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Sequential Monte Carlo (SMC) algorithms were originally designed for estimating intractable conditional
expectations within state-space models, but are now routinely used to generate approximate samples in the
context of general-purpose Bayesian inference. In particular, SMC algorithms are often used as subroutines
within larger Monte Carlo schemes, and in this context, the demands placed on SMC are different: control
of mean-squared error is insufficient—one needs to control the divergence from the target distribution di-
rectly. Towards this goal, we introduce the conditional adaptive resampling particle filter, building on the
work of Gordon, Salmond, and Smith (1993), Andrieu, Doucet, and Holenstein (2010), and Whiteley, Lee,
and Heine (2016). By controlling a novel notion of effective sample size, the 0o-ESS, we establish the ef-
ficiency of the resulting SMC sampling algorithm, providing an adaptive resampling extension of the work
of Andrieu, Lee, and Vihola (2018). We apply our results to arrive at new divergence bounds for SMC sam-
plers with adaptive resampling as well as an adaptive resampling version of the Particle Gibbs algorithm
with the same geometric-ergodicity guarantees as its nonadaptive counterpart.

Keywords: adaptive resampling; effective sample size; geometric ergodicity; particle Gibbs; sequential
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1. Introduction

Sequential Monte Carlo (SMC) methods are a popular class of algorithms for approximate infer-
ence [8-11,14,15]. In the context of Bayesian inference, SMC produces a particle approximation
to the posterior distribution as well as an unbiased estimate of the marginal likelihood. Tradition-
ally, particle approximations were built to estimate conditional expectations, and the analysis of
SMC methods focused on this operator perspective, by bounding the mean squared error of the
resulting estimates.

Increasingly, SMC methods are being used to produce approximate samples, usually in the
inner loop of another approximate inference algorithm. A key example is the class of particle
Markov chain Monte Carlo (PMCMC) methods, which aim to combine the best features of SMC
and MCMC approaches by using SMC as a proposal mechanism for a Metropolis—Hastings
(“particle MH”) or approximate Gibbs (“particle Gibbs”) sampler [1,13]. Characterizing the ef-
ficiency of PMCMC methods is an active area of investigation [2-5,16,17].
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When SMC methods are employed for sampling, convergence guarantees from the operator
perspective are insufficient. In this work, we take up the sampling perspective, and study the
distribution of a sample drawn from the SMC particle filter approximation. Building off the
work of Andrieu et al. [1,2], Gordon et al. [12] and Whiteley et al. [18], we use conditional
filters to derive a minorization condition, lower bounding the density of the approximate sample’s
distribution in terms of that of the target distribution. The analysis extends to conditional SMC
as well as to adaptive resampling versions. One of our key contributions is a novel notion of
effective sample size, the co-ESS, which we use to establish the efficiency of the adaptive SMC
sampling algorithm. Thus, our results are both a sampling analogue to the operator work of
Whiteley et al. [18] and an adaptive resampling extension to the sampling work of Andrieu et
al. [2]. We apply our results to arrive at new divergence bounds for SMC samplers with adaptive
resampling as well as an adaptive resampling version of the Particle Gibbs algorithm with the
same geometric-ergodicity guarantees as its nonadaptive counterpart.

In the remainder of this section, we provide an overview of our contributions for the special
case of the the conditional adaptive resampling particle filter: we introduce the conditional adap-
tive resampling particle filter, present our main theoretical results characterizing its performance,
and describe an application to a novel adaptive resampling Particle Gibbs algorithm.

1.1. (Conditional) adaptive resampling particle filters

We follow a similar setup and notation to Del Moral [7]. Let (§;);>1 be an inhomogeneous
Markov chain on the measurable space (E, £) with transition kernels (M;),;>> and initial dis-
tribution M. Denote expectations with respect to the Markov chain by E[-]. Let g, : E — R,
for + > 1, be a sequence of £-measurable potential functions on E, let go = 1, and write
gs (X5:t) =4y go(x7). For£ = 1,2, ..., define the measure 7y, on E’ given by

1 (dX 1) £ vie(dx1.)/ Zy,

where

t

yia(rr) 2 [ ] gs (o My(xs1.dxy) and  Z, £ y1(1).

s=1
(We have written M (xq, dx;) for M;(dxy).) Equivalently,

El¢ (E1:0)81:1 (51:0)]

~ ¢: E" — R measurable,
t

T ($) 2

where Z, £ Elg1:+(£1.+)] is the normalization constant.!

In the state-space setting, the potential g; would be the conditional density (i.e., likelihood) of the observation v, at
time ¢ as a function of unobserved state x;: i.e., g (x;) = ps (vt | x¢). Then 1., would be the posterior distribution of the
unobserved state sequence given the observed sequence.
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Towards the goal of efficiently approximating 1., we introduce a novel sequential Monte
Carlo algorithm: the i-times conditional adaptive resampling particle filter (¢ ARPF), which is
a generalization of the adaptive resampling particle filter [12,15] and the conditional SMC algo-
rithm used in particle Gibbs [1]. (In Section 3, we will introduce a further generalization.) The
integer parameter i > O determines the number of fixed trajectories yl1 freees y’l' , € E' required
by the algorithm, which operates by generating a collection X I N = {X }N | of N > i particles
with corresponding nonnegative weights W,V & (W7 }n= . When i= O, we recover the stan-
dard (unconditional) adaptive resampling particle filter; when i = 1, we recover a generalization
of the conditional SMC algorithm that includes adaptive resampling. For time s = 1, ..., ¢, the
measure 7y.s is approximated by

N
7N A Wy'gs (X§) .
- N X
n=1 Zk:l Wskgs(Xf) Ls

Ty

The ¢! ARPF algorithm iteratively constructs X }ﬁv and WII:N as follows: The first i particles
are deterministically set to match the fixed trajectories:

X7 =yg, X1 =yl s=1,....,tandn=1,...,i

s

Attime s = 1, the remaining N —i particles X/}, forn =i+1, ..., N, are sampled independently
and identically from M. The corresponding (length 1) trajectories are

X, =X, n=i+1,...,N.

Furthermore, foralln =1,..., N, WI" =1.

The remaining particle trajectories are generated as follows: First, we introduce a cutoff pa-
rameter 1 € [0, 1] and an effective sample size (ESS) function ESS : ]Rﬁ — [1, N]. The ESS
function measures how uniform the current weights WSI’N are. Typically ESS(WSI:N ) =1 indi-
cates that all but one weight is zero and ESS(WS]:N ) = N indicates all the weights are equal.

Foreachtimes=2,...,¢:

o If ESS(WSI:_AII) <nN, aresampling step is introduced. Forn =1, ..., N, the weights are set
to a common value

Z —18s5— 1 s 1)

and, forn =i 4 1,..., N, particle n’s “ancestor” at time s, denoted AY, is sampled inde-
pendently, such that A} =k, for k=1, ..., N, with probability

Wk g 1(XE D
N W,
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o If ESS(W;;]Y ) > nN, then the algorithm does not resample the particles. Forn =1, ..., N,
the weights are copied, that is,

Wi =W g5-1(X720),

and, forn =i 4+ 1,..., N, arecord is made that particle n was its own ancestor by setting
Al =n.

e Having sampled the ancestors, the algorlthm propagates the particles forward. For n =i +
1,..., N, X7 is sampled from M, (X +1» ), and the corresponding trajectories are set to

~ ~ A'Y'
X?IS = (XI:&—I’ X?>

In} the final step of the algorithm, a single Barticle X 1., is sampled from the full approximation

n{;iv , and the algorithm yields an estimate Z; of the normalization constant Z;, where

N

A 1

Z = N Z W/'g(X7).
n=1

Let E’yf\{ [-] denote the expectation operator with respect to the ¢! ARPF, and write
1:t

PRN (v dey) £ P (@r) S B[S, (@n)]

for the law of X 1., when the i fixed trajectories are y}; € (E")'. We can now describe in more
precise terms how the ¢! ARPF kernel P*"" generalizes several well-known SMC kernels. When
i=0,m. tN is the standard adaptive SMC particle approximation of my.; and X* 1., 1s a single
sample from the particle approximation. When i = 1 and resampling is done at every step by
taking n = 1, PLV is exactly the conditional SMC kernel used in particle Gibbs samplers [1,
2,13]. For general n € (0, 1), we obtain a novel adaptive resampling variant that we study in
the sequel. In particular, under mild regularity conditions, PV defines a Markov kernel with
invariant distribution 7y.;.

1.2. Controlling ¢’ ARPF efficiency with co-ESS

We can analyze the quality of the ¢/ ARPF kernel PV by quantifying the extent to which high-
probability sets under the target distribution also have high probability under the kernel. The
following theorem establishes a minorization condition for the i-times conditional filter in terms
of the (i 4+ 1)-times conditional filter.

Theorem 1.1. Forallt>1,i >0, N >i,andy],,...,yl €E’,

. y Z,
PEY(yii, 8) = (1 - i/N)t/ W L (dyHh), S C E" measurable. (1.1)

L:i+1 t
1:t
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The integral appearing in equation (1.1) has no simple form in general, but in many settings we
will be able to obtain a lower bound on the integrand that does not depend on the fixed trajectories
Vi 41 In those cases, the integral is simply replaced by this uniform lower bound. For i =0, we
are then immediately able to control numerous measures of divergence between 7., and po-N
(i.e., the law of X T:t). For example, in the case of total variation distance, we have the following
corollary to Theorem 1.1.

Corollary 1.2. IfIEy“ Z,/Z, 1< B; y forall yi.; € E', then
dry(mie, PON) < 1- By

For i = 1, a uniform lower bound assumption implies a minorization condition on the kernel
pLN (y1:t, dx1.¢), which in turn implies fast mixing of the Markov chain with kernel PLN.

Corollary 1.3. Iszl 2[Z,/Z,] < B; n for all y1 4 y1 S € E', then the Markov chain with tran-

sition kernel PN (y1 ., dx1.) is uniformly ergodic in total variation distance and has invariant
distribution my.;. In particular, for all y\., € E' and k > 1,

drv (7 ) < (1 B L (L= 1/N)'),

where fr;‘l_[ £ By”[Pl’N]k is the law of the Markov chain, with initial state yi., after k transi-
tions.

In order to apply the corollaries, it remains to bound Elyf\{[it /Z;]. Such a bound was ob-

tained for the nonadaptive conditional SMC kernel in Andriedjet al. [2]. However, in our general
adaptive resampling setting, one must make a careful choice of effective sample size function.
To this end, we introduce a generalized notion of effective sample size, which includes several
existing definitions as special cases. For p € (1, 00], let p, £ ﬁ be the conjugate exponent of

p (so 1/p + 1/p, =1). The p-effective sample size (p-ESS) of the weight vector w!'N e RY,
lw'™N |y >0, is

The following proposition highlights some elementary properties of p-ESS.

Proposition 1.4. The p-ESS has the following properties:

1. Forall pe (1,00],1 < ESSp(wIZN) < N. The lower bound is achieved if and only if all
but one of the weights is zero. The upper bound is achieved if and only if all the weights are
equal.

2. For1 < p <q <00, ESS,(w'")>ESS, (w!N) > N~(1=4:/P) ESS ,(w!:N), with equal-
ity ifand only if K € {1, ..., N} weights are equal and the rest are zero.
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Part (1) demonstrates that the p-ESS satisfies basic properties one would expect of a measure
of effective sample size. Part (2) places the family of p-ESS measures in a linear order: the larger
the value of p, the more stringent the notion of effective sample size.

The standard definition of effective sample size is precisely the 2-ESS. Whiteley et al. [18]
provided a rigorous justification for the use of 2-ESS from the operator perspective: if adaptive
resampling is used to guarantee that the 2-ESS does not fall below ¢ N, for some fixed parameter
¢ € (0, 1], then the error bounds on the operator approximation match those of the nonadaptive
sampler with ¢ N particles. More formally, let 3;(y1.;) = y; be the projection onto the #th com-
ponent. Under appropriate regularity conditions, for every bounded measurable ¢ : E — R and
realr > 1,

. rl/r _ a(r)b(p)
SupESS; (W, ™) 2¢N - — fggE‘)NHnl, (o) —m(pon|]" NG

where a(r) and b(¢) are exphclt functions.
To upper bound E-N Sl [Z, /Z,], however, we will require a lower bound on the co-ESS, which

l
by Proposition 1.4(2) is a more stringent notion of effective sample size than 2-ESS. We suspect
this additional stringency is necessary (see Conjecture 1).

Assumption 1.A. There exists ¢ € (0, 1] such that ESSOO(WSI:N) >¢Nforalll <s <rt.

We can ensure that Assumption 1.A holds by choosing ESS = ESS,, which will allow us to
bound the estimate of the normalization constant. Fors =1, ..., ¢, let

Gy, (xs) £ ]E[gsztfl (Es:—1) 1 &5 = xs]
and let Go = Elg1:1—1(€1:—1)]- We now arrive at our second main result.

Theorem 1.5. If Assumption 1.A holds, then foralli,t > 1, N > i, yf:l, R yi:t € E',

Z7 3 Yo Gos G O —
N

BN1Ze/Z <1+ +O(N2).
Lt

Two possible further assumptions both lead to uniform bounds on E’yf\{ [Z].
1:t

Assumption 1.B. The potentials satisfy g, = sup, . gs(x) < oo forall 1 <s <t.

Assumption 1.C. There exists a constant 8 > 0 such that for any ¢, s € N,

GO,th,t+s (x)
sup ————
xeE GO,t+s

<B.
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Corollary 1.6. Under the same conditions as Theorem 1.5, if Assumption 1.B holds then

t NY
i,N 5 171> !
Ey:;;’[zt/zt]f 1+Zt Hgvl:<1+é.—N> - 1:|

s=1

while if Assumption 1.C holds then

S t
Bz za = (14 5 ).

Combining Corollaries 1.2 and 1.6 yields the following guarantees for the ARPF sampler.

Theorem 1.7. If Assumptions 1.A and 1.B hold, then

,] t —
dTV(nlzta PO’N) < tzt lills=ltgs -
¢N+1Z7 [T 8y

while if Assumptions 1.A and 1.C hold then

+0(N7?)

ony o Pt -2
drv (i, P )S§N+,Bt+®(N ).

1.3. An application to particle Gibbs

In the language of state-space models, the setting described so far involves approximating the
posterior distribution of a Markov chain given indirect stochastic observations of the chain’s
values. However, it is often the case that the chain and the potentials are controlled by a global
parameter 6 € © for which there is a prior distribution z (df). Replace M, by Mf and g by
gf, then parameterize the other quantities defined previously in terms of M, and g by 6. Let
(Y,Y) £ (E', B(E")). We will suppress much of the time dependence when possible to make the
notation less cluttered. The target distribution on the product space (® x Y, B(® x Y)) is

7(d0 x dy) £ p(dd x dy)/Z,
where
t
y(d0 x dy) £ (d0) [ 8 09) MY (ys-1,dys) and  Z 2 y(1).
s=1

Let 9(dy) and 7, (d9) denote the disintegrations of 7 along ® and along Y, respectively.
The particle Gibbs sampler approximates the two-stage Gibbs kernel

M, y,dd x dz) £ 7, (d®)my (dz).
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In many settings, such as non-linear or non-Gaussian state-space models, it is possible to sample
from 7y (de), but difficult to sample from 7y (dz). The idea is to replace 7y (dz) with an SMC-
based approximation ITy(y,dz) that leaves my(dz) invariant, leading to a kernel of the form
my (d3) Iy (y, dz).

We introduce the adaptive resampling particle Gibbs (ARPG) sampler, which employs the
cARPF kernel PZ;,’;,V (dz) to approximate the conditional distribution s (dz) that would be used
in a standard Gibbs sampler. The ARPG kernel is thus given by

My (0, y,do x dz) £ ny(dﬁ)P;;;V (dz).

Theorem 1.1 and Corollaries 1.3 and 1.6 together with the results of Andrieu et al. [2] yield guar-
antees on the ergodicity properties of the cARPF kernel and the ARPG sampler. Once instances
of N are replaced by ¢ N, the guarantees essentially match those provided by Andrieu et al. [2]
for the standard PG sampler.

Theorem 1.8. If Assumption 1.A holds, then the cARPF kernel and ARPG sampler have the
following properties:

1. If Assumption 1.B holds, then there exists e;, y =1 — C;/N such that forany 0 € ®,y €Y,
and k> 1,

drv(8y[ Py ] 7e) < (1 — e ) . (1.2)

2. If Assumption 1.C holds and N >t/ C + 1 for any fixed C > 0, then for any t > 1, equation
(1.2) holds with

C
&N > eXP<—E(2ﬂ + C))-

3. If either Assumption 1.B or Assumption 1.C holds, then whenever the Gibbs sampler is
geometrically ergodic the ARPG sampler is geometrically ergodic as well.

At a high level, the results we have obtained highlight the role of the expected value of Z; in
the mixing properties of conditional SMC Markov chains and particle Gibbs (PG) samplers: In
order to show geometric ergodicity for adaptive resampling particle Gibbs samplers, it suffices
to establish bounds on the expected value of 2, under the twice-conditional filter, and the growth
of the expectation as ¢ increases determining how well the particle Gibbs algorithm scales. Sim-
ilarly, a bound on the expected value of Z; under the once-conditional filter implies a bound on
drv (i, PON). Hence, as a slogan, good performance of (adaptive resampling) particle Gibbs
is equivalent to good performance of (adaptive) SMC for sampling.

2. Preliminaries

In this section, we fix some additional notation, introduce a few key additional definitions, and
then present « SMC [18], a generalization of the adaptive resampling particle filter described in
the Introduction.
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For a positive integer K, let [K] £ {1,2,...,K}. If x;,...,x; are elements of a sequence,
write x;. j L (X, Xigls .., x;). We use the following conventions: ) ", =0, [[, =1,and 0/0 =
0.

Let (S,S), (8, 8") be measurable spaces. Then K : § x &’ — R is a kernel if K(-, B) is
a (S, 8)-measurable function for all B € S’ and K (x, -) is measure on (S, S’) for all x € S.
For a measure u on (S,S) and kernels K, K': S x S — R, let uK(dy) £ f,u(dx)K(x,dy)
and KK'(x,dz) & f K (x,dy)K’(y,dz). We will often use measures and kernels as operators.
For a measurable function ¢ : S — R, let u(¢) = Eeplo ()] = fqb(x)u(dx) and K (¢)(x) =
[ #(y)K (x,dy). For measures w, v on (S, S), we will write u < v to denote that u is absolutely
continuous with respect to v, in which case we will write di/dv for the v-almost everywhere
(v-a.e.) unique function f satisfying u(A) = [ 4 fdv, for all A € S. When the choice is clear
from context, we may write B(S) for the o -algebra of the space S.

For probability measures © and v on (S, S), the total variation distance between u and v is

dry (i, v) £ sup [1£(A) — v(4)].
AeS

If © < v, then the Kullback—Liebler (KL) divergence is
dyp(u]|v) = pu(logdpe/dv)
and the x2 divergence is
d 2 (pllv) £ v([dp/dv — 117) = p(dp/dv) — 1.

Finally, we note that, when there is little risk of confusion, we will ignore measure-theoretic
niceties such as the distinction between equality and a.e.-equality.

Recall that (&),>1 is an inhomogeneous Markov chain on (£, &) with transition kernels
(M;);>> and initial distribution M1, and that E[-] denotes expectation with respect to the Markov
chain. We will write M1 (xg, -) for M{(-) when convenient and, for all #t > 1 and x,_; € E, we
will assume that M;(x;_1,-) has a density with respect to some common o -finite dominating
measure (which we denote by dx). We will abuse notation and write M;(x;—_1, x;) for the density
of M;(x;—1,-) as x;. Recall that, for each t > 1, g, : E — R denotes a £-measurable potential
function, with go = 1. Finally, recall that g (x,:r) = [[5_; g¢ (x¢).

2.1. Target distributions

We now introduce some additional target distributions. (We will also repeat the definition of y.,
and 1., for completeness.)

Let ¢14: E' — R and ¢, : E — R denote generic measurable functions. For each ¢ > 1, the
unnormalized predictive and updated measures are defined, respectively, by

V{:t((ﬁl:t)éE[¢l:t(€l:t)gl:t—l(El:t—l)] and Vl:t(¢l:t)é]E[¢l:t(§1:t)gl:t(%_l:t)]
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with corresponding marginal versions

V/(d’t)éE[@(ét)gl:t—l(gl:t—l)] and Vt(¢t)éE[@(Et)gl:t(gl:t)]o

Our ultimate goal is to approximate the normalized predictive and updated measures along with
their marginal versions:

T 2 VIO gy 2 D),
! t
s Yi(Pr) A
= d = N
m(g) £ 7T and mi(g) £ 7

where Z; £ y;(1) and Z, £ y/(1) are normalization constants.

2.2. The «SMC algorithm

In the Introduction, adaptation in the particle filter was implemented via a simple multinomial
resampling step, triggered when the effective sample size fell below a fixed threshold. For the
remainder of the article, we will consider a more general mechanism for adaptation captured
by the «SMC algorithm introduced by Whiteley et al. [18]. The « SMC algorithm can produce
sequential importance sampling (SIS), sampling importance resampling (SIR, also known as the
bootstrap filter), and numerous other SMC variants as special cases. Not only does the « SMC
formulation aid in analyzing adaptive resampling strategies, it provides a useful framework for
devising novel adaptive schemes with attractive computational properties, such as admitting par-
allelization even on resampling steps. In the remainder of this section, we outline the (uncon-
ditional) « SMC algorithm. In the following section, we introduce a novel i-times conditional
version of «SMC, which will include the ¢/ ARPF as a special case.

The «SMC algorithm, which is given as Algorithm 1, provides a flexible resampling mecha-
nism: at each time ¢, a stochastic matrix o;_j is chosen from a set Ay of N x N matrices. We

denote the value in the nth row and kth column of «;_1 by a;’f |- The « SMC estimators are

N N
ON & Z Wig(Xp) o ON & Z Wi g (X}) .
e = N xn s r = N r

oY WEe(xp) i ol WEs(xp)
N N
wh wh
O,N & t O,N & t
g Yt —bp and N EY 5y,
i) A wf S i1 k=1 wk

and the estimators of the normalization constants Z; and Z; are

N N
Zt £ % Z W' e (X?) and Z; £ % Z W/
n=lI n=1
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Algorithm 1 «SMC

forn=1,...,Ndo
Sample X/ from M
Set X" | < X!
Set W' <1

end for

forr=2,3,... do
Select o1 from Ay according to some function of X 1 and Al o
forn=1,...,N do

Set W" <~ Zk o WE g 1(Xz 1)

nk
t—th—lgf 1(Xt—l)>N )
w k=1

Sample A}_, from Multl((
Sample X from Mz(X, )

Set X, (X )4, XD)
end for
end for

Expectations with respect the law of the «SMC algorithm are written as EV[.].

SIS, SIR, and the standard adaptive algorithm are obtained as special cases of «SMC as fol-
lows. SIS is recovered when o;—1 = I y, the N x N identity matrix, while SIR is recovered when
a1 =14 /N> the N x N matrix with all entries equal to 1/N. The adaptive particle filter (APF)
algorithm is obtained by setting a; | to 11y if ESSZ(Wl N ) <¢N and to Iy otherwise, where
¢ € (0, 1] is fixed.

3. Conditional «SMC

It is useful both algorithmically and analytically to generalize SMC in such a way that one or
more particle trajectories is fixed ahead of time. The result, which we will refer to as conditional
aSMC, is a strict generalization of the conditional adaptive particle filter given in the Introduc-
tion. We will use conditional  SMC to study the properties of (unconditional) «SMC, to design
novel adaptive particle Gibbs algorithms, and to analyze their mixing properties.

For this section, fix # > 1,i >0, and N > i. The i-times conditional «SMC (¢! «SMC) process
(or simply the caSMC process when i = 1) is defined on the space (EN x [N]V x [N])! x
EN x [N] x [NY}, and is essentially equivalent to « SMC with the first i particle trajectories, but
not their lineages, fixed a priori. If £ € [N]’ are indices of the first i particles, let D(f ') £
I1 ey LOf I fi /) be the function that indicates Whether the indices are distinct. As in «SMC,
the matrix ;| € Ay is a function of X{t , and A t ,- We havex N e (ENy, f e (INT)!,

a}tNle([ NV 1,andat [NV], and use the notation

N
nAa n A k
wy =1, t*Z lwt 181— 1(t 1)’
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and
LN LN \ A ot wh_ g 1(xl_))
r"(k|w571’xl:s71): wh .
S
For fixed trajectories y}:t, e y{:t € E', the law of the ¢/« SMC process is given by
i 5 N
P’“[X edxN Fli = 11"]éCiD(fll")Hﬁsylj(dxl‘) [T Mi(dx}).
j:1 néfllii
fors=2,...,t,
]P)lf\{[XlNedxlN As_l—s_lyFll—fsll|
X A Flt 1: ]
lsl_xlsl’ ls 2_als 2 =1
i
i " 7 f; 3 Il
éc;D(fsll)l_[ ]8 (d f ) (Ch l_fs/ 1)
j:
al_
x [T ralay_glwg el ) M (x5 1))
n¢f§l:[
and

o wy g
i, * % N _ _I:N LN lN A t t
]P)y:ff[Az =a; | Xy =x13 Al =ayg 1]*—'

S wig ()

The Ci terms are normalization constants that ensure the expressions are valid probabilities. Let

X = 1 4o let E" f\f [-] denote the expectation operator with respect to the ¢!« SMC, and write
1:t

Pi’N(yl o dax: t) ;il\l/(dxlt) AR N[ xr (dx1. ,)]

for the law of XT::'
The normalization constants Ci arise because the lineages }; of the fixed trajectories y}:i
are kept dlstmct The c'aSMC kernel enforces distinct lineages for the fixed trajectories since in

general y1 4 F y1 , for j # j" and, from an algorithmic standpoint, allowing overlapping lineages
could lead to a substantial increase in complexity, both in terms of implementation and compu-
tation. The distinct lineage requirement is enforced by the D( fslti) terms. Since there is at most
one fixed trajectory when i =0 or 1, C? = C! = 1 for all 5 € [¢].

Algorithm 2 provides pseudocode to sample from the law of the c« SMC process, which is a
necessary part of the particle Gibbs sampler described in Section 6. Sampling from the law of
the ¢!aSMC process for i > 1 is more delicate, but unnecessary since these are only used for
analytical purposes.
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Algorithm 2 Conditional «SMC
Require: Fixed trajectory yi.;
Sample F 11 uniformly from {1, ..., N}
forn=1,..., N do
if n=F| then
Set X? <~y
else
Sample X! from M
end if
Set X" | < X!
Set Wi -1
end for
forr=2,3,... do
Select oy from Ay according to some function of X %:N and AHV_ )

it—1
kF!
Sample F;' from Multi({c, "))

forn=1,...,Ndo
Set W' < 3Ly o W g1 (X(_))
if » = F,! then
1
Set A < F_
Set X7 < y;
else . .
n W g (X)) N
Sample A” | from Multi(( W Yeet)

A}’l
Sample X' from M, (X,'",")

end if r
Set X?:t <~ <X1:;:ll’ X{l>
end for
end for

: Wkg (Xk) N
Sample A* from Multi({ =2 ~—
p ! (<§:,[1V:1 W;’lgt(X?))k_l)

Remark 3.1. To recover the ¢c!ARPF described in the Introduction, let o;_; = 1; /N if
ESS(WII_:/}’ ) <¢N and let a1 = Iy otherwise. Then note that by the symmetry of 1,5 and
I y, instead of sampling them, we can set the lineage for the jth fixed trajectory to j: that is, set

f! =jforall je[i]lands € [t].

4. Main results

We are now ready to undertake our study of the i-times conditional SMC kernel P/ ( y};,
dx1.r). Specifically, our aim is to understand the conditions under which the c!aSMC kernel is
close to m1.+(dx1,;). Formally, we will establish a minorization condition for the i-times con-
ditional filter in terms of the expected value of Z; under the (i + 1)-times conditional filter.



Sequential Monte Carlo as approximate sampling 597

The remainder of the section presents conditions under which the expected value of Z,; can be
bounded. One of the key assumptions is that adaptation controls the co-ESS.

Of particular interest are the cases i = 0, which corresponds to the «SMC filter, and i = 1,
which corresponds to the conditional « SMC kernel. The former provides approximate samples
from 1. The latter can be used to define a Markov chain with invariant distribution ., pro-
ducing an adaptive resampling particle Gibbs sampler. We consider both these applications in,
respectively, Sections 5 and 6.

4.1. A minorization condition for the ¢!aSMC kernel
For the remainder of the article, we will work under the following assumption.
Assumption 4.D. For all N > 1, all @ € Ay are doubly stochastic.

Remark 4.1. Assumption 4.D is the same as Assumption (B*T) in [18], although there, the
condition is stated as assuming each « admits the uniform distribution as an invariant mea-
sure.

Let

Ky 2 max Zak"akm and k) = max{ky, 1/N}.
n#maEAN

Our first main result provides control over how much the measure P;HI;\,-] differs from ... The

theorem gives a stronger result when i = 0 and gives a simpler resultli:vhen i = 1, by express-
ing the lower bound on PL"(y;., S) in terms the more transparent quantity K}y instead of the
normalization terms Csz. For example, if Ay = {Iy} then ky =0, while if Ay = {1y,5}, then
kn =1/N, so in either case k), = 1/N.

Theorem 4.2. If Assumption 4.D holds, then for all t > 1,i >0, N > i, S C E' measurable,
ai’ld yllit’ M yll;[’ X1t € Et,

Zi

PiN(yli s / - . 1. (dx1s). 4.1)
e SELY 12T et
1’
In particular, in the case of i =0, we have
dpo-N V4 V4
] (xl;,>=E;1{Y[%] >
Tt Z, Ey, [Z:]
and in the case of i = 1, we have
(1 —xp)
PN (31, §) > / ). “2)

Vi X1 L&
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Remark 4.3. By identical arguments, Theorem 4.2 also holds in the marginal and predictive
cases. In the predictive cases, however, Z and Z, replace, respectively, Z; and Z,. In the pre-
dictive case, under Assumption 4.D, Z = Z, 1 and Z; = Z;_y, so later results pertaining to
E" IA{ [Z;], such as Proposition 4.4 and Theorem 4.7, apply to Z; as well. The fact that Z] = Z,_;

Vi
follows immediately from the definitions. To show that 7 = Zi_1, apply Assumption 4.D:

Z;=N"">"wy
n
=N" 1zzankl 18z 1

=N Wek =2
k

We will prove Theorem 4.2 in two parts: first for the case of i = 0, then for i > 1. For the
i =0 case (corresponding to vanilla « SMC), we begin by writing the joint density of the «SMC
process as

N N
A(an Xy )(HH ay_lw,” 1vx%§V1)Mf(x:illvx?)>-

Under Assumption 4.D, the density of the c« SMC process with law ]P’]y’,{:/ [X } N A{ gv 1+ FlL1can

1
be written in the following “collapsed” form, by implicitly identifying x{zl with y1.:

w(x”v’alt 1vf1z)

f:ﬁ
W(xlz ﬂ“n 1)1_[s o Iy l

NMl(x1 T 2 (£ [N kN My ot

'

fsfv I:N _1:N aj_

=N l_[ Ml xl 1_[< s 1 H ”n(“?—l|ws—1’x1:s—1)MS(xs1]’x§1)>’
n#f. =12 n#f}

where I fjl(as = fsl_l).

Proof of Theorem 4.2, i = 0 case. Consider the density

ﬁl:t(xlifv’a}z]vlffllzz)éﬂlrt( )&( X1 ’alt 19f11) (4.3)
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Then

Iﬂ(xlt ’alt l)gt(xz )w
nll(xlt ’alt l’flt)zn 1 & (x)wy

1 1 1
Ml(xll)l_[s zrfl(fq 1|wy 1sx1Y 1)M (xv 17 fs)gt(xzt)wtt

L
7T1t(x )1_[? o Lo  TIN e 1gt(x ywy
fl

1
Ml(x )l_[ = a ” ‘Y‘llgs—l(x DM, (xs X )g:(xf )w,’

i
mt(x )H _wl I—[ﬁzzls CUTINEIYN e (hw!

7!
_ Hé 1gs(xs )M(xv]’ s)
ﬂlt(x )N 12,, 1gz(X,)w?1—1s=2ls
_Z, 1
Zi [Tsma Is

Using the convention that 0/0 = 0, it follows that

. . gt(x )w 1N
PON(dxyy) = {w(x%:N,a}:N_l)—a ar (dxp, t)} dx};
1N2: ! ! Z 1 8 (xHwy i

= Z /{ vj(xifv’alt l)gl(xt )wttl Htv—zl

~ I:N _1:N
Ll ﬂl:t(xlt YA 17 )Zn 1gt(xt)w;1
ltl Lt

~ I:N _1:N 1 1:N
anif(xlzt A1 fl:t)sx{t[(dxlif)}dxlzt

Z
Z /{ tﬁll x 7alz 1vf1t)(S fr(dxlt)}

lt lflt

Z 1
: Z / d x gvvalt 1’ f] [) xlt(dxﬁ)dxltfr }nlzt(dxlzl)-

lt lflt

The result follows from Lemma A.1. O

We defer the proof of Theorem 4.2 in the i > 1 case to Appendix A.2.
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4.2. Bounding Zt under the ¢/« SMC kernel

In order to apply Theorem 4.2, we must be able to control the quantity Ely,]\{ [Z]. As an initial
1:t
step toward this goal, we consider the SIR case:

Assumption SIR. Forall s € [t — 1], oy =11,n.

For SIR, we can rewrite E;{X[Z] in an equivalent but more explicit form Proposition 4.4.
1t

Our goal will then be to provide general conditions under which E;f\f [Z,] can be rewritten in a
1:t
similar manner (Proposition 4.7).

Recall that GO,t = Elg1:+—1(51:4—1)] and Gs,t(xs) £ Elgs:—15:0—1) | & = x4] for s € [¢t] and
xs€E. Fort>1,1<{<s<t+1,let

(1>

Ties {(T],...,T():t—s+1<1’1<~~<7:@=t+1}

and, for T € 7T; ¢ ¢, define
-1
Cy (T» y]:t) = 1_[ Gr[,r,~+1 (yri)-
i=1

We will sometimes write Cly(r) or Cl’ (y1:+) instead of C¢(t, y1.+). The following is a straight-
forward generalization of [2], Proposition 9.

Proposition 4.4. If Assumption SIR holds, then forallt > 1,i > 1, N > i, y}:t, e yi:t e E,

] R 1 t+1 -1 i .
N . _
E’ylf,» 2=~ SN =TT Gor [[ D Grnrnn () (4.4)
it =1 TeT 0t m=1 j=1

In particular, in the case of i = 1, we have

A 1 t+1 ~
By Zil= 27 D (N =10 37 GogyCele, ).
=1

€T er+1

In order to obtain a version of Proposition 4.4 for the general ¢!aSMC case, we will require
that the algorithm enforce a lower bound on a carefully chosen notion of effective sample size
called co-ESS. The co-ESS is a member of a family of effective sample size measures we call
p-ESS, which also includes two commonly used definitions as special cases.
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Definition 4.5. For parameter p € [1, oc], let p, = # be the conjugate exponent of p (so
1/p + 1/ps =1). The p-effective sample size (p-ESS) of the weight vector w!V e Rﬁ is

<||wl:N||1)P* p>1
1y o ) NN, S ’
Essp(w ) = l:N”1

f|w

njj_l(wn)w"/nqul ’

p=1

The following proposition highlights some elementary properties of p-ESS and subsumes
Proposition 1.4 (see Appendix A.3 for a proof).

Proposition 4.6. The p-ESS has the following properties:

1. Forall pe[l,o0], 1 < ESSp(wl’N) < N. The lower bound is achieved if and only if all
but one of the weights is zero. The upper bound is achieved if and only if all the weights are

equal.
2. For1 < p <q <00, ESS,(w'") > ESS, (w!N) > N=(=4:/P) ESS ,(w!:N), with equal-
ity ifand only if K € {1, ..., N} weights are equal and the rest are zero.

3. The 1-ESS satisfies

ESS](u)liN) = li?}ESSP(wlzN) ZESSem(u)l:N) A eH(wl:N),
p

. A n n .
where H(w!™NV) & -3 ”w’ff,\,”l log IleﬁNlll is the entropy.

Parts (1) and (2) generalize their counterparts in Proposition 1.4 to all p € [1, oo], including the
case p = 1. Part (3) shows that the 1-ESS corresponds to the entropic ESS, which is a common
choice of ESS in applications [6].

In order to obtain a bound on E;f\f [2,], we will require a lower bound on the co-ESS of the
weights, as formalized in Assumpti(l);l 1.A. Our development follows that of [18], who used the
2-ESS lower bound guarantee to bound the Ly norm of the weights in terms of their L norm.
Similarly, we will use the co-ESS lower bound guarantee to bound the sup-norm of the weights
in terms of their L norm. Specifically, under Assumption 1.A, we have

1:N 1:N
AW W
[W{N|loo  sup, W2’

s

¢N <ESSoo (W, ™)

1:N
and so, foralln € [N] and s € [t], W]' < ”WE—NHI We can use this upper bound on W/ to prove a

result that is very similar to Proposition 4.4, but permits an arbitrary adaptation scheme satisfying
Assumptions 1.A and 4.D. (See Appendix A.4 for a proof):



602 J.H. Huggins and D.M. Roy

Theorem 4.7. If Assumptions 1.A and 4.D hold, then forallt > 1,i > 1, N > i, y]I:,, e y{:t €
E!,

EN[Z
ylzd

1 t+1 - N—i 1(r>1) -1 i ' (4'5)
< N(CN)Z_I Z Z (;N)f+ - < é-—N ) GO,rl 1_[ ZGvaferl (y{m)

=1 71T 0441 m=1 j=1

In particular, in the case of i = 1, we have

LN 1 41 e N—1 1(r>1) ,
By [Zd = NGCNY—T Z Z (EN) (g“—) Go,,Cy (1).

t=17€T; 0141

The gap between Proposition 4.4 and Theorem 4.7 is that most of the factors of N — i in the
former are replaced by factors of N in the latter. Luckily we are interested in the i = 1, 2 cases,
so we expect the differences between the two quantities to be fairly small. The following result,
which is immediate upon expanding the left-hand sides of equations (4.4) and (4.5) and keeping
only 2(1/N) terms, formalizes this intuition:

Corollary 4.8. If Assumption SIR holds, then for alli,t > 1, N > i, y]I:I, ey y{:t € E',

Z7 Y Y Gos Gt (l,) — ti .
N

N5 3 5
ELi[Zi/Z0=1+ O(N7?).
If Assumptions 1.A and 4.D hold, then for all i,t > 1, N > i, yf:t, e yizt e E!,

Z7 Y Y Gos G (0 — ¢
(N

EoylZi/Z0 <1+ +O(N72).
it

We suspect that using co-ESS is not only sufficient but necessary.

Conjecture 1. Fix any ¢ € (0, 1). There exists a choice of (E, E), (M;);>1, and (g;)>1 such that
the following holds: For any sufficiently small ¢ > 0, under Assumption 4.D and the assumption
that resampling only occurs when ESSQ(WSI:N) <N,

Z7 Y Yo Gos G O, — ti fo(v)
sCN ’

Er1Zi/20 > 1+
1:t

4.3. Quantitative bounds

Recall Assumptions 1.B and 1.C, either of which can be used in conjunction with Theorem 4.7 to

obtain uniform, quantitative bounds on E’y?{ [Z] by following the approach of Andrieu et al. [2]:
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Assumption 1.B. The potentials satisfy g, = sup, . gs(x) < oo forall 1 <s <t.

Assumption 1.C. There exists a constant 8 > 0 such that for any #,s € N,

G0,:Gr r45(x)
sup ——————
x€E GO,I+S

=B

Assumption 1.C is implied by a standard “strong mixing” condition which is often employed
in SMC analyses (e.g., [7,18]). See Andrieu et al. [2] for details.

Proposition 4.9. If oy =11,y fors € [t — 1] and Assumption 1.B holds, then forallt > 1,i > 1,
N >1i, ylt,...,yllteE’

t ot
i\N 5 _ _ i
Ely{;g [Z:/Z:] <1+ |:Zt ! l_llgs - 1:| [1 - <1 - ﬁ) } (4.6)
S=
If Assumptions 1.A, 1.B and 4.D hold, then forallt > 1,i > 1, N > i, yllzt, e yi:t e E,

. t
E’]N, (Z:/Z) <1+ Z, ll_[gg|:(l+§l—N) —1] (4.7)
s=1

Proof. The proof of equation (4.6) is a straightforward generalization of that for [2], Proposi-
tion 12, with some additional bookkeeping for i (instead of 2) fixed trajectories. As for equation
(4.7), we have

t+1 -1 i
JE’{V,[ZI <> N Gon [ Grnnnn (02)
=17€T; 0.1+1 m=1 j=1
t t+1
<z,+]"[gvz< _ l)i“l(w)—“l
s=1 =2

=7+ Hgs Z (Z)GN/!')“
s=1 =

e lel( )1 D

Proposition 4.10. If a; = 11,y for s € [t — 1] and Assumption 1.C holds, then for all t > 1,
i>1,N>i, ylt,...,ylhteEf

. R i(B— 1\
Bz 2= (14020 “8)
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If Assumptions 1.A, 1.C and 4.D hold, then forallt > 1,i > 1, N > i, y};t, ey y{:, €E,

ﬂ t
E-N1Zza< 1+ = 4.9
Sl [(Z:/Z] < ( N 4.9)
Proof. The proof of equation (4.8) is a simple generalization of that for [2], Proposition 14. As
for equation (4.9), observe that for s € [t 4+ 1], Go,1+1 = Go.1+1 GGO = Go.sNs(Gs,1+1), SO We
can write for £ € [t], T € T ¢.4+1,

-1

Zl = GO,[+1 = GO,Tk l_[ Ny (GT,',‘E,'+1)~
i=1

Combined with Assumption 1.C and writing GS,, £ sup,cg Gs.1 (x),

r+1 =1 i
Z(;N) —er Z GO 71 HZGI,,, T+l yrm
T€Tr b1 i=1j=1
t+1 Go, e—1 i G
<Z+2Z Yy (N~ dl i Tt
! ! z_: Z Go, 1 H Z N5 (Grzisy)
(=2 €Tt 0141 i=1j=1
r+1 ;
-7 N EHL gy e!
,ZQ_I)@ )"Hap)
=1
i\’
=Z|1+—
( (N ) O
To compare equations (4.6) and (4.7), consider the ®(1/N) terms, which are, respectively,
Jp— _
dCZ00 1 Y T VR V7 ) ) 2
N CN

Thus, up to a —¢i term and a factor of 1/¢, the two bounds are of the same leading order in 1/N.
The —it is likely an artifact of the analysis while the 1/¢ term accounts for there being only ¢ N
“effective particles.” The differences between equations (4.8) and (4.9) are identical.

5. Bounding the divergence of SMC samplers

Recall that POV (dxy.) is the distribution of X T: ~ 71? tN ,a single sample from the « SMC es-

timator of 71.;. Equivalently, POV (dx1 t) =EON [71“ 1(dxy,) £ EON [n?tN (dx1-)] is the ex-
pected value of the random measure nl t . As a first application of our results from Section 4,
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Table 1. Divergences of the form equation (5.1). The operator (a)* gives the positive part of « € R

Name Symbol i f

KL divergence (version 1) dgL 1 a+>loga

KL divergence (version 2) dxr, 2 ar— —loga
X2 distance dXZ 1 ar>a—1
Total variation distance (version 1) dtv 2 ar (a—Dt
Total variation distance (version 2) dtv 2 ar (1—a)t

we consider bounding the distance between the measures 1., and PON That is, for some diver-
gence d(u||v) between measures, can we bound d (7T1;,||PO’N )? To the best of our knowledge,
there has been minimal investigation of this question, with [7], Chapter 8, a notable exception.
For example, under Assumption SIR, the bound

dxL (PO |m) < %

can be extracted as a special case of a more general propagation-of-chaos result [7], Theo-
rem 8.3.2.

Let F) be the set of functions f : Ry — R that are monotonically increasing or decreasing
and satisfy f(1) = 0. We consider the class of monotonic divergences of the form

duy
dpa

di,f(l/«1||l/«2)é,ui(f° ) ief{l.2}, feFr. (5.1

Table 1 lists some common divergences that can be written this way.
The following result characterizes the divergence between 1., and P%", only assuming that
f is concave.

Proposition 5.1. Let R (y1) 2 EVN(Z:/Z:) and 8 2 Z7' Y, Gosm1:4(Gsry1) — ¢ If As-
sumption 4.D holds, then for all concave f € Fi,

di, f (il PON) < f (14 (R0)).
In particular, if Assumption SIR holds, then

S, —t

dx (7111 POV < log<1 +

+ @(N—2)>,

S —t
dX2(7T1:t||P0’N) < —tN + @(N_z)

while if Assumptions 1.A and 4.D hold, then

dir (7111 PON) < 1og<1 Ol @(N—Z)), dyp (i POy < 228

-2
N N +O(N7?).
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Proof. The general statement follows by applying Jensen’s inequality to equation (5.1), then
using Theorem 4.2. The special cases correspond to using the KL divergence (version 1) and x?
distance rows of Table 1 and applying Corollary 4.8. (]

Similar results for (sequential) importance sampling are included in Appendix A.5.
We can also consider the divergence between 7y, and PYN when IE;’ICI[Z] is uniformly
bounded:

Proposition 5.2. If Assumption 4.D holds and E]y’l{:/[it/zt] < By n forall y1, € E', then for all
increasing f € Fi

di, (14| P*") < f (Br,)
and for all decreasing f € Fi,

di.r(P*"lm1) < f (B/ y)-
In particular,

dii (1411 PON) <log By v,
dp (i |PPV) < By — 1,

< BI,N_I

dTv(ilez, PO’N) <Bn-—1

B

Proof. The general statements follow immediately from equation (5.1) and Theorem 4.2. The
special cases correspond to using the KL divergence (version 1), x> distance, and total vari-
ation distance (version 2) rows of Table 1. The second total variation inequality holds since
BI,N 2 1 I:l

The bounds in Proposition 5.2 for KL divergence, x2 distance, and total variation distance are
asymptotically equivalent if B; y — 1 as N — 0o. Combining Proposition 5.2 with, for example,
Proposition 4.10, yields quantitative bounds for SIR and « SMC:

Corollary 5.3. If Assumptions 1.C and SIR hold, then

(B 1)
N
_tB-D

- N

0.N t(B—1) )
drv (i, PPV < NiiB_D +O(N7?).

k]

dxo (1| PON) <

dy2 (7111 POY) +O0(N7?),
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If Assumptions 1.A, 1.C and 4.D hold, then

B
dx (| PO < %
1B
d 2 (14| | PON) < g_N+0( %),

Ny _ B =)
drv (s, P )§§N~|—tﬂ+0(N )-

6. The a-particle Gibbs sampler

As a second application of our results from Section 4, we consider the mixing properties of parti-
cle Gibbs with adaptive resampling. Recall from Section 1.3 that we introduce a global parameter
0 € ® with prior distribution @ (df). Replace M; by Mf and g5 by gf, then parameterize the
other quantities defined previously in terms of M, and g; by 8. The target distribution on the
product space (® x Y, B(® x Y)), Y £ Eis

7(do x dy) £ y(do x dy)/Z,

where

t
y(d0 x dy) 2 [ ] 8 (v) M (yy—1.dy,)m (d0) and  Z 2 (1)
s=1

Particle Gibbs samplers have kernels of the form 7y (d9)Iy(y, dz), where Iy (y, dz) is an
SMC-based kernel with invariant distribution 7ry. The standard PG sampler employs the iterated
conditional SMC (i-cSMC) kernel [2]: that is, [Ty = Pgl,’;,v and require Assumption SIR to hold.

We now introduce the novel «- particle Gibbs («PG) sampler which employs the iterated con-
ditional «SMC (i-ca SMC) kernel P } , 50 Il = 1 . In Appendix A.6, we prove that the
i-ca SMC kernel is reversible with respect to 77y and hence has invariant distribution y.

The first step to proving mixing results for the i-c« SMC kernel and the «PG sampler is to
use Theorem 4.2 to obtain a sufficient condition for the i-c« SMC transition kernel to satisfy a
minorization condition.

Proposition 6.1. If Assumption 4.D holds and ]E 2[Zt/Zt] < B,y forall® € ® and y', yre
Y, then

Py (v, dx) > &, vy (dx), ©.1)

a (1—k))
Bin

where ; y =

The constant &; x, which determines mixing speed, can be found explicitly using the quan-
titative bounds from Section 4.3. For example, using Assumption 1.C we obtain the following
corollary.
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Corollary 6.2. If Assumptions 1.A, 1.C and 4.D and hold, then forall y € Y,

Py (v, dx) > &, vy (dx),

1_K/ 1
8t’Né< 25;)
1+ 75

for some constant C > 0, then

where

28

. !
Furthermore, 1_ng > m

&N = e €.

In particular, assuming k, < B/N for some constant B > 1,if N >t/C + B, then

&N = eXp(—g(Zﬂ + CB)>-

Proof. The first part follows from Propositions 6.1 and 4.10. For the second part, we then have
1+ 28 -t 1 2/3 —t
(N ’
> =1 | —
(i) = (g (G es)

—t
> (1+§> >e¢ €.

The final part follows after noting that if x}, < B/N, then

! (2—ﬁ+K’)<¥(2—ﬂ+B/N>— ! (2—ﬁ+3)
1—xy\¢N  N) = 1-B/N\¢N T N-B\¢ : O

Remark 6.3. In the case of the i-cSMC kernel, Corollary 6.2 is almost as tight as [2], Corol-
lary 14: the former result replaces § — 1 with .

The minorization condition (6.1) implies uniform ergodicity and a number of other types
of convergence guarantees for the i-cSMC process. The following generalizes [2], Theorem 1,
which applies only to the i-cSMC kernel and the PG sampler.

Theorem 6.4. Assume that Assumptions 1.A and 4.D hold.

1. Let N > 2, and consider the i-ca SMC process with kernel P = Pel’N.
1. P is reversible with respect to w and defines a positive operator.
2. Ifthe potentials are bounded, then there exists &; y =1 — C;/N such that
() forally €Y, P(y,dz) > & nmp(d2),
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(ii) for every measure v <L g and k > 1,
d 2 (vPH|me) <d 2 (vllme) (1 — & .3)F,
(iii) foreveryyeY andk > 1,
drv (8y P*, mp) < (1 — &1 )"

3. If Assumption 1.C also holds and there is a constant B > 0 such that k), < B/ N, then
for every C > 0, there exists ep,c,; > 0 such that for N >t/C + B and all t > 1,

&N >¢€p,c,c > 0.
II. Ifthere exists B > 1 such that, for all t,s € N,

0 0
GO’[G,,[H(x)
T-esssup ————— <

6 J— 9
0.x 0,t+s
orif
t 0
l_[s=1 8s
T-€ssSsup ———— < 00,
0 vo(1)

then the o PG chain is geometrically ergodic whenever the Gibbs sampler is geometrically
ergodic.

Proof. PartI.1 follows from Lemma A.4. Parts 1.2-3 follow from Proposition 6.1, Corollary 6.2,
and [2], Proposition 31. Part II follows from [2], Section 7. (Il

Remark 6.5. Part 1.3 means that if Assumption 1.C holds, then scaling N linearly with ¢ ensures
a uniform convergence rate, as measured by x 2-divergence or total variation distance.

Appendix: Additional proofs
A.l. A technical lemma

Lemma A.1. Let X and Y be random elements in Borel spaces (S, S) and (T, T), respectively,
let v : S x T — R4 be a measurable, and let u be the distribution of X. If

v=E[y(X,Y)dx].
then v < u and

dv
@(X) =E[y(X,Y)| X] a.s.
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Proof. Because S is Borel, there exists an f satisfying f(X) = E[¢ (X, Y) | X] a.s. It follows
from the chain rule of conditional expectation and then some elementary manipulations that, for
allAes,

v(A) =E[f(X)8x(A)]=E[f(X)1a(X)] = /A J () (dx),

and so f is a version of the Radon—Nikodym derivative dv/du. O

A.2. Proof of Theorem 4.2, i > 1 case
First, observe that we can write the ¢!« SMC kernel as

PR (] deta) =B By @]
it :

i,N I:N 1:N
:Ellfz‘ Z Iklt(Xll JAY ’dxlif):|’
ki €[N]

where
t—1
Ty, (1 @iy dxry) 26 o (AL (ke =af ) [Tk = as*).
s=1

Next, note that

N
Z kt G S ]P)l N[xl ‘N c d)Cl N’ Fllii fllti]

N i . N

3 , y 1 y
= Y 1@, € )an(A) [0, @) T mi(ad)

ki=1 j=1 nﬁéfll:i

NCi g

C,+} Z/ (&, € )M D(A k) ]_[N y dxifl)ﬁéxl(dx’f‘) (A1)
ki=1 j=I1
N

x ]_[ M (dx?') My (dxy)

Vl¢f|l:i,k|

Nci k 1N [y N N gl ol pitl
Cz+1 Z/ I’zGSPl i ]r[X €dxy ,F1'1=f1'1,F1' =k1]M1(dx1).

For the remainder of the proof, to keep notation compact when writing laws, instead of writ-
ing, for example, X!V € x!'N or F)* = f], whenever a random variable is instantiated to be
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(the differential) of the lowercase version of itself, we will write only the random variable: for
example, X!V or F}. Now, fors =2,...,1,

N
Z]l(iffteS)]l(ks 12“ )PIN[XIN A;/VI’F11|X1S I’Als 2’F11]

i

éXN:JL(i’f;es)ﬂ(k L =d2 )ED(A) [ e f*fs '8, (dx ﬁ) (af ‘=1l

kv=1 j=1
x 1_[ (el N ) M (k7 x)
”%fxll
N ci . ' .
S B o /Eﬂ(ﬁ?l; €S)CHID(£ k)
ks=1 s—1
a NVi(al = £ A2
X 1_[ S 18 dxxs) ( {s 1:‘](;‘/71) ( )

x o8, (@)L (ko =)

n
X H rn("?fﬂwsli%x%iﬁvq)Ms(x:S—Tvx;l)
n¢fslzi,kx

ers(ks—l|wsl:—1\i’x}1sv 1)M ( s— 17de)

- Z o J, ek e S ol e on)

Pl+1N [XlN AlN Fll Fl+1 k |X1 ~ 1,A{§év_2,Fll

i+l _
vl s—1» s 17Fs71—ks—1]~

Using equations (A.1) and (A.2), we have (note that the terms such as those involving ag
should be ignored)

t

> L, e (kz—atl_[ k1 =ag JPLE[XGY, ALY, i

ki €[NY s=2

= 3 A Sy =an) N A7 | XEY, ALY JEN XY, F
kl;rE[N]’ 1:t 1t

XHE 5= 1:“ )]Plf\z[X]N All\;’F]”le 11A12£V—2’Es]f1]
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~k;

Z / Nﬂ(xl,eSm(kt:a;ﬂ) w® g (x)
o JE (T O e (T2) o) ol wite ()

Xl_[rks(kS—”wslAi’x};Vl)M( lel’dx)
s=2

i+1,N I:N 41:N i pit+l _ I:N 1: i+1 _
XHP X VA FS FST =k |X1v 1 Ao Foly T —ks—l]

yl,Xlz

]P);+1 ,N [X}N c dx}:N, Fllii — llii, Fll+1 :kl]Ml(dxl)
L:t?

_ Z / N]].()CL; € S)
ey B TTmy G /CD S0 witgr ()

x Pl XY AR L P =y de)

Z; i+1,N [y 1:N 41N | -
z/; Z Wpyif»xl»r[xlf A I’FlivFl = kit |1 (dxry),
kaerny 2t =1 G0 /G5 Yt

from which equation (4.1) follows.
To prove equation (4.2), first note that under Assumption 4.D, the normalization constants for
the c>aSMC process are given by

cféi
N -1
and, fors =2,...,1,
N o -1
c2 ; kﬂ
e (-l
Thus,CszglilK fors:2,...,tandhenceCs2§ L
N 1-

A.3. Proof of Proposition 4.6

For (1), the fact that ESS; (u)lzN )= ESSenc(w! ) is a straightforward algebraic manipulation.
To prove the limit equality, observe that, using the Taylor series for x” and log(1 + x), we have

. ( lw" NIy )““’—”
lim =N .
p=1 Zn:l(wn)p

— lim (Z??io 1"V 1 (p = DF logh (1w 1)/ k! )1/<p1>
Y Yo wn (p — Dk logh(wm)/ k!

p—1
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= lim

(Z,?io !V x—* log’%uw‘iNn])/k!)x
SN % wix K logh (w)/ k!

( exp(log(1+ Y22 | x*log*(w'™ |11)/k!)) )
exp(log(1 + 302 SN wn w7 x—klogk (wm) /1))

~ lim exp(x Yooy (=" TR logh (lw ™ Il) /K1)
x=00 exp(x Y00 (= 1m0 SN wn |wliN || ek logh (wn) / k1m)

i expog(lw! ) + O~ h)

= 1m N n 1:N

x=00 exp(log ([T, (wmyw" /1wy + @ (x~1))

= lim
X—>00

lw" VI

T e e

To prove the remaining parts, we make repeated use of the following.

Fact. For 1 < r < s < oo, and any vector w'N ¢ Rﬁ, lw N, < wh), <
NYr=1s|.wbtN |\ with the lower (upper) bound achieved if and only if w'N has one non-zero
entry (w"N has all equal entries).

For (2), apply the Fact withr =1, s = p > 1, and note thatin thiscase 1/r —1/s=1—1/p =
1/ps«. We then have 1 < [w'*N ||, /|[w!N |, < NP+, proving the result for p > 1. For p = 1,
the result follows from part (1) and elementary properties of the entropy.

For (3), in the case that p > 1, note that

”wl:N wl:N wl:N

11]*—17* > N(‘I*—P*)/q*

9x—Px _ N 1=Dx/qx
q

qs— Dx
q

A3
= NP /P | 1N (A

’

qx—DPx
q
where the final equality follows since

I =pi/gs=1—=ps(1 =1/q) =1~ ps+ ps/q=—p«/P+ Px/q.

We conclude that

1I:N p 1:N | P+
<||w ||1>*> !N

W™, ) = Ne =V N |7

1: p 1: qx—Pp
!N |17 [N P

- Np*(l/pfl/q)||w1:N||f]’* pr*(l/pfl/q)”U”Z*—P*
_ <||wl:N”] )Q*
lw N,

1:N qx
w
2(” 1.N||1>
w1l p
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B (le:N”p )P*Q* < ”w1:N”1 )P*
lw Ny lw!Ni,
1:N Px
> N_(P*_Q*)/I’* ( ”w ”] ) ,
lwtN,

where the first, third, and fourth inequalities follow from the Fact and the second follows from
equation (A.3).
The case of p =1 follows from the p > 1 case and part (1).

A.4. Proof of Proposition 4.7

We prove the result for i = 1. The general case follows from straightforward modifications.
Fort>1,let Q;(x,—1,dx;) = gr—1(xr—1)M;(x;—1,dx;), and for 0 < s < ¢, let

A
Qs,t = Qs+l Qs+2 -0y,

50 Oy 1+1 = Q;. By convention Q; ;(x;,dy;) = 8y, (dy;) and Qo ;(dx;) is a measure, not a prob-
ability kernel. Notice that for s € [¢], x; € E, and ¢; : E — R,

Os.1(x5)(¢r) = E[‘pt (5 8st—1(6s:—1) |1 &5 = xs]

and Qo (¢:) = M1 Q1 ,:(¢;). Generalizing these identities, we will abuse notation and write, for
s€t],xs € E,and ¢5;: E'° —> R,

Qs,t(xs)(¢s,t) £ ]E[d)s:t (Ss:t)gs:tfl CEs—1) 15 = xs]

and Qo (¢14) = M1Q1,($1:1). Note that Gy, (y) = Qg (y)(1) for s € [t — 1] and Go,; =
Qo (1).
We will use the abbreviated notation Q% ,(-) = Q. (-)(X¥) or Oy, () (xF), G¥, = G, (X)) or

Gy (x5, Gy, = Gy (vy), gF = g5(X¥) or g,(xX), and g7 = g,(ys). The variables are X¥ inside
expectations and xé‘ outside expectations. Throughout the proof, when limits of a sum are not
specified, the sum is from 1 to N.

Let F; be the o-algebra generated by X 'Y A{ fv 1»and F 11:s, where by convention we let F

l:s °
be the trivial o -algebra. The proof relies on tvhe following lemma.

Lemma A.2. If y;., € E', then
1. fors=2,...,t and any functions ¢; : E — R, n € [N],

Eillrv |:Z¢?(X?) “Fs—li|
—Z Pl )+ Y T Y af S e ‘w‘ SOl (@h):

£ ontf) K
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]

1
n n y n n .
= CN Zwsflgsfle,s+r + Zwsflefl,s%r’
n n

2. fort €[t —s],

s S war,

and
3. fors=1,...,t —1,

NEYNIZ | Fios] < Ars + Bis,

where,

A 2 (EN)™ ’“Zw, .8 s(Z Y enytG) ,lcz(r)>,

£ 1‘L’€'T4g3

B s £(N)~ ‘“Zw, S(Z > @NyTtGr s,lcz(r)).

t=17€T;

Proof. For (1),
MﬂZMWM&J
n
PIPITE) CICRUE AR

s 7fsl_1 k#fv
as

B Ser)

1I:N I:N 1 1
Sl?Aslza lF_y:fs}

kak k k
fy fi- g1 (2
S ID Il ) R Sl P
;- kS *
as
+ Y B[l ) & =x§‘i;]>
n )

_Zaé - I‘psY (vs)
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YT Y fs-vl i fl; 105 1) E[} (&) | &1 =x}_,]

£ ontfl ok

ZZO{ .Y l¢vs ()%)‘*‘Z Z Z .; leS ls(¢?)
fsl

[ ntfl k

For (2), choosing ¢ (x) = w} Gy s+ (x), we have
El’lly |:Z Wn ?s-{-r s— l]
i A fﬂ ay 1w 1
- ZO[ 1 Gsys+r +Z Z Z e Qs 1s(w?Gs,s+r)

£ ontf)l ok
_Gss+tzaffY1 +ZZZO€A vl ?klw 1Gv 1,547

Il on#fl ok
<G§s+rzasfvl IHw +ZZZO‘]€Y ! ?klwv le 1,s+71

1l

ss+r
Zw +ZZ“S‘ lwv le 1,547
Giy
+r
ZZ o5 lw lgv I+Zwv le 1,s+71
n k

1
_ k k y k k
- ¢N ws—lgs—lGS,S+r + 2 :ws—le—l,s+r’
k k

where the inequality follows from Assumption 1.A, and we have repeatedly used Assump-

tion 4.D.
To show (3), we start by using (2) with s =¢ and t = 1:

E;IIY[Z } CNZwt 1gz 18z g“_N; Gt

n
=A—1+ Bi—1.

Hence, (3) holds for s = 1. We now assume that the bound holds for some s € {1, ..., — 2} and
establish that it also holds for s + 1. Using the inductive hypothesis,
NEYNZ | Fios 1 =By N [INEVNIZ, | Fio) | Fios ]

<EV[A s+ Bioy | Fisl.
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Using (2), we have
ALENNIA | Fiosi]
=N~ (Z > GNTIG ,lczrr))E;ﬁ [Zwt"sg?s}
t=11€T; s n

s(cN)S(Z > Ny TG ,p;m)

0=171€T/ s

n n y n n
X (Z Wi_s_18t—5—181—s +§Nzw1sthsl‘ts+l)
n n

and
BEENB | Fis]
:(CN)ferl (Z Z (;N)XKE;’I{:II:ZWZ" LGP 511 .7-",_S_1:|Cg(r)>
b=11€T; 45 n
<@N)” S(Z > Ny ‘(Zw, —181—5-1Gi—s 1,
t=17€T;
-|—§'NZU)I —5— th —5— 11’1)Cl%v(r)>'
Hence,

t—s+1,7;
t=17€T 5

A+B=(N)" SZwt s— lgt Ss— I(Z Z (CN)S - ZGZ §,0— s+1G} C;(T)>

+(§N)Szw?—s—1gln—s—l<z Z (;‘N)Y th lecz’(.[))

t=17€T; 45

+ENTY wh (Z Y @GN TG 1G4, Ch <r>)

=1 167?15,5

b=11€T; 45

+(N)~ SZw, o 1(2 > Nyt lrlcg(r)).
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Summing the parenthesized double sums of the first two terms yields

s N
YN N TG Gl Gl Y Y NI TG Cl()

=1 167;.[.3 =1 167},“

s+1 s+1

=Y Y @NTGL L Cl+) Y NG, Gl

=1 1€T; 0541 =1 1€T; 541
T1=t—s+1 T >t—s+1

s+1
=) D @NTIGL G,
=17€T 1541
so the first two terms are equal to A;_(s41). Summing the parenthesized double sums of the last

two terms yields

N

—L
Z Z @N)S G:‘l—s—l,t—s-‘rlG;ferl,rlCg(r)

=1 TE'FJ{J

N
+Y Y Ny TG, Ll
t=1teTi o5

s+1 s+1

=Y > eNHler L clm+)] Y Ny Tter L )

(=17€T 511

=1 7€T; 1541
T >t—s+1

T1=t—s+1

s+1
=Y Y NG LG,

t=17€T; 0541
so the last two terms are equal to B;_(s+1).

Using part (3) of Lemma A.2 with s = — 1, we have

NEN[Z] <E}N[A| + Byl

Therefore,
t—1
ELN[ALl = (N) RN [Z g’f] (Z > @NTTGY CZ(r))
n t=17€Tr e

t—1

=(;N)—’+2(Gi',2+(1v—1)Go,2)<2 > (;N)’—Q—EG;,,,C}(ﬂ)

t=leeTy,



Sequential Monte Carlo as approximate sampling 619
and

t—1
shtimi=on (g, 2 @NV‘W[ZGI Jero)

=1 1677_@,1,1

=N+ <Z > @G, + (N = 1DGor,)C) (r))
t=17€T{0-1
Hence, using arguments analogous to those from the proof of Lemma A.2 and the fact that

Go,1 =1 yields

EyNTA+ Bil=((N)~ ’+2Z Y. NG ()

(= ITGT[[
N —t+2 t—¢ y
<;N) Z > €N Goy € (T)
(= 1T€T[f
t+1
=@EN)TTY Y N T Gor € (T)
{=17€T{ 041
T1=1
t+1
;“N NLiewy YN @GN G0 G (D)
(=1 1€T; 0141
71>1
t+1 _1\1@>D
=EN)TY " T @M ‘f( ) Go.r, C} (1).
=1 1€T; 4141

A.5. Divergence of importance samplers
The key quantity in this section is the variance of the potentials:
_ _ 2
Vi & Var[Z; g1 G0 | =E[(Z7 ' g1 Gr) = 1)7]-

Theorem A.3. Ifay; =1y forall s € [t — 1], then

V
dxr (11| PON) < 1og(1 + NI)’

%
d 2 (| POY) < —.
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Proof. By Theorem 4.2 and Jensen’s inequality

dpo-N 7
(x1:24) = EilNI: t:|
drmy; ! Zt
N
= 1,N N —1 Sk
]Ex’l:r [Zkzl Zt 81t (Xlit)]
N
N —1+2 g b))

By definition of the x2 divergence,
drmy.
_S 1:
dxz(nlil”n],’tN) = ﬂlt(dPO’;V) -1
dnl‘, d7T1~[
=M — — -1
1"(dPOW dM

N—-1+2Z
SM1:1<—-’]_V[ gltZ glt) 1

Mz ) -1
N

_ VarlZ g1 )]
- - .

The bound of the KL divergence follows from the elementary inequality dky (u||v) <log(l +
d 2 (V). O

A.6. Invariant distribution of the i-c« SMC kernel

Lemma A 4. Pé,1 ‘I,V (dz) is reversible with respect to wy(dz).

Proof. We mostly suppress dependence on 6 since 6 is fixed. We will show that the c« SMC
kernel is Gibbs sampler for the artificial joint density given in equation (4.3), which we recall is

~ 1\~ .
nl;t(x{fv,a{fvl,fllj)ém;,(x{:’t)w(x{;iv,a” 1»f11)

In particular, letting 1., = (x1 G ,a1 PR f] 1), by definition,

7l
yl [dwlt] —ﬂlt(dwlt |X1, —Mr)
1
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Furthermore,

1
T[lt( 2l _x1t|a)ll)—7'[1;(fl _at |a)1t)

M](xl )gl(xll)l_[Y 5 Iy M (xs l,xs S)gs(xs )oc “ o

Ml(x]])l_[ 2ra*(as ]|ws ]’xls 1)M (xS 17 Y 1)

*

= w;’ g (x")

i, N
x P’ 11[% |x]t v“]z l’flt]

Reversibility now follows easily:
@”mmmw=/ﬂNMwMﬁﬁwmwwmw
Z/ﬁlzt(dz | @1:0) 71 (dy | @1:) 701 (d@1:1)

=/ﬁm@NwMWMMMzHW@@

= PN (dy)r(d2). O
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