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Abstract

We establish the existence of at least three distinct weak solutions for a perturbed nonlo-
cal fourth-order Kirchhoff-type problem with Navier boundary conditions under appropriate
hypotheses on nonlinear terms. Our main tools are based on variational methods and some
critical points theorems. We give some examples to illustrate the obtained results.
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1 Introduction

The purpose of this paper is to establish the existence of at least three distinct weak solutions for
the following perturbed nonlocal fourth-order problem of Kirchhoff-type under Navier boundary
condition {

T (u) = λf(x, u) + µg(x, u), in Ω,
u = ∆u = 0, on ∂Ω

(P f,gλ,µ)

where Ω ⊂ RN (N ≥ 1) is a bounded smooth domain,

T (u) = ∆
(
|∆u|p−2∆u

)
−
[
M

(∫
Ω

|∇u|pdx
)]p−1

∆pu+ ρ|u|p−2u

in which p > max
{

1, N2
}
, ρ > 0 and M : [0, +∞[→ R is a continuous function such that there

are two positive constants m0 and m1 with m0 ≤ M(t) ≤ m1 for all t ≥ 0, and λ > 0, µ ≥ 0 and
f, g : Ω× R→ R are two L1-Carathéodory functions.

The problem (P f,gλ,µ) is related to the stationary analogue of the equation

utt −M
(∫

Ω

|∇u|2dx
)

∆u = f(x, u) (1.1)

proposed by Kirchhoff [30] as an extension of the classical D’Alembert’s wave equation for free
vibrations of elastic strings. Kirchhoff’s model takes into account the changes in length of the
string produced by transverse vibrations. Similar nonlocal problems also model several physical
and biological systems where u describes a process which depends on the average of itself, for
example the population density. There are a number of papers concerned with Kirchhoff-type
boundary value problems, for instance see [9, 12, 14, 24, 36, 38, 39, 41, 42]. For example, in [41]
Perera and Zhang employing the Yang index and critical groups, obtained nontrivial solutions of
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a class of nonlocal quasilinear elliptic boundary value problems. More precisely, they proved the
existence of at least one nontrivial weak solution, and under additional assumptions, the existence
of infinitely many weak solutions. Ricceri in an interesting paper [42] established the existence
of at least three weak solutions to a class of Kirchhoff-type doubly eigenvalue boundary value
problems. In [24], based on variational methods, the existence of infinitely many solutions for a
class of nonlocal elliptic systems of (p1, . . . , pn)-Kirchhoff type was studied. Also in [12] employing
a three critical point theorem due to Ricceri, the existence of at least three weak solutions for the
following Kirchhoff-type problem involving two parameters{

−K
(∫

Ω
|∇u(x)|2dx

)
∆u(x) = λf(x, u) + µg(x, u), in Ω,

u = 0, on ∂Ω

was discussed. The existence and multiplicity of stationary problems of Kirchhoff type were also
studied in some recent papers, via variational methods like the symmetric mountain pass theorem in
[10] and via a three critical point theorem in [4]. Moreover, in [2, 3] some evolutionary higher order
Kirchhoff problems, mainly focusing on the qualitative properties of the solutions were treated.

The fourth-order equation of nonlinearity furnishes a model to study travelling waves in suspen-
sion bridges; therefore this becomes very significant in Physics. Many authors consider this type of
equation, we refer to [8, 13, 15, 20, 28, 32, 33, 34, 35, 40] and the references therein. For example,
Li and Tang in [33] by using a three critical points theorem due to Ricceri, established the existence
of at least three weak solutions for the following p-biharmonic Navier boundary value problem{

∆(|∆u|p−2∆u) = λf(x, u) + µg(x, u), x ∈ Ω,

u = ∆u = 0, x ∈ ∂Ω

where λ, µ ∈ [0,+∞) and f : Ω̄ × R → R is a continuous function, and g : Ω × R → R is a
Carathéodory function, while in [32] the authors based on a three critical points theorem due to
Ricceri, studied the existence of at least three solutions to a Navier boundary problem involving
the (p, q)-biharmonic systems. Also, in [13, 28] the existence of multiple solutions for (p1, . . . , pn)-
biharmonic systems was discussed based on variational methods and critical point theory. By using
variational methods, Molica Bisci and Repovs̆ in [40] investigated the existence of multiple weak
solutions for a class of elliptic Navier boundary problems involving the p-biharmonic operator, and
presented a concrete example of an application. The problem (P f,gλ,µ) models the bending equilibrium
of simply supported extensible beams on nonlinear foundations. The function f represents the
force that the foundation exerts on the beam and M

(∫
Ω
|∇u|pdx

)
models the effects of the small

changes in the length of the beam. Recently many authors looked for the existence and multiplicity
of solutions to fourth-order Kirchhoff-type problems, for an overview on this subject, we cite the
papers [1, 23, 25, 27, 37, 43, 44, 45]. In [43], using the mountain pass theorem, Wang and An
established the existence and multiplicity of solutions for the following fourth-order nonlocal elliptic
problem {

∆2u−M
(∫

Ω
|∇u|2dx

)
∆u = λf(x, u) in Ω

u = ∆u = 0 on ∂Ω.

Wang et al. in [44] studied the existence of positive solutions to a class of fourth order elliptic
equations of Kirchhoff type on RN by using variational methods and the truncation method. In
particular, Massar et al. in [37] by employing Ricceri’s variational principle, studied the existence
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of infinitely many solutions for the problem (P f,gλ,µ), in the case µ = 0. In [25] employing two three

critical points theorems the existence of three distinct weak solutions for the problem (P f,gλ,µ) was
ensured. Also in [1] based on a variational method, the existence of one weak solution for the

problem (P f,gλ,µ), in the case µ = 0 was discussed. Moreover, in [27] by using a variational method
and some critical points theorems due to Ricceri, the existence of multiple solutions for the problem
(P f,gλ,µ) was studied.

In the present paper, motivated by the above results, using two kinds of three critical points
theorems obtained in [5, 6] which we recall in the next section (Theorems 2.1 and 2.2), we ensure

the existence of at least three weak solutions for the problem (P f,gλ,µ) for appropriate values of the
parameters λ and µ belonging to real intervals (see Theorems 3.1 and 3.7). In fact, in Theorem 3.1
we prove the existence of an interval of positive real parameters λ and an interval of positive real
parameters µ for which the problem (P f,gλ,µ) possesses at least three weak bounded solutions, while
in Theorem 3.7 we establish the existence of two intervals of positive real parameters λ and an
interval of positive real parameters µ for which the problem (P f,gλ,µ) possesses three weak solutions,
whose norms are uniformly bounded in respect to λ belonging to one of the two intervals. In
Theorem 3.1, no asymptotic conditions on f and g are needed and only algebraic conditions on f
are imposed to guarantee the existence of the weak solutions, while in Theorem 3.7 in addition we
need an asymptotic condition on g. Theorem 3.3 is a consequence of Theorem 3.1. Theorem 3.4
is a simple consequence of Theorem 3.3, in which the function f has separated variables. Theorem
3.5 is a consequence of Theorem 3.3, in the case f does not depend upon x. Examples 3.6 and 3.9
are presented in order to illustrate Theorems 3.5 and 3.7, respectively. Theorem 3.13 is a particular
case of Theorem 3.7, in which the function f has separated variables. In Theorem 3.14, we study
the autonomous version of Theorem 3.7. Theorem 3.15 is a special case of Theorem 3.7. In Theorem
3.16 we present an application of Theorem 3.7. Finally, we give Example 3.17 to illustrate Theorem
3.16.

The rest of this paper is organized as follows. Section 2 contains some preliminary lemmas and
Section 3 contains our main results and their proofs.

2 Preliminaries

Our main tools are the following three critical points theorems. In the first one a suitable sign
hypothesis is assumed. In the second one the coercivity of the functional Φ− λΨ is required.

Let X be a nonempty set and Φ,Ψ : X → R be two functions. For all r, r1, r2 > infX Φ, r2 >
r1, r3 > 0, we define

ϕ(r) := inf
u∈Φ−1(−∞,r)

(supu∈Φ−1(−∞,r) Ψ(u))−Ψ(u)

r − Φ(u)
,

β(r1, r2) := inf
u∈Φ−1(−∞,r1)

sup
v∈Φ−1[r1,r2)

Ψ(v)−Ψ(u)

Φ(v)− Φ(u)
,

γ(r2, r3) :=
supu∈Φ−1(−∞,r2+r3) Ψ(u)

r3
,

α(r1, r2, r3) := max{ϕ(r1), ϕ(r2), γ(r2, r3)}.
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Theorem 2.1. [6, Theorem 3.3] Let X be a reflexive real Banach space, Φ : X → R be a convex,
coercive and continuously Gâteaux differentiable functional whose Gâteaux derivative admits a
continuous inverse on X∗,Ψ : X → R be a continuously Gâteaux differentiable functional whose
Gâteaux derivative is compact, such that

(a1) infX Φ = Φ(0) = Ψ(0) = 0;

(a2) for every u1, u2 ∈ X such that Ψ(u1) ≥ 0 and Ψ(u2) ≥ 0, one has

inf
s∈[0,1]

Ψ(su1 + (1− s)u2) ≥ 0.

Assume that there are three positive constants r1, r2, r3 with r1 < r2, such that

(a3) ϕ(r1) < β(r1, r2);

(a4) ϕ(r2) < β(r1, r2);

(a5) γ(r2, r3) < β(r1, r2).

Then, for each λ ∈] 1
β(r1,r2) ,

1
α(r1,r2,r3) [ the functional Φ − λΨ admits three distinct critical points

u1, u2, u3 such that u1 ∈ Φ−1(−∞, r1), u2 ∈ Φ−1[r1, r2) and u3 ∈ Φ−1(−∞, r2 + r3).

Theorem 2.2. [5, Theorem 3.1] Let X be a separable and reflexive real Banach space; Φ : X −→ R
a nonnegative continuously Gâteaux differentiable and sequentially weakly lower semicontinuous
functional whose Gâteaux derivative admits a continuous inverse on X∗; Ψ : X −→ R a continuously
Gâteaux differentiable functional whose Gâteaux derivative is compact. Assume that there exists
u0 ∈ X such that Φ(u0) = Ψ(u0) = 0 and that

(b1) lim‖u‖→+∞(Φ(u)− λΨ(u)) = +∞ for all λ ∈ [0,+∞[.

Further, assume that there are r > 0, u1 ∈ X such that:

(b2) r < Φ(u1);

(b3) sup
u∈Φ−1(]−∞,r[)w Ψ(u) < r

r+Φ(u1)Ψ(u1).

Then, for each

λ ∈ Λ1 =]
Φ(u1)

Ψ(u1)− sup
u∈Φ−1(]−∞,r[)w Ψ(u)

,
r

sup
u∈Φ−1(]−∞,r[)w Ψ(u)

[,

the equation
Φ′(u)− λΨ′(u) = 0 (2.1)

has at least three solutions in X and, moreover, for each h > 1, there exist an open interval

Λ2 ⊆ [0,
hr

rΨ(u1)
Φ(u1) − sup

u∈Φ−1(−∞,r[)w Ψ(u)
]

and a positive real number σ such that, for each λ ∈ Λ2, the equation (2.1) has at least three
solutions in X whose norms are less than σ.
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We refer the interested reader to the papers [7, 18, 19, 21, 22, 26, 31] and the papers [16, 17, 29]
in which Theorems 2.1 and 2.2 have been successfully employed to the existence of at least three
solutions for boundary value problems, respectively.

Here and in the sequel, X will denote the space W 2,p(Ω)
⋂
W 1,p

0 (Ω) endowed with the norm

‖u‖ :=

(∫
Ω

(|∆u(x)|p + |∇u(x)|p + |u(x)|p)dx

) 1
p

.

Put

k = sup
u∈X\{0}

maxx∈Ω |u(x)|
‖u‖

. (2.2)

For p > max{1, N2 }, since the embedding X ↪→ C0(Ω) is compact, one has k < +∞.
Set

F (x, t) =

∫ t

0

f(x, ξ)dξ, for all (x, t) ∈ Ω× R,

G(x, t) =

∫ t

0

g(x, ξ)dξ, for all (x, t) ∈ Ω× R,

M̃(t) =

∫ t

0

[M(s)]
p−1

ds for all t ≥ 0,

M− := min
{

1,mp−1
0 , ρ

}
and

M+ := max
{

1,mp−1
1 , ρ

}
.

We say that a function u ∈ X is a (weak) solution of the problem (P f,gλ,µ) if∫
Ω

|∆u|p−2∆u∆vdx+

[
M

(∫
Ω

|∇u|pdx
)]p−1 ∫

Ω

|∇u|p−2∇u∇vdx+ ρ

∫
Ω

|u|p−2uvdx

−λ
∫

Ω

f(x, u)vdx− µ
∫

Ω

g(x, u)vdx = 0

for every v ∈ X.

3 Main results

In this section, we formulate our main results on the existence of at least three weak solutions
for the problem (P f,gλ,µ).

Fix x0 ∈ Ω and pick s > 0 such that B(x0, s) ⊂ Ω where B(x0, s) denotes the ball with center
at x0 and radius of s. Put

c1 :=
2π

N
2

Γ(N2 )

∫ s

s
2

∣∣∣12(N + 1)

s3
r − 24N

s2
+

9(N − 1)

s

1

r

∣∣∣prN−1dr,
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c2 :=

∫
B(x0,s)\B(x0, s2 )

[
ΣNi=1

(
12`(xi − x0

i )

s3
− 24(xi − x0

i )

s2
+

9(xi − x0
i )

s`

)2
] p

2

dx,

c3 :=
2π

N
2

Γ(N2 )

[
( s2 )N

N
+

∫ s

s
2

∣∣∣ 4

s3
r3 − 12

s2
r2 +

9

s
r − 1

∣∣∣prN−1dr

]
where Γ denotes the Gamma function, and

L := c1 + c2 + c3.

In the sequel meas(Ω) denotes the Lebesgue measure of the set Ω.
For our convenience, set

Gθ :=

∫
Ω

max
|ξ|≤θ

G(x, ξ)dx for all θ > 0

and
Gη := meas(Ω) inf

Ω×[0,η]
G(x, ξ) for all η > 0.

If g is sign-changing, then clearly Gθ ≥ 0 and Gη ≤ 0.
We fix four positive constants θ1, θ2, θ3 and η, put

δλ,g := min

{
1

pkp
min

{M−θp1 − λpkp ∫
Ω

F (x, θ1)dx

Gθ1
,

M−θp2 − λpkp
∫

Ω

F (x, θ2)dx

Gθ2
, (3.1)

M−(θp3 − θ
p
2)− λpkp

∫
Ω

F (x, θ3)dx

Gθ3

}
,

ηp

p M
+L− λ

( ∫
B(x0, s2 )

F (x, η)dx−
∫

Ω

F (x, θ1)dx
)

Gη −Gθ1

}
.

We present our first existence result as follows.

Theorem 3.1. Assume that there exist four positive constants θ1, θ2, θ3 and η with θ1 < k p
√
Lη,

max{η, k p

√
M+L
M− η} < θ2 and θ2 < θ3 such that

(A1) f(x, t) ≥ 0 for each (x, t) ∈ Ω× [−θ3, θ3];

(A2)

max
{∫

Ω
F (x, θ1)dx

θp1
,

∫
Ω
F (x, θ2)dx

θp2
,

∫
Ω
F (x, θ3)dx

θp3 − θ
p
2

}
<

M−

kpM+L

∫
B(x0, s2 )

F (x, η)dx−
∫

Ω
F (x, θ1)dx

ηp
.
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Then, for every

λ ∈
( ηp

p M
+L∫

B(x0, s2 )
F (x, η)dx−

∫
Ω
F (x, θ1)dx

,

M−

pkp
min

{ θp1∫
Ω
F (x, θ1)dx

,
θp2∫

Ω
F (x, θ2)dx

,
θp3 − θ

p
2∫

Ω
F (x, θ3)dx

})
for every non-negative L1-Carathéodory function g : Ω×R→ R there exists δλ,g > 0 given by (3.1)

such that, for each µ ∈ [0, δλ,g), the problem (P f,gλ,µ) possesses at least three weak solutions u1, u2,
and u3 such that

max
x∈Ω
|u1(x)| < θ1, max

x∈Ω
|u2(x)| < θ2 and max

x∈Ω
|u3(x)| < θ3.

Proof. Our aim is to apply Theorem 2.1 to our problem. We consider the auxiliary problem{
T (u) = λf̂(x, u) + µg(x, u), in Ω,
u = ∆u = 0, on ∂Ω

(P f̂ ,gλ,µ)

where f̂ : Ω× R→ R is an L1-Carathéodory function, defined as follows

f̂(x, ξ) =

 f(x, 0), if ξ < −θ3,
f(x, ξ), if − θ3 ≤ ξ ≤ θ3,
f(x, θ3), if ξ > θ3.

If any solution of the problem (P f,gλ,µ) satisfies the condition −θ3 ≤ u(x) ≤ θ3 for every x ∈ Ω,

then, any weak solution of the problem (P f̂ ,gλ,µ) clearly turns to be also a weak solution of (P f,gλ,µ).

Therefore, for our goal, it is enough to show that our conclusion holds for (P f,gλ,µ). We introduce the
functionals Φ,Ψ for u ∈ X, as follows

Φ(u) =
1

p

∫
Ω

|∆u(x)|pdx+
1

p
M̃

[∫
Ω

|∇u(x)|pdx
]

+
ρ

p

∫
Ω

|u(x)|pdx (3.2)

and

Ψ(u) =

∫
Ω

F (x, u(x))dx+
µ

λ

∫
Ω

G(x, u(x))dx, (3.3)

and we put
Iλ(u) = Φ(u)− λΨ(u)

for u ∈ X. Now we show that the functionals Φ and Ψ satisfy the required conditions in Theorem
2.1. We easily observe that infX Φ = Φ(0) = Ψ(0) = 0. It is well known that Ψ is a differentiable
functional whose differential at the point u ∈ X is the functional Ψ′(u) ∈ X∗, given by

Ψ′(u)(v) =

∫
Ω

f(x, u(x))v(x)dx+
µ

λ

∫
Ω

g(x, u(x))v(x)dx
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for every v ∈ X, and Ψ is sequentially weakly upper semicontinuous. Moreover, since m0 ≤M(s) ≤
m1 for all s ∈ [0,+∞[, from (3.2), we have

M−

p
‖u‖p ≤ Φ(u) ≤ M+

p
‖u‖p (3.4)

for all u ∈ X and it follows lim‖u‖→+∞ Φ(u) = +∞, namely Φ is coercive. Moreover, Φ is continu-
ously differentiable whose differential at the point u ∈ X is Φ′(u) ∈ X∗, given by

Φ′(u)(v) =

∫
Ω

|∆u(x)|p−2∆u(x)∆v(x)dx

+

[
M

(∫
Ω

|∇u(x)|pdx
)]p−1 ∫

Ω

|∇u(x)|p−2∇u(x)∇v(x)dx

+ρ

∫
Ω

|u(x)|p−2u(x)v(x)dx

for every v ∈ X. Furthermore, the functional Φ defined by (3.2) is sequentially weakly lower
semicontinuous, while [11, Proposition 2.3] gives that its Gâteaux derivative admits a continuous

inverse on X∗. Put r1 := M−

p ( θ1k )p, r2 := M−

p ( θ2k )p, r3 := M−

p (
θp3−θ

p
2

kp ) and

w(x) :=

 0 if x ∈ Ω \B(x0, s)
η
(

4
s3 `

3 − 12
s2 `

2 + 9
s `− 1

)
if x ∈ B(x0, s) \B(x0, s2 )

η if x ∈ B(x0, s2 )
(3.5)

with ` = dist(x, x0) =

√
ΣNi=1 (xi − x0

i )
2
. We see that w ∈ X and

∂w(x)

∂xi
={

0 if x ∈ Ω \B(x0, s) ∪B(x0, s2 )

η
(

12`(xi−x0
i )

s3 − 24(xi−x0
i )

s2 + 9
s

(xi−x0
i )

`

)
if x ∈ B(x0, s) \B(x0, s2 )

and
∂2w(x)

∂x2
i

={
0 if x ∈ Ω \B(x0, s) ∪B(x0, s2 )

η
(

12
s3

(xi−x0
i )

2+`2

` − 24
s2 + 9

s
`2−(xi−x0

i )
2

`3

)
if x ∈ B(x0, s) \B(x0, s2 )

and so that

N∑
i=1

∂2w(x)

∂x2
i

=

{
0 if x ∈ Ω \B(x0, s) ∪B(x0, s2 )

η
(

12l(N+1)
s3 − 24N

s2 + 9
s
N−1
`

)
if x ∈ B(x0, s) \B(x0, s2 ).

Since ∫
Ω

|∆w(x)|pdx = ηp
2π

N
2

Γ(N2 )

∫ s

s
2

∣∣∣∣12(N + 1)

s3
r − 24N

s2
+

9(N − 1)

s

1

r

∣∣∣∣p rN−1dr,



Perturbed fourth-order Kirchhoff-type problems 121

∫
Ω

|∇w(x)|pdx =

∫
B(x0,s)\B(x0, s2 )

[
N∑
i=1

η2

(
12l(xi − x0

i )

s3
− 24(xi − x0

i )

s2
+

9

s

(xi − x0
i )

l

)2
] p

2

dx

= ηp
∫
B(x0,s)\B(x0, s2 )

[
N∑
i=1

(
12l(xi − x0

i )

s3
− 24(xi − x0

i )

s2
+

9

s

(xi − x0
i )

l

)2
] p

2

dx

and ∫
Ω

|w(x)|pdx = ηp
2π

N
2

Γ(N2 )

(
( s2 )N

N
+

∫ s

s
2

∣∣∣∣ 4

s3
r3 − 12

s2
r2 +

9

s
r − 1

∣∣∣∣p rN−1dr

)
.

In particular, one has

ηp

p
M−L ≤ 1

p
(c1η

p +mp−1
0 c2η

p + ρc3η
p) ≤ Φ(w) =

1

p
(c1η

p + M̂(c2η
p) + ρc3η

p)

≤ 1

p
(c1η

p +mp−1
1 c2η

p + ρc3η
p) ≤ ηp

p
M+L.

From the conditions θ3 > θ2, θ1 < k p
√
Lη and k p

√
M+L
M− η < θ2, we get r3 > 0 and r1 < Φ(w) < r2.

Moreover, for all u ∈ X with Φ(u) < r1, from the definition of Φ and taking (3.4) into account, one
has

Φ−1(−∞, r1) ⊆
{
u ∈ X;

M−

p
‖u‖p ≤ r1

}
⊆ {u ∈ X; |u(x)| ≤ θ1 for each x ∈ Ω} .

Hence, by using the assumption (A1), one has

sup
u∈Φ−1(−∞,r1)

∫
Ω

F (x, u(x))dx ≤
∫

Ω

max
|t|≤θ1

F (x, t)dx ≤
∫

Ω

F (x, θ1)dx.

In a similar way, we have

sup
u∈Φ−1(−∞,r2)

∫
Ω

F (x, u(x))dx ≤
∫

Ω

F (x, θ2)dx

and

sup
u∈Φ−1(−∞,r2+r3)

∫
Ω

F (x, u(x))dx ≤
∫

Ω

F (x, θ3)dx.
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Therefore, since 0 ∈ Φ−1(−∞, r1) and Φ(0) = Ψ(0) = 0, one has

ϕ(r1) = inf
u∈Φ−1(−∞,r1)

(supu∈Φ−1(−∞,r1) Ψ(u))−Ψ(u)

r1 − Φ(u)

≤
supu∈Φ−1(−∞,r1) Ψ(u)

r1

=

sup
u∈Φ−1(−∞,r1)

∫
Ω

[F (x, u(x)) +
µ

λ
G(x, u(x))]dx

r1

≤ pkp

M−

∫
Ω

F (x, θ1)dx+
µ

λ
Gθ1

θp1
,

ϕ(r2) ≤
sup

u∈Φ−1(−∞,r2)

Ψ(u)

r2
=

sup
u∈Φ−1(−∞,r2)

∫
Ω

[F (x, u(x)) +
µ

λ
G(x, u(x))]dx

r2

≤ pkp

M−

∫
Ω

F (x, θ2)dx+
µ

λ
Gθ2

θp2

and

γ(r2, r3) ≤
sup

u∈Φ−1(−∞,r2+r3)

Ψ(u)

r3

=

sup
u∈Φ−1(−∞,r2+r3)

∫
Ω

[F (x, u(x)) +
µ

λ
G(x, u(x))]dx

r3

≤ pkp

M−

∫
Ω

F (x, θ3)dx+
µ

λ
Gθ3

θp3 − θ
p
2

.

Since 0 ≤ w(x) ≤ η for each x ∈ Ω, the assumption (A1) ensures that

Ψ(w) ≥
∫
B(x0, s2 )

F (x, η)dx+
µ

λ

∫
Ω

G(x,w(x))dx ≥
∫
B(x0, s2 )

F (t, η)dt+
µ

λ
Gη.

On the other hand, for each u ∈ Φ−1(−∞, r1) one has

β(r1, r2) ≥

∫
B(x0, s2 )

F (x, η)dx−
∫

Ω
F (x, θ1)dx+ µ

λ (Gη −Gθ1)

Φ(w)− Φ(u)

≥

∫
B(x0, s2 )

F (x, η)dx−
∫

Ω
F (x, θ1)dx+ µ

λ (Gη −Gθ1)

ηp

p M
+L

.
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Due to (A2) we get
α(r1, r2, r3) < β(r1, r2).

Now, we show that the functional Iλ satisfies the assumption (a2) of Theorem 2.1. Let u1 and u2 be
two local minima for Iλ. Then u1 and u2 are critical points for Iλ, and so, they are weak solutions
for the problem (P f,gλ,µ). Since we could assume that f is non-negative, and g is non-negative, for
fixed λ > 0 and µ ≥ 0 we have (λf +µg)(x, su1 + (1− s)u2) ≥ 0 for all s ∈ [0, 1], and consequently,
Ψ(su1 + (1− s)u2) ≥ 0, for every s ∈ [0, 1]. Hence, Theorem 2.1 implies that for every

λ ∈
( ηp

p M
+L∫

B(x0, s2 )
F (x, η)dx−

∫
Ω
F (x, θ1)dx

,

M−

pkp
min

{ θp1∫
Ω
F (x, θ1)dx

,
θp2∫

Ω
F (x, θ2)dx

,
θp3 − θ

p
2∫

Ω
F (x, θ3)dx

})
and µ ∈ [0, δλ,g), the functional Iλ has three critical points ui, i = 1, 2, 3, in X such that Φ(u1) < r1,
Φ(u2) < r2 and Φ(u3) < r2 + r3, that is,

max
x∈Ω
|u1(x)| < θ1, max

x∈Ω
|u2(x)| < θ2 and max

x∈Ω
|u3(x)| < θ3.

Then, taking into account the fact that the weak solutions of the problem (P f,gλ,µ) are exactly critical
points of the functional Iλ we have the desired conclusion. q.e.d.

Remark 3.2. We observe that, in Theorem 3.1, no asymptotic conditions on f and g are needed
and only algebraic conditions on f are imposed to guarantee the existence of the weak solutions.

For positive constants θ1, θ4 and η, set

δ′λ,g := min

{
1

pkp
min

{M−θp1 − λpkp ∫
Ω

F (x, θ1)dx

Gθ1
, (3.6)

M−θp4 − 2λpkp
∫

Ω

F (x,
1
p
√

2
θ4)dx

2G
1
p√2
θ4

,

M−θp4 − 2λpkp
∫

Ω

F (x, θ4)dx

2Gθ4

}
,

ηp

p M
+L− λ

( ∫
B(x0, s2 )

F (x, η)dx−
∫

Ω

F (x, θ1)dx
)

Gη −Gθ1

}
.

Now, we deduce the following straightforward consequence of Theorem 3.1.

Theorem 3.3. Assume that there exist three positive constants θ1, θ4 and η with θ1 < min{η, k p
√
Lη}

and max{η, k p

√
2M+L
M− η} < θ4 such that

(A3) f(x, t) ≥ 0 for each (x, t) ∈ Ω× [−θ4, θ4];
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(A4)

max
{∫

Ω
F (x, θ1)dx

θp1
,

2
∫

Ω
F (x, θ4)dx

θp4

}
<

M−

M− + kpM+L

∫
B(x0, s2 )

F (x, η)dx

ηp
.

Then, for every

λ ∈
( M−+kpM+L

pkp ηp∫
B(x0, s2 )

F (x, η)dx
,
M−

pkp
min

{ θp1∫
Ω
F (x, θ1)dx

,
θp4

2
∫

Ω
F (x, θ4)dx

})
and for every non-negative L1-Carathéodory function g : Ω × R → R, there exists δ′λ,g > 0 given

by (3.6) such that, for each µ ∈ [0, δ′λ,g), the problem (P f,gλ,µ) possesses at least three weak solutions
u1, u2 and u3 such that

max
x∈Ω
|u1(x)| < θ1, max

x∈Ω
|u2(x)| < 1

p
√

2
θ4 and max

x∈Ω
|u3(x)| < θ4.

Proof. Choose θ2 = 1
p√2
θ4 and θ3 = θ4. So, from (A4) one has∫

Ω
F (x, θ2)dx

θp2
=

2
∫

Ω
F (x, 1

p√2
θ4)dx

θp4
≤

2
∫

Ω
F (x, θ4)dx

θp4
(3.7)

<
M−

M− + kpM+L

∫
B(x0, s2 )

F (x, η)dx

ηp

and ∫
Ω
F (x, θ3)dx

θp3 − θ
p
2

=
2
∫

Ω
F (x, θ4)dx

θp4
<

M−

M− + kpM+L

∫
B(x0, s2 )

F (x, η)dx

ηp
. (3.8)

Moreover, taking into account that θ1 < η, by using (A4) we have

M−

kpM+L

∫
B(x0, s2 )

F (x, η)dx−
∫

Ω
F (x, θ1)dx

ηp

>
M−

kpM+L

∫
B(x0, s2 )

F (x, η)dx

ηp
− M−

kpM+L

∫
Ω
F (x, θ1)dx

θp1

>
M−

kpM+L

(∫
B(x0, s2 )

F (x, η)dx

ηp
− M−

M− + kpM+L

∫
B(x0, s2 )

F (x, η)dx

ηp

)
=

M−

M− + kpM+L

∫
B(x0, s2 )

F (x, η)dx

ηp
.

Hence, from (A4), (3.7) and (3.8), it is easy to see that the assumption (A2) of Theorem 3.1 is
satisfied, and it follows the conclusion. q.e.d.

We want to point out a simple consequence of Theorem 3.3, in which the function f has separated
variables.
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Theorem 3.4. Let f1 ∈ L1(Ω) and f2 ∈ C(R) be two functions. Put F̃ (t) =
∫ t

0
f2(ξ)dξ for all

t ∈ R and assume that there exist three positive constants θ1, θ4 and η with θ1 < min{η, k p
√
Lη}

and max{η, k p

√
2M+L
M− η} < θ4 such that

(A5) f1(x) ≥ 0 for each x ∈ Ω and f2(t) ≥ 0 for each t ∈ [−θ4, θ4];

(A6) ∫
Ω

f1(x)dxmax
{max|t|≤θ1 F̃ (t)

θp1
,

2 max|t|≤θ4 F̃ (t)

θp4

}
<

M−

M− + kpM+L

F̃ (η)

ηp

∫
B(x0, s2 )

f1(x)dx.

Then, for every

λ ∈
( M−+kpM+L

pkp ηp

F̃ (η)
∫
B(x0, s2 )

f1(x)dx
,

M−

pkp
∫

Ω
f1(x)dx

min
{ θp1

max|t|≤θ1 F̃ (t)
,

θp4
2 max|t|≤θ4 F̃ (t)

})
and for every non-negative L1-Carathéodory function g : Ω× R→ R, for each

µ ∈

[
0,min

{
1

pkp
min

{M−θp1 − λpkp max
|t|≤θ1

F̃ (t)

∫
Ω

f1(x)dx

Gθ1
,

M−θp4 − 2λpkp max
|t|≤ 1

p√2
θ4
F̃ (t)

∫
Ω

f1(x)dx

2G
1
p√2
θ4

,

M−θp4 − 2λpkp max
|t|≤θ4

F̃ (t)

∫
Ω

f1(x)dx

2Gθ4

}
,

ηp

p M
+L− λ

(
F̃ (η)

∫
B(x0, s2 )

f1(x)dx− max
|t|≤θ1

F̃ (t)

∫
Ω

f1(x)dx
)

Gη −Gθ1

})
,

the problem {
T (u) = λf1(x)f2(u) + µg(x, u), in Ω,
u = ∆u = 0, on ∂Ω

(3.9)

possesses at least three weak solutions u1, u2 and u3 such that

max
x∈Ω
|u1(x)| < θ1, max

x∈Ω
|u2(x)| < 1

p
√

2
θ4 and max

x∈Ω
|u3(x)| < θ4.
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Proof. Set f(x, u) = f1(x)f2(u) for each (x, u) ∈ Ω× R. Since

F (x, t) = f1(x)F̃ (t)

from (A5) and (A6) we get (A3) and (A4) are satisfied, respectively. Hence, the result follows from
Theorem 3.3. q.e.d.

Here, we present a simple consequence of Theorem 3.3, in the case f does not depend upon x.

Theorem 3.5. Assume that there exist three positive constants θ1, θ4 and η with θ1 < min{η, k p
√
Lη}

and max{η, k p

√
2M+L
M− η} < θ4 such that

(A7) f(t) ≥ 0 for each t ∈ [−θ4, θ4];

(A8)

meas(Ω) max
{F (θ1)

θp1
,

2F (θ4)

θp4

}
<

M−

M− + kpM+L

meas(B(x0, s2 ))F (η)

ηp
.

Then, for every

λ ∈
( M−+kpM+L

pkp ηp

meas(B(x0, s2 ))F (η)
,

M−

pkpmeas(Ω)
min

{ θp1
F (θ1)

,
θp4

2F (θ4)

})
and for every non-negative L1-Carathéodory function g : Ω× R→ R, for each

µ ∈

[
0,min

{
1

pkp
min

{M−θp1 − λpkpmeas(Ω)F (θ1)

Gθ1
,

M−θp4 − 2λpkpmeas(Ω)F (
1
p
√

2
θ4)

2G
1
p√2
θ4

,
M−θp4 − 2λpkpmeas(Ω)F (θ4)

2Gθ4

}
,

ηp

p M
+L− λ

(
meas(B(x0,

s

2
))F (η)−meas(Ω)F (θ1)

)
Gη −Gθ1

})
,

the problem {
T (u) = λf(u) + µg(x, u), in Ω,
u = ∆u = 0, on ∂Ω

(3.10)

possesses at least three weak solutions u1, u2 and u3 such that

max
x∈Ω
|u1(x)| < θ1, max

x∈Ω
|u2(x)| < 1

p
√

2
θ4 and max

x∈Ω
|u3(x)| < θ4.

We now give the following example to illustrate Theorem 3.5.
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Example 3.6. Let p = 3 and ρ = 1. Consider the following problem{
∆ (|∆u|∆u)−

[
M
(∫

Ω
|∇u|3dx

)]2
∆pu+ |u|u = λf(u) + µg(u), in Ω,

u = ∆u = 0, on ∂Ω
(3.11)

where Ω = {(x, y); x2 + y2 < 9}, M(t) = 3
2 + sin(t)

2 for every t ∈ [0,+∞) and

f(t) =

{
6t5, if t ≤ 1,
6
t , if t > 1.

By the expression of f , we have

F (t) =

{
t6, if t ≤ 1,
1 + 6 ln(t), if t > 1.

Direct calculations show M− = 1 and M+ = 4. Choose x0 = (0, 0), s = 2, θ1 = 10−8, θ4 = 104 and

η = 1. Therefore, since k = 3

√
4
π , L = 58.18309π, we clearly see that all assumptions of Theorem

3.5 are satisfied. Then, for every

λ ∈
(π + 16L

12π
,

1012

216 + 1296 ln(104)

)
and for every non-negative continuous function g : R→ R, there exists δ̄λ,g > 0 such that, for each
µ ∈ [0, δ̄λ,g), the problem (3.11) possesses at least three weak solutions u1, u2 and u3 such that

max
x∈Ω
|u1(x)| < 10−8, max

x∈Ω
|u2(x)| < 104

3
√

2
and max

x∈Ω
|u3(x)| < 104.

For our second goal, we fix two positive constants θ and η, put

δλ,g := min

{M−θp − λpkp ∫
Ω

max
|t|≤θ

F (x, t)dx

pkpGθ
,

ηp

p M
+L− λ

( ∫
B(x0, s2 )

F (x, η)dx−
∫

Ω

max
|t|≤θ

F (x, t)dx
)

Gη −Gθ

}
and

δλ,g := min

δλ,g,
1

max

{
0,
pkpmeas(Ω)

M−
lim sup
|t|→+∞

supx∈ΩG(x, t)

tp

}
 (3.12)

where we read ε/0 = +∞, so that, for instance, δλ,g = +∞ when

lim sup
|t|→+∞

supx∈ΩG(x, t)

tp
≤ 0,

and Gη = Gθ = 0.
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Theorem 3.7. Assume that there exist two positive constants θ and η with θ < k p
√
Lη such that

(B1) F (x, t) ≥ 0 for each (x, t) ∈ (Ω\B(x0,
s
2 ))× [0, η];

(B2)
∫

Ω
max|t|≤θ F (x, t)dx < 1

2
M−θp

kpM+Lηp

∫
B(x0, s2 )

F (x, η)dx;

(B3) kp meas(Ω) lim sup|t|→∞
F (x,t)
tp < Θ1 uniformly with respect to x ∈ Ω where

Θ1 := max
{∫

Ω

max
|t|≤θ

F (x, t)dx

M−

p ( θk )p
,

M−θp

kpM+Lηp

∫
B(x0, s2 )

F (x, η)dx−
∫

Ω
max|t|≤θ F (x, t)dx

hM−

p ( θk )p

}
with h > 1.

Then, for every

λ ∈ Λ1 :=
( ηp

p M
+L∫

B(x0, s2 )
F (x, η)dx−

∫
Ω

max|t|≤θ F (x, t)dx
,
M−

pkp
θp∫

Ω

max
|t|≤θ

F (x, t)dx

)

and for every L1-Carathéodory function g : Ω× R→ R satisfying the asymptotical condition

lim sup
|t|→+∞

supx∈ΩG(x, t)

tp
< +∞, (3.13)

there exists δλ,g > 0 given by (3.12) such that, for each µ ∈ [0, δλ,g), the problem (P f,gλ,µ) admits at
least three weak solutions in X and, moreover, for each h > 1, there exist an open interval

Λ2 ⊆
(

0,

hM−

p ( θk )p

M−θp

kpM+Lηp

∫
B(x0, s2 )

F (x, η)dx−
∫

Ω
max|t|≤θ F (x, t)dx

)
and a positive real number σ, for each λ ∈ Λ2, and for every L1-Carathéodory function g : Ω×R→ R
satisfying the condition (3.13), for each

µ ∈

[
0,

1

max

{
0,
pkpmeas(Ω)

M−
lim sup
|t|→+∞

supx∈ΩG(x, t)

tp

}),

the problem (P f,gλ,µ) possesses at least three weak solutions in X whose norms are less than σ.

Proof. Fix λ, g and µ as in the conclusion and take Φ and Ψ as in the proof of Theorem 3.1. We
observe that the regularity assumptions of Theorem 2.2 on Φ and Ψ are satisfied. Then, our aim is
to verify (b1), (b2) and (b3). To this end, since

µ <
1

max

{
0,
pkpmeas(Ω)

M−
lim sup
|t|→+∞

supx∈ΩG(x, t)

tp

} ,
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we can fix l > 0 such that

lim sup
|t|→+∞

supx∈ΩG(x, t)

tp
< l,

and µl <
M−

pkpmeas(Ω)
. Therefore, there exists a function % ∈ R such that

G(x, t) ≤ ltp + % (3.14)

for every (x, t) ∈ Ω × R. Fix λ > 0, from (B3) there exist two constants γ, τ ∈ R with γ <
1

λΘ1
(M
−

p − µlk
pmeas(Ω)) such that

kp meas(Ω)

Θ1
F (x, t) < γtp + τ for all (x, t) ∈ Ω× R.

Fix u ∈ X. Then

F (x, u(x)) <
Θ1

kp meas(Ω)
(γ|u(x)|p + τ) for all x ∈ Ω. (3.15)

Now, to prove the coercivity of the functional Φ(u)− λΨ(u), first we assume that γ > 0. By using
(3.15), we have

Φ(u)− λΨ(u) ≥M
−

p
‖u‖p − λ

∫
Ω

[F (x, u(x)) +
µ

λ
G(x, u(x))]dx

≥M
−

p
‖u‖p −

λΘ1(γ
∫

Ω
|u(x)|pdx+ τ)

kp meas(Ω)
− µ(l

∫
Ω

|u(x)|pdx+ %)

≥
(M−

p
− λΘ1γ − µlkpmeas(Ω)

)
‖u‖p − λΘ1τ

kp meas(Ω)
− µ%

and so
lim

‖u‖→+∞
Φ(u)− λΨ(u) = +∞.

On the other hand, if γ ≤ 0, clearly, we obtain lim‖u‖→+∞ Φ(u) − λΨ(u) = +∞. Both cases lead
to the coercivity of functional Φ− λΨ. Now choose w as given in (3.5), as well as

r =
M−

p
(
θ

k
)p.

Thanks to θ < k p
√
Lη, since ηp

p M
−L ≤ Φ(w), we have Φ(w) > r. Moreover, by using (2.2), one has

sup
u∈Φ−1(−∞,r]

∫
Ω

F (x, u(x))dx ≤
∫

Ω

max
|t|≤θ

F (x, t)dx.

Since 0 ≤ w(x) ≤ η for each x ∈ Ω, the assumption (B1) ensures that∫
B(x0, s2 )

F (x, η)dx+

∫
B(x0,s)\B(x0, s2 )

F (x, η)dx ≥ 0.
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Therefore, owing to our assumptions, we have

sup
u∈Φ−1(−∞,r)w

Ψ(u) ≤
∫

Ω

max
|t|≤θ

F (x, t)dx+
µ

λ
Gθ

and

r

r + Φ(w)
Ψ(w) =

r

r + Φ(w)
(

∫
Ω

[F (x,w(x)) +
µ

λ
G(x,w(x))]dx)

≥
M−θp

pkp

M−θp

pkp + M+Lηp

p

(

∫
B(x0, s2 )

F (x, η)dx+
µ

λ
Gη)

≥ 1

2

M−θp

pkp

M+Lηp

p

(

∫
B(x0, s2 )

F (x, η)dx+
µ

λ
Gη).

Now, we can apply Theorem 2.2. Taking into account that

Φ(w)

Ψ(w)− sup
u∈Φ−1(−∞,r)w Ψ(u)

≤
ηp

p M
+L∫

B(x0, s2 )
F (x, η)dx−

∫
Ω

max|t|≤θ F (x, t)dx+ µ
λ (Gη −Gθ)

and

r

sup
u∈Φ−1(−∞,r)w Ψ(u)

=
r

sup
u∈Φ−1(−∞,r)

∫
Ω

[F (x, u(x)) +
µ

λ
G(x, u(x))]dx

≥ M−

pkp
θp∫

Ω

max
|t|≤θ

F (x, t)dx+
µ

λ
Gθ

.

Since µ < δλ,g, one has

µ <

M−θp − λpkp
∫

Ω

max
|t|≤θ

F (x, t)dx

pkpGθ
,

this means

pkp

M−

∫
Ω

max
|t|≤θ

F (x, t)dx+
µ

λ
Gθ

θp
<

1

λ
.

Furthermore,

µ <

ηp

p M
+L− λ

( ∫
B(x0, s2 )

F (x, η)dx−
∫

Ω

max
|t|≤θ

F (x, t)dx
)

Gη −Gθ
,
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this means ∫
B(x0, s2 )

F (x, η)dx−
∫

Ω
max|t|≤θ F (x, t)dx+ µ

λ (Gη −Gθ)
M−

p ( θk )p
>

1

λ
.

Then,

pkp

M−

∫
Ω

max
|t|≤θ

F (x, t)dx+
µ

λ
Gθ

θp
<

1

λ

<

∫
B(x0, s2 )

F (x, η)dx−
∫

Ω
max|t|≤θ F (x, t)dx+ µ

λ (Gη −Gθ)
M−

p ( θk )p
.

Moreover, we have

hr

rΨ(w)
Φ(w) − sup

u∈Φ−1(−∞,r)w Ψ(u)

≤
hM−

p ( θk )p

M−θp

kpM+Lηp

∫
B(x0, s2 )

F (x, η)dx−
∫

Ω
max|t|≤θ F (x, t)dx+ µ

λ ( M−θp

kpM+LηpGη −Gθ)
= ϑ.

Hence, by choosing u0 = 0, u1 = w, taking into account that the weak solutions of the problem
(P f,gλ,µ) are exactly the solutions of the equation Φ′(u) − λΨ′(u) = 0, from Theorem 2.2 it follows

that, for each λ ∈ Λ1, the problem (P f,gλ,µ) possesses at least three weak solutions, and there exist
an open interval Λ2 ⊆ [0, ϑ] and a real positive number σ such that, for each λ ∈ Λ2, the problem

(P f,gλ,µ) possesses at least three weak solutions whose norms in X are less than σ. The proof is
complete. q.e.d.

Remark 3.8. In Theorem 3.7, we observe that

ηp

p M
+L∫

B(x0, s2 )
F (x, η)dx−

∫
Ω

max|t|≤θ F (x, t)dx
<
M−

pkp
θp∫

Ω

max
|t|≤θ

F (x, t)dx

.

Because, from (B2) we have

2kpM+Lηp
∫

Ω

max
|t|≤θ

F (x, t)dx < M−θp
∫
B(x0, s2 )

F (x, η)dx

and since θ < k p
√
Lη, we get

(M−θp + kpM+Lηp)

∫
Ω

max
|t|≤θ

F (x, t)dx < M−θp
∫
B(x0, s2 )

F (x, η)dx

and so

kpM+Lηp
∫

Ω

max
|t|≤θ

F (x, t)dx < M−θp
(∫

B(x0, s2 )

F (x, η)dx−
∫

Ω

max
|t|≤θ

F (x, t)dx
)
.
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Hence, multiplying by 1
pkp it follows

M+Lηp

p

∫
Ω

max
|t|≤θ

F (x, t)dx <
M−θp

pkp

(∫
B(x0, s2 )

F (x, η)dx−
∫

Ω

max
|t|≤θ

F (x, t)dx
)
,

which concludes

M+Lηp

p∫
B(x0, s2 )

F (x, η)dx−
∫

Ω
max|t|≤θ F (x, t)dx

<

M−θp

pkp∫
Ω

max|t|≤θ F (x, t)dx
.

Therefore, Λ′1 6= ∅.

We now present the following example to illustrate Theorem 3.7.

Example 3.9. We consider the following problem{
∆ (|∆u|∆u)−

[
M
(∫

Ω
|∇u|3dx

)]2
∆pu+ ρ|u|u = λf(u) + µg(u), in Ω,

u = ∆u = 0, on ∂Ω
(3.16)

where Ω = {(x, y); x2 + y2 < 9}, M(t) = 2 + cos(t) for every t ∈ [0,+∞), ρ = 1, f(t) =

5t4e−
1
t + t3e−

1
t + 5t4 and g(t) = 3t2 for all t ∈ R. By the expressions of f and g, we have

F (t) = t5(e−
1
t + 1) and G(t) = t3 for all t ∈ R. By simple calculations, we obtain M− = 1 and

M+ = 9. Choose x0 = (0, 0), s = 2, θ = 10−4, and η = 1. Therefore, since k = 3

√
4
π , L = 58.18309π,

all conditions in Theorem 3.7 are fulfilled. Then, for every

λ ∈
( 3L

π(1− 9× 10−20(e−104 + 1))
,

10−12

108× 10−20(e−104 + 1)

)
and for every

µ ∈

[
0,min

{
min

{
π(10−4 − λ× 12× 10−20(e−104

+ 1))

12× 10−12
,

λπ(1− 9× 10−20(e−104

+ 1))− 3L

10−12

}
,

1

108

})

the problem (3.16) has at least three weak solutions in W 2,3(Ω)
⋂
W 1,3

0 (Ω) and, moreover, for h = 2,
there exists a positive real number σ such that, for each

λ ∈
(

0,
10−12

10−12π
6L − 54× 10−20(e−104 + 1)

)
,

and for every µ ∈
[
0, 1

108

)
, the problem (3.16) possesses at least three weak solutions inW 2,3(Ω)

⋂
W 1,3

0 (Ω)
whose norms are less than σ.
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Remark 3.10. The statements of Theorems 3.1 and 3.7 depend upon the test function w defined
by (3.5). If we take other choices of the test function w we have other statements. For example, if
x0 ∈ Ω and we pick s > 0 such that B(x0, s) ⊂ Ω where B(x0, s) denotes the ball with center at x0

and radius of s, and

c′1 :=
25P+1πN/2ηp

s4pΓ(N/2)

∫ s

s/2

∣∣∣2(N + 2)r2 − 3(N + 1)sr +Nr2
∣∣∣prN+1dr,

c′2 :=

(
32

s4

)p ∫
B(x0,s)\B(x0, s2 )

[
N∑
i=1

(
(s− `)(s− 3`)(xi − x0

i )
)2] p2

dx,

c′3 :=

(
16

s4

)p
2π

N
2

Γ(N2 )

(
( s2 )N

N
+

∫ s

s
2

∣∣r2(s− r)
∣∣p rN−1dr

)
where Γ denotes the Gamma function,

L′ := c′1 + c′2 + c′3,

and we take

w(x) :=


0 if x ∈ Ω \B(x0, s),

16 `
2

s4 (s− `)2η if x ∈ B(x0, s) \B(x0, s2 ),
η if x ∈ B(x0, s2 )

(3.17)

as used in [40], with ` = dist(x, x0) =

√
ΣNi=1 (xi − x0

i )
2
, then one has

ηp

p
M−L′ ≤ 1

p
(c′1η

p +mp−1
0 c′2η

p + ρc′3η
p) ≤ Φ(w) =

1

p
(c′1η

p + M̂(c′2η
p) + ρc′3η

p)

≤ 1

p
(c′1η

p +mp−1
1 c′2η

p + ρc′3η
p) ≤ ηp

p
M+L′.

For calculations see [27, Remark 3.1].
Therefore, Theorem 3.1 takes the following form:

Assume that there exist positive constants θ1, θ2, θ3 and η with θ1 < k p
√
L′η, max{η, k p

√
M+L′

M− η} <
θ2 and θ2 < θ3 such that the assumption (A1) in Theorem 3.1 holds. Furthermore, suppose that

(A9)

max
{∫

Ω
F (x, θ1)dx

θp1
,

∫
Ω
F (x, θ2)dx

θp2
,

∫
Ω
F (x, θ3)dx

θp3 − θ
p
2

}
<

M−

kpM+L′

∫
B(x0, s2 )

F (x, η)dx−
∫

Ω
F (x, θ1)dx

ηp
.

Then, for every

λ ∈
( ηp

p M
+L′∫

B(x0, s2 )
F (x, η)dx−

∫
Ω
F (x, θ1)dx

,
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M−

pkp
min

{ θp1∫
Ω
F (x, θ1)dx

,
θp2∫

Ω
F (x, θ2)dx

,
θp3 − θ

p
2∫

Ω
F (x, θ3)dx

})
and for every non-negative L1-Carathéodory function g : Ω×R→ R there exists δλ,g > 0 given by

δλ,g := min

{
1

pkp
min

{M−θp1 − λpkp ∫
Ω

F (x, θ1)dx

Gθ1
,

M−θp2 − λpkp
∫

Ω

F (x, θ2)dx

Gθ2
,

M−(θp3 − θ
p
2)− λpkp

∫
Ω

F (x, θ3)dx

Gθ3

}
,

ηp

p M
+L′ − λ

( ∫
B(x0, s2 )

F (x, η)dx−
∫

Ω

F (x, θ1)dx
)

Gη −Gθ1

}

such that, for each µ ∈ [0, δλ,g), the problem (P f,gλ,µ) possesses at least three weak solutions u1, u2,
and u3 such that

max
x∈Ω
|u1(x)| < θ1, max

x∈Ω
|u2(x)| < θ2 and max

x∈Ω
|u3(x)| < θ3.

Moreover, in this case, Theorem 3.7 takes the following form:
Assume that there exist two positive constants θ and η with θ < k p

√
L′η such that the assumption

(B1) in Theorem 3.7 holds. Furthermore, suppose that

(B4)
∫

Ω
max|t|≤θ F (x, t)dx < 1

2
M−θp

kpM+L′ηp

∫
B(x0, s2 )

F (x, η)dx;

(B5) kp meas(Ω) lim sup|t|→∞
F (x,t)
tp < Θ1 uniformly with respect to x ∈ Ω where

Θ1 := max
{∫

Ω

max
|t|≤θ

F (x, t)dx

M−

p ( θk )p
,

M−θp

kpM+L′ηp

∫
B(x0, s2 )

F (x, η)dx−
∫

Ω
max|t|≤θ F (x, t)dx

hM−

p ( θk )p

}
with h > 1.

Then, for every

λ ∈ Λ1 :=
( ηp

p M
+L′∫

B(x0, s2 )
F (x, η)dx−

∫
Ω

max|t|≤θ F (x, t)dx
,
M−

pkp
θp∫

Ω

max
|t|≤θ

F (x, t)dx

)

for every L1-Carathéodory function g : Ω × R → R satisfying the condition (3.13), there exists
δλ,g > 0 given by

δλ,g := min

δλ,g,
1

max

{
0,
pkpmeas(Ω)

M−
lim sup
|t|→+∞

supx∈ΩG(x, t)

tp

}
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where

δλ,g := min

{M−θp − λpkp ∫
Ω

max
|t|≤θ

F (x, t)dx

pkpGθ
,

ηp

p M
+L′ − λ

( ∫
B(x0, s2 )

F (x, η)dx−
∫

Ω

max
|t|≤θ

F (x, t)dx
)

Gη −Gθ

}

such that, for each µ ∈ [0, δλ,g), the problem (P f,gλ,µ) admits at least three weak solutions in X and,
moreover, for each h > 1, there exist an open interval

Λ2 ⊆
(

0,

hM−

p ( θk )p

M−θp

kpM+L′ηp

∫
B(x0, s2 )

F (x, η)dx−
∫

Ω
max|t|≤θ F (x, t)dx

)
and a positive real number σ, for each λ ∈ Λ2, and for every L1-Carathéodory function g : Ω×R→ R
satisfying the condition (3.13), for each

µ ∈

[
0,

1

max

{
0,
pkpmeas(Ω)

M−
lim sup
|t|→+∞

supx∈ΩG(x, t)

tp

}),

the problem (P f,gλ,µ) possesses at least three weak solutions in X whose norms are less than σ.

Remark 3.11. By choosing w as given in [32, 33] which is

w(x) :=


0 if x ∈ Ω \B(x0, s2),
3(`4−s42)−4(s1+s2)(`3−s32)+6s1s2(`2−s22)

(s2−s1)3(s1+s2) η if x ∈ B(x0, s2) \B(x0, s1),

η if x ∈ B(x0, s1)

where ` = dist(x, x0) =

√
ΣNi=1 (xi − x0

i )
2

and s1, s2 ∈ R with s2 > s1 > 0, we have another
statement of Theorems 3.1 and 3.7.

Remark 3.12. If in Theorem 3.7, either f(x, 0) 6= 0 or g(x, 0) 6= 0 for all x ∈ Ω, or both hold true,
then the ensured weak solutions in the above results are obviously non-trivial. On the other hand,
the non-triviality of the weak solutions can be achieved also in the case f(x, 0) = 0 and g(x, 0) = 0
for all x ∈ Ω requiring the extra condition at zero of f , that is there are a non-empty open set
D ⊆ Ω and a set B ⊂ D of positive Lebesgue measure such that

lim sup
ξ→0+

ess infx∈B F (x, ξ)

|ξ|p
= +∞

and

lim inf
ξ→0+

ess infx∈D F (x, ξ)

|ξ|p
> −∞

(see [1, Remark 3.8]).
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We now present a particular case of Theorem 3.7, in which the function f has separated variables.

Theorem 3.13. Let f1 ∈ L1(Ω) and f2 ∈ C(R) be two functions. Put F̃ (t) =
∫ t

0
f2(ξ)dξ for all

t ∈ R and assume that there exist two positive constants θ and η with θ < k p
√
Lη such that

(B6) f1(x) ≥ 0 for each x ∈ Ω\B(x0,
s
2 ) and f2(t) ≥ 0 for each t ∈ [0, η];

(B7) max|t|≤θ F̃ (t)
∫

Ω
f1(x)dx < F̃ (η)

2
M−θp

kpM+Lηp

∫
B(x0, s2 )

f1(x)dx;

(B8) kp meas(Ω) lim sup|t|→∞
F̃ (t)
tp < Θ2 where

Θ2 := max
{max
|t|≤θ

F̃ (t)

∫
Ω

f1(x)dx

M−

p ( θk )p
,

M−θp

kpM+Lηp F̃ (η)
∫
B(x0, s2 )

f1(x)dx−max|t|≤θ F̃ (t)
∫

Ω
f1(x)dx

hM−

p ( θk )p

}
with h > 1.

Then, for every

λ ∈ Λ′1 :=
( ηp

p M
+L

F̃ (η)
∫
B(x0, s2 )

f1(x)dx−max|t|≤θ F̃ (t)
∫

Ω
f1(x)dx

,

M−

pkp
θp

max
|t|≤θ

F̃ (t)

∫
Ω

f1(x)dx

)

and for every L1-Carathéodory function g : Ω×R→ R satisfying the condition (3.13), there exists

δ
′
λ,g > 0 given by

δ
′
λ,g := min

δ
′
λ,g,

1

max

{
0,
pkpmeas(Ω)

M−
lim sup
|t|→+∞

supx∈ΩG(x, t)

tp

}


where

δ′λ,g := min

{M−θp1 − λpkp max
|t|≤θ

F̃ (t)

∫
Ω

f1(x)dx

pkpGθ
,

ηp

p M
+L− λ

(
F̃ (η)

∫
B(x0, s2 )

f1(x)dx−max
|t|≤θ

F̃ (t)

∫
Ω

f1(x)dx
)

Gη −Gθ

}
,
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such that, for each µ ∈ [0, δ
′
λ,g), the problem (3.9) possesses at least three weak solutions in X and,

moreover, for each h > 1, there exist an open interval

Λ′2 ⊆
(

0,

hM−

p ( θk )p

M−θp

kpM+Lηp F̃ (η)
∫
B(x0, s2 )

f1(x)dx−max|t|≤θ F̃ (t)
∫

Ω
f1(x)dx

)
and a positive real number σ such that, for each λ ∈ Λ′′2 , and for every L1-Carathéodory function
g : Ω× R→ R satisfying the condition (3.13), for each

µ ∈

[
0,

1

max

{
0,
pkpmeas(Ω)

M−
lim sup
|t|→+∞

supx∈ΩG(x, t)

tp

}),

the problem (3.9) possesses at least three weak solutions in X whose norms are less than σ.

Proof. Set f(x, u) = f1(x)f2(u) for each (x, u) ∈ Ω× R. Since

F (x, t) = f1(x)F̃ (t) (3.18)

from (B6) and (B7) we get (B1) and (B2) fulfilled, respectively. From (3.18) and (B8) we have

F (x, t) ≤ |f1(x)F̃ (t)| ≤ |f1(x)||F̃ (t)|

for each (x, u) ∈ Ω×R, so the condition (B3) is satisfied. Then, Theorem 3.7 yields the conclusion.
q.e.d.

We have the following result as a direct consequence of Theorem 3.7.

Theorem 3.14. Assume that there exist two positive constants θ and η with θ < k p
√
Lη such that

(B9) f(t) ≥ 0 for each t ∈ [0, η];

(B10)

meas(Ω) max
|t|≤θ

F (t) <
meas(B(x0, s2 ))

2

M−θp

kpM+Lηp
F (η);

(B11) kp meas(Ω) lim sup|t|→∞
F (t)
tp < Θ3 where

Θ3 := max
{meas(Ω) max

|t|≤θ
F (t)

M−

p ( θk )p
,

M−θp

kpM+Lηpmeas(B(x0, s2 ))F (η)−meas(Ω) max
|t|≤θ

F (t)

hM−

p ( θk )p

}
with h > 1.
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Then, for every

λ ∈ Λ′′1 :=
( ηp

p M
+L

meas(B(x0, s2 ))F (η)−meas(Ω) max|t|≤θ F (t)
,

M−

pkp
θp

meas(Ω) max
|t|≤θ

F (t)

)
and for every L1-Carathéodory function g : Ω×R→ R satisfying the condition (3.13), there exists

δ
′′
λ,g > 0 given by

δ
′′
λ,g := min

δ
′′
λ,g,

1

max

{
0,
pkpmeas(Ω)

M−
lim sup
|t|→+∞

supx∈ΩG(x, t)

tp

}


where

δ′′λ,g := min

{M−θp1 − λpkpmeas(Ω) max
|t|≤θ

F (t)

pkpGθ
,

ηp

p M
+L− λ

(
meas(B(x0,

s

2
))F (η)−meas(Ω) max

|t|≤θ
F (t)

)
Gη −Gθ

}
,

such that, for each µ ∈ [0, δ
′′
λ,g), the problem (3.10) admits at least three weak solutions in X and,

moreover, for each h > 1, there exist an open interval

Λ′′2 ⊆
(

0,

hM−

p ( θk )p

M−θp

kpM+Lηpmeas(B(x0, s2 ))F (η)−meas(Ω) max|t|≤θ F (t)

)
and a positive real number σ such that, for each λ ∈ Λ′′2 , and for every L1-Carathéodory function
g : Ω× R→ R satisfying the condition (3.13), for each

µ ∈

[
0,

1

max

{
0,
pkpmeas(Ω)

M−
lim sup
|t|→+∞

supx∈ΩG(x, t)

tp

})

the problem (3.10) possesses at least three weak solutions in X whose norms are less than σ.

In the following, we give a direct application of Theorem 3.7.

Theorem 3.15. Assume that F (η) > 0 for some η > 0 and F (ξ) ≥ 0 in [0, η] and

lim inf
ξ→0

F (ξ)

ξp
= lim sup

ξ→∞

F (ξ)

ξp
= 0.
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Then, there is λ∗ > 0 such that for each λ > λ∗ and for every L1-Carathéodory function g : Ω×R→
R satisfying the condition (3.13) such that, for each µ ∈ [0, δ∗λ,g), the problem (3.10) possesses at
least three weak solutions.

Proof. Fix λ > λ∗ :=
ηp

p M
+L

meas(B(x0, s2 ))F (η)−meas(Ω) max|t|≤θ F (t) for some η > 0. From the condition

lim inf
ξ→0

F (ξ)

ξp
= 0,

there is a sequence {θn} ⊂]0,+∞[ such that lim
n→∞

θn = 0 and

lim
n→∞

sup
|ξ|≤θn

F (ξ)

θpn
= 0.

Indeed, one has

lim
n→∞

sup
|ξ|≤θn

F (ξ)

θpn
= lim
n→∞

F (ξθn)

ξpθn

ξpθn
θpn

= 0

where F (ξθn) = sup
|ξ|≤θn

F (ξ). Hence, there exists θ > 0 such that

sup
|ξ|≤θ

F (ξ)

θ
p < min

{
M−meas(B(x0, s2 ))F (η)

kpM+Lηpmeas(Ω)
,

M−

λpkpmeas(Ω)

}
and θ < k p

√
Lη. Applying Theorem 3.7 we have the conclusion. q.e.d.

We here give an immediate consequence of Theorem 3.7 as follows.

Theorem 3.16. Let f : R→ R be a non-negative bounded continuous function such that∫ 10−3

0

f(t)dt <
10−9

648(58.18309)

∫ 1

0

f(t)dt.

Then, for every

λ ∈ Λ∗1 :=
( 3(58.18309)∫ 1

0
f(t)dt− 9

∫ 10−3

0
f(t)dt

,
10−9

108
∫ 10−3

0
f(t)dt

)
and for every L1-Carathéodory function g : Ω× R→ R satisfying the condition

lim sup
|t|→∞

supx∈Ω

∫ t
0
g(x, s)ds

t3
<∞, (3.19)

there exists δ∗∗λ,g > 0, such that, for each µ ∈ [0, δ∗∗λ,g), the problem{
∆ (|∆u|∆u)−

[
M
(∫

Ω
|∇u|3dx

)]2
∆pu+ ρ|u|u = λf(u) + µg(x, u), in Ω,

u = ∆u = 0, on ∂Ω,
(3.20)
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admits at least three weak solutions in W 2,3(Ω)
⋂
W 1,3

0 (Ω) and, moreover, there exist an open
interval

Λ∗2 ⊆
(

0,
10−9

10−9

6(58.18309)

∫ 1

0
f(t)dt− 54

∫ 10−3

0
f(t)dt

)
and a positive real number σ such that, for each λ ∈ Λ∗2, and for every L1-Carathéodory function
g : Ω×R→ R satisfying the condition (3.19), there exists δ̇∗∗λ,g > 0, such that, for each µ ∈ [0, δ̇∗∗λ,g),

the problem (3.20) possesses at least three weak solutions in W 2,3(Ω)
⋂
W 1,3

0 (Ω) whose norms are
less than σ.

Proof. Taking into account that max|t|≤θ F (t) = F (θ) and
∫ η

0
F (t)dt > 0, the conclusion follows

from Theorem 3.7, by choosing Ω = {(x, y); x2 + y2 < 9}, M(t) = 2 + sin(t) for every t ∈ [0,+∞),
ρ = 1, x0 = (0, 0), s = 2, θ = 10−3, η = 1 and h = 2. q.e.d.

Now, we conclude this paper by giving the following example to illustrate Theorem 3.16.

Example 3.17. Define the function

f(t) =

{
5t4, if |t| ≤ 1,
3t2+2
t2 , if |t| > 1.

By simple computations, we obtain

F (t) =

{
t5, if |t| ≤ 1,
3t− 2

t , if |t| > 1.

Clearly, we see that f satisfies the assumptions of Theorem 3.16. Hence, Theorem 3.16 follows that
for every

λ ∈
( 3(58.18309)

1− 9× 10−15
,

10−9

108× 10−15

)
,

there exists δ̂λ,g > 0, such that, for each µ ∈ [0, δ̂λ,g), the problem (3.20) admits at least three weak

solutions in W 2,3(Ω)
⋂
W 1,3

0 (Ω) and, moreover, there exists a positive real number σ such that for
each

λ ∈
(

0,
10−9

10−9

6(58.18309) − 54× 10−15

)
,

there exists δ̂λ,g > 0, such that, for each µ ∈ [0, δ̂λ,g), the problem (3.20) possesses at least three

weak solutions in W 2,3(Ω)
⋂
W 1,3

0 (Ω) whose norms are less than σ.
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[39] G. Molica Bisci, V. Rădulescu, Mountain pass solutions for nonlocal equations, Annales
AcademiæScientiarum FennicæMathematica 39 (2014) 579-592.
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