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In this article, we study generalization of the classical Talagrand transport-entropy inequality in which the
Wasserstein distance is replaced by the entropic transportation cost. This class of inequalities has been intro-
duced in the recent work (Probab. Theory Related Fields 174 (2019) 1-47), in connection with the study of
Schrodinger bridges. We provide several equivalent characterizations in terms of reverse hypercontractivity
for the heat semigroup, contractivity of the Hamilton—Jacobi—Bellman semigroup and dimension-free con-
centration of measure. Properties such as tensorization and relations to other functional inequalities are also
investigated. In particular, we show that the inequalities studied in this article are implied by a Logarithmic
Sobolev inequality and imply Talagrand inequality.
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1. Introduction and statements of the main results

A first probabilistic approach to transportation problems goes back to the early works of
Schrodinger [29,30], who was interested in finding the most likely evolution of a cloud of inde-
pendent brownian particles towards a given “unexpected” configuration. A rigorous formulation
of Schrodinger’s question is achieved through a constrained entropy minimization, known as the
Schrodinger problem (SP). The optimal value in (SP) measures intuitively the asymptotic proba-
bility that the particles attain the desired configuration, and is called entropic transportation cost.
Mikami discovered in [24] (see also [22]) a fundamental connection with deterministic optimal
transport, by showing that the Monge—Kantorovich problem (MK) may be seen as a “small noise
limit” of the Schrodinger problem. The study of the relations between these two transportation
problems is nowadays an active field of research for at least two reasons: on the one hand the fact
that (SP) provides with a regular convex approximation of (MK) has led to computational advan-
tages [5,11]; on the other hand the goal is understanding what is the “stochastic” counterpart of
the large body of results concerning the interplay between optimal transport, functional inequal-
ities and curvature-like conditions [10,13,14]. The present article contributes to this second line
of research by studying a family of functional inequalities introduced in [10] which naturally
generalizes Talagrand’s transportation inequality [31] to the entropic cost: for this reason we call
them entropic Talagrand inequalities.

We recall that a probability measure m on R¢ satisfies Talgrand’s transportation inequality
with constant C, if for any probability measure © we have

W3 (11, m) < CH(ulm), (1.1)
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where sz(-, -) is the squared Wasserstein distance of order two and #(-|m) is the relative entropy
w.r.t. m. This inequality was first introduced in [31] for the Gaussian measure in the Euclidean
space by Talagrand, and then generalized in [27] by Otto and Villani. Later on we will adopt the
notation TI(X) for the classical Talagrand inequality (1.1) with constant C = 1/A.

To introduce the entropic version of (1.1), we fix a probability measure m(dx) =
exp(—2U (x)) dx and a noise parameter ¢ > 0 and consider the Langevin dynamics for U

dX, = —eVU(X,)dt +/dB;, Xo~m. (1.2)

Next, we call Rf, the joint law at times 0, of the Langevin dynamics: R, acts as refer-
ence measure to define the entropic transportation cost TRS: (u, v) via the associated Schrodinger
problem. The latter consists in minimizing the relative entropy w.r.t. the reference measure R,
over the set of couplings of © and v. Leaving precise statements for later, let us just say that a
probability measure m on R satisfies an entropic Talagrand inequality if

Y, Tge (u,m) < CH(ulm)
or, more generally,

Vi v, Ths (i, v) < CH(uim) + C'#(vlm).

These inequalities are stronger than the classical Talagrand inequality since the entropic trans-
port cost dominates the Wasserstein, see Remark 1.2 below. Moreover, the classical Talagrand
inequality is recovered in the limit when ¢ — 0. The main results of this article include equivalent
characterizations of the entropic Talagrand inequalities in terms of a weak form of reverse hyper-
contractivity for the semigroup associated with (1.2), contractivity properties for the Hamilton—
Jacobi—Bellmann semigroup and a dimension-free concentration property, in the spirit of [17];
all these characterizations allow to recover well known results about Talagrand’s inequality in the
small noise limit. Furthermore, we show that the entropic Talagrand inequalities tensorize, and
investigate relations with classical inequalities. In particular, we extend Otto-Villani’s Theorem
[27], by showing that the entropic transportation inequality is implied by a Logarithmic Sobolev
inequality, and that it implies the classical Talagrand’s inequality. As a byproduct, we obtain that
the entropic Talagrand inequalities hold under the celebrated Bakry—Emery I'> condition [2].
This fact has already been proven for measures on a compact Riemannian manifold in [10].

Transport-entropy inequalities for general costs have been studied in [20] (and also [8]). An
observation we make here is that (a slight modification of) the entropic cost is indeed one of those
general costs. This allows us to profit from the results contained in [20], thus simplifying some
of our proofs. Conversely, we provide a novel concrete example of functional inequality which
can be treated with the methods of [20]; moreover we can provide explicit conditions for this
inequality to hold, something which cannot be achieved for the general costs considered there.
Finally, let us remark that, to streamline exposition, we limit ourselves to take RY as ambient
space; however, it is very likely that the results we present here remain valid in a much wider
setting.

Organization of the article. We recall at Section 1 some basic facts about (SP) and its con-
nections to optimal transport. In Section 2, we first introduce the class of entropic Talagrand



Around the entropic Talagrand inequality 1433

inequalities at Definition 2.1, and prove two characterization results, Theorem 2.2 and Theo-
rem 2.3. Next, we investigate different forms of tensorization at Propositions 2.1, 2.2 and 2.3.
Then, we use these results to derive concentration of measure at Theorem 2.4. We establish at
Corollary 2.1 connections with the classical Talagrand inequality and the Logarithmic Sobolev
inequality. Finally, at Corollary 2.2 we show that an entropic Talagrand inequality implies an in-
fimum convolution Logarithmic Sobolev inequality. The Appendix collects some useful results
which are behind most of the proof presented here.

1.1. Schrodinger problem and entropic transportation cost

In order to define (SP), we shall first introduce a few notation. We fix a probability measure m on
R¢ whose density w.r.t. the Lebesgue measure is exp(—2U (x)), where U is assumed to satisfy
the minimal hypothesis which guarantee existence of a weak solution for the SDE (1.2). This
is the case for instance, when there exists some constant ¢ > 0 such that one of the following
assumptions holds true:

(i) limjyx|- 00 U(x) = +00 and inf{|VU|?> — AU/2} > —o0, or
(i) —x-VUx) <c(l+ |x]?), forall x € RY.

See [28], Theorem 2.2.19, for the existence result under the assumptions (i) or (ii). For any ¢ > 0,
we call R? the law of (1.2) on the space of continuous paths over [0, +00] and for # > 0 we denote
Rg, the law of R at times 0 and ¢:

R{, () = R*((Xo, X1) € ).

For any measurable space E, we denote by P(E) the space of probability measures over £ and
for any p,q € P(E) I1(p, q) is the set of couplings of p and g; finally #(g|p) is the relative
entropy of g w.r.t. p defined as,

dg
log—dqg ifg<p,
H(qlp) = / dp
400 otherwise.

We are now in position to define (SP). Given two marginal laws u, v € P(R?) and ¢, > 0, the
(static) Schrodinger problem is the problem of finding the coupling of p and v which minimizes
the relative entropy against R,

inf{]{’(rrlR&) cm e, v)}, (SP)

we call the optimal value in (SP) the entropic transportation cost between u and v, and denote
it Tre (1, v).

As it is the case for the Wasserstein distance, the entropic transportation cost admits a dual
formulation. It is known that if u, v € P(Rd) have finite relative entropy w.r.t. m, then

eTrs (14, v) = eH(ulm) +  sup {/Qfgodu—/(pdv}, (1.3)

peCp(R?)
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where for all 7 > 0, x € RY
Qfp(x)=inf {ffﬂ(y)p(dy)+sJ€(p|rf(x,~))}, (1.4)
pePRY)

where x > r/ (x, ) € P(RY) is the m-a.s. defined Markov kernel such that
Rg, (dx dy) = m(dx)r{ (x,dy). (1.5)

The semigroup (Q7);>o is the Hamilton—Jacobi-Bellman (HJB) semigroup characterizing the
vanishing viscosity solutions for the Hamilton—Jacobi equation. Different proofs of (1.3) in more
general contexts are by now available, see for instance [9,13,14,16,25]. Introducing the linear
semigroup (Pf);>0o associated with (1.2) allows to give an alternative formulation of the HIB
semigroup. We have

Qfp(x) = —elog Pfexp(—¢/e)(x), xR (1.6)

Note that (1.6) follows from the dual representation of the entropy (A.2).

1.2. The connection with optimal transport

A fundamental fact is that one recovers (MK) from (SP) as a small noise (or, equivalently, short
time) limit. This was first proven in [24] when the reference measure is a Brownian motion and
in [22] in a more general case using I"-convergence. In particular, those results imply that for all
w, v € P(RY) with second moment and relative entropy w.r.t. m finite,

W3 (i, v)

o (1.7)

el—l>%l+ eTgre (0, v) =

where W, (u, v) is Wasserstein distance of order two is defined for all i, v € P(RY) with second
moment as

WQZ(M, v) = inf / |x — y|27r(dx dy).
mwell(u,v)

Furthermore application of the Laplace principle [12], Theorem 4.3.1, yields
d : € : 1 2 0
Vx eRY lim Q;¢(x)= inf Jo(y) + —|x —y|7{ = O,/ ¢(x). (1.8)
e—0 yeRd 2t

Here Q?(p is nothing but the Hopf-Lax semigroup that appears in the classical Kantorovich
duality formula of optimal transport,

1
EW%(;L,V): sup {/ Q?(pdu—/godv}. (1.9)

peCp(RY)
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In [20], the authors study a general family of transportation costs. In particular, they look at
costs which can be defined considering a measurable function c : R? x P(R?) — [0, +00] and
setting

Telp) = _inf fR e(x, p(x, ) u(dx), (1.10)

well(u,v)

where for m € I1(u, v) the map x — p(x, ) is the (u-almost everywhere uniquely determined)
probability kernel such that

7 (dxdy) = u(dx) p(x, dy).

We observe that if we subtract the marginal entropy of u to the entropic transportation cost, then
we fall in the set of costs (1.10). This simple fact allows us to take advantage of the results in
[20]. Inspired from their framework, we define

T, (0110) =i“f{/R,, F(p(x, lrf (xr, ) p(dx) s € T, v)}, (L11)
which is nothing but the cost (1.10) with the choice
c(x,p):}t’(plrf(x,-)). (1.12)
Lemma 1.1. For all , v such that 3¢ (u|m) < +00 we have that*
Trs, (1. v) — H(ulm) = T (v10). (1.13)

Proof. Assume that TR& (., v) < +o00. In this case, the conclusion follows from the decompo-
sition of the entropy formula (see [23], Theorem 2.4, or Lemma A.2 from the Appendix), valid
for all & € TI(w, v)

7(x|RS,) =J€<mm>+fRdJ€(p<x, IIrf (. ) () (1.14)

and by taking the infimum on both sides. On the other hand, if TR& (i, v) = +o00, we find from
(1.14) that

Vo e l(n,v), H(ulm)+ /d H(p(x,)lrf (x, ) p(dx) = +oo0.
R

Using the fact that #(u|m) < 400, we get that 'TR(E)I(U“L) = +o00 as well, which is the desired

conclusion. (Il

Remark 1.1. Note that the entropic transportation cost is symmetric, and together with (1.13) it

implies

Tas, (. v) = Trs, (V) + H(pulm) = Trs (v) + H(wlm), (1.15)

Iwe adopt the standard convention that 400 — ¢ = +00, if ¢ < +00
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and taking ;. = m (or equivalently v = m),
T, (m.v) = Tge (v.m) = Tge (vlm) = Tgs (mv) + H(v]m). (1.16)

Remark 1.2. The entropic transportation cost is larger than the quadratic Wasserstein distance.
Indeed, it follows from [13], Corollary 5.13, and the Benamou—Brenier formula [4] that for all
e>0,u,ve P(Rd):

e e I 5
eTgs (1, v) = Eﬂ(lﬂm) + ER(VW) + §W2 (1, v).

2. Entropic Talagrand inequality and properties

The family of inequalities we consider in this article has been introduced in the recent article
[10] where it was shown that, on a smooth compact manifold M satisfying the Bakry—Emery
condition

VxeM, fRicy +2Hess, U > Aid 2.1)
we have that for all u,v e P(M), s € (0,1) and ¢ > 0O:

1 1
Tre, (,v) < m«%(lﬂ’ﬂ) + T exp(—e(l = s))e%’(vlm)- (2.2)

In view of Lemma 1.1 and (1.15), the latter is equivalent to

1 1
Ti (011) = o I+ o e s v, 2.3)

Also, observe that setting v = m and optimizing over s in (2.2) yields

1
& S <— ¥ . 24
T (1) = g s H ) 2.4)
This motivates the following definition.

Assumption 2.1. Let m = exp(—2U (x))dx € P(RY) with U such that (1.2) admits a weak
solution and let R, the joint law at time O and ¢ of the path measure associated to (1.2).

Definition 2.1 (Entropic Talagrand inequalities). Let m € P(R?) be such that Assumption 2.1
is satisfied and fix A > 0,0 <s < 1.

(1) We say that m satisfies the entropic Talagrand inequality ETI(A, ¢, s, ¢) if for all u,v €
PRY),

1
Ta (V) = Gy T M) T o ae =y o -
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(i) We say that m satisfies the entropic Talagrand inequality ETI(X, ¢, ¢) if for all u € P(RY),

Tre, (1, (1e|m).

m)y< ——H
1 —exp(—Aet)
Let us recall that once the measure m is fixed, the law R(, is uniquely determined as the
two-times marginal of the Langevin dynamics (1.2).

Remark 2.1 (Hierarchy of the entropic Talagrand inequalities). It can be deduced from the
Benamou-Brenier formulation of the entropic transportation cost (see, e.g., [16]) that the func-
tion ¢ — tTR& (u, v) is increasing. Therefore, if ETI(A, €, s, ) holds for some A, €, s, T > 0 with
s < t, then for any fixed s <t < 7 we have

1
Fe(ulm) + ; Hm)  (2.5)

T
TR& (. v) = ? 1 —exp(—re(t —9))

1 —exp(—Aes)
uniformly in u, v € P(R?). Consider now any A’ with the property that

log(l — £(1 —exp(—21es)))  log(1 — L(1 —exp(—2e(r —9))))
B es T et —s) }’

A< min{

where we remark that both quantities on the right hand side are strictly positive under the current
assumptions. It is easily verified that this choice of A yields

T T 1
7%’%(“'"1) * 11— exp(—Aie(t —s)) H(vim)
1
=< me%(lﬂm) + = exp(—i/e(r —3)) H(v|m).

uniformly in w,v € P(RY). In conclusion, we have obtained that ETI(A, ¢, s, T) implies
ETI()V, &, s, 1).

2.1. Equivalent forms of the entropic Talagrand inequalities

In this section, we state and prove several equivalent characterizations of ETI(A, ¢, s, ¢) and
ETI(A, e, t) in terms of reverse hypercontractivity for the heat semigroup (Theorem 2.2) con-
tractivity of the HIB semigroup (Theorem 2.3) and dimension-free concentration of measure
(Theorem 2.4).

A weak form of reverse hypercontractivity

To recall the notions of hypercontractivity ([26]) and reverse hypercontractivity we first recall
the definition of the heat semigroup (P );>0 associated with (1.2),

vP=0. P = [ FOmi,
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where r{ (x, dy) is the transition kernel for R(j,. Note that we have the scaling relation

Ve,t>0,xeR? £>0, Pff(x)=PLrfx). (2.6)

1/p
£l = % dem) . 27

Note that we do not ask p > 1. For an f > 0 such that log f is integrable, the norm || f|o is

defined by
||f||o=exp(/ logfdm).
R4

Definition 2.2 (Hypercontractivity and reverse hypercontractivity). Let A, ¢ > 0. The semi-
group (Pf);>0 is A-hypercontractive if for all 7 > 0, p > 1 and f > 0 it holds that

For f >0, peR, p#0, we set

-1
|PEfl, <1flp,  where % e
On the other hand, A-reverse hypercontractivity is defined asking that for all r > 0, p < 1 and
f=>0,

qg—1
|Pffl, =1 flp.  where = =P,

Next, the theorem shows that the dual form of ETI(A, ¢, s, t) encodes a weaker form of %-
reverse hypercontractivity; we recall that Gross established in [21] equivalence between the
logarithmic Sobolev inequality and hypercontractivity. The equivalence between (full) reverse
hypercontractivity and Log Sobolev is also known [1], Theorem 3.3. In the proof, and in the rest
of the article, we take advantage of the notation

Ohe (s) = (2.8)

1 —exp(—Aes)’
Theorem 2.2 (ETI(), ¢, s,t) and reverse hypercontractivity). Let m € P(RY) be such that
Assumption 2.1 is satisfied. For t > 0, the following are equivalent
(1) m satisfies ETI(A, e, s,t) forall s € [0, t].
(i) Forall f >0and p,q €10, 1) x (—o0, 0] such that ?)—j = exp(Aet) we have
[PEfl, = £ 2.9)

Remark 2.2. Because of the restrictions on (p, g), we were not able to conclude that the weak
form of reverse hypercontractivity of Theorem 2.2 is equivalent to the log-Sobolev inequality.
This would be true if the constraint (p, g) € (0, 1) x (—o0, 0) could be dropped, see the classical
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reference [1], Theorem 3.3. However, we will see at Corollary 2.1 below that the weak reverse
hypercontractivity implies a Poincaré inequality.

Proof. In the proof, we set for simplicity ¢t = 1. Inspired by [20], Proposition 4.5, which gen-
eralizes some of the results in [7], we look for the dual formulation of ETI(A, ¢, s, 1). First, we
rewrite it multiplying by ¢ as,

Vi, v e P(RY), eTge, (1, v) < €0he(s) H(lm) + €66 (1 — 5)FH (v]m). (2.10)

The dual formulation (1.3) tells that (i) is equivalent to say that for all s € (0, 1), ¢ € Cp (RY),
w, v e P[RY) we have

eH (um) +/ Orepdu —/wdv < £0xe () H (i|m) + €66 (1 — 5)H (v|m).

Rearranging the terms, we can rewrite the latter as

£(61() — 1) ( [ s - mmm))

£(0re(s) = 1)

+e6,0(1 — s)(f _eéh((’ﬁ dv — Jt’(v|m)) <.

We now take the suprema over p and v and use the variational formula (A.1), to obtain that (i) is
equivalent to the fact that for all s € (0, 1) and ¢ € C), (Rd)

£(0re(s) — 1) log/e"p<Wsl)¢—l>) a

¥

O0,.(1 —s)1 _
el =) Og/exp( £0re (1 — )

)dme.

Taking exponentials we get

) £(6he(s)—1) @ £63e(1—5)

Using (1.6) and setting exp(—¢/¢) = f, we obtain

&(Ore(s)—1) £05e(1—5)
</(P15f)1/(9xs(3)1)dm) (/fl/exs(ls) dm) <1

Raising to the power of 1/¢, using (2.7) and setting g(Ae,s) = —1/(6re(s) — 1), p(re, s) =
1/6,:(1 — s) we obtain a new equivalent formulation of (i) after a simple approximation argu-
ment:

Vs € 0.1, f >0, [P f e = 1fpoes-
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To conclude the proof, we first observe that

qg—1
{(p(ks, s), q(Ae, s)) 15 €(0, 1)} = {(p, q)€(0,1) x (—00,0): F = exp()\s)}.
The case p = 0 is obtained with a standard approximation argument. ]

The dual formulation of TI(X) is equivalent to some contraction properties for the Hopf-Lax
semigroup, see [3], Proposition 9.2.3. Here we show that ETI(X, ¢, t) admits a dual formulation
in terms of contraction properties for the HIB semigroup.

Theorem 2.3 (ETI(A, ¢, ) and the HJB semigroup). Let m € P(R?) be such that Assumption
2.1 is satisfied. The following are equivalent

(i) ETI(), &, 1) holds.
(ii) Forall ¢ € Cp(RY),

1 1
/ P <_89As(t)¢> dm 5“"(_8%0) f Q’g“’d’”)'

(iii) For all ¥ € Cp(RY),

/eXP(Qgc/fCI/f)dm Sexp</wdm), (2.12)

where

C =e(6re(t) — 1).

Remark that letting e — 0 in (2.12) gives back, at least formally, the above mentioned charac-
terization of TI(X).

Proof of Theorem 2.3. We follow the same arguments as in the proof of Theorem 2.2. Again,

w.l.o.g. we fix t = 1. To prove (ii), we multiply ETI(A, €, 1) by ¢ and recall that according to the
Kantorovich dual formulation (1.3) and the symmetric property for the entropic cost we have,

eTgs (1, m) = sup {/ indm—/wdu}.

peCh(RY)

Plugging this into ETI(%, ¢, 1) yields the equivalent formulation

Vo € Cp(RY), /Q?wdm—fwdu—sexg(l)%(ulm)50.

This can be rewritten as,

d 1 / ‘ /_ 14 _
Vo € Cp(RY), G Qltpdm+< S 4= Hulm) ) <o.
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Taking the supremum over p and exponentiating, we obtain the desired result thanks to (A.1).
The proof of (iii) is analogue. We start from the Kantorovich formulation of the entropic cost (1.3)
to obtain that ETI(A, ¢, 1) is equivalent to the property that for all ¢ € Cj,(R?) and u € P(R%),

eH(ulm)+ sup {/QTQDdM—/wdm} < &0 () FH (u|m).
9eCp(RY)

Rearranging terms, taking sumpremum over p, using (A.1) we arrive at the following equivalent
form of ETI(A, &, 1)

&
4
Vo € Cp(RY),  e(Bre(1) —1 10g/exp<—l>dm—/(pdm§0.
S ) £(0re(1) — 1)
The conclusion follows by exponentiating, setting ¥ = ¢/C and an application of the scaling
relation (see (2.6))
e/C

1
EQ?(C¢)= e (). .

2.2. Properties of entropic Talagrand inequalities

In the next lines, we investigate tensorization of ETI(A, ¢, ) and ETI(}, ¢, s, #). In what follows
we adopt the following convention: if p(x, -) is a probability kernel on R% x - .. x R% we write
pi(x, ) € P(R%) for the i-th marginal distribution of p(x, -).

Proposition 2.1 (Tensorization: first form). Ler n € N, 1 < i < n and m;(dx) =
exp(—2U;(x))dx € P(R%) such that Assumption 2.1 is satisfied and satisfy ETI(, €, s, t). Then
m=mi Q ---Qmy satisfies ETI(A, ¢, s,1).

We recall that in the above proposition the entropic cost for m; ® - - - ® m,, is the one corre-

sponding to the law of n independent diffusions of the form (1.2) associated with the potentials
Ui,i= 1,...,I’l.

Proof of Proposition 2.1. We assume again w.l.0.g. that = 1. Recall that ETI(}, ¢, s, 1) for m;
has the equivalent form

Trei VI1) = (6re(s) = 1) FH(pelmi) + 026 (1 = $)FH (v|my),

where R(g)’li is the two times law of the Langevin dynamics for m;. By induction, it is also enough
to consider only the case n = 2. Consider now p, v € P(RI1142) and assume that TR& (u,v) <
+o00. Then, there exist an optimal kernel pj(x1, dy;) such that

,/Rdl H(p1Ger, )Pt Ger, ) g (dxy) = 7;?8”11 (wilpr),
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where we denoted (1, v; the image laws of u and v through the projection on the first d; coor-
dinates.

Moreover, for any fixed xq, y; € R x R? there exist an optimal kernel g*"¥1 (x2, dy>) on
R such that

l@@%@“Muawﬁluz»uuhw»=7@4wwomuh»,

where w(xi, ) (resp. v(y1, -)) is the kernel defined via w(dx; dxp) = w1 (dxy)u(xy, dxp) (resp.
v(dy1dy2) = vi(dy)v(yi, dy2)).
We can construct a coupling 7 of u and v setting,

m(dx dy) = p(dx; dx2) p(x, dy), p(x,dy) = pi(x1,dyng™ " (x2, dy). (2.13)

Note that for any x we have p;(x, ) = p1(x1,-) and

Pz(Xw):/ p1(x1,dyDg™ 7 (x2, ).
R4l

Since the Langevin dynamics for m; x my> is the product of the Langevin dynamics for m; and
my we have

n“mwsfwdﬂ@mhmmwmwwhm»®ﬁ%mAWann
2

R4%

Thanks to the decomposition of the entropy formula (A.2) we have for all u almost all x1, x
H(pr(x1, g™ (o, ) (x1, ) @ 1 (12, 9))

:ﬂ(ﬁl(xlv')h”f’l(xla'))+/Rd H (g1 (x2, e (x2, ) pir (x1, dyn).
1

Plugging this into the above formula and using the optimality of the couplings yields

Trg, (s v) < Trea (Vi)

+/ [/ H(q™ (x2, -)Irf’z(m,))u(m,dxz)}ﬁl(m,dm)m(dxl)
Rd1+d1 Rdz

=7}e,1(v1|M1)+/
01 R+

1

TRS’lz(v(yl’ Imxr, ) pr(xr, dyn e (dxi).
Applying ETI(}, ¢, s, 1) and the fact that w1 (x1)p1(x1,dy;) = vi(dy;) we get

Tre, (1, v) < (62e(5) — 1)[J€(M1 lmy) +/Rd1+d1 H (e (x1, ')Imz)ﬁl(X1,d)’1)lL1(dX1):|

+ O (1 — S)[Jf(vl lm1) +f H(v(y1, )lm2) p1(x1, dyl)m(dm)}
Rd1+d1
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=wmn4{ﬂwmm+/ %Mmemmm%

R4

+ 05 (1 —S)[Jf(vllml) +/

H(v(-|y1)lm2)vi (dyl)}
R%

= (0re(s) — 1) H(uulm1 @ ma) + 6re (1 — ) H (v|m1 @ my),
where the last equality follows from the decomposition of the entropy formula (A.2). O
A second form of tensorization holds, following [20].
Proposition 2.2 (Tensorization: second form). Let n e N, 1 <i <n and m; € P(Rd") such
that Assumption 2.1 is satisfied and satisfy ETI(A, &,5,t) . Then m =m| ® - - - ® m,, satisfies the
following inequality
Vi v € PROTH) T lu) < (B1e(s) — 1) F(lm) + 6 (1 — ) Hwlm),  (2.14)

where

Tl = inf fZ%mwwﬁmAMmy
i=1

well(u,v)

Proof. The proof follows the same lines as the former one. As before, we can restrict to n = 2,
and construct the coupling 7 via (2.13). Note that

pa(x,-) =/ pi(xr, dy)g™ " (xa, ).
R4
‘We have

Twms/

H(p1Ge, )l (e, ) (dx) + / H(pa e, 2 (2, ) p(dx)
RA1+Hdy +dy

R
=/ H(p1Gey, eyt Ger, ) (dxp)
Rd1+d2
+/ Jf’(/ Pr(xn, dyDg™ 2t (e, )l (e, -))M()ﬂ, dxz) 1 (dxy)
Rd]erz Rd|
< 7'R8,]1(Vlllt1)
+/ F (g 171 (2, e (xa, )) xr, doa) pr (e, dyr) e ()
Rd1+dl+d2
= Tgea 1lien)

+/Rd1+d1 TRS’ll (v, Dlwlxr, ) pr(xr, dypu (dxr),
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where the last inequality is a consequence of the convexity of the relative entropy. From now on,
the proof goes as in the former proposition. O

It can be easily seen that Propositions 2.1 and 2.2 are valid also for ETI(A, ¢, t). However, we
propose here an alternative proof of the tensorization property for ETI(X, ¢, ¢) , in the same spirit

of [3], Proposition 9.2.4.

Proposition 2.3 (Tensorization: third form). Letn e N, 1 <i <n and m; € P(Rdi) such that
Assumption 2.1 is satisfied and satisfy ETI(A, e,t). Then m| Q - - - @ m,, satisfies ETI(A, ¢, 1).

Proof. For any ¢ > 0, let P?, Qf be the heat and HIB semigroups for m| x my. Also, we note
PS (resp. PE?) and QF' (resp. QF%) the same semigroups for m (resp. m2). To obtain the
result, we show that the equivalent form (iii) in Theorem 2.3 of ETI(A, ¢, ¢) holds. To this aim,

we observe that, thanks to the fact that the Langevin dynamics for m| x mj is the product of the
Langevin dynamics for m and m,, we have for all ¢, > 0 and x1, x2 € RY:

0l p(x1, x2) = Q51N (QE > ¥ (x2)) (x1), (2.15)

where, for any (y1, x2) € RY x RY,

MY () = 08 (W (31, ) (x2).
Using (2.15) and ETI(%, ¢, t) for m| we obtain,

/CXP(Qiz/C)fﬂ(xl,xz)ml ® ma(dxy dxp)
< f exp( / Qit/c’z’x'I/I(xz)u(dm))M(dm)-

Using the definition of Q%/“% as an infimum (1.4), we obtain

/QS/CZMM(dx )< Q8/62</¢’(x1’ ~)/,L(dx1))(x2)-

Using this and ETI(A, ¢, t) for m, we get

f exp( / 05" “‘w(xz)m1<dx1>)mz(dx2)

/GXP< 8/C2</W(x1,')ml(dxl)>(X2))M2(dX2)

< eXP(/ ¥ (xy, x2)my ® ma(dx; dX2)>

which is the desired conclusion. O
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The tensorization property allows us to give a further characterization of ETI(), ¢, s, ) via
a dimension free concentration property. Let us first introduce some notation. For m € P(R?)

we denote m" =m ® --- @m € P(R¥") = PR? x --- xRY); for any 7 > 0 R;" is the joint
———— —

n times n times
law of the reference measure with reversing measure m" and generator L%" = L @ --- @ L,

rf "(x, ) its Markov kernel and (Pf’")tzo the associated product Markov semigroup. Finally, in
accordance with what we did above we define the corresponding HIB semigroup:
05" p(x) = —elog PF" exp(—g/e)(x), forx e R¥*",

For any Borel set A € R?*" following [20], we consider

) = inf{H (plr]" (x, ), p € P(R™), p(A) =1}, x e RT". (2.16)
A standard calculation shows that

i (x) =—logr{" (x, A).
Moreover, we define for all u > 0,
A, = {x e RI*" . i(x) < u} = {x e Rx" i (x, A) = e_”}. 2.17)

Remark 2.3. Note that A, is not in general an enlargement of A, i.e. A £ A,.

In the next theorem, we provide an equivalent characterization of ETI(A, ¢, s, 1) in terms of
dimension-free concentration. Note that the tensorization result we use here is Proposition 2.1
and not Proposition 2.2, as it is more natural in this context. Thus, our Theorem 2.4 is close in
spirit, but different from Theorem 5.1 in [20].

Theorem 2.4 (Dimension free concentration). Let R® be the stationary Markov process for the
generator L5 and m € P(R?) such that Assumption 2.1 is satisfied. The following are equivalent
for A >0ands €0, 1],

(i) m satisfies ETI(A, ¢, s, 1).
(ii) For any integer n > 1, for all Borel set A C RI*" gnd any u > 0 it holds,

m" (Rdxn \ AZ)QAs(S)—lmn (A)Gm(l—s) <eH,

with 0, (s) defined at (2.8).
(iii) For all integers n > 1, for all non-negative ¢ € Cp, (Rd”’), it holds,

mn(Qi'n(p > u)8(9xs(s)—1)miz((p < v)aexg(l—s) <V

forallve Randu s.t.u —v > 0.
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Proof. The proof follows the one of [20], Theorem 5.1. For completeness we recall here some
key points. The implication (i) = (ii) is a generalization to the entropic transportation inequality
of Marton’s argument. Since m satisfies ETI(%, ¢, s, 1) then thanks to Proposition 2.1 the same
holds for m". As observed at Remark 1.1, ETI(A, ¢, s, 1) can be equivalently written as

Trer WI1) < (620 (s) = 1) H (pelm") + O3 (1 — 5) H (v]m")
for all u, v € P(RY*"). For A C R¥*" we choose the couple of probability measures y(dx) =
1z/m" (B)m"(dx) and v(dx) = 14/m"(A)m" (dx) where B = R?*" \ A, and A, is defined
at (2.17). Hence direct computations show that #(u|m”™) = —logm"(B) and H(vim") =

—logm"(A). Also, observe that the infimum value in (2.16) can be easily computed, provid-
ing ¢/} (x) = —log rf’"(x, A). Moreover the set A, can be rewritten as,

A, = {x e R, r(x, A) = e_”}.
To conclude, take any 7 € I1(u, v) with disintegration kernel (py),cgaxn then
/ H(pelry™ (x, ) u(dx) > /Cﬁ(x)u(dX) >u.
The conclusion follows by taking the infimum on the set of couplings of u and v.
For the implication (ii) = (iii), let ¢ € C}, (Rdxn) and consider A = {¢ < v} for some real v.

We show that {Q]"¢ > u} C {¢, > u — v}. Take x € {Q]" ¢ > u}, then for all p € P(RV")
with p(A) = 1, and thanks to (1.4) it holds,

u< /godp +eH(plri"(x,)) <v+eH(plr"(x,).

The conclusion follows by optimizing among all the probability p € P(R?*") such that
p(A) = 1. To show the last implication (iii) = (i) we fix for simplicity n = 2. Let § € (0, 1),
f a non-negative function on R4, Define ox)=f(x1) + f(x2),x € R2%4_ Then according to
[3] it can be verified that Q§’2<p(x) = Qf f(x1) + Q7 f(x2). Hence one has,

Qé‘f £(0he(s)—1)

([orlcrmara=s))
(I+8)e(Ore(s) — 1)
£0hs (1—s5)

X (/exp(— f )dm) '

(I =8)ebre(1—5)
€2 8(Ore(s)—1)/2
=</exp( 9 ¢ )dmz)
(14+8)e@re(s) — 1)

e0ye(1—5)/2
X /exp — 4 dm?
(1 =68)ebhe (1 —3)

the rest of the proof is the same as [20], Theorem 5.1. O
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2.3. Relation with other functional inequalities

In this section, we shall see how the entropic Talagrand inequality relates to other well known
functional inequalities. First, we provide a new proof via the entropic Talagrand inequality of the
fact that the Logarithmic Sobolev inequality implies Talagrand’s inequality. This seminal result
was first proven by Otto and Villani in [27]. In particular, we show that

log-Sobolev ineq. = ETI(A, ¢, s, 1) = TI(}).

Our argument may be seen as a generalization to the HIB semigroup of the alternative proof of
Otto and Villani’s result given in [6].

Corollary 2.1. Forany A, e,t > 0 we have the following relations

(1) If m satisfies the log-Sob. inequality with constant 1/\ then it satisfies ETI(A, ¢, s, t) for
any s € [0, t].
(1) If m satisfies ETI(), ¢, 1), then it satisfies TI(1/(2e6,¢(1) — €)).
(iii) If the potential U in m = exp(—2U) is two times continuously differentiable and -
convex, then m satisfies ETI(2A, ¢, 1).
(iv) If m satisfies ETI(A, ¢, s,t) forall s € [0, t], then it satisfies the Poincaré inequality, PI(1)

2
Vg eD, / gz(x)m(dx)—(/ g(x)m(dx)) <2 / IVg|*(x)m(dx),
Rd Rd k Rd

where D is the domain of the generator L = %A - VU -V.

Proof. The statement (i) is a natural consequence the equivalence between reverse hypercontrac-
tivity and the log-Sob inequality [1], Theorem 3.3. Statement (ii) follows by Remark 1.2, while
statement (iii) is a direct consequence of statement (i). Statement (iv) is obtained following the
proof of Gross® Theorem; for this reason, we do not provide full detail. We consider a bounded
positive function f, bounded away from 0 and with bounded derivatives of order two. The rela-
tion (2.9) with the choices p =0 and g(s) = 1 — exp(Aes) implies that S—SA(S)LVZ() > 0, where
A(s) = || fllg(s)- One obtains that

rE 2 1
- 1 2dm — log fd — L8 fdm,
L= (fLerran ([ o ran) )« [ Gesan

where £ is the generator §A — VU - V. The desired conclusion is obtained by mean of some
simple algebraic manipulations, the basic rules of I"-calculus and upon setting g = log f.

Note that Statement (iv) can be seen also as a direct byproduct of the relation TI(A) = PI(A)
proved in [27]. O

1 d
(Il £ llo) O

Remark 2.4. Adopting the notation of Bakry’s notes [1] and using Theorem 3.3 therein, we get
that the relation (2.9) with the choices p = 0 and g(s) = 1 — exp(Aes) implies the inequality
LogS(0) with constant 0. However, as it can be seen from its Definition at the bottom of page 37,
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such inequality is a trivial one and therefore we cannot conclude that it implies the classical Log
Sobolev inequality LogS(2). The degeneracy is due to the fact that ¢(0) = 0 and is forced by the
restrictions imposed in Theorem 2.2 on the parameters p, q.

Combining statements (i) and (ii) and taking the limit & — 0 we obtain the classical result of
Otto and Villani [27]

log-Sobolev ineq. = TI(A) .

Remark 2.5. In [27], the authors also introduce a stronger inequality which implies both the log-
Sobolev and the Talagrand inequality, leading the quadratic Wasserstein distance, the Entropy
and the Fisher information together:

A

W2 (i, m).
) 2(#’")

H(plm) < W, m)y/ 1 (u|m) —
It is interesting to point out that we can derive the entropic counterpart of this result, by differ-
entiating in s = 0 the convexity estimate for the entropy along Schrodinger bridges (see [10],
Theorem 1.4.).
Let us mention that an alternative proof of the classical HWI inequality is given in [15]
via the Schrodinger problem. In particular, it is based on the Otto-Villani heuristics applied to
Schrodinger bridges.

The next result is a generalization to the entropic transportation inequality of [19], Theo-
rem 2.1, in which it is introduced an inf-convolution log-Sobolev inequality that is implied by a
transportation inequality with a general cost.

Corollary 2.2 (ETI(%, ¢, t) and inf-convolution log-Sobolev inequality). For ¢, 1 > 0 and t
such that,
€

1 >
+ exp(ret) —(1+¢) —

)

ETI(A, ¢, t) implies the following inf-convolution log-Sobolev inequality. For any f : R? - R,

! & —_ 0 flet
Enty (/) < <1+exp(kst)—(l+8)>/(f 01 f)e! dm.

where we used the standard notation Ent,, (f) = [ flog fdm — [ fdmlog [ f dm.

Proof. We start by following the proof of [19], Theorem 2.1. We fix f € Cp (R?) and define

S
L e
dvy = Terdn dm, hence we have

el el
Hvrlm) = [10g<fef dm) fef dm dm

=/def—log/efdm
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S/def—/fdmzf(f—fo)de—l-/fode—/fdm
S/(f—fo)dvf-l-s'TR&(vf,m)—sﬂ(vf|m),

where the first inequality is given by Jensen’s inequality, while the last inequality is due to the
Kantorovich dual formulation for the entropic transportation cost (1.3). Now ETI(4, €, r) implies,

Hosim) < [[(F = 5 F)dvy + 20000~ 1) 3007 ),
Hence,
R sm) (1 e = 6,00) = [ (£ = 05 ) vy,
that is
Hm) (1= e(B0(1) — 1)) < /(f — 0 f)dvy.

To conclude, we remark that #(v¢|m) = Ent,, (ef ) f e/ dm, thus we obtain the announced in-
equality. ([l

Appendix

We briefly collect here some known and fundamental result that we made use of in the previous
sections.

Lemma A.1 (Dual representation of the entropy). Let Z be a measurable space and p €
‘P(Z). For any measurable function  : Z — [—00, 00) it holds

log/eXp(W)dp=sur>{/wdq —H(qlp)iq GP(Z):foerq < 00} €[—00,00]. (A.l)

The proof can be found for instance in [18,23].

Lemma A.2 (Additive property of the relative entropy). Let 2, Z two Polish spaces. For any
p,r € P(2) and any measurable function ¢ : Q — Z,

H(plr) = H(pglry) + / H(p(lp = Ir(1¢ =2)) pp(d2), (A.2)

where py = pup.

For the proof see [23], Theorem 2.4.
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Theorem A.5 (Dual formulation of the entropic transportation cost).

eTge, (. v) =eFH(ulm) +  sup {/indu—/de},

@eCp(RY)

where for all t > 0,

Se

Qfp(x) = —elog Pfexp(—¢/e)(x), xR

veral proofs are available [9,13,14,16,25].
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