diðabÞ ¼ bdiðaÞ þ adiðbÞ for all ib 0. r

Lemma 2. Let A be a ring containing a field of characteristic zero and let x

be an indeterminate. Let B ¼ A½x� and let I be an ideal of B. Assume that I is

d-di¤erential, where d ¼ d=dx. Then we have:

(a) Let f ¼
Pm

i¼0 aix
i A I with ai A A. Then ai A I for all 0a iam.

(b) I ¼ JB, where J ¼ I VA.

Proof. (a) As dmð f Þ A I we have m!am A I , that is, am A I . Hence

f1 ¼
Pm�1

i¼0 aix
i A I . Now, by induction, it follows that ai A I for all ib 0.

(b) By (a), I M JB and hence I ¼ JB. r

Lemma 3. Let B be a graded ring containing a field of characteristic zero

and let A be a graded subring of B. Let x A B be a homogeneous element of B

such that x is algebraically independent over A and B ¼ A½x�. Let D be a set of
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derivations of B and let I be the maximally D-di¤erential graded ideal of B. Let

J ¼ I VA. If, in addition, I is d=dx-di¤erential then J is a maximally di¤er-

ential graded ideal of A and JB ¼ I .

Proof. Since I is d=dx-di¤erential, by Lemma 2, JB ¼ I .

For d A D, define dis as in Lemma 1 and let

~DD ¼ fdi j ib 0; d A Dg:

We show that J is the maximally ~DD-di¤erential graded ideal of A. Let

a A J, d A D. Then a A I . Hence dðaÞ ¼
Py

i¼0 diðaÞxi A I . Since I is d=dx-

di¤erential, we get diðaÞ A I for all i. Hence diðaÞ A J for all d A D and for all

ib 0. Therefore J is ~DD-di¤erential.

To prove that J is a maximal element in the set of proper graded
~DD-di¤erential ideals of A, let ~JJ be a ~DD-di¤erential graded ideal of A such that J

is a proper subset of ~JJ.

Let a A ~JJ and d A D. Then dðaÞ ¼
P

ib0 diðaÞxi A ~JJB. Therefore ~JJB is

D-di¤erential. Since I ¼ JB and JB is a proper subset of ~JJB, we must have
~JJB ¼ B. Therefore ~JJ ¼ A. r

We now recall the following definition from [1]:

Definition 2. Let R ¼ 0y
i¼0

Ri be a graded ring and let r be an

integer. A derivation d of R is said to be of weight r if dðRiÞJRiþr for

all ib 0 (by convention Ri ¼ 0 for i < 0).

The next lemma is immediate from the definition:

Lemma 4. Let R ¼ 0y
i¼0

Ri be a graded ring and let d be a derivation of R

of weight r. Then kerðdÞ is a graded subring of R.

Lemma 5 [5, Proposition 2.4]. Let R ¼ 0y
i¼0

Ri be a graded ring, where

R0 is a field of characteristic 0. Let rb 1 be an integer and let d be a derivation

of R of weight �r. If x is a homogeneous element of degree r such that dðxÞ ¼ 1

then x is algebraically independent over A ¼ kerðdÞ and R ¼ A½x�.

Proof. The lemma is the same as [5, Proposition 2.4] for r ¼ 1. The

proof for rb 2 is also similar. r

Lemma 6. Let R ¼ 0y
i¼0

Ri be a Noetherian graded ring such that R0 is a

field of characteristic 0. Let I be the maximally D-di¤erential graded ideal of R

for some set D of derivations of R. Then I is prime.

Proof. Let P be a minimal prime ideal of I . Then, by [3, 1.3], P is

D-di¤erential. As I is graded, so is P. Hence I ¼ P, that is, I is a prime

ideal of R. r

We now prove the main result.
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Theorem [1, Theorem]. Let R ¼ 0y
i¼0

Ri be a Noetherian graded ring

such that R0 is a field of characteristic 0. Let I be a graded ideal of R and let

n ¼ dimðR=IÞ. Then the following are equivalent:

(a) I is a maximally di¤erential graded ideal.

(b) There exist a Noetherian graded subring A of R and homogeneous

elements x1; x2; . . . ; xn of R such that x1; x2; . . . ; xn are algebraically

independent over A, R ¼ A½x1; x2; . . . ; xn� and I ¼ nR, where n is the

irrelevant maximal ideal of A.

Proof. (b) ) (a). Clearly I is the maximally fq=qx1; q=qx2; . . . ; q=qxng-
di¤erential graded ideal.

(a) ) (b). Let I be the maximally D-di¤erential graded ideal of R.

Then, by Lemma 6, I is prime.

Let m denote the irrelevant maximal ideal of R.

We prove the result by induction on n ¼ dimðR=IÞ.
If n ¼ 0 then I ¼ m and so we have nothing to prove.

Suppose now that nb 1. Then I 0m. Therefore m cannot be D-

di¤erential. Hence there exist a homogeneous element x A m, say of degree

rb 1, and a derivation d A D such that dðxÞ B m.

Define d : R ! R as follows: For y A R, let yi denote the ith homogeneous

component of y. Put dðyÞ ¼
Py

i¼0ðdðyiÞÞi�r. Then d is a derivation of weight

�r.

Note that dðxÞ is a unit of R0. By replacing d by dðxÞ�1
d we may assume

that dðxÞ ¼ 1.

Since I is d-di¤erential and graded, it is also d-di¤erential.

Let A ¼ kerðdÞ and let J ¼ I VA. Now we have:

(1) By Lemma 4, A is a graded subring of R.

(2) By Lemma 5, x is algebraically independent over A and R ¼ A½x�.
(3) Construct ~DD as in the proof of Lemma 3. As d ¼ d=dx, by Lemma

3, J is the maximally ~DD-di¤erential graded ideal of A and I ¼ JR.

Therefore

R

I
¼ A½x�

JA½x� G
A

J
½t�;

where t is an indeterminate. This implies that dimðA=JÞ ¼ n� 1. Now, by

induction, the result follows. r

The following corollary is an easy consequence of the above theorem:

Corollary. Let R ¼ 0y
i¼0

Ri be a Noetherian graded ring such that R0 is

a field of characteristic 0. Let D be a set of derivations of R such that the ideal

(0) is the only proper D-di¤erential graded ideal R. Then R is isomorphic to a

polynomial ring over R0.
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