HIROSHIMA MATH. J.
29 (1999), 161-174

Carleson inequalities in classes of derivatives
of harmonic Bergman functions with 0 < p <1

Dedicated to Professor Jyunji Inoue on his sixtieth birthday

Masahiro YAMADA

(Received January 23, 1998)
(Revised April 20, 1998)

AssTracT. We give a necessary and sufficient condition for a positive measure 4 on the
upper half-space of R" to satisfy the inequalities

1/q 1/p
(J|D"‘u["d;¢) < C(J|D;"u|"y’dV)

for all u in a subclass of a harmonic Bergman space when 0 < p <1 and p < ¢, where
D, denotes the partial differentiation operator with respect to the last coordinate y. We
also show that the Bergman norm is comparable to derivative norms and harmonic
conjugation is bounded on the harmonic Bergman space b” when 0 < p < 1.

1. Introduction

Let H be the upper half-space of the n-dimensional Euclidean space
R”(n > 2), that is, H = {z = (x, y) e R"; y > 0}, where we have written a point
zeR"asz=(x,y) withx = (x1,...,x,-1) e R" P and yeR. For0< p< o,
let b = b?(H,dV) be the class of all harmonic functions u on H such that

= ([ )< o

where dV denotes the Lebesgue volume measure on H. The class b? is called
the harmonic Bergman space. Recently, properties of functions in the har-
monic Bergman space b” for 1 < p < oo have been studied by Ramey and Yi
[9], and several important results have been given. Our aim is to investigate
properties in the harmonic Bergman space 4” when p < 1.

In this paper, we study conditions on a o-finite positive Borel measure 4 on
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H for which there is a constant C satisfying [ |u|’du < C [ |Dyu|”y"dV for all
u in a subclass of b” when p <1, where D, denotes the partial derivative
with respect to y and r > —1. (Our consideration is more general.) Such
inequalities on the unit disk in the complex plane were studied by Stegenga
[10]. It was proved that when r > 1 a finite positive Borel measure v on
the unit disk satisfies the inequality [|f|’dv < C [|f'|?(1—1¢|)'dA for all
holomorphic functions f if and only if there is a constant K such that
v(S(I)) < K|I|" for any interval I in the unit circle, where d4 denotes the
Lebesgue area measure, |/| denotes the normalized arc length of I, and
SI)y={¢:¢/|¢lel,1 —|I| < |{| <1}. It was also proved that when 0 <r < 1
such measures are those satisfying v(US(J;)) < KCap(U1I;) for all finite dis-
joint collections of intervals {I;}, where Cap is an appropriate Bessel capacity
(if r < 0 any finite Borel measure satisfies this inequality). It is known that
these characterizations can be generalized to the case of p > 1 (see also [10]).
When p < 1, the characterization in Ahern and Jevti¢ [1] is simpler. Indeed, v
satisfies the inequality [|f|Pdv < C [|f'|P(1 —|{|)"dA if and only if v(S(J)) <
K|I)>7*" when p < 1. In the proof of the case p < 1, a Hausdorff capacity
was used in stead of the Bessel capacity. When p > 1 investigations for
several variables are given in [3]. In these investigations, necessary and
sufficient conditions were not obtained completely, and it was also shown that,
in general, the above condition is not necessary, in contrast to the result on the
unit disk. In case p <1, no necessary and sufficient conditions are known.

In §3, we give a necessary and sufficient condition for a measure u on the
upper half-space H to satisfy the inequality [|u|’du < C [|D,ulPy"dV for all
u in a subclass of b when p <1 (see Theorem 1). §2 is devoted to some
preliminary lemmas for this investigation in §3. In the proofs of character-
izations of measures on the unit disk to satisfy such inequalities in [10] and [1],
capacity estimates are used. However, in the proof of Theorem 1 in §3, we
use integral representations for harmonic functions.

In §4, we study properties of functions in the harmonic Bergman space b?
when p < 1. All results described in §4 were proved in [9] when p > 1. In
[9], it was shown that if p > 1 and u € b” then there exist unique harmonic
conjugates uy,...,u,—; of u that belong to b”. Using the ideas used in the
proof of Theorem 1, we show that these conjugation results are also valid in
the case of p <1. Therefore, harmonic conjugation is bounded on the
harmonic Bergman space b for all 0 < p < oo and all dimensions n. It is well
known that such conjugation result is not valid in the theory of Hardy spaces
(see [5, pp. 102-123] and [4, pp. 167-172]). Moreover, we show that when
p <1 the Bergman norm is comparable to several “derivative norms” as in [9].
These results are consequences of Theorem 1 and the boundedness of harmonic
conjugation.
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Throughout this paper, C will denote a positive constant whose value is
not necessary the same at each occurrence; it may vary even within a line.

2. Preliminary lemmas

Recall that a point z € H will be written as z = (x, y) with xe R""! and
y>0. We use the absolute value symbol | - | to denote the Euclidean norm in
R” or R, For z=(x,y), let z= (x,—y). The pseudohyperbolic metric p
in H is defined by p(z,w) = |z —w|/|z— W|. It is clear that p is invariant
under horizontal translations and dilations. Let D.(w) = {z € H;p(z,w) < ¢}
when w=(s,t)e H and 0 <e< 1. D,w) is a Euclidean ball whose center

1-¢2 1 —g2
constant C = C, > 0 such that C~'¢t" < V(D.(w)) < Ct" for all we H. The
proof of (3) of Lemma 1 is parallel to that of Lemma 4.3.6 in [12].

. 1+ é&? 2et . .
and radius are (s,—j—g—t> and L respectively. It follows that there is a

LemMma 1. Let 0 <e< 1. Then, the following are true.

(1) If z,w,{ are in H and p(z,w) < ¢, then C~'|z = | <|w—{| < C|z =]
with a positive constant C depending only on e.

(2) Ifz=(x,y), w=(s,t) are in H and p(z,w) <e, then C"'y <t < C,
with a positive constant C depending only on e.

(3) If 0 < &< 1/2 then there exist a positive integer N and a sequence {{;}
in H satisfying the following conditions: (a) H = UD({;), (b) Dg4s({;)N
D,y4({;) = B if i # J, (c) any point in H belongs to at most N of the sets Dy((;).

Proor. (1) Suppose that z,w,{e H and p(z,w) <e It is sufficient to
prove that |w—{| < C|lz—{|. Since the condition p(z,w) <& implies the
inequality |w—z| <ew—2|, we have |w—{| <|w—z|+|z—{| <elw—z|+
lz—¢| <e(lw—-C +1|—2|)+|z—C. It follows that (1 —&)|w— | < &l — 2| +
lz-C <ell—z|+|z=8 =(1+e)|z=C,. (2) In the first inequality in (1), if
we put { =w then we have 2t =|w—w| > C'z—w| > C"'y. (3) See the
proof of Lemma 4.3.6 in [12].

For a function u on H and é > 0, let zsu denote the function on H defined
by tsu(x, y) = u(x, y+9), and let 7% = {rsu;u e b?,6 > 0}. If a = (ay,...,0)
is a multi-index of nonnegative integers with order #, then D* denotes the
partial differentiation operator &’ Joxit ... ox;'dy*. The following lemma is
stated in [2, Corollary 8.2] when p > 1.

LEMMA 2. Let 0< p < 1. Then, the following are true.
(1) For any ueb?, there is a constant C >0 such that |D%u(s,t)| <
C/t"/rr for all (s,t) € H.
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(2) For any ueb?, there is a constant C >0 such that |(D%tsu)
(s,0)] < C/(t+ )P for all (s,1) e H.

Proor. (1) Let wp=(0,1) and 0 <e< 1. Then, by Lemma 2 in [4,
Section 9] there is a constant C = C, > 0 such that |u(w)|” < C -[DB(Wo) |ul?dV .
For w = (s,t) € H, replacing u(z) by u(tz + (s,0)) in the inequality and making
a change of variable, we have |u(s,?)|’ < C/t" fDE(w) |u|’dV. Therefore, we
obtain |u(s,1)| < C/t"?. As in the proof of Corollary 8.2 in [2], we apply this
inequality and Cauchy’s estimates to #. Then the desired inequality follows.
(2) follows from (1).

Let w = (s,f) € H. The Poisson kernel P, is the function on R""! given
by P, (x) = P(s — x,1) = y,t/(|s — x|* + tz)"/2 (y, is the positive constant y, =
2/(nV(B,)), where B, denotes the unit ball in R”). The harmonic extension
of this function to H is P(s — x,t+ y). If z=(x,y) e H, then we may write
P,(z). We note that P, (z) = y,(t + y)/|w — 2|", |D2P,(z)| < C/|w — 2|,
and DZP,(z) = (-1)*""**'D2P,(z). The following lemma is useful and
stated in [9, Lemma 3.1]

LemMMA 3. Let 0 <c < 1. Then, there is a constant C > 0 depending on ¢
and n such that

J Y av(n) = e
H

w—z"
for all w= (s,t) e H.

Let m be a nonnegative integer and let ¢, = (—2)"/m!. The following
Lemma 4 is given in [2, Chapter 8] and [9], when ueb? and p>1. The
proofs of (1) and (2) of Lemma 4 are parallel to the proofs of Theorem 8.22 in
[2, Chapter 8] and Lemma 4.1 in [9] respectively, except only minor changes.

LemMa 4. Let 0< p<1. IfueJP?, then the following equalities hold.

(1) u(w) = -2 [, u(z)DyP,(z)dV(z) for all we H.

2) u(w) = —2¢m [y YD u)(2)Py(z)dV(z) for all weH, m=
0,1,2,....

Proor. (1) We only show that uD, P, is integrable, because the remainder
of the proof is parallel to that of Theorem 8.22 in [2, Chapter 8]. Since
ue J7, (2) of Lemma 2 implies that there are constants C and ¢ > 0 such that
|D*u(z)| < C/(y +6)"P*# Thus, we have |u(z)| < C(y +0)™"P*(y+6) ‘<
Cy= for some 0<c< 1. Therefore, we obtain [|uD,P,|dV <C[y=¢/
|w—z|"dV = Ct ¢, where the last equality follows from Lemma 3. Thus,
uD,P,, is integrable. (2) Similarly, we have |D;"+1u(z)| < Cy="/(y+9).
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Therefore,  [|y™P,Dy*'uldV < C[y~*(y+1)/{(y +)lw—2|"}dV. Since
(y+1)/(y+9) is bounded for y > 0, we see that y’"PWD;"“u is integrable.

The following Lemma 5 is a consequence of Lemma 4, and we omit the
proof (note that arguments similar to those in the proof of Lemma 4 guarantee
that the right-hand side of the equality in Lemma 5 is well defined and the
remainder of the proof is parallel to that of Lemma 4.6 in [9]).

LeMMA 5. Let O<p<1. IfueJ?, then
u(w) = ——2cm+kj Y™ (DIu)(2) Dy Py(2) dV (2)
H

for all m,k >0 and we H.

3. Carleson inequalities

Let Bi(s) denote the ball in R"! with center seR"' and radius
t > 0. When no confusion arises we may write B, in stead of B,(s). For each
ball B, in R"! set S(B,) = {(x,y);xe B,y <2t}. We now state our main
result in this section.

THEOREM 1. Suppose that 0 < p<1, p<q and r > —1. Let u be a o-
finite positive Borel measure on H, and let ¢/ and m be nonnegative inte-
gers. Then, the following (1) ~ (3) are equivalent.

(1) There is a constant C > 0 such that

1/q9 1/p
(J ]D"‘u|"d,u) < C(J ID}',”ulpy’dV)
H H

for all ue JP and for all multi-indices o of order £.
(2) There is a constant C > 0 such that

1/q 1/p
(J ]Dﬁu!qd,u) < C(J lD;"ulpy’dV)
H H
for all ue 7°.

(3) There is a constant K > 0 such that u(S(B,)) < Kt"+"4/p+(¢=m)4 for gll
balls B, = R"".

We note that in case (n+r)g/p+ (/—m)g=0 (or equivalently,
n+r= p(m—/{)), u satisfies the above inequalities if and only if x is a finite
measure. In fact, in this case, condition (3) of Theorem 1 is reduced to
u(S(B)) < K for all balls B. For each compact set E = H, we can choose a
ball B satisfying E < S(B). Therefore, we have u(E) < K for all compact
sets Ec H, and thus u is finite. Similarly, we can see that in case
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(n+r)q/p+ (£ —m)g <0, u satisfies the above inequalities if and only if
1 =0. In the inequality in (2) of Theorem 1, if m > /, then, of course, we can
replace D/u and DJ'u by u and D}'~‘u respectively. Similarly, if m < ¢, then
we can replace D;’u and DJ'u by Dj"”u and u respectively.

We give a sufficient condition for a measure u to satisfy the inequality.

PROPOSITION 2.  Under the assumptions on p,q,r,¢ and m in Theorem 1, let
k be a nonnegative integer such that p(n+k) —2n > 0. Suppose that there is a
constant K > 0 such that

1
- (n+r)q/ p—q(n+m-+k)
JH WEET G du(z) < Kt

for all w= (s,t)e H. Then, there is a constant C >0 such that

1/q 1/p
<J |D°‘ulqd,u> < C(J ID}’,”u|”y'dV>
H H

for all ue I* and for all multi-indices o of order ¢.

ProoF. Let k be a nonnegative integer such that p(n+ k) —2n > 0. Let
ue JP. Then, Lemma 5 implies that

u(z) = —2¢rim JH "k (D™u) (W) DL P, (w) dV (w)

for all ze H. We will estimate [D*u|. The remark before Lemma 3 implies
that

D2 < C | mHDUIIDIDE P )]V ()

tm+k
= CJH mlDi”u(w)l v (w).

Let 0 <& < 1/2. Then, by (3) of Lemma 1, we can choose a positive integer
N and a sequence {{;} in H such that H = U;D,({;) and any point in H
belongs to at most N of the sets Dy((;). We shall write {; = (Cj,nj) with
¢ eR”! and n; > 0. Using (1) and (2) of Lemma 1, we have

tm+k

% [P u(w)| v (w)

n+(+

|D%u(z)| < c; JD

() |w— 2|

<cS j Dyu(w)| dV ().

71— 2| D.(¢)
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Since D)"u is harmonic, a result in the proof of (1) of Lemma 2 (or Lemma 2 in
[4, Section 9)) implies that |[Dy"u(w)|” < C/t" [}, ) ID["u|’dV. Moreover, since
Dy(w) < Dy ({;) if we Dg({;), (2) of Lemma 1 implies that

m+k 1/p
n"* 1
|D*u(z)| < C§ :J—J -J |D"ulPav | dV(w)
¢ — 2™ ey \ " douw)

J
m+k
mj

/p
1
S ) Y — —nj Dl dv
Z |C} _Zl +£+k 1 (”j Da(t) 4

J

”_p(n+m+k)—n 1/p
=Yy |t J |D"u|PdV
Z <|Cj _ le(n+z+k) Da(l) !

J

1/p
”p(n+m+k)—n]- J
<c[S 1 — \DMupPdv |
(Z K] _ z-lp(n+/+k) Dalg) t

J

where the last inequality follows from Jensen’s inequality. Thus, the choice of
{¢}, (1) and (2) of Lemma 1 imply that

t p(n+m+k)—n

1/p
m |D,’”u(w)|pdV(w)) .

|D*u(z)| < CNVP (J

H

We note that the right-hand side of this inequality is finite. In fact, since

ue J?, (2) of Lemma 2 implies that |D"u(w)|” < C/"*P™. Moreover, since

|w—2z| >t the condition p(n+k)—2n>0 implies that the integrand is

dominated by 1/|w—z|""™*?))  Thus, the integrability of the function

1/|w —z|""“(c > 0) guarantees that the right-hand side of the inequality is
finite.

Raising the inequality to the g-th power and integrating with respect to u

in the variable z, we have

(p(n+mk)—n qa/p
JHWID?“(WW‘I'V(W) du(z).

JH \D*u(2)|%du(z) < CL

Thus, Minkowski’s integral inequality implies that
t4(n+m+k)—nq/p »/4
|, pruatante) s | [ oo (| S aue) ) avi

q/p

w — z]4¢
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Therefore, by hypothesis we obtain
q/p
J |[D*u|?du < CK(J |D,’”u|"t’dV> :
H H

This completes the proof.

In order to give a necessary condition for a measure u to satisfy the
inequality in (2) of Theorem 1, we need the following lemma.

LEMMA 6. Let k be a nonnegative integer. Then, there exist constants
0<0<1and C>0 such that |D¥P,(z)| = C/t"**=! for all w= (5,1) € H and
z € S(By(s)).

ProOF. Let w = (s,f) e H. Without loss of generality we may assume
that s=0. If z=(x,y)e H and |x|/(y+ ) <1 then,

A 1 1 L(n/2+)) (=1Y|x?
P = T o P }"”‘CZ JT(n/2) (y+ 0¥t

Therefore, we have

Z I(n/2+j) Qj+n+k—=2) (=1Y"*x¥

DFP . :
y W(Z) 'I-v n/2 (2_]+n _ 2)| (y+ t)2j+n+k—1

Now, we define a function g on [0,1) by

f: (n/2+j) 2j+n+k-2)!

j'r(n/2)  (2j+n-2) (=142,

Jj=0

Then

k

D)I'{PW(Z):C ( lr)1+k—1g( I >
(y+1) y+t
Since g(0)# 0 and g is continuous on [0,1) (in fact, g(1) = A>"(A"*~2/
{1+ 22}"/2)(")), there exist constants 0 < o <1 and Cp > 0 such that |g(4)| >
Co if A < o, where the constants ¢ and Cp depend only on n and k. Let
z=(x,y) € S(Bx«(0)). Then clearly |x|/(y+1t) <o and y < 20t. Therefore,
we obtain

<o o __.C
(y+ t)n+k—l {(20_+ l)l}n+k_1 tn+k—-1’

lDwa(z)l >

where the constant C’ depends only on n, k, and o.
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PrROPOSITION 3. Under the assumptions on p,q,r,{ and m in Theorem 1,
suppose that there is a constant C > 0 such that

1/q 1/p
(J |D§ulqd;t) < C(J ID;"u|py’dV>
H H

for all ue TP. Then, there is a constant K >0 such that u(S(B;)) <
Krt0a/p+(e=ma for all balls B, < R".

Proor. Let se R"!and>0. Putw=(s,7) and let k be a nonnegative

integer such that (n+k—1)p >n+2r+2. Then, we see that D;‘Pw eJ?
and

j |D)',"+kPw(Z)|py'dV(z) < Ct—(n+m+k—1)p+n+r.
H

In fact, since |[DXP,(z)|” < C/jw — z|"*=D? the choice of k and the inte-
grability of the function 1/|w — 2|"*“(c > 0) guarantee that DJ’,‘PW e J7. More-
over, if —1 <r < 0 then Lemma 3 implies that

m-+k p.r _______yr
JH [D)" TP, (2)[P y"dV (2) < CJH o T dVv(z)
alw—12|

_ —(n+m+k—1) p+n+r
= Ct ( P ,

because (n+m+k—1)p—n>2r+2>0. If r>0 then the choice of k and
Lemma 3 also imply that

m r —\n+m - n r yr
J DIHEP,(2)[? Y dV (z) < Cr-(rimH=Dpins2 J S
H Hw—Z|
< Ct—(n+m+k——l)p+n+2rj - . dV(Z)
Hlw—12|

— Ct—(n+m+k- 1)p+n+r.

Therefore, we obtain the above assertions.
Put u = D;‘PW. Then, the above assertions and Lemma 6 imply that
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/
Cirtra/p—(ntmik-1) (J |D;n“(z)|pyrdV(Z))q ’
H

> CJ ID%u(2)|? du(z)
H

> CJ |DJHE P, (2)|"du(z)
S(Bai(s))

> Ct—(n+l+k—l)qj d,u(z)
S(Bai(s))

Thus, we obtain u(S(By(s))) < Ct*t14/P+(¢=m4  where C is independent of s
and ¢. Since s and ¢ are arbitrary, we can replace ¢ by /. This implies that
w(S(Bi(s))) < C(t/a)™/P+=m4 for a]l se R" and ¢ > 0.

Proor oF THEOREM 1. (1) = (2) is trivial. (2) = (3) was already shown
in Proposition 3. We will show (3)= (1). Let c=(n+r)q/p+ (£ —m)q
and suppose that u(S(B,)) < K¢ for all balls B, = R""!. By Proposition 2,
it is sufficient to prove that there exists a nonnegative integer k such that
p(n+k)—2n>0 and [, 1/|w—z|"du(z) < Ct*7? for all w= (s,t) € H, where
y=qn+¢+k). Let we H. Without loss of generality we may assume
that w=(0,7), and k will be determined later. Let ;= S(B;(0))
(j=0). Clearly, if z¢S;_;, then |w—z| >2/~1#(j > 1). Therefore,

1 X 1
——=du(z) < t"'J du+1t7y —— J du
JH |w—z|” So ;27(1—1) S\

1
@y

o0
SCr T+ ClT Yy
=1

Since y —c=¢q(n+m+k) — (n+r)q/p, we can choose an integer k£ such that
y—c¢>0 and p(n+k)—2n>0. It follows that [, 1/|w—z|"du(z) < Ct<7".

4. Derivative norms and harmonic conjugates of 5”-functions

When p > 1, properties of the harmonic Bergman space b” have been
studied by Ramey and Yi [9]. We show that some of these properties are also
valid for 0 < p < 1. For eachd > 0, set Qs = {z e H; y > §} and denote by y;
the characteristic function of Q5. We use the expression 4 ~ B meaning
that there is a constant C > 0 such that C-'4 < B < CA. We show that the
Bergman norm is comparable to “derivative norms”. The following theorem
is a consequence of Theorem 1.
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THEOREM 4. Let 0 < p <1 and ¢ be a nonnegative integer. Then

llull, = > 11y*D*ull, ~ ||y Djull,
|o|=¢

for all ueb?’.

ProOF. Let ueb”. We note that ||y’ D*zu — )’ D*ul|, — 0(6 — 0). In
fact, since

[0 0]
I/ Dozsull? = L (y—3)" LH D u(x, y)|P dx dy

(o]
| =97 st nIDtux )raxay,
0 oH
the monotone convergence theorem implies that ||y’ D*zsul| = |l ) D%u||,. By
the definition of 15, we have y’D%su(x,y) — y’D%(x,y) for each
(x,y) € H. Hence, Egoroff’s Theorem implies that ||y’ D*tsu — y‘D“qu - 0.
We show that derivative norms are dominated by Bergman norms. In (1)
of Theorem 1, we put ¢ = p and m =r = 0. Then, there is a constant C > 0
such that [, |D*v|’du < C [}, |[v|PdV for all ve I7 if and only if there is
a constant K >0 such that u(S(B,)) < Kt"*? for all B, = R"™!. Since
du = y’PdV satisfies this condition (in fact, u(S(B,)) = fozt VP [p dxdy =
Ct™*’P), we have ||y’ D*tsu|, < C||zsul|,. Letting 6 — 0, we obtain || y* D*ul|, <
Cllull,- It follows that

> 1Y/ Dull, < Cllull,.
|o|=¢

Similarly, Theorem 1 also implies that ||u||, < C||y’D{ul|,. Therefore, we
conclude that

Iy Dyull, < > 11y’ Dull, < Cllull, < C'l|y* Djull,.
|o|=¢

This completes the broof.

Given a harmonic function ¥ on H, recall that functions uy,...,u,_ are
called harmonic conjugates of u = u, if
n
ZD,-uj =0 and Diuj = Dju,- (1 < i,j < n),
j=1
where D; =0/0x; (1<j<n-—1) and D, =D, = 0/0y.
In [9], it was shown that harmonic conjugation is bounded on the har-
monic Bergman space ¥ when p > 1. We show that this conjugation result is
also valid in the case of p < 1. That conjugation is bounded on the Bergman
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space on the unit disk for p <1 was observed in [6]. An analogous result
holds for the upper half-space in all dimensions.

THEOREM 5. Let 0<p <1 and ueb?. Then, there exist harmonic
conjugates ui,...,un_1 of u such that ujeb?. Moreover, they are uniquely
determined and

n—1
lell, = > Nl
=1

Proor. Let uebd? and § > 0. Let k be a nonnegative integer such that
p(n+k)—2n>0. Then, harmonic functions v]‘-S on H(l<j<n-1) can be
defined by

v)(z) = 2¢x JH t*z5u(w) Dy D P,(w) dV (w),
where w=(s,2) = (s1,...,8-1,¢) and z=(x,...,x,—1,y). In fact, since
|tsu(w)| < Cr=¢ for some 0<c<1 and |DyD¥P,(w)| < Cr*/lw—12|", the
absolute value of the integrand is dominated by ¢=¢/|w —Z|". Therefore,
Lemma 3 implies that the right-hand side of the equality is well defined and
harmonic on H. Since D, P.(w) = —DsP,(w) (1 <j<n-1), differentiating
through the integral, we have Djv? = D;v{ for all 1 <i,j <n—1. Moreover,
since D,P,(w) = D;P,(w), Lemma 5 implies that

Dyvj‘.;(z) =D, (—2ck JH t*75u(w) DX P, (w) dV(w)) = D, tsu(z).

Therefore, we obtain D,,vj‘.S = Dj7su. Similarly, we can also show that (see [9])
n—1
Z D]-vj‘-; + D,t5u = 0.
=1
Thus, these functions v?,...,v°_, are harmonic conjugates of 7su.
We show that there is a constant C > 0 independent of § and j such that
||v]f5||p < C|lull,- As in the proof of Proposition 2, we can show that there is a
constant C > 0 independent of 6 and j such that

tp(n+k)—n

0?(2)” < CJ ey [T (W) PV (w)

H|w—1Z|

for all ze H. Integfating this inequality with respect to dV, we have

(p(ntk)—n
(J o R V(Z)> [rsu(w)|dV (w).
H

|W _ z-lp(n+k

JH W ()PaV (2) < CJ

H

le(n+k n+ p(n+k)—n—c+c >

Since p(n+k)—-2n>0, we have |w-— ) = |w-— | >
|w — z|"tp(itk)=n=c ye for some 0 < ¢ < 1. Hence, Lemma 3 implies that there
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is a constant K > 0 such that

pintk)—n p(ntk)—n
JH m dv(z) < JH [ = 2R e ye dv(z)

y—c
=tc -—_ndVZ SK
J, o o

for all we H. Therefore, we obtain ||vj‘-5||p < Cllwsull, < Cllul,-

Now, we define functions u? on Qs by

J
w(x,y) =v)(x,y - 9).

Then, the definition of 4/ implies that
J wPdv < CJ [u|PdV.
Qs H

Fix 6o >0 and let 61,0, <J. Then, D,(u' —u*) = Dju— Dju=0 on Qs

Therefore, the function u;?: - ufz on £, is independent of y. Put f(x)=

flx,y)= u]‘.sl (x,y) — ufz(x, y) (f is independent of y). Since u‘?‘,u]‘?z €

J
b?(Ls,,dV), Fubini’s theorem implies that

o> [ iy [C] 1wy =" a | ireopas

o do do

Therefore, we have 0 = f = u]‘.;l —u®

;> on Qs,. Thus, we can define harmonic
functions u; on H by

uj(x7 y) = ;%uf(x’ ¥)-

Clearly, these functions uj,...,u,—; are harmonic conjugates of u on
H. Moreover, the monotone convergence theorem implies that

J [uj|?dV = lim J 151w\’ dV = lim J |uj‘.5|"dV < CJ |u|PdV .
H 6—0 H 0—0 Qs H

Thus, we obtain u; € b’ and

n—1
> lwll, < Clull,.
j=1

By Theorem 4, we also obtain

n—1

> yDju;

J=1

n—1
<cy lul,

p J=1

”u“p < C”J’Dy””p =C
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The proof of uniqueness of u; is similar to that of Theorem 6.1 in [9]. (We use
Theorem 4 in stead of Theorem 4.4 in [9].)

By Theorems 4 and 5, we see that Bergman norms are also comparable to
tangential derivative norms. In the proof of Theorem 6.2 in [9], if we replace
Theorems 4.4 and 6.1 in [9] by Theorems 4 and 5 respectively, then the
following Theorem 6 is obtained. Therefore, we omit the proof.

THEOREM 6. Let 0 < p <1 and ¢ be a nonnegative integer. Then,

lull, ~ > 1y D%ull,

|o|=¢, an=0

for all ueb?.
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