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Introduction

We are concerned with the following Cauchy problem for a quasilinear
parabolic equation:

ou _

(1.1) o
u(0, x) = f(x) 2 0,

Au+ > b (@, x; u) +c(t, x; Wu, t>0,xeR",

where b(t, x; -), 1=i<n, and c(t, x; -) are mappings defined for some functions
u: [0, 0)x R">R. We assume that the coefficients b(t, x; u), 1<i<n, and
c(t, x; u) are independent of the future {u(s, y): s>t, ye R"} for each t. (See
§ 1 for precise definition.)

Our main results are stated in §1 and §2. They are summarized as follows.
The equation (1.1) has a unique solution which has a nice probabilistic expression
(1.2) based upon an n-dimensional Brownian motion {B,=(B},..., BY), t=0}:

(12) u(t, x) = ELIB) exp {{ cte—s, B wshml,
M) = exp {Stu || bit—s, By wdBs — 351, ! bie—s, Bsupds},

under some suitable conditions. In a special case where b(t, x; u)=>byt, x, u(t,
x)), 1Zign, and c(t, x; u)=c(t, x, u(t, x)), Freidlin [2] solved the Cauchy
problem (1.1) by finding the unique solution of (1.2). Our results can be regarded
as a generalization of Freidlin’s. In §3, our theorem is applied to the equation

2y x+r x
Gy L2 (v nay = [ o nay)el 1> 0 xeR,

which appears in an ecological model. - It can be proved that there exists a unique
solution of (3.1) for each r, which is bounded for 0<t< oo and continuous in the
parameter r € [0, c0]. Here the expression (1.2) of the solution plays an essential
role. We make two remarks on some related problems in §4; the one is on
time-lag systems and the other is on Neumann problems.
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The author expresses his thanks to Professor H. Tanaka for posing the
problem and to Professor M. Mimura for suggesting the examples of ecological
models.

§1. The generalized solution

A function u=u(t, x) is called a generalized solution for the Cauchy problem
(1.1) if u satisfies the equation (1.2) for all (¢, x). In this section we show the
existence and the uniqueness of the generalized solution for (1.1).

For each ¢t>0, let %, be the Banach space of bounded measurable functions
u: [0, {]1x R"— R with the norm |u]],=sup {|u(s, x)|: (s, x) € [0, t]x R"}.

Fix T>0. Throughout the paper we assume that the coefficients by(t, x; u)
and ¢(t, x; u) are defined for u € %; and (¢, x) e [0, T] x R", and they are measur-
able in (¢, x) for each ue#;. We also assume that the coeflicients are inde-
pendent of the future: If u (s, x)=u,(s, x), (s, x) € [0, 1] x R", then bys, x; u;)=
by(s, x; uy), 1=Zi<n,and e(s, x; u;)=c(s, x; 4,), (s, x) €[0, t]x R" for each t=T.
Hence for each (¢, x) e [0, T]x R" these coefficients can be considered as func-
tions on %,. '

We put the following conditions:

(D For any K >0, there exist C,, C, >0 satisfying

(1) bt x;u)lsC,1sisn,
le(t, x;u)l < Cy, (t,x)el0, T] x R",
for u € %y with |ul|; =<K,
() bt x;u) — b(t, x; 0) < Chllu—vll, 1 Si<n,
le(t, x; u) — c(t, x;v)| = Cyllu—vl,, (1, x)e[0, T] x R",
for u, ve %y with |lu| 1, |v|r=K.

(I) There exists a constant C>0 such that ¢(¢, x; u)<C for each (¢, x)e
[0, T]x R" and for u e %; with u=0.

THEOREM 1. Assume that the coefficients b(t, x; u), 1<i<n, and c(t, x;
u) satisfy the conditions (I) and (I1). Then the equation (1.2) has a unique solu-
tion in %y for any bounded measurable function f.

~ Before proving Theorem 1, we prepare the following

- Lemma 1. Let {B,=(B},..., B!),t=0} be an n-dimensional Brownian
motion defined on a complete probability space (2, #, P) and %, be the o-
field generated by {B,: 0<s=<t} and all P-null sets. Suppose that %,-adapted
processes {b (1), 0Zt<T}, 15i<n, k=1, 2 satisfy |b(t, )| Cy for (t, w)e
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[0, T]x Q. Then for functionals
13  a) =3, S; bu(s)dBi — (1/2) T7., S; bu(s)yds, k=1,2,
it holds that
(14) Ellexp @,(9) — exp @)1 S M{E] [ $10.1b15) — batolas |,

for some M=M(C,, T, n)>0.

Proor. Let y,;(w) be the characteristic function of the set {w: |a,(f)—
a,()|=1}. Using |exp x—1]=2|x| for |x|<1, we obtain

(15)  Ellexp(a;(0) — exp (ax())]
< {E[exp (2a,(0)1}'/{ETlexp (ay () — a,() — 12T}1/2
< {E[exp Qay(0)1}2 4E[lay(®) - a;0)l°]
+ {ELlexp (ay()—ay(0) L1}/ EL(1 - x)222 ]
The martingale property of exp (a,(¢)) yields that
(1.6) E[exp (2a,(1))] < exp (nCip).

By the boundedness of b,(f), we have

D Ela® - 0P = 28 |2 006 - bus)as:

2
]
+ 28 [ (D E1-, [ (bussr—bossyyas| |
< 21+ C3nE| " Sty [bus) — ba(s)ds |

< 21+ Can)) )2 " St 16,9 = badolitas |
Next we estimate the last term of (1.5);
(1.8) E[(1—1)*] = P(w: |ay(t)—ax(®)| > 1) £ E[la,(?) — a(®)I*]

< 8E[| P S; (b1i(s) = b2(s))dB; 4]

+ 88 12 £t ] 0192 = batras|" |-

Set by(s)=b;(s)— by(s) and X,=31_, S' b{(s)dBi. ‘Then
0
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ELX#] = 6E| 1., || X2b(9ds | = 6 | EUX2 21, 572 ds
0 0
£ 6n'2 St (E[X$DV2(E[X1=1 bi(s)*])1/2ds
[v]
< o2 ([ Erxs1as) " ([) BLZ s bi92d5)
0 0
. t 1/2
Putting A(s)=E[X?%] and l=6n‘/2<g E[X>r, b,~(s)4]ds) , we have
0
A(s)? < 22 S A(Z)dz, 0<s<t.
(4]

Since A(s) is bounded on [0, ¢], it follows that
A(s) S A%sf2, 0LSs<t.

Therefore we obtain

s 18 [ S b= batoltds .

(9 | Tt [ i) - baiaB:
On the other hand,

(1.10)

E[ |72 21, . (6.:92 = b920ds| |  mCarE[ (| S1ey 1b1i5) - baol*ds .

Finally we show the boundedness of E[|exp (a,(t)—a,(¥))—1]*]. By Itd’s
formula

Ellexp (a,(1)— ax(6) ~ 11]
~ B[ { 4(exp (@)= x(5) = 117 €xp (a1(5) = ax(9) s bofsXbafs) — bys))ds |

+ B [ 6(exp (@, ax(s)) — 1)7 exp (2a,() = 205(5)) Ttes (buds) — boi(5)ds |
<32nC2 SO E[exp (4a,(s)—4ay(s)) + 1]ds.
Using It6’s formula again, we obtain
E[exp (4a(H)—4a,(2))] £ 1 + 36nCi g; Elexp (4a,(s)—4a,(s))1ds,

which implies

E[exp (4a,()—4a,(1))] < exp (36nC31)-
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Hence
(1.11) E[lexp (a,(t)—a,(t))—1]*4] £ 32nC%(1 +exp (36nCZo))t.
Summarizing the estimates from (1.5) to (1.11), we reach
E[lexp (a;(1)) —exp (a2())l]
< exp (nCiT/Z)[S(l +nC2T)(nT)!/2
+ {32nC3(1 +exp (36nch))T}1/2{8(18+n2c¢T)nT2}1/2]” :
x (' B[St 1619 - batolttas)} , 0sesT,

as was to be proved.

PROOF OF THEOREM 1. Owing to the assumptions (I) and (II), take C for
fixed T>0and C,, C,>0 for K=|/f||,exp(CT). Define the operator &: #;—
Ur by

(1.12) (®u)(t, x) = E,[f(B,) exp {S; ot —s, B,; u)ds }M,(u)] :

Let X be the complete subset of %, consisting of u with ||u|, <K and u=0
for t<T. Then & maps #X into itself. For u, ve %X and (¢, x) e [0, T] x R",
we get

[(@u) (2, x) — (Pv) (1, x)|
= Ex[f(B,) exp {S;c(t—s, B,; u)ds} — exp {S; c(t—s, By; v)ds} }M,(u)]

+ E[ £(B) exp {g; o(t—s, B, v)ds}lM,(u) - M,(v)l]
=1, + 1,
Using Lemma 1, we have
I, £ 1/l exp CDM(C, Tw{E " Sy 161 =5 Biw) = bit—s, B wl*ds |}

S 1l exp (CT)M(Cy, T, n)(nt)'/4C, |u—v|,.

1/4

On the other hand,

Iy = | fll exp (Ct+nCit/2)
X {Ex[ exp <S;(c(t——s, B,; u) — c(t—s, Bg; v))ds) -1 lZJ}l/Z

= Il exp (Ct+nCi) {E,[

S;(C(t—'s’ Bss u) - C(t—S, Bs; v))
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s 2Mm1/2
X exp (S (c(t—z, B,; u) — c(t—z, B,; v))dz)dsl :|}
0
S Iflle exp (CT + 2C, T + nCIT|2)tCyllu — vl
Combining the above estimates, we obtain
K¢u)(t’ x) - (QU)(ta X)I
= | fllo exp (CT) {T** exp (2C, T+nC3T/2) + n'/*M(Cy, T, n)}C,t"/*lu—v|,

for (¢, x)e[0, T]x R*. Therefore there exists t,>0 depending only on K,
T, n, C, and C, such that the operator @ is contractive on #X. The equation
(1.2) has a unique solution u, on ZX.

For the continuation of u,, let the operator &' on #7_,, be

(P'v)(t, x) = Ex[uo(to, B,) exp {S; c'(t—s, Bg; v)ds}M;(v)]
with
U, = {ve,: v(0, x) = uy(ty, x)}, 0=t < T—t,
Mi(0) = exp {Ste, || bitt—s. Bys 0By — (112) £ty (| bit1—s, Bz o},
bi(t, x; v) = b(t+1y, x; v¥),
c'(t, x; v) = c(t+1ty, x; v¥),
v*(t, x) = uo(t, X)xpo,e1(H) + vt =105 X)Xpto,7—163(1) -
Then by the assumptions (I), (I) and the estimate
luo(to, )l exp (C(T—10)) < [ fllo exp (CT) = K,

@' is again contractive on (#; )X for the same t,. Let v, e(%; )X be the unique
fixed point of @’. In consideration of Markov property of {B,}, we can regard
(vo)* as a unique continued solution of (1.2) for 0<t=<2¢t,. The rest of the proof
is a routine work.

§2. The classical solution

In this section we prove that, under some additional conditions, the gen-
eralized solution constructed in §1 is a solution of (1.1) in the classical sense.

Let % () be the space of bounded continuous functions u: [0, t]x R*— R,
which are Holder continuous in x € R* with exponent «>0. Besides the condi-
tions (I) and (II) in §1, we put the following conditions:

(1) If ue ¥r(), then the coefficients by(-, -; u), 1<i<n, and c(-, -; u)
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are in €r(a).
(IV) For any K >0 there exists a constant C;>0 satisfying
b2, x;u) — bi(t, y; wl < C3LIx =y, 1 Sisn,
let, x;u) —c(t, y; W)l S GsLIx —y|*, 0=t=<T, x,yeR"
for u € € («) with Holder coefficient L and |u||; =K.

THEOREM 2. Assume (I)~(IV). If an initial function f is bounded and
satisfies | f(x)—f(y)| S Lolx—y|%, x, ye R* for some oy, Lo>0 then for each
T>0 there exists a unique solution ue €(o,) of (1.1) in the classical sense.
The solution u is characterized by

@.1) u(t, x) = | f0)UG %50, y3 w)dy,

where U(t, x; s, y; w) is the fundamental solution of the equation
2.2) vy = (1/2)Av + 2y b2, x; wiv,, + (2, x; wi,
for each w e €1(ay).

The proof of Theorem 2 is essentially based on the following lemma. Let
%J{a, L) be the collection of ue %,(x) whose Holder coefficients are not bigger
than L and %¥(a, L) be the collection of ue %,(a, L) satisfying |u|,<K and
u=0.

LemMA 2. Assume (I)~(IV) and that f satisfies the conditions stated in
Theorem 2. Put K=| f|,exp(CT). Then @ defined by (1.12) maps €X(oy, L)
into €X(0g, NLo+JLt'/*) for each t<T, where N and J are positive constants
depending only on K and T.

PrOOF. We prove the lemma only for n=1 writing b(t, x; u)=b,(t, x; u)
and B,=B!. Take C,, C, in the condition (I) and C; in (IV) for K. For ue
%X(ag, L) and 0<s<t=<T, x, ye R, we have

|(Pu) (2, x) — (Pu)(s, y)

= ‘ Eo[f(B, +x)exp {S; c(t—z,B,+x; u)dz}M,(x; u):]
~ By fB,+») exp{[| cs—z, B.+y; waz}My; )|

< B IfB+2) =SB+l exp {{ 1=z, B,+x; w)dz}Mx; w) |



386 Masaaki INOUE

+ Eo[f(B,+y)‘ exp {g; c(t—z, B,+x; u)dz}

— exp {SZ c(s—z, B,+y; u)dz}lM,(x; u)]

+ Eo fBy+y)exp ([ ols—2, B+ ys udz}IMGxs w) = My w) |
=1+ 1, + 1
where
M(x; u) = exp {go b(t—z, B,+x; u)dB, — (12) S' b(t—2z, B,+x; u)zdz}.
0

It follows that
Iy £ Lo{Eo[|B,+x— B,— y|**]}'/2 exp (Ct + C}t/2)
=< Lo[2|x — y|*0 + 2|t —s|*°/2k] exp (Ct+ C3t/2),

where k2 =S z2%0(21)~1/2 exp (—z2/2)dz. Next we have
R

I, £ ||Ifll» exp (Cs+C3t/2)
t s 2 1/2
X {E{,exp(So c(t—z, B,+x; u)dz —So ce(s—z, B,+y; u)dz)— 1’ :(}
S | fll exp(Cs+2C 2+ Cit/2)

g {2C%It-slz " 2SE°U: le(t—z, B, +x; u) = o(s—2z, B, +y; u)lzdz]}m‘

For the last term, we obtain
I5 < 1f .o exp (COM{CHit—s|
s 1/4
+ EOB |b(t—2z, B,+x; u) — b(s—z, B,+y; u)|4dz]} s
0 -

where M=M(C,, T, 1) is the constant in Lemma 1. By the estimates of I, I,
and I,, we can easily see that Pu is continuous in (¢, x)€ [0, T]x R. Set t=s.
Then it follows that
I(Pu) (1, x) — (Pu)(t, y)|
< 2Ly|x—y|*oexp (CT+ C3T/2)
+ | fllo exp(CT+2C, T+ C2T/2)2t1/2

t 1/2
X {E"Bo le(t—z, B,+x; u) — c(t—z, B,+y; u)lzdz]}
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1/4
+ 11 exp @©DM{E] (' Ib(t=z B.+x; u) = b(t—z, B,+y; wi*dz ||
< 2exp(CT+ C3T/2)Ly|x— y|®
+ | fllo exp(CT) {2T3/* exp (2C, T+ C3T/2) + M} C5t'/4L|x — y|o.
Therefore Lemma 2 has been proved.

PrROOF OF THEOREM 2. We first show, by iteration, that the equation (1.2)
has a unique solution in #r(op). Put ¢ =], dM=Pod»~ pn>1, and K=
Il exp(CT). Using Lemma 2 n-times, we see that &™) maps ¥X(ay, Lo) into
%X(oty, L,) for each t< T with L,={N+--- + N(Jt/4)*~1 4 (Jt1/4)"} L,,.

Let t,>0 be the same as in the proof of Theorem 1, and put ¢, =min {¢t,,
(2J)"4}. Then @ is contractive and has a unique fixed point uy=lim,_,,, ®™f in
%X (a9, 2NL;). We can uniquely prolong the solution u, to ue €(a,) in the
same manner as in the proof of Theorem 1.

Next we prove that the solution u is unique one of (1.1) in the classical sense,
by showing (2.1). Since by(-, -; u), 1<i<n, and ¢(-, -; u) are in ¥(,), the
linear equation (2.2) for w=u has a fundamental solution U(t, x; s, y; u) (cf.

[3]). Putting v(t, x)=g f(»U@, x; 0, y; u)dy, we can conclude that
er
v=u as follows. Let

Y= St | bit=2, B wdBL — (D) £1-, || bit—z, B,; uypdz
+ S:c(t-—z, B,; u)dz
for se[0, t]. Then, using It6’s formula, we have
(2.3) E.[v(t—s, B) exp(Y)] = E,[v(t, Bo) exp (Yp)], st
For s=t, (2.3) becomes
E,,[ f(B,) exp {S; o(t—z, B,; u)dz}M,(u):| = o, x),

which implies v=u. This theorem has been proved.

§3. Application to an ecological model

We consider the following equation intoroduced by M. Mimura:
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1 62 x+r x
=L e (e nay = [ o may)),

(3.1) t>0, xeR,

v(0, x)=vo(x) = 0, Suuo(x)dx = 1.

This equation (3.1) is regarded as a spatially aggregating population model
consisting of a forward equation for the probability density v(¢, x), which drifts
to the right (left) direction if

x x+r
S v(t, y)dy < S u(t, y)dy (>, respectively).
In case of r=0, (3.1) is reduced to the heat equation. As an application of our
theorem, we have the following

PROPOSITION 1.  Assume that v, is bounded Lipschitz continuous. Then
the equation (3.1) has a unique solution v in €(1) for each T>0, and v
satisfies

3.2 0= v(1, x) = ol + 1/2, (t, x)e [0, c0) X R,
0r=, and
3.3) lim,,,, v™)(¢, x) = v{o)(t, x),
uniformly in (¢, x) € [0, T]1x R for each r,e€[0, co] and each T>O.
We give the outline of the proof. If (3.1) has a solution v, then u(t, x)=
Siw v(t, y)dy satisfies
(349 u, = (1/Du,, + bO(t, x; wu,,

where b)(t, x; u)=2u(t, x)—u(t, x+r)—u(t, x—r), 0<r<oo, and b*)(t, x; u)
=2u(t, x)—1. By Theorem 2 in §2, the equation (3.4) has a unique solution
u)(t, x) for each r. We can see that v =(u("), is the unique solution of (3.1)
and

0 = v, x) = lvolle + 2u(, X){1—u(t, x)},

which implies (3.2). Notice that lim,._, 4, v™(t, x)=0, uniformly in ¢e[0, T]
and re[0, co]. Hence we obtain (3.3).

REMARK. Let us consider more generally
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v, = (1/2)0,, — [(Snk(x— ), y)dy)v:lx, 1>0, xeR,
) v(0, x) = vo(x) = 0, Snvo(x)dx =1.

Here the function k satisfies the following conditions: (i) k is bounded, (ii) k is
differentiable except for a finite number of discontinuous points of the first kind
and k' e L!, and (iii) the limits lim,., ., k(x) exist. In this case, the same kind
of method as in (3.1) is also applicable: the equation (3.5) has a unique solution

in €z () n{v=0: S v(t, x)dx=1, te [0, T1} for each T>0 and for any bounded
R
Lipschitz continuous function v,.

§4. Related problems

1. The time-lag systems. In the theory of the population dynamics, the
time-lag systems appear very often. As a simple case, we consider

U, = (l/z)uxx + b(t, x, u(t—r9 x))ux + C(t, x, u(t—r, x))u,
@.1) t>0,xeR,
u(s, x) =f(S, X), —-r é s _S. 03 XGR,

for some r>0. We put the following conditions:
(4) b(t, x, y) and c(t, x, y) are continuous functions on [0, c0)x R x R.
(B) For any T>0, there exist constants C;, C,>0 such that

(1) Ib(t! x’ O)I, 'C(t, xa O)I _S. Cl’ 0 é t é T; XER,
(i) [b(t, x5, ¥1) = b2, X2, Y| = Co(lxy —%5]) + |y —yaD),

le(t, x4, y1) = (t, X2, ¥2)| S Colxg—%2| + |y1—y2l),

for X15 X25 V15 yZER, OétéT
Using Theorem 2 in §2, we obtain

PROPOSITION 2. Assume (4) and (B). If the initial function f(s, x) is
bounded continuous and satisfies |f(s, x{)—f(s, x;)|SL|x; —x,|, x;, X, € R,
—r=s5=0, for some L>0, then the equation (4.1) has a unique solution in (1)
for each T>0.

In a special case where b(t, x, y)="b(x, y) and c(t, x, y)=c(x, y), the solution
of (4.1) is expressed by

u(t, x) = 2000 (Pt~ 00w nr 1900 s
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with
Pl=p, Prti = Poypn

(Fo)(1, x) = E,,[v(r, B,) exp {S; B, o(t—s, Bs))ds}M,(v)], ve (),

M,(v) = exp {g; b(B,, v(t—s, B))dB, — (1/2) S; b(B,, olt—s, Bs))st} ,
f*(t, x) =f(t—r, x),05t<r, xeR.

2. The Neumann problem. The Neumann problem analogous to (1.1)
is formulated as follows:

u, = (1/2)Au + X1-4 bt, x; wu,, + c(t, x; uu, t>0,xeD,
u(()’ X) =f(X), uxl(t’ x)[x1=0 = 0’

where D={x=(xy,..., X,)€ R": x,>0}. If the equation (4.2) has a solution
u, then u satisfies

4.2 [

(4.3) u(t, x) = E[ F(X,) exp {S; ct—s, X,; u)ds}M,(u)],
M) = exp {1-, || bit—s, X5 waB!
~ D Tt [ bit—s. X5 upasf

X, = (X!, B2,..., B"), X!= B! — min{B!AO: 0Ss<t},

where {(BL,..., B}), t>0} is an n-dimensional Brownian motion. For the equa-
tions (4.2) and (4.3), we can obtain the analogous theorems to Theorems 1 and 2.

Let #; be the Banach space of bounded measurable functions u: [0, ] x
D— R with the norm |u|,=sup {|u(s, x)|: (s, x) € [0, t]x D}, and ¥} (x) be the
space of continuous functions u € %}, which are Hoélder continuous in xeD
with exponent a>0.

Here b(t, x; -) and c(t, x; -) are considered as functions on f. The con-
ditions (I) ~(1V) are called (I)* ~(IV)* respectively if %,, R*, and %,(«) in (I)~
(IV) are replaced by ;}, D and €} (o) respectively.

THEOREM 1’.  Under the conditions (I)* and (II)* the equation (4.3) has a
unique solution in %% for each bounded measurable function f=0 and each
T>0.

THEOREM 2'. Assume ()* ~(AV)*. If the initial function f is bounded
and satisfies |f(x)—f(y)|SLg|x—y|*, x, y€ D, for some oq, Ly, then for each
T>0 there exists a unique solution ue €+(x,) of (4.2) in the classical sense.
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