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Introduction

It is important and interesting to determine when the dynamical system is
Anosov. J. N. Mather has already obtained a characterization of Anosov diffeo-
morphisms in [7], but the corresponding characterization of Anosov flows has
not been established as yet.

In this paper, the author proposes a characterization of Anosov flows for a
special flow, called a geodesic flow. For a geodesic flow, there is a canonical split-
ting TSM =E®S (see Lemma 3) and when the geodesic flow is Anosov, one can
obtain E=ES@E* (see Lemma 8), thus the question is whether we can obtain a
splitting of E with some properties or not, so that one can obtain the result corre-
sponding to [7].

In Section 1 the definition of geodesic flows is given and some lemmas are
proved which provide useful information on the structure of geodesic flows.
Extensive use is made of results on Riemannian geometry as developed by Anosov
[2], Dombrowski [3] and Sasaki [8].

In Section 2 and 3 some lemmas are presented upon which the proof of the
main theorem (Theorem 1) is based. All the tools used in these sections can be
found in the theory of manifolds and in the theory of semigroups (see, e.g. [1],
(41, [6D).

In Section 4 the main theorem is stated and proved.

§1. A treatment of geodesic flows

1.1 Riemannian connector K.

Let M be an n-dimensional complete connected Riemannian C®-manifold,
TM , be the tangent space at pe M and TM =\U .,y TM , denote the tangent bundle
on M with projection n. If (x!, ., x") is a local coordinate system at pe M and
if we set TM,ev =3 " ,v'd/0x!, then we can take (x!, .., x", v!,..., v") as a local
coordinate system at ve TM » SO that we can induce a differentiable structure on
™.

In order to define a geodesic flow by some vector field on TM, we must con-
sider the double tangent space TTM =T2M. Since the Riemannian manifold
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has the Riemannian connection F, we can interpret the double tangent space
T2M as the vector bundle over M as follows:

There is a mapping K: T2M —TM, called the Riemannian connector associ-
ated with the Riemannian connection 7, such that the following diagram is com-
mutative

T°M —X > TM

[ e

T™ _™ , M

and 77, @7 @ K maps T2M to TM @ TM @ TM isomorphically as vector bundles
on M, where ny;: TM—>M and np),: T2M—TM are the projections for the tangent
bundles on M and TM, respectively, and r, is the differential of 7,,. (For details,
see [3].)

The following proposition due to P. Dombrowski [3] is important in our
investigation.

ProrosiTION 1. For any triple X, Y, Ze TM ,, there is a unique AeT?*M,
such that ngeA=X and KA=Y.

ReMARK 1. By the local coordinate system, we can represent the mappings
7y and K as follows: If we set

39 12 — (s O ..+i5>
TM,,GU—i;lU ox*’ "M, ex= i§1<é 5xi+£ ov')’
then
(1) teX= 3 &0
T ox
@) KX= 3 @i 35 Theio) o2,
i=1 J k=1 X

where I'i;, are Christoffel’s symbols.
By using the mappings 7, and K, we can induce a Riemannian metric on TM,

that is,
3) <X, Y>py=<mX, 1, Y>y+ <KX, KY>,,

where X, Ye T?M, and < , >, is the Riemannian metric on M. (We will not
distinguish < , >,, and < , >, unless they are confused.)

1.2 Definition of geodesic flows.

DEFINITION 1, A geodesic flow is the flow generated by the following vector
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field S:

TS, =0,
C))

KS,=0,
where ve TM and S, e T2M,,

REMARK 2. (i) S is well defined because of Proposition 1 and S is a so-
called geodesic spray (see [6]).
(ii) Let w be the 2-form on TM defined as follows:

®) o(X, V)=<n,X, KY>— <KX, n,Y>,
where X, Ye I'(T2M) (the set of vector fields on TM). Then (TM, ®) is a sym-
plectic manifold and for every Ye I'(T2M), S satisfies the equation

©) (S, ¥)=2-dH(Y),

where H(v)=<v, v>, ve TM. This shows that a geodesic flow is a global
Hamiltonian flow. (For the definition of global Hamiltonian flows, see [1].)

Let us restrict S to the sphere bundle SM on M which consists of unit tangent
vectors. We can do this because of the following lemma.

LEMMA 1. The vector field X on TM is tangent to SM, if and only if
0 <v, KX, > =0.

Proor. X is tangent to SM if and only if X(H)=dH(X)=0, where H is the
same as in Remark 2. By using (5) and (6) we can see that for all ve SM,

X (H)=dH(X,)=2w(S,, X,)=2<n,S,, KX,>—-2<KS,, n:X,>
=2<v, KX,>.

This completes the proof.
By this lemma we can obtain the following corollary which will be needed
later.

COROLEARY 1.
I(TSM)={XeI(T?>M); <v, KX,> =0, for all veSM},

where TSM is the tangent bundle of SM.

From now on, by a geodesic flow on M we mean the flow generated by the
vector field S restricted to SM. Set ¢,=exptS. Then ¢, is a one-parameter
groups of diffeomorphisms on SM and the parameter ¢ is equal to the arc-length,
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since || S| =1.

REMARK 3. Since a global Hamiltonian flow preserves the volume element
A", we can easily see that a geodesic flow preserves some measure by the theorem
of Hamilton-Jacobi. (see [1], Theorem 16.27.)

1.3 Some lemmas for geodesic flows.

Let ¢, be a geodesic flow defined above. Then the differential T¢, of ¢,
is canonically defined. We will investigate T¢, as follows.

Let (x*, v') be a local coordinate system at ve TM,. Then from (1), (2) and
(4), the geodesic spray S is locally represented as follows:

® (v

n ) a
ink
le:,k Loty 6vi)'

Therefore the mapping ¢,: SM—SM is locally defined by the following differ-
ential equations

dxi ;
@ & ="

a’v' u .
(10) 3 Jéll';-kvlv".

Let (xi, vi, &, &) be a local coordinate system at (e TSM,. Then the
mapping T¢,: TSM —TSM is locally defined by the following equations

(ll) i _é____én-*t
et s Ol .
(12) i’t =-, P et Eloivk—2 j%_";x T pigntk,

Now we can obtain the differential equations for T¢, which are independent
of the local coordinate system as follows: '

LEMMA 2. Let £EeTSM, be a tangent vector at veSM. Then T, & satisfies
the following equations

(13) B nThE=KT$<,

(14) LD KT &+ R(B.0, 14T 2)§0=0

where fi)t is the covariant derivative along the geodesic curve y on M with the
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initial conditions y(0)=x, 7(0)=v and y(t)=¢,» and R is the curvature tensor
defined as: for X, Y, Ze TM,

(15) RIX,Y)Z=—VyVyZ+VyVxZ+V x r1Z.

Proor. Since the curve t—x(t) is equal to y defined before because of (9)
and (10), 7, T¢,£ and KT¢,& are vector fields along y. Thus the covariant deriva-
tives of n,T¢, and KT¢,¢ along y have a meaning. For brevity we represent
v, P,v and TP,E as (xi(t)), (v'(¢)) and (&i(t), Enti(t)) respectively. Then from (1)
and (2), n4To,£ and KTp,¢ can be represented as (£i(1)) and (E"*i(t)+ I (x(1))
vi(t)E*(t)) by using Einstein’s rule. Furthermore, so as to avoid complication
we do not write ¢t for xi(f), vi(t), £i(t) and &*i(f). 1t follows from (9), (10), (11)
and (12) that

D dét

— i dxi .y
@ ™= g Tl g€

=gntig Fg.kujék=Ké .

Further, by using classical relations (see [S]; note that our definition of R has
the opposite sign),

D oy d(EM4 T 0IER)
ar Ke= ar

. J
Tl (@rvi g I ohem)

= — a(ngtk étvjvk_zr;jkujéﬁk_{_ aé;:tk Ulujék

— LT gkolom+ Ilpignts

+ Fipigntt4 i L vivkém

or: or: . . .
- _( ok +r:nlr'l:‘j_r:nkr?l>vjélvk

= _Rj’lknglvk: _R(Ua n*é)v s

where R, is defined in [5] (Proposition 7.6). This completes the proof.
For every ve SM, we define E, as follows:

E,={XeT>M,; <n,X, v>=<KX, v>=0}.
Then we obtain the following.

LEMMA 3. The following statements are true.
(i) E=\,suE, is a subbundle of the tangent bundle TSM on SM.
(i) TSM=E®S is a continuous bundle splitting, where @ means an
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orthogonal sum and S is the 1-dimensional vector bundle generated
by the vector field S.
(i) E is To,-invariant, namely T$,E,=E,,,.

Proor. The statement (i) is evident and (ii) follows directly from the follow-
ing fact, together with Corollary 1: for every X € E,,

<X, S,> =<m X, 1,S,>+ <KX, KS,>=<m, X, v>=0.

To prove (iii) let us consider X e E, and T¢,X. Then from Lemma 2, we
have

d D D
7<n*T¢,X,¢,v> = <7n*T¢,X, o>+ <n, T, X, 7¢,v>

=<Kn,Tp, X, p,v>=0,

d
5 < KT¢,X, p,v>

D D
<7KT¢,X, ¢,v>+ <KT¢,X, 717¢'U>

=< _R(¢tvs 7T*T¢,X)¢,U, ¢,U> =0.

The first equation follows from the facts that the Riemannian connection is com-
patible with the Riemannian metric and ¢,v is the velocity vector of the arc-length
parametrized geodesic curve, with T¢, X € TSM,,,. The second equation follows
from the skew symmetric property of the curvature tensor (i.e. <R(X, Y)Z, W> +
<R(X, Y)W, Z> =0).

This completes the proof.

Let us define the mapping D: E,— E, as follows: for Xe€E,, veSM,
DX =KX,
(16)
KDX = —R(v, my X)v.

By Lemma 2 and Lemma 3, we can easily show that D is well defined and is a bundle
mapping on E.
Now we get the following lemma.

LemMMA 4. For every X€eE, and T¢, X,
a7 2|79, X|>=2< DT, X, To.X>,

where | X||?=<X, X>.

Proor. Using Lemma 2, we obtain
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%< T X, Td X> = %< 1 Th X, 1, Th,X> + % <KT$,K, KTh X>
D D
=2< D n,1¢.X, 1, ToX> +2< D kTY X, KTY X>

=2<KT¢p,X, n, T, X > +2< —R(p, 1, T, X)p,v, KTp, X >
=2<n,DT$ X, n, T X>+2<KDT¢, X, KT, X >
=2<DT¢ X, Tp, X >.

This completes the proof.

§2. Some lemmas from the theory of differentiable manifolds

Let M be a compact connected C®-manifold with some Riemannian metric
< , > and ¢, be a one-parameter group of diffeomorphisms on M, so-called
“flow”, defined by some vector field X on M.

DErFINITION 2. A flow ¢, is called an Anosov flow, if there exists a continuous
splitting of the tangent bundle TM =EsS@E*@® X such that:

(i) Es and E* are T¢,-invariant vector bundles of dimension larger than one;

(ii) there are positive constants ¢ and w such that for Ye Es, ||T¢, Y| =<

ce | Y| in t=0, and for Ye EY, | Tp_,Y||<ce | Y| in t=0.
We will call Es and E* the stable and unstable bundles respectively.

Let F be a T¢,-invariant vector subbundle of TM and I'°(F) be the set of con-
tinuous sections of F. For £eT'°(F), set || =sup,cullésll, where |Y|2=<Y,
Y> and set ¢ =Tp,cop_,. Then I'°(F) is a normed space and ¢¥ is a one-
parameter group of linear operators on I'°(F).

We can easily check the following properties of I'°(F) and ¢#¥.

PROPOSITION 2. The following statements are true.

(i) T9(F)isa Banach‘space over the reals.

(ii) @¥: F°(F)—»I'°(F) is a toplinear automorphism on I'°(F) for any teR.

(iii) ¢y is the identity operator on I'°(F).

(iv) For all s, teR, ¢ptodp?=¢i,..

(v) ¢?F is strongly continuous in t, that is, lim|@p¥&—&|| =0 for all E€
(F). e

Proor. Since (i), (ii), (iii) and (iv) are obvious, we will only prove (v).
Choose a finite cover {U,},., of M by charts and choose y>0 so small that for
d(x, y)<y there is a chart («, U) of the cover with x, ye U, Then we can consider
that ¢, maps U into U for [t| <y.
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Take a chart (o, U), where U is an open subset of M and « is a C®-diffeo-
morphism mapping a neighborhood of U onto an open subset of ", and ¢e
I'°(F). Then by identifying ¢, with the induced mapping on the image of «, we

have
I(DPs 84— ex— El S NDPg 18- x— (DD xExl

F1(DPg_ 2 — (D)Ll
+1(DP)sEx— &l

S1DPP)g xll 1€ =&l
1Py — (DPN NEN + (D) — I 1]

SCillEg_ =&l + Cal(DP)g_ . — (Dl
+C5[(Dd)— 11,

where D is the derivation and C,, C, and C; are constants independent of t.

For arbitrary ¢>0, when |¢| is sufficiently small, the first term is smaller than
&, because &, is equicontinuous in xe M. For the second and third terms, by
taking the Taylor expansion of first order with respect to ¢, we have

(D¢ =1+ (DX),,t,
Dy =T—(DX), X, 1,
for some x, and x,, where X is the vector field which defines ¢,. Therefore
1(D@)g. x— (PPl = Caltl
(D) — Il = Cslt] .

This implies that ||@#& — &|| converges to zero as t tends to zero, because ||¢pFE—&|
is equivalent to

sup (D )g_ oxCo-x—Exll -

Aed,xeU,

This completes the proof.
Now let us obtain the relation between T¢, and ¢}.

LEMMA 5. The following statements are equivalent.
(i) There are positive constants ¢ and w such that for every x € M and every

XE€EF,,
[T X[ =ce | X]| in t20.
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(ii) There are positive constants ¢ and o such that for every & e I'°(F),
lpfill=cem'Il&] in 120
(namely | ¢F]| =ce®").

Proor. For xe M and £eT'°(F)

1Th s sl S ce™ &yl Sce [l

and therefore,
163€1 =sup | Th_ ol ScerlE] -

Thus (i) implies (ii).
Conversely, for X e F,, we can take £eI'°(F) such that £,=X and ||¢|| =
|X]l. Then we have

IToX N = ThEll = (@7 pexll = I HFE
Sce || ¢l =cem |1 X].

Thus (ii) implies (i), which completes the proof.
Here we will state a result of R. G. Swan [9] which will be needed later.

ProrosiTION 3. If M is compact and E, E, and E, are vector bundles on
M, then the correspondence which sends a vector bundle splitting E=E,®E,
to the corresponding splitting I'°(E)=I%E,)®TI'°(E,) of C°(M)-module is bi-
jective, where C°(M) is the ring of all continuous functions on M.

§3. Some lemmas from the general spectral theory and the theory
of semi-groups

Let X be a Banach space over the complex numbers € and A be a bounded
linear operator on X.

DEerFINITION 3. The spectrum of the bounded linear operator A is the set
of complex numbers A such that 4 —AI is not a toplinear automorphism on X.
We denote this set by 6(4). The set p(4)=% —a(A) is called the resolvent set
of A and R(A, A)=(A—AI)~! is called the resolvent of A for i € p(A).

o(A), p(A) and R(4, A) have the following properties (see [5], VII 3.4).

ProposITION 4. If X5 {0}, then the following statements are true.
(i) o(A) is a closed and bounded non-void subset of €.
i) suplo(4)] = limn/JAT< 4]l
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(iii) R(A, A) is an operator valued analytic function on p(A).
Let T, be a strongly continuous semi-group of bounded linear operators on
X. Then we have the following lemma.

LEMMA 6. If ||T,|| <ce " for all positive integers n, where ¢, and w are
some positive constants, then there is a positive constant ¢ such that | T,|| < ce "
for all t=0.

ProoF. Since T, is strongly continuous, by Lemma VIII 1.3 in [4], we have

sup | Tl <c,,
te[0,1]
where ¢, is some constant.
Set c=c,c,e®. Then |T,|| < ce ** for all t=0, which completes the proof.
When p(T;)> {1 &: |A]| =1}, if we set

1
p=-_L Sm:lR(/l, T,)d7,

then P is a bounded projection operator on X because {1e0d(T}); |A|<1} is a
spectral set (see [4], p. 573), hence PX is a closed subspace of X.
Now we obtain an important lemma.

LemMMA 7. PX is T-invariant for all t=0.

Proor. If p(T))>{Ae¥; |A|=1}, then p(T,,)>{Ae¥; |A|=1} for every
positive integer n, because it follows that o(T;) =0(T} )" from the spectral mapping
theorem (see [4], p. 569).

Since T, is a bounded operator, we can choose three constants 0<r; <1<
ry<ry such that p(T,)>{Ae¥;r;Z|AISr;} and o(Ty,)={Ae¥; |A<rs3}.
By Dunford’s integral (see [4], p. 568), we have

RO, T)= =5 B D) gy )
la}=r1

R(a’ Tl/n)
2mi o —A 2mi SM:” do

an—A

— 1 R(d, Tl/n)
27 S|¢|=,-3 an—A dac,

for |A]=1. Therefore, by Proposition 4 (iii), we have

P= —-1—.-S R(, Ty)dA
|Al=1

= _(ZLM)ZSMFI { —S|a|=r1 + S|al=r2— S|4ztl=rg}1{(;x','-z-'ll't/")dl1
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__ 1 1 dA }
T 2mi S|a|=n{ 2mi S|A|=1l—d" R(@, T:.)da

- _2—1711’_S|a|=r R(@, Ty jp)do= —_217-51._&“:11{(«, T, )do.

This shows that T,,,P=PT,,, for every positive integer n, because T;,,R(«, T} ,,) =
R(a, Ty /) Tyne

Thus by using the fact that T, is strongly continuous, we have shown that
T,P=PT, for all t=0. This means that PX is- T,-invariant for all t=0.

Next we will consider the case where X is a Banach space over the reals #
in order to apply the general spectral theory to I'°(F).

Let A be a bounded linear operator on X and set

E={&,+i&y; &y, &%),
AE=AE, +iAE, for E=&,+if,eX.

Then ¥ is a Banach space over ¢ with norm IENZ=]1E 12+ 1,012 and 4 is a

¢-linear bounded operator on X. (i and A are the so-called complexifications
of X and A, respectively.)

§4. A characterization of Anosov flows for geodesic flows

Let M be an n-dimensional compact connected Riemannian C®-manifold and
let ¢, be the geodesic flow on M. Recall that ¢, is a one-parameter diffeomor-
phisms on SM. Let E be the subbundle of the tangent bundle TSM defined in
§1 (1.3), and consider the Banach space I'°(E) defined in §2. From now on,
we will write I'°(E) as X for brevity.

Since E is T¢,-invariant, ¢} operates on X and ¢¥ is a strongly continuous
semi-group of bounded operators in both sides because of Proposition 2.

The following lemma is brief, but fundamental in our consideration.

LemMA 8. If the geodesic flow ¢, is Anosov and if E* and E, are the
stable and unstable bundles, respectively, then E=Es® E*.

Proor. It follows from Lemma 3 and Definition 2 that:

(@) TSM=E*®E*®S=E®S and especially E®S is an orthogonal sum.
(b) E, ES@E* and S are T¢,-invariant.

() IToX||=|X]l for X €8S.

From (a), it is sufficient to show that EScE and E*<E. If EsCE, then
there is a non-zero vector X € Es—E. We can take the decomposition X =X, +
X, where X, €E, X,e€5 and X,#0. By (a) and (b), we have
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1T X112 =1Tp X112 + | Tp X, |2

However, from the definition of E*, the left hand side converges to zero as t tends
to + oo while, in view of (c), the right hand side does not converge to zero as ¢
tends to +oo. This contradiction shows that EScE. In the same way, only
replacing t by —t, we can show that E*c E, which completes the proof.

Now let us consider the complexifications x, ?f? of X, ¢¥ respectively as
defined in § 3. Then we can state the main theorem in this paper.

THEOREM 1. For the geodesic flow ¢,, the following statements are equiva-

lent.

(i) ¢%—1Iis a toplinear automorphism on X.

(ii) 1¢0(ﬂ)-

(i) A¢a(e?) if |A=1.

(iv) ¢, is an Anosov flow.

(v) There exist a direct sum splitting TSM =E*®E*®S such that Es
and E* are preserved by T¢,, a Riemannian metric || || on SM, and a
positive constant o such that |Tp,X|| Ze | X| for all X e Es, t=0
and |Tp_,X| Ze @ X| for all X e E*, t=0.

Proor. The proof goes (i) = (ii) = (iii) = (iv) = (v) = (i).

1. (i)<>(ii) is evident from the definition of the complexification.

2. (i) = (iii) is a direct consequence of the following proposition which is
an adaptation of a result of J. Mather [7].

PROPOSITION. If 1¢ o(¢%), then pe a($3) and |A| =1 imply that Auea(}).
3. We will show that (iii)=>(iv). In this step we denote $‘{ by A for brevity.
If p(A)>{Ae &; || =1}, then because of Lemma 7 there is a projection oper-

ator P such that PX is qfﬁ\f-invariant for all t. Hence Q=I—P is also a projec-

tion operator and QX is q?f—invariant for all ¢ as well.

Set 0, ={Aeo(A); |A|>1} and o6_={Lea(A); |A|<1}. Then o, have the
following properties:

(a) o, are spectral sets, namely open and closed sets in o(4);

(b) o, Uo_=0(A) (disjoint union);

(c) o, are non-void.
(a) and (b) are evident from the fact that a(4) is a closed bounded set and a(4) n
{Le¥; |Al=1}=¢. (c) will be proved later by Lemma 9.

Applying the general spectral theory (see [4], VII 3.20, VII 3.21), we get the
following statements:

(d) If we denote the restricted poerators of 4 on PX and QX by 4.

and 4, respectively, then o(d;)=0;
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(e) X=PXDOX.

Set r_=sup{|i; a(A)34, |[A|l<1} and r,=sup{|i"!|; a(A)>3 4, |A|>1}.
Then it follows from (d) and Proposition 4 (ii) that

lim n\/m=r— )
€ (" |
}'Ln;n\/m‘m =ri;

PX={¢tek; lim sup n/IAE| <r2},
(g) n—>+o
X ={ce¥; lim sup n/IA"E < 7.}

(f) implies that there are positive constants ¢, and . such that | 4| <
c,e ™ and ||A7"| Zc,e @ for all n. Hence by Lemma 6, there are positive
constants ¢ and w such that

{uaTﬂPingce-m for 120,

6%, 10%| <ce@* for £=0.

Since ¢¥ commutes with conjugation, there are closed subspaces X, of X

such that the complexifications of ¥_ and X, are PX and QX respectively, X,
are ¢¥-invariant and X=X_@X,.
By (g) we can easily check that

J ¥_={¢eX; lim sup /¥l <r_},

@)
l ¥, ={le¥; lim sup 1, /|92 LN =7}

It follows from (i) that X, are C°(SM)-modules and moreover ¥=X_@ X,
is a splitting as C°(SM)-module. Therefore according to Proposition 3, we see
that there are two subbundles of E, denoted by Es and E*, such that

_( X-=TO(E%), X, =T(EY),
D { E=E‘®E".
Applying Lemma 5 in this case and using (h) we see that: for every ve SM,
To.X||<cet|X| for XeE$ -and t=0,
{ T X||Sce | X| for XeE* and t=0.
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Thus (j) and (k) show that (iii) implies (iv).
4. That (iv)=(v) is easily shown as follows. Take any u satisfying 0<
u<w and choose 7 so that ce*~ <1, where ¢ and w are constants defined in

Definition 2.
We define a new Riemannian metric | |,, by

Ix)2 =§;newr¢,xn2dt for XeE*,

Ix|2 =S;||e"'T¢_,X||2dt for XeEr,

and generally for X=X_+X,+X,, X_€eE*, X, €E", X,€e8§,
IX13=1X_13+1X:0F+1Xol%.

Let X e Es. Then

179,X13 =" lewT9,.,X12ds
=21 x13 = JewT,X|2ds
0

+{ fersore,  x12as)

se 2M|X|,

because

t t
[\ lexetorg,, X12ds= (cetry2| jemTy, x)2ds
0 0o

gg' lenTe X | 2ds .
0

Hence ||T¢X|,=e | X], for t20.

The same argument applied to ¢ _, shows that || T¢_, X|, Se #|| X|, for t=20
and X e Ev,

5. We will finally show that (v)=>(i). Set A=¢%, A_=A|l'°(E’) and A4, =
A|l°(E¥). Then ||A_||<1, and hence — )} 2 ,4* converges and equals (4_ —
D™, Also |4A3'|<1, so (A7!—I)"! exists. Therefore (A,—I)"!=—A;!
(A7 —=I)"! exists. Since (A_—1I)"! and (4, —1I)"! exist, (A—I)"! exists.

This completes the proof of Theorem 1.

Now it only remains to prove Lemma 9.

LEMMA 9. o, are non-void.
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Proor. We will prove this lemma by contradiction. If we assume that
o, =¢, then by (h) in the proof of Theorem 1, we have |¢¥| <ce ** for t=0.
Therefore, by Lemma 5, we see that for every ve SM and every X € E,, | T, X || <
ce " X|.

On the other hand, if we set 7, X' =n,X, KX'=—KX, then X' € E, and ap-
plying Lemma 4, we have

4\ T9,X'|?=2<DT$,X', T$,X'>

=2{<n, DT X', n, TpX' > + <KDT, X', KT, X' >}
=2{<KT¢, X', . T),X' > + < —R(¢, 1 T, X")p,v, KT X' >}
=—2{<KT¢ X, n, T, X > + < —R($pp, n, T), X)pv, KT X >}

___E_'_ 2
= - |To.X12.

This is contradictory. To see this fact, it is sufficient to observe the following fact.
If r(t) is a C!-function on [0, o0) and if 0= r(f)<ce “* for some positive
constants ¢ and w, then we have

() =r0) + S' Ho)dt < ce-o1r(0),
0
which implies

S;i'(t)dtg(ce““" —1)r(0).

This shows that S' F(t)dt <O for sufficiently large t>0. Thus the proof of Lemma
V]

9 is complete.
This proof of Lemma 9 gives us the following important corollary.

COROLLARY 2. If the geodesic flow ¢, is Anosov, and if Es and E* are the
stable and unstable bundles, respectively, then dim ES=dim E*=n—1, where
dimM =n.

Proor. If X eEs, then we have ||[T¢, X| Zce || X| for t=0. If we set
X' =7m, X, KX'=— KX, then, as already shown, we conclude that

IT¢_ X" Sce | X’  in ¢20.

This shows that X' € E%, which completes the proof.
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