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1. Introduction and setting

The law of the iterated logarithm (LIL) describes the magnitude of the fluctuations of stochastic
processes. The original statement of LIL for a random walk is due to Khinchin in [26]. In this
paper, we discuss various types of the LILs for a large class of symmetric jump processes.

We first recall some known results on LILs of stable processes, which are related to the topics
of our paper. Let X := (X;);>0 be a strictly B-stable process on R in the sense of Sato ([36],
Definition 13.1) with 0 < 8 < 2 and v((0, 00)) > 0 for the Lévy measure v of X. Then the
following facts are well known (see [36], Propositions 47.16 and 47.21).

Proposition 1.1. (1) Let h be a positive continuous and increasing function on (0, 8] for some
8 > 0. Then
. | X
limsup — =0 as. or =00 a.s.
t—0 h(t)
according to f(f h(t)"P dt < oo or = 00, respectively.
(2) Assume that X is not a subordinator. Then there exists a constant ¢ € (0, 00) such that

.. supg_y<; | X5
liminf ———=—_ =¢
i—0 (t/log|logt|)l/P

Proposition 1.1(1) was obtained by Khinchin in [27]. A multidimensional version of Proposi-
tion 1.1(2) was first proved by Taylor in [39], and then a refined version of Proposition 1.1(2) for
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(non-symmetric) Lévy processes was established by Wee in [40]. We refer the reader to [1,10,
11,37] and the references therein. Recently, the results in Proposition 1.1 have been extended to
some class of Feller processes (see [29] and the references therein).

When 8 > 1, a local time of X exists, and various LILs for the local time are known. In the
next result, we concentrate on a symmetric §-stable process X on R.

Proposition 1.2. Assume B € (1,2). Then, there exist a local time {l(x,t) : x € R,t > 0} and
constants ci, ¢ € (0, 00) such that

lim su supyl(y,t) =c a.s (1.1)
zeoopt‘*'/ﬂ(loglogt)l/ﬁ - o '
and
sup,, I(y, t
liminf Py 1y 1) o a.s. (1.2)

t—00 tlfl/ﬂ(log]()g[)*H‘]/ﬁ -

In [23], Griffin showed that (1.2) holds, and in [41] Wee has extended (1.2) to a large class
of Lévy processes. As applications of the large deviation method, (1.1) was proved by Donsker
and Varadhan in [17]. For the case of diffusions, LILs for the local time have further considered
on metric measure spaces including fractals based on the large deviation technique (see [8,20]);
however, the corresponding work for (non-Lévy) jump processes is still not available. It would be
very interesting to see to what extent the above results for Lévy processes are still true for general
jump processes, for example, see [42], page 306. Thus, we are concerned with the following:

Question 1.1. If the generator of the process X is perturbed so that the corresponding process
with new generator is no longer a Lévy process, do the results in Propositions 1.1 and 1.2 still
hold?

In this paper, we consider this problem for a large class of symmetric Markov jump processes
on metric measure spaces via heat kernel estimates.

In order to explain our results explicitly, let us first give the framework. Let (M, d) be a locally
compact, separable and connected metric space, and let u be a Radon measure on M with full
support. We assume that B(x, r) is relatively compact for all x € M and r > 0. Let (§, ) be a
symmetric regular Dirichlet form on L?(M, it). By the Beurling—Deny formula, such form can
be decomposed into three terms — the strongly local term, the pure-jump term and the killing
term (see [19], Theorem 4.5.2). Throughout this paper, we consider the form that consists of the
pure-jump term only; namely there exists a symmetric Radon measure n(-,-) on M x M \ diag,
where diag denotes the diagonal set {(x, x) : x € M}, such that

Eu,v) = / () — u) (v@) — v(y))n(dx. dy) (1.3)
M x M\diag

for all u,v € ¥ N C.(M). We denote the associated Hunt process by X = (X;,t > 0; P*, x €
M; ¥;,t > 0). Then there is a properly exceptional set &' C M such that the associated Hunt
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process is uniquely determined up to any starting point outside V. Let (P;);>0 be the semigroup
corresponding to (&, ), and set Ry = (0, 00). A heat kernel (a transition density) of X is a
non-negative symmetric measurable function p(t, x, y) defined on Ry x M x M such that

sz(X)=/Mp(t,x,z)f(z)u(dz),

pt+s,x,y)= /M p(t,x,2)p(s, z, y)u(dz),

for any Borel function f on M, forall s, > 0, allx € M \ N and p-almost all y € M.

We will use “:=" to denote a definition, which is read as “is defined to be”. For a,b € R,
a A b :=min{a, b} and a Vv b := max{a, b}. The following is our main theorem for the case of
B-stable like processes on a-sets.

Theorem 1.3 (S-stable-like processes on «-sets). Let (M, d, jv) be as above. Consider a sym-
metric regular Dirichlet form (&, F) on L*(M, ) that has the transition density function
p(t,x,y). We assume | and p(t, x,y) satisfy that:

(i) there is a constant a > 0 such that
cr® SM(B(x,r)) <cor?, xeM,r>0, (1.4)

(i) there also exists a constant B > 0 such that for all x,y € M and t > 0,

)Sp(t,x,y)§c4<t‘“/ﬂ/\;>. (1.5)

AN
. < d(x, y)* P

t
d(x,y)*+h
Then, we have the following statements.

(1) If ¢ is a strictly increasing function on (0, 1) satisfying

1
/0 (p(ﬁds <00 (resp. = 00), (1.6)

then

su < d(Xg, x
Po<s=r (X )zo (resp. = 00), P -ae.w,Vx e M. (1.7)

lim sup
t—0 @(1)
Similarly, if ¢ is defined on (1, 00) and the integral in (1.6) is over [1, 00), then (1.7) holds for
t — oo instead of t — 0.
(2) There exist constants cs, cg € (0, 00) such that for all x € M and P*-a.e.,

. Sup0<s§td(Xs’x) . Sup0<s§ld(XSax)
limin =cs, liminf = .

i—0  (t/log|logt|)!/B t>o0  (t/loglogt)l/p
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(3) Assume o < B. Then, there exist a local time {l(x,t) : x € M,t > 0} and constants
¢7, 8,9, c1o € (0, 00) such that for all x € M and P*-a.e.,

hm su Supy l(y’ t) hm 1nf Supy l(y’ t)
=c7, =cg,
t—>oop t1=e/B(loglogt)®/P 7 i—o0 t1-/B(loglogr)~ 1 +/B 8
limsup R(1) =co,  liminf k@) = c1o,
i—oco 1%/ (loglogt)!=e/P 100 12/ (loglog 1)~/

where R(t) := u(X ([0, t])) is the range of the process X.

Note that in [13], (1.5) is proved for stable-like processes, that is,
E(u.v) = f (@) — 7)) (T@) —T)nldx.dy),  YuveF, (18
MxM\{x=y}

where ¥ is a quasi-continuous version of u € F, and the Lévy measure n(-, -) satisfies

, m(dx)(dy)

dx,dy) <cy—————-,
n(dx,dy) <c, o) tP

Ve, e tB =

for B € (0,2). B-stable-like processes are perturbations of B-stable processes, and clearly they
are no longer Lévy processes in general. Stable-like processes are analogues of uniformly elliptic
divergence forms in the framework of jump processes. We emphasize here that, in Theorem 1.3
above, we do not assume f < 2 in general (see, for example, Example 5.3). Indeed, in this paper
we will consider more general jump processes that include jump processes of mixed types on
metric measure spaces, which are given in Section 5.

For the case of diffusions that enjoy the so-called sub-Gaussian heat kernel estimates, LILs
corresponding to Theorem 1.3 have been established in [8,20]. However, since the proof uses
Donsker—Varadhan’s large deviation theory for Markov processes, some self-similarity of the
process is assumed in these papers (see [8], (4.4) and [20], (1.7)). In the present paper, we will
not assume such a self-similarity on the process X. Instead we consider a family of scaling
processes and take a (somewhat classical) “bare-hands” approach.

The remainder of the paper is organized as follows. In Section 2, we give the assumptions on
estimates of heat kernels we will use, and present their consequences. In Section 3, we establish
LILs for sample paths. Section 4 is devoted to the LILs of maximums of local times and ranges
of processes. The LILs for jump processes of mixed types on metric measure spaces are given in
Section 5 to illustrate the power of our results. Some of the proofs and technical lemmas are left
in the Appendix.

Throughout this paper, we will use ¢, with or without subscripts and superscripts, to denote
strictly positive finite constants whose values are insignificant and may change from line to line.
We write f =< g if there exist constants ¢y, ¢z > 0 such that c1g(x) < f(x) < crg(x) for all x.
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2. Heat kernel estimates and their consequences

Let (M, d) be a locally compact, separable and connected metric space, and let i be a Radon
measure on M with full support such that for any x € M and r > 0,

C'V(r) < u(Bx,r) < CuV(r), @2.1)

where C, > 1 and V : Ry — R, is a strictly increasing function satisfying that there exists a
constants ¢ > 1 so that

V(0) =0, V(co)=o00 and VQ2r)=<cV() for every r > 0. 2.2)

Note that (2.2) is equivalent to the following: there exist constants ¢, d > 0 such that

V(R) <R>d
V(0) =0, V(o0) =00 and <cl|l— forall0 <r < R. (2.3)
V(r) r

Let (&, F) be a symmetric regular Dirichlet form on L2(M, ). In this paper we will consider
the following type of estimates for heat kernels: there exists a properly exceptional set A and, for
given T € (0, oo], there exist positive constants C and C; such that for all x € M \ N, p-almost
allyeMandr e (0,7),

1 t
n=c , 24
pt,x,y) < 1<V(¢‘(t)) A V(d(x,y))¢(d(x,y))) oy

1 t
¢ s X V) 2.5
2<V(¢—1([)) A V(d(x’ y))¢(d(x, y))) < P(l X y) ( )

where ¢ : Ry — R, is a strictly increasing function.

We now state the first set of our assumptions on heat kernels.

Assumption 2.1. There exists a transition density p(t,x,y) : Ry x M x M — [0, co] of the
semigroup of (&, F) satisfying (2.4) and (2.5) with T = oo, and (2.2).

Assumption 2.2. ¢(0) =0, and there exist constants cy € (0, 1) and 0 > 1 such that for every
r>0

o (r) <cop(r). (2.6)

It is easy to see that under (2.6), lim,_, o, ¢ (r) = 00, and there exist constants cq, dy > 0 such

that
R\ R
co(—> §M forall0 <r <R,
r é(r)

e.g. the proof of [24], Proposition 5.1.
In this section, we assume the above heat kernel estimates and discuss the consequences.
Sometimes we only consider two-sided estimates on the heat kernel for short time. We say that
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Assumption 2.1 holds with 7' < oo, if there exists a transition density p(f,x,y) : Ry x M x
M — [0, co] of the semigroup of (&, ) satisfying (2.4) and (2.5) with T < oo, and (2.2). We
emphasize that the constants appearing in the statements of this section only depend on heat
kernel estimates (2.4) and (2.5).

Before we go on, let us note that (2.4) and (2.5) can be proved in a rather wide framework.

Theorem 2.3 ([14], Theorem 1.2). Let (M, d, 1) be a metric measure space given above with
w(M) = oo. We assume that u(B(x,r)) < V(r) for all x € M and r > 0 where V satisfies
(2.8) below. We also assume that there exist xo € M, k € (0, 1] and an increasing sequence
rp — 00 as n — oo so that for every n > 1, 0 <r < 1 and x € B(xo, 1), there is some ball
B(y,kr) C B(x,r) N\ B(xo, rn). Let (§, F) be a symmetric regular Dirichlet form on L*(M, 1)
such that & is given by (1.8) and the Lévy measure n(-, -) satisfies

w(dx)(dy) < n(dx.dy) < udx)u(dy)

VA A y) V(d(x, )¢ (x, )

2.7

Assume further that ¢ satisfies (2.10) below and that for (s/p(s))ds < c3r?/¢(r) for all r > 0.
Then there exists a jointly continuous heat kernel p(t,x,y) that enjoys the estimates (2.4) and
(2.5) with T = 0.

Remark 2.4. In [14], Theorem 1.2, an additional assumption was made on the space (M, d)
such that it enjoys some scaling property (see [14], page 282). However, such assumption can be
removed by introducing a family of scaled distances as in (4.17) below instead of assuming the
existence of a family of scaled spaces, and by discussing similarly to the proof of Proposition 4.8
below.

2.1. General case

In this subsection, we state consequences of Assumptions 2.1 and 2.2. The proofs of next two
propositions are given in Appendix A.1. We note that Proposition 2.5 and its proof are due to [15].

Proposition 2.5. If p(t, x,y) satisfies (2.5) with T = oo (in particular, if Assumption 2.1 is
satisfied), then the process X is conservative, that is, for any x € M\ N and t > 0,

/P(f,xyy)u(dy) =L

Proposition 2.6. Let p(t,x,y) satisfy Assumptions 2.1 and 2.2 above. Then, we have
Diam(M) = oo and (M) = co. Moreover, there exist constants c1,cy > 0, dy > dy > 0 such
that

R\ V(R) R\*
ci| — < <ol — forevery) <r < R < o0. 2.8)
r V(r) r
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Proposition 2.7. Assume that the regular Dirichlet form (€, F) given by (1.3) enjoys the heat
kernel p(t, x, y) such that Assumption 2.1 is satisfied. Then, the jump measure n(dx, dy) satis-

fies (2.7).

For the assertion of n(dx, dy), using the heat kernel estimates, we can follow the proof of [6],
Theorem 1.2(a) = (¢).

2.2. The case that ¢ satisfies the doubling property
Throughout this subsection, we assume that ¢ satisfies the doubling property.

Assumption 2.8. There is a constant ¢ > 1 so that

¢Q2r) <ceo(r) for every r > 0. 2.9)

Note that, (2.9) implies that for any 6 > 1 there exists co = c9(0) > 1 such that for every
r>0,¢r) <cop(r). If Assumptions 2.2 and 2.8 are satisfied, then it is easy to see (also see
the proof of [24], Proposition 5.1) that ¢ satisfies the following inequality

R\%®  ¢(R) R\%
C3<7> <%0 §c4<7> (2.10)

for all 0 < r < R and some positive constants ¢;, d; (i =3, 4).

In this subsection, we state consequences of Assumptions 2.1, 2.2 and 2.8. The proofs of
Propositions 2.9, 2.11 and 2.12 in this subsection are also given in Appendix A.1.

We first prove the Holder estimates for p(t, x, y). As a result, under Assumptions 2.1, 2.2
and 2.8, even in the case that Assumption 2.1 holds with 7 < oo and that the process X is
conservative, the property exceptional set N can be taken to be the empty set, and so (2.4)
and (2.5) hold for all x,y € M and ¢ > 0. We will frequently use this fact without explicitly
mentioning it.

Proposition 2.9. Suppose Assumptions 2.1, 2.2 and 2.8 hold. Then there exist constants 6 €
(0, 1] and ¢ > 0 such that forall t > s > 0 and x;, y; € M withi = 1,2

|p(t,x1, y1) — p(s, x2, y2)|

2.11)
¢ “1,, 6
VT 06 (7't =) +d(x1,x2) +d(y1,y2) .
In particular, for all t > 0 and x;, y; € M withi = 1,2
c d(x1,x2) +d(y1, y2)\’
|P(I,xl’)’1)_l7(t,x27y2)’§ V(¢_1([))< ¢_l(t) ) . (212)

Furthermore, (2.11) and (2.12) still hold true forany 0 < s <t < T, if Assumptions 2.2 and 2.8
are satisfied, Assumption 2.1 only holds with T < oo and the process X is conservative.
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Using Proposition 2.9, we can get the following theorem.

Theorem 2.10 (Zero—one law for tail events). Let p(t,x,y) satisfy Assumptions 2.1, 2.2
and 2.8 above, and let A be a tail event. Then, either P*(A) is O for all x or else it is 1 for
all x e M.

For an open set D, we define

pD(t,x,y) ::p(t,x,y)—Ex(p(t—ID,XTD,y):rD<t), t>0,x,yeD, (2.13)

where tp :=inf{s > 0: X ¢ D}. Using the strong Markov property of X, it is easy to verify
that p? (¢, x, y) is the transition density for X, the subprocess of X killed upon leaving an open
set D. pD (t,x,y) is also called the Dirichlet heat kernel of the process X killed on exiting D.
The following two statements present a lower bound for the near diagonal estimate of Dirichlet
heart kernels and detailed controls of the distribution of the maximal process.

Proposition 2.11. If Assumptions 2.1,2.2 and 2.8 hold, then there exist constants 8o, co > 0 such
that for any x € M and r > 0,

pB(x’r)(a()(b(r),x/,yl) 2C()V(r)—l’ x/,y’EB(x,r/2). (2.14)

Furthermore, if Assumptions 2.2 and 2.8 are satisfied, Assumption 2.1 only holds for T < oo and
the process X is conservative, then (2.14) holds for all x € M and r > 0 with 5o (r) € (0, T).

Proposition 2.12. If Assumptions 2.1, 2.2 and 2.8 hold, then there exist some constants cy > 0
and aj, a3 € (0, 1) such that forall x e M,r >0andn > 1,

a]“"ng( sup d(Xs,x)gr)ga;‘". (2.15)

0<s<con¢(r)

Furthermore, if Assumptions 2.2 and 2.8 are satisfied, Assumption 2.1 only holds for T < oo and
the process X is conservative, then (2.15) holds forallx €e M,n > 1 andr > QOwithcon¢(r) <T.

Let us introduce a space—time process Z; = (V;, X;), where Vi = Vo + 5. The law of the
space—time process s > Z starting from (¢, x) will be denoted by P*-*)_ For any r, ¢, 8 > 0 and
x € M, we define

Qs(t,x,r)=[t,1+8¢(r)] x B(x,r).

We say that a non-negative Borel measurable function 4 (¢, x) on [0, 00) x M is parabolic in a
relatively open subset D of [0, c0) x M, if for every relatively compact open subset D; C D,
h(t,x) = E<f~<>h(zfpl) for every (¢, x) € Dy, where tp, =inf{s > 0: Z; ¢ D1}.

We now state the following parabolic Harnack inequality.

Proposition 2.13. Assume that Assumptions 2.1, 2.2 and 2.8 hold. For every 0 < § < 1, there
exists ¢1 > 0 such that for every z € M, R > 0 and every non-negative function h on [0, 00) x M,
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that is parabolic on [0, 35¢ (R)] x B(z,2R),

sup h(t,y)<ci inf h(0,y).
(t.9)€Q5((R).z,R) yeB(R)

By Assumptions 2.1, 2.2 and 2.8 and Proposition 2.7, the density J (x, y) of the jump measure
n(dx, dy) satisfies the following upper jump smoothness (UJS): there exists a constant ¢; > 0
such that for p-a.e. x,y e M,

1
J(x,y) < ‘1 J(z, y)u(dz) whenever r < zd(x, y).

“ V@) Jeen

Noting that J (x, y) =1lim,_¢ m fB(x " J(z, y)u(dz) for p-a.e. x,y € M, (UJS) is a kind
of smooth assumption on the upper bound of jump kernel J(x, y). Let ¢ be the constant in
Assumption 2.8, and ¢g € (0, 1) be the constant such that for almost all x € M and r > 0,

P*(tp(x,r/2) < cop(r)) < 1/2, (2.16)

see e.g. (3.4) below. Since the density J(x, y) of the jump measure n(dx, dy) satisfies (UJS),
Proposition 2.13 can be proved by following the arguments of [14], Theorem 4.12 and [12],
Theorem 5.2. See [14], Appendix B and [12], Section 5, for more details. In fact, as explained in
the first paragraph of [12], Theorem 5.2, one can first consider the case that 4 is non-negative and
bounded on [0, co) x F and establish the result for § < co/c. Once this is done, one can extend
it to all § < 1 and any non-negative parabolic function (not necessarily bounded) by a simple
chaining argument and the argument in the step 3 of the proof of [12], Theorem 5.2, respectively.

3. Laws of the iterated logarithm for sample paths

In this section, we discuss LILs for sample paths of the process X. Instead of assuming full heat
kernel estimates as in Assumption 2.1, we give the estimates that are needed in each statement.
Throughout this paper (except Proposition A.4 below), we will always assume that the refer-
ence measure p satisfies the uniform volume doubling property in (2.1) and that V is a strictly
increasing function that satisfies (2.2).

3.1. Upper bound for limsup behavior

In this subsection, we assume that the heat kernel p(¢, x, y) on (M, d, n) satisfies the following
upper bound estimate for all x € M \ N, pu-almost all y € M and all t € (a, b) witha < b,

Ct

: 3.1)
Vd(x, y)¢d(x,y))

pt,x,y) <

where C > 0, and ¢ : Ry — Ry is a strictly increasing functions satisfying (2.10).
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Theorem 3.1. Assume that the process X is conservative. Then the following statements hold.

(1) Ifa=0and ¢ is an increasing function on (0, 1) such that

dt < oo, (3.2)
0o ¢(p()

then

su . d( X, x
lim sup —P0Sss! ol )=0, P-ae.w,Vxe M\ N.

t—0 90(1‘)

(2) If b =00 and ¢ is an increasing function on (1, 0o0) such that

dt < oo
1 $(e@)

then
. SUP0<S<¢d(X57x)
lim sup ==

=0, P'-ae w,Yxe M\ N.
t—00 (1)

Proof. We only prove (1), since (2) can be verified similarly. Let us first check that there is a
constant ¢; > 0 such that forallx e M\ N, r >0 and t € (0, ),

d TS 33
/B(N)( (t,x, 2)pu(dz) < ¢( ) (3.3)

If t > ¢ (r), then the right-hand side of (3.3) is greater than 1 by taking ¢ > 1, so we may assume
that r < ¢ (r). Without loss of generality, we also assume that b = 1. It follows from (3.1) and the
increasing property of V that, for all x € M \ N, p-almost all z € M with d(x, z) > s and each
te(0,1),
« )< Ct
pu,x,2) = —0—— -
V(s)p(s)

This upper bound, along with the uniform volume doubling property of 1 (e.g., (2.1) and (2.3))
and (2.10), yields that

B(x,0kt1r)\ B(x,0kr)

/ pt,x,udz) <y / p(t,x,2)p(d2)
B(x,r)¢ k=0

) c .
- kg) Vot g MBI\ B(x,65))

VO it cat
=L Ve sem =0 N0 = g
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Recall that 7p(y ) =inf{t > 0: X; ¢ B(x,r)}. By (3.3) and the strong Markov property and
the conservativeness of X, forallx e M\ N,t € (0,1) and r > 0,
P (1, <1)
=P (1) <1, X2 € B(x,7/2)°) + P*(tp(x,r) <1, X2 € B(x,7/2))
<P*(tpur) <1.d(Xor, x) <1/2) + P*(d (X2, x) = 1/2) (3.4)
2c1t
#(r/2)
2cit - cst

P(r/2) ~ ¢(r/2)

= Px(fB(x,r) =t, d(X2[7 XTB(x,r)) = I"/2) +

< sup Pd(Xy_y.2)=r/2)+

s<t,d(z,x)>r

(Note that the conservativeness is used in the equality above. Indeed, without the assumption of
the conservativeness, there must be an extra term

P (1) <t, 0 <2t)

in the right-hand side of the equality above, where ¢ is the lifetime of the process X.)
Set s = 27 k=1 forall k > 1. By (3.4), we have that, forall x e M \ N

Px( sup d(Xss x) > 2</)(Sk)> = PX(TB(x,2(p(sk)) <sp) < %
+

O<s<si

By the assumption (3.2) and the Borel-Cantelli lemma,

P*( sup d(X;,x) <2¢(sg) except finite k > 1) =1,

O0<s<si

which implies that

. SuPo<x<;d(Xs, X)
lim sup ==

<2, P*-ae w,Vxe M\ N.
t—0 (1)

Therefore, the required assertion follows by considering e¢(r) for small & > 0 instead of ¢(r)
and using (2.10). O

Remark 3.2. From (3.3), one can easily get similar statements for the limsup behavior of
d(X;, x) for both t — 0 and t — oo.

3.2. Lower bound for limsup behavior

We begin with the assumption that the heat kernel p(¢, x, y) on (M, d, ) satisfies the following
off-diagonal lower bound estimate: there are constants a, C > 0 such that for every x € M \ N,
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u-almost all y € M and all ¢ € (a, 00),

Ct
V(d(x, ))¢d(x, )’

where V and ¢ are strictly increasing functions satisfying (2.8) and (2.9), respectively. The state-
ment below presents lower bound for the limsup behavior of maximal process for t — oo.

dx,y)=¢ '), (3.5)

p(t,x,y) >

Theorem 3.3. Let p(t, x, y) satisfy the lower bound estimate (3.5) above. If ¢ is an increasing
function on (1, 00) satisfying

* 1
dt = oo, (3.6)
)
then forallx e M\ N
S d(Xs, d(X;,
lim sup UPo<s ¢ 4 (X X) = lim sup X0 _ P -a.e. w. (3.7)
t—00 @(1) t—00 @)

Proof. Without loss of generality, we can assume that a = 1 and ¢ (1) = 1. First, choose r¢ > 2
such that ro_d‘ < c1, where d; and c; are constants given in (2.8). By (2.8) and (2.9), we have
that for all s > 1

1 - 1
—dV = —dV
/VZS V(r)e(r) ") ];/re[rgs, kg V(r)er) ")

o
E V(rEts) — vrks)

=S Ve Toe k)

k=0

1\ 1
1_
( cnSZ)Zcp(r{)‘“s)

k=0

v

ad 1

> l(l _ 1d> ZC—(1+log2r0)(k+l)
¢ (s)

co ciry =0

1
S CHy—.
26(5)

In particular,

. t
tlg{ /r2¢l([) 7V(r)¢(r) dv(r) >0, 3.8

and by (3.6),

o0 1
d —dV = 00. 3.9
/1 t/@m Vg V= G3)
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For any k > 1, set By = {d(Xps1, Xp) > @(2KF1) v ¢~ 12K+ 1)}, Then for every x € M \ &
and k > 1, by the Markov property,

P (B| F) = inf P (d (X1, 2) = 9(2F1) v 971 (2"F1))

k
>C —av(r).
</r>(p(2k+l)v¢l(2k+l) V(V)¢) (V)

If there exist infinitely many k£ > 1 such that (p(2k+1) < ¢_1 (2]““), then, by (3.8), for infinitely
many k > 1,

2k C t
P*(By|Fox) > C —dV(r z—inf/ — dV(r)=:c3>0
(BilF24) /,2¢1(2k+1) V(r)o(r) (r)z 5 Inf r=g-1() V(NG () () =:es
and so
o0
> P (By|Fy) = oc. (3.10)
k=1

If there is ko > 1 such that for all k > ko, 9(2T1) > ¢~ 1(2k*1), then

2k C 2k+l
P (By|Fy) > C Voen V=7 vioen
(Bi|For) = /rz<p(2k+1) V(e (r) r) 2 ,/rz(p(zkﬂ) V(re(r) «

Combining this with (3.9), we also get (3.10). Therefore, by the second Borel-Cantelli lemma,
P*(limsup B,,) = 1. Whence, for infinitely many £k > 1,

d(Xy1,x) = (2K v gt (25H1)
or
d(Xy, %) 2 3(@(2F) Vo (21)) 2 3 ((2°) Vo' (2Y)).

In particular,

: d(X;,x) : d(Xok, x) 1

limsup —————— > limsup ———=———> —.

1m0 9OV OTH) T koo (2D VOTI(2Y) T2

By the inequality above, we immediately get that for all x € M \ N

su d(Xs, x d(X;, 1
lim sup Po<s=r d(Xs )>limsup ( tx)>

> > —, P'-ae. w.
1—00 @) t—00 () 2

Therefore, (3.7) follows by considering k¢(r) for large enough k > 1 instead of ¢(r) and us-
ing (2.9). O

To consider the lower bound for limsup behavior of maximal process for + — 0, we need the
following two-sided off-diagonal estimate for the heat kernel p(z, x, y) on (M, d, ), that is, for



LILs for symmetric jump processes 2343

every x € M \ N, u-almost all y € M and each ¢ € (0, b) with some constant b > 0,

Cit Cat
<plt,x,y)< ,
Vd(x,y)¢d(x,y)) Vd(x,y)pd(x,y))

where V and ¢ are strictly increasing functions satisfying (2.8) and (2.9), respectively.

dx,y)=¢ '), @3.11)

Theorem 3.4. Let p(t, x, y) satisfy two-sided off-diagonal estimate (3.11) above. If ¢ is an in-
creasing function on (0, 1) satisfying

1
1
/ dt = oo, (3.12)
0 d(p)
then forallx e M\ N,

d(Xs, X;,
lim sup SUPo <y 4 (X, 1) =limsu dXi,©) _ P-ae. . (3.13)

=0 @) t—0 @)

To prove Theorem 3.4, we will adopt the following generalized Borel-Cantelli lemma.

Lemma 3.5 ([35], Theorem 2.1 or [43], Theorem 1). Let Ay, Aj, ... be a sequence of events
satisfying conditions Zflozl P(A,;) =00 and P(Ay N Aj) < CP(AP(A)) forall k, j > L such
that k # j and for some constants C > 1 and L. Then, P(limsup A,) > 1/C.

Proof of Theorem 3.4. For simplicity, we may and will assume that b = 1, ¢(1) = 1 and
2= < ¢, where d; and ¢; are constants given in (2.8). Then, similar to the proof of Theo-
rem 3.3, under assumptions of the theorem, we have

t
inf f —dV(r) >0, (3.14)
1€(0,11)r>¢-1(1) V()@ (r)

and, by (3.12),

1 1
d —dV = 0. 3.15
/o tfwm Ve V=0 G-19)

For some t € (0, 1) and any k > 1, set s = 2%t and
Ar ={d (X Xgp) Z 950 V&~ (50 ).
By the Markov property and the lower bound in (3.11), forall x € M \ N,

P*(Ap) = infP* (X512 = 9(s0) vV ¢~ (s)

> Cyinf [ Skl u(dy)
2 Jag.=esve— s V(@ ¥)od(z,y))

Sk
262/ —————dV(r) =:cycl -
repsove=1sn V@)@ ) Sk
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In particular, if ¢(6) > ¢~1(0), then

0
- — AV (r);
e /W(e) vrem

if p(8) < ¢~ 1(9), then

0
= ———dV(r). 3.16
o /@1(9) v 10

Combining these two estimates above with (3.14) and (3.15) yields that
o0
> P (Ay) = oo.
k=1

On the other hand, for any k£ < j, by the Markov property and the upper bound for the heat
kernel (3.11),

P (AN Aj) <EY (L4, P (d(Xp,,. X0) = o(s0) vV &~ (51)))

<P (A))supP*(d(Xyp,,, 2) = 0(s1) V™ (s51))

<3P (Aj)ery < 31 Cly.-
From this and (3.16), we can easily see that there is a constant C¢ > 1 such that
P'(ArNAj) <CoP (AP (A)).

Therefore, according to Lemma 3.5, P* (limsup A,,) > 1/Cy, which along with the Blumenthal
0-1 law implies that P*(limsup A,) = 1. Whence, for infinitely many k > 1,

d(Xg, ) = $((s0) v ¢~ (s0))
or

d(Xg, . x) = (@0 Vo o) = Sk Vo~ k).
In particular,

. d(Xy, x) . d( Xy, x) 1
limsup ——————— >limsup ———=%—~ > |
—0 @) V‘P_l(t) koo P(Sk) V¢_1(Sk) 2

Hence, (3.13) follows by considering k¢ (r) for large k > 1 instead of ¢(r) and using (2.9). O

Remark 3.6. The proof of Theorem 3.3 is based only on off-diagonal lower bound of the heat
kernel estimate for long time, while in the proof of Theorem 3.4 explicit two-sided off-diagonal
estimate of the heat kernel for small time is used. Unlike the case of Theorem 3.3, we do not
know how to prove Theorem 3.4 by using only the off-diagonal lower bound of the heat kernel
estimate.
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3.3. Liminf laws of the iterated logarithm

In this part, we discuss Chung-type liminf laws of the iterated logarithm. To this end, we assume
that the heat kernel p(z, x, y) on (M, d, u) satisfies the following two-sided estimates with T €
(0, oo]: for every x € M \ N, u-almostall ye M andeachO <t < T,

1 t
Cl( — A ) <p,x,y),
\% ¢(d
V(p~—'(@)) (d(x, y)¢d(x, y)) 3.17)

1 t
IRl —C ’
p(t,x,y) < 2<V(¢—1(t)) A V(d(x,y))q&(d(x,y)))

where V and ¢ are strictly increasing functions satisfying (2.8) and (2.10), respectively.

Theorem 3.7. Assume that the process X is conservative. Let p(t, x,y) satisfy two-sided esti-
mate (3.17) above with 0 < T < 00. Then there exists a constant ¢ € (0, 00) such that

su d( X, x
liminf Po<s=r d(Xs, x) =c, P'-ae. w,Vxe M.
=0 ¢~1(t/log|logt|)

Proof. The following proof is based on the idea of proofs in [18], Chapter 3 (see also the proof
of [29], Theorem 2). Without loss of generality, we can assume that 7 = 1, and N = & due to
Proposition 2.9.

Let (ak)k>1 be the sequence defined by ak = qﬁ’l (e’kz) so that ¢ (ax) = e’kz. For any k > 1,
set Ay = 3“ oz log(1 4+ k), ux = corre™* * and o} = Y iy Ui» where ¢o > 0 and af € (0, 1)
are the constants in Proposition 2.12. We will prove that there are &, ¢1 € (0, 0o) such that for all
xeM

TB(x,r) 1/4
PX< sup _é)fclexp—m/ , m>1.
2apy, <r <2am, ¢(r) log | 10g¢(7‘)| ( )

For k > 1, let Gi = {sup,, <;<, , d(Xs, Xe;) > ax}. By the Markov property, the conserva-
tiveness of the process X and Proposition 2.12, for all x € M,

P (Gy) gsupPZ( sup d(Xs,z)>ak>
Z

0<s=<uy

=1 —ianZ( sup d(Xs,z2) Sdk)
z

0<s=<ug

=1—a™=1—(1+k" <exp(—c2k™2/3).

Fork > 1, let H, = {Sup0<s§ak d(X;, x) > ai}. Then, for all x € M and for all k > 1,

00 = (k+i)? -

e
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where the first inequality follows from (3.4) and the doubling property of ¢.
For m > 1, define A,, = ﬂiﬁm Dy, where Dy = {SUP0<s§ak,1 d(X;, x) > 2ay}. Since Dy C

GrUH, A, C (ﬂk —m G U (U,%Zm Hy). By using the Markov property again, we find that for
allx e M,

2m 2m
P*(Ap) < w(ﬂ Gk) +PX(U Hk>

k=m k=m
2m 2m
< 1_[ exp(—czk_2/3) + c5 Z ek <cg exp(—m1/4).
k=m k=m

Therefore,

2m
coexp(—m'/) > P* ﬂ Supoqqkld(XhX) 1})

2ax
_ Px( SUPp<s<oy_; d(Xy, x) 1)
m<k<2m 2ay
_ Px( TR 2a0) _ ) - Px( sup TB(x2ap) _ 1>
<k<2m Ok—1 m<k<2m Uk

B
su (x,r)

P
= <2a2m<rp<2am #()log | logp(r)] — 5)

for some & € (0, co). Using this equality, by the Borel-Cantelli lemma, we conclude that

TB(x,r)
lim sup
r—0 ¢(r)loglloge(r)|

>§.

On the other hand, with /; := ¢~ (e =) for k > 1, we have

TB(x,r) -1
Bk::{ su _b}C TB(x.ly) = be () logllog @ (1) | 1.
ey 3 Tog|logd ()] (race 2 be ™ Ui logllog ¢ 1)

Taking b = —4/loga; where a3 € (0, 1) is the constant in Proposition 2.12, we know from
Proposition 2.12 that P*(By) < k=%/¢_ Thus, by the Borel-Cantelli lemma again,

lim sup TBGr)
r—0 ¢(r)loglloge(r)|

€[§,0b],

which implies that

T
lim sup 8.0

=C, P-ae.w,Vxe M,
r—0 ¢r)log|loge(r)]
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for some constant C > 0, also thanks to the Blumenthal 0—1 law. The desired assertion follows
from the equality above. (|

For the behavior of liminf for maximal process with t — oo, we have the following conclusion
similar to Theorem 3.7.

Theorem 3.8. Let p(t, x, y) satisfy two-sided estimate (3.17) for all t > 0, that is, T = 0o. Then
there exists a constant ¢ € (0, 00) such that

.. SUPg < d (X, x)
liminf =

=c, P'-ae. w,VxeM.
t—~o00 ¢~1(t/loglogt)

Proof. Since the proof is the same as that of Theorem 3.7 with some modifications, we just
highlight a few differences. Note that, by Proposition 2.5, the process X is conservative. With the

. . 2
notions in the argument above, we define the sequences ay, o and sets G, Dy as ¢ (ax) = ek,
o = Zf-:]l u; and

Gi=| swp dX.Xo)=a)  De={ s dX.0) =2,

Ok =S =01 0<s<0k+1

respectively. To conclude the proof, we use Theorem 2.10 instead of Blumenthal 0—1 law. U

Remark 3.9. It can be easily observed that the behavior of lim sup does not change if we con-
sider supy_ -, d(X;, x) instead of d(X,, x). However, the liminf behavior for d(X;, x) can be
different from that of Supg.s<; (X5, x). For instance, if the process X is recurrent, that is,
e W dt = oo, then for all x € M \ N, liminf;_, oo d(X;, x) = 0.

4. Laws of the iterated logarithm for local times

In this section, we discuss the LILs for local time. We assume Assumptions 2.1, 2.2 and 2.8
throughout the section. Recall that, under Assumptions 2.1, 2.2 and 2.8, (2.8) holds for V by
Proposition 2.6, and (2.10) is satisfied for ¢ by the remark below Assumption 2.8. Note that
(2.8) and (2.10) are equivalent to the existence of constants cs,...,cg > 1 and Ly > 1 such that
for every r > 0,

csp(r) =@ (Lor) =cep(r) and c7V(r) = V(Lor) <cgV(r).

In particular,

/-oowa’ r>0. (4.1)
r V&)es)  ¢(r)
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4.1. Estimates for resolvent densities

For A > 0, we define the A-resolvent density (i.e., the density function of the A-resolvent operator)
by

o
u*(x,y)=/ e Mp(t, x,y)dt.
0
For each A C M, set
T4 :=1inf{t > 0: X; ¢ A}, oa:=1inf{t >0: X, € A}

and
oY :=inf{r >0: X, € A}.
For simplicity, we write U)? = a& .
For an open subset A C M with A # M, define

o0
lm@d0=/ pAt.x,y)dt,  x.y€A,
0

where pA(t, -, -) is the Dirichlet heat kernel of the process X killed on exiting A, see (2.13).

Proposition 4.1. Suppose that

00 —1
/ e M } dt = _A ——,  A>0. (4.2)
0 Vig~'(®) Vig=t(=h)

Then the following three statements hold.

(i) There exist cy, cy > 0 such that

()
V(r)

<upu,n(x,x)<c forallx e M,r > 0.

’
cl——

V(r)

(ii) There exists c3 > 0 such that for any xo € M, R > 0 and any x,y € B(xg, R/4),

X od(x,y)) 1
V(d(x,y) upeor) (Y, )

PX(G)O > TB(xo,R)) <c

>iii) It holds that

$d(x,y))
cq 28 T

_qy[,—0?
I G B ey

forallx,ye M.
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Remark 4.2. The exponent on the right-hand side of (iii) (which is 8 —« when d| =d) = «
and d3 = d4 = B in (2.8) and (2.10)) is sharp in general, and we do need this exponent later. We
may be able to obtain the Holder continuity by using the Harnack inequality in Proposition 2.13,
but we cannot get the sharp exponent with that approach (cf. Proposition 2.9). Another possible
approach is to use the properties of the so-called resistance form (see, for example, [28]), but
they require various preparations, so we take this “bare-hands” approach.

Proof of Proposition 4.1. The following arguments are based on [3], Section 4 and [7], Sec-
tion 5, but with highly non-trivial modifications due to the generality and the effects of jumps.

(i) The lower bound is easy. Set A = B(x,r). By (3.4) and (2.10), there exists a constant
c1 > 0 such that forall x € M and r > 0,

P'(ta <c19p(r) < %

and so, by conservativeness of the process (Proposition 2.5), we have

E*(14) > 19 (P (14 = c16(r)) > %cp(r).

‘We then have
%1¢(r) <E'(ta) = /A ua(x, Yyuldy) ua(x, x)u(A) <cV(@)ua(x, x),

where we used the fact ua(x,y) = uas(y,x) = Py(a)? < ogc)uA(x,x) < ua(x,x). Thus, the
lower bound is established.

Next, we prove the upper bound. Let Exp, be an independent exponential distributed random
variable with mean A~ L. In the following, with some abuse of notation, we also use P* for the
product probability of P* and the law of Exp, . We claim that there exists a constant ¢3 > 0 such
that

P*(Exp; <7t4) < (C3)\.¢(V)) A, r,A>0,xeM. “4.3)
To prove this, we first note that
P(t4 > 1) <exp(—t/(c3¢(r))),  rt>0,xeM. (4.4)

Indeed, since for any x € M and ¢, r > 0,

caV(2r)
P* x,2r) Z 1) = s A dy) < ——
(TB(x,2r) = 1) </B(X’2r)p(t x,y)u(dy) < Vo-10)

by (2.8) and (2.10), there is a constant ¢5 > 0 such that

P (tp(r2n = c5¢(r)) < 1/2

for all x € M and r > 0. So, by induction and the Markov property, we have for each k € N,

P* (T4 > cs(k + Do (1)) < E*[Lzyzeskg (PS50 (Tpxo,0m) = 59 ()] < (1/2)F,
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which immediately yields (4.4). Using (4.4), we have
o o
P*(Exp, <T4) = / re MP (14 >1)dt < / re M exp(—t/(c3p(r))) dt
0 0

=xr(r+ 1/(6‘3(15(1’)))71 = c3Ap(r),

so (4.3) is established.
Now using (4.3) with the choice of A = (2c3p(r))~ !, the fact that u 4 (y, x) < ua(x, x) and the
strong Markov property, we have

up(x, x) <u(x,x) + P (Exp, <ta)ua(x,x) <u*(x,x)+ (1/2)us(x,x).
This, along with (2.4), (4.2) and (2.10), gives us

; dt < cg () .
Vig=11) V(r)

o0
up(x,x) <2u*(x,x) < 2/ e M
0

(ii)) Write A = B(xp, R) and B = B(y, cxd(x,y)), where 0 < c, < 1 is chosen later. Using
the strong Markov property and Proposition 2.5,

ua(y,y)=up(y,y) +E' (1 = f,(Xep))ua(y, y),

where f)(x) :=P* (US > 74). Thus,

up(y,y) =ua(y, NE[fy(Xp)]. (4.5)

Since fy(-) is harmonic on A \ {y}, by Proposition 2.13 (we only use the elliptic Harnack in-
equality here), there exist two constants ¢, co > 0 such that

< f@/f() <, Yz, € B(y,cikd(x,y))\ B, (4.6)

where we choose k > 0 to satisfy 1 < ¢k < 3/2. Note that 1 < ¢k is required in order to guar-
antee that x € B(y, cxkd(x, y)) \ B. Using the jump kernel of the process X (see Proposition 2.7)
and the Lévy system formula (see, for example, [14], Appendix A), we have

TRNL
l”@wM¢me¢ame=E{f f J@@Muwmﬁ}
0 B(y,cskd(x,y))¢

<E [/UW/ c3p(du)ds }
B 0 B(y.cokdeye V(A (X, )@ (d(Xy, u))

- csEBV [tp A t] <es(k— 1)~
= plealk— Dd(x,y) ~ ’

where in the last line we have used (2.10), (4.1) and the fact that for any x,y € M, EV(tp) <
cop(cxd(x,y)) due to (4.4) (e.g. see (A.2)). Note that the constant c¢s > 0 is independent of
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¢y and k. We choose k large enough and c, small enough such that cs(k — 1)™% < 1/2 and
1 < cxk < 3/2. Taking t — oo in the inequality above, we have

PY(X1, ¢ B(y, cxkd(x, y))) < 1/2.
Using this, (4.5) and (4.6), we find that

P’ (0';) > TA)/2 = fy(x)/z =< C2Ey[1{XTBeB(y,c*kd(x,y))}fy(Xrg)] <cE [fy(Xrg)]

ey 1 gy
ua(y,y) =~ ua(y,y) V{d(x,y)’

where we use (i) in the last inequality. We thus obtain (ii).
(iii) From (4.2), we know that

—1 2! /OO —t 1 A
— < e dt <c
V(g1 0 V(p~l(1) V(g~t(1))

c

for some constant ¢ > 1 and A > 0. Then, for all » > 0,

cflwsfooe”/d’(’) L gr=c20
vy = o veTley T Ve

which implies that for any s, t > 0,

9() _ 296 +1)
Vi)~ Vis+1)

4.7

Using (4.7), the desired inequality is trivial when d(x, y) > e~! by taking ¢4 = C;‘Ee(i)l). Let

n € Nbe such that e "~ ! < d(x,y) <e " andsett, = TB(y,e~m) for each m € N. Then,

1 —E’[e=] = P* (0 = Exp,)

n
< Py(a)? > Exp;, Exp; < 7:,,) + Z Py(a)? > Exp;, tw <Exp; < rm,1)

m=1

+PY (0 = Exp, Exp; > )

n
<PY(Exp, <t)+ Z Py(a)? > Exp;, tn <Exp; < rm,l) +Py(a)? > ‘L'())

m=1

n
<PY(Exp; <m) + Z Py(l{cr?zrm,Emerm,er EB(y,e””“)}PXTm (Exp; < Tmfl))

m=1

+ P}'(U)? > ‘E())
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n
<PExp; <T)+ Yy P'(0)>1,) sup  PUExp; < Tp(y pont1)
m=1 z€B(y,e~mt1)

+P (0)9 > 19)
<cip(e")+e2 i p(e)V (e ™)/ V(eT") +c3p(e™)/V(e™)

<cp(e™)/V(e™) <esp(dx, 1))/ V(d(x,y)),

where we used (i), (ii), (4.3), (2.8) and (2.10) in the fifth inequality, and (2.8) and (2.10) in the
last line. O

4.2. Existence and estimates for local times

Let (A;)s>0 be a continuous additive functional of the process X, i.e.:

e 1+ A, is almost surely continuous and nondecreasing with Ag = 0;
[ ] Al S ?},
o Ars(w) = A (w) 4+ As(B;w) forall s, > 0.

Set T4 =inf{r > 0: A; > 0}. A, is called a local time of the process X at x, if P*(T4 =0) =1
and PY(T4 = 0) =0 for all y ¢ x. The reason that A; is called a local time at x for the process
X is that the function ¢ > A, is the distribution function of a measure supported on the set
{t|X; = x}, see, for example, [9], V. 3. The next proposition gives us a necessary and sufficient
condition for the existence of a local time.

Proposition 4.3. The process X has a local time for all x € M, if and only if

b

Moreover, we can choose a version of the local time at x, which will denote by l(x, t), by requir-
ing the following property.

(1) The function (w,t,x) — l(x,t)(w) is jointly measurable such that the following density
of occupation formula holds for all non-negative Borel measurable function f,

t
/f(Xs)dSZ/ JOI(x, 1) pu(dx). (4.9)
0 M

(2) Forany x,y € M and » > 0,

EXUOOe—“dl(y,z)) =u*(x,y). (4.10)
0
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Proof. According to [33], Theorem 3.2, the process X has a local time for all x € M if and only
if

u*(x,x) < o0 for all x € M and some A > 0.

Using Assumption 2.1 and the doubling properties of V and ¢,
o0
u’\(x,x):/ e Mp(t,x,x)dt < oo forallx e M
0

if and only if

! 1
/ e M ——_dt <oo,
0 Vip=l1)

which in turn is equivalent to (4.8).

Local times are defined up to a multiplicative constant, see [9], V. 3.13. By [22], Theorem 1
and [9], VI. 4.18, we can choose a version of local times satisfying the desired properties (i)
and (ii), also see the remark below [33], Theorem 3.2.

Below we suppose that the local time /(x, t) is always chosen to satisfy (1) and (2) in Propo-
sition 4.3, if (4.8) is satisfied. Note that, (4.2) implies (4.8). By the strong Markov property
and (4.10),

o0 o0
W (x, y) = E¥ f ¢ di(y.1) = E* / e di(y, 1)
0 09

aolgy [T —10? A
=E%¢ J)’E}/ e Mdl(y,t) =E e *vu(y, y).
0
So,
E e ] =u' (. ) /ul (7. ). @.11)
which is continuous because of the continuity of p(z, x, y), see Proposition 2.9. U

Let dy and d3 be the constants in (2.8) and (2.10), respectively. Throughout the remainder of
this section, we always assume the following assumption.

Assumption 4.4. dz > ds.

The functions V and ¢, respectively characterize the underlying space and the process in ques-
tion. Assumption 4.4 means that the walk dimension of the process is greater than the dimension
of the space, which implies that the process could stay at every point for efficiently long time;
that is, the local time of the process exists.

The following lemma is easy.

Lemma 4.5. Under Assumption 4.4, (4.2) holds. In particular,

t
/ L =t o0 (4.12)
o V(p~(s)) Ve~ (1)
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and so (4.8) is satisfied.

Proof. Let f(¢) := d

1
Vg Ty "
wh) = fooe—“f(t)dt =171 /ooe—ff(s/x)ds.
0 0

Since f is decreasing, we see that
1 1
w) =171 / e f(s/Nds =27 FA/N | e Sds =cor F(1/0).
1/2 1/2
On the other hand, it follows from (2.8) and (2.10) that
dy/dy —1 dy/d3
R\ Vv R R
c\ — < Vg~ (R) <c| — (4.13)
r Vig=1(r) r

holds for all 0 < » < R and some constants c1, ¢ > 0. This along with the assumption d3 > d>
yields that

() _ /le_sf(s//\) ds+ /we_sf(s/x) s
0 1

Fa/m Fa/x) Fa/x)
1 [e’s)
< cz/ e SsTh/B g +/ e Yds < o00.
0 1

We have proved (4.2).
We now verify (4.12). By the increasing properties of V and ¢, for any ¢ > 0,

! 1 t
/ — ds > -
0o Ve (s) V= (1)
The upper bound of (4.12) can be obtained from (4.2) as follows:

! 1 ! *S/f 1 o0 *S/f l C3t
/fldsfe/e fldsge/ e — ds < e
0o Vi(p™' () 0 Vg~ (s) 0 Vg~ (s) Vg~ (1))

The proof is complete. ]

From now on, we will always consider versions of the local time at x, denote by /(x, 1),
satisfying the results in Proposition 4.3. The following statement is Kac’s moment formula of the
local time. Since (4.2) implies (4.10), this directly follows from [34], Theorem 3.10.1.

Proposition 4.6. Forany x,y; e M with1 <i <nandt >0,

n
E [ 100 =) E UG, 1) B 1l(yg,, 1),

i=1 4
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where the sum runs over all permutations w of {1, ...,n}. In particular, for any x,y € M and
n>1,

E (I(y,1))" =n'E*I(y, ) (B1(y, )" "

Proposition 4.1 combining with some general theory yields the following. (See [16], Theo-
rem 1.1, for the discrete version.)

Proposition 4.7. There exists a positive constant c; > 0 such that for all x,y,z € M and

u,8 >0,
P sup [10r,0) = 1(y,1)] > §) < 2et =1V VAEIFACD, (4.14)
0<t<u
Proof. Let
q(x,y)i=(1—E[e VB [e %)), (4.15)

Note that, since y — EY[e™%] is continuous (see (4.11)), by [9], V. 3.25 and 3.28

PZ( sup [[(x,0) —1(y, )| > 5) < 2ete~8/Qa(x.y)),

0<t<u

Since Proposition 4.1(iii) implies that

q(x,y) < (1-E* [e*".?]) +(1-E [e*f’?]) <ci19(d(x,y))/V(d(x, ), (4.16)

the proof is complete. ]

The next proposition is an analogue of [20], Lemma 5.5. Since we do not have self-similarity of
the process, serious modifications of the proof are needed. We will also use a version of Garsia’s
lemma (Lemma A.1), which is proved in Appendix A.2.

Proposition 4.8. There exist a version of the local time [(x,t)(w) such that almost surely
(x,t) = l(x,t)(w) is continuous; moreover, there exist constants c1,cz > 0 such that for all
zeM,L,u,A>0,

PZ( sup  sup |l(x,t)—l(y,l)|ZA)

d(x,y)<LO0<t=<u

_av@ 'Ly ( V(¢—1(u)vL>/\/<(L/¢—l(u))A1)>
< 3 exp| —c2A — = .
V(L) ¢@ @) VL)Y ¢(L/p7 W) A )

Proof. First, note that Assumption 4.4 and (4.16) (where ¢ is defined by (4.15)) imply that the
local time I(x, t)(w) exists and it is jointly continuous almost surely.
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In fact, since sup, ¢y, ul (z,z) <00, by (4.11) we see that for any x, y € M,
2 1 1 1 1 2 7\2 2
d ()% =t () ul () = 20 () 22(sup ! (2,9 ) g 6 )7 = () g x, 2
zeM

Moreover, by (2.8), (2.10), Assumption 4.4 and (4.16), for any xo € M and any x, y € B(xg, 1)
it holds that

PCESNES
=V Aa, ) =2

Thus, for all x € B(xo, 1) and & € (0, ¢/c}) small enough so that (e/(cjc)) /@B~ +d(xg, x) <
1, we have

n({y € Bo, 1) :di(x, y) <e}) = u(B(x, (e/(chcs) ™))

2C3 ((8/(COC2))1/(a'3 dz))>c/£d2/(d3 )

gx,y) < chd(x, y)B®,

Therefore, by [34], Theorem 6.3.3 (with T = B(xg, 1), dx = d; and u being mu), we
have the almost sure continuity of the mean zero Gaussian process {G1(x) : x € B(xg, 1)} with
covariance u!(-, -), and so by [34], Theorem 9.4.1, {l(x,t) : x € B(xp, 1),t > 0} is jointly con-
tinuous almost surely. Since this is satisfied for any xg € M, {l(x,t) : x € M, t > 0} is jointly
continuous almost surely.

Since we will use a scaling argument in the remainder of the proof, we prepare a scaled dis-
tance and a scaled measure. Below, without loss of generality, we assume ¢ (1) = 1. For each
8 > 0, define a metric d(sy and a measure 115y on M by

dey(x,y) = 8_1d(x,y), Vx,yeM,
“4.17)
me () :=VE)ul),  VICBM).

For § > 0, let (M, ds), 14(s)) be the scaled metric measure space defined by (4.17), and XO® .=
{Xg5) 1t = 0} be the scaled process in (M, d(s), ti(s5)). We also let

V() =VEn/VE),  ¢u ) =¢6r)/o@)
and
Bd(g)(x, r)= {x EM :dg(x,y) < r},

Then, () (Bqg, (x, 7)) < Vis)(r) uniformly on §,r >0 and x € M,

R\ Vi (R R\
c1<—> SMSCQ(—> forevery § > 0,0 <r < R < o0, 4.18)
r V(g)(r) r
and
R\% ¢ (R) R\%“
| — < ———=<a|-— forevery § > 0,0 <r < R < o0. 4.19)
r b))
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In particular, if (M,d, i) is an «-set, that is, satisfies (1.4), then it is easy to see that
(M, ds), ie)y) with V(r) =r® is also an a-set, and 1 (s) satisfies (1.4) with the same constants
c1,cy > 0.

Note that the transition density function p©® (¢, x, y) of X® with respect to the measure %)
is related to that of X by the formula

PP, x, ) =V©)p(p©), x,y)

for all + > 0 and x, y € M. Thus, from Assumptions 2.1, we have that all x,y € M and ¢,§ €
(0, 00),

1 t
O, x,y) < C ( >
prEN =6 Vis) (b5, (1)) " Vis)(ds) (x, y) sy (ds)(x, ¥))

1 t
C ) X, Y).
Z(V((s)(ab(s)] (1)) " Vi) (ds) (x, )b (ds) (x, )’))) L 24

Let [®) (x, 1) be its local time with respect to the measure 1(s), which exists by Proposition 4.3,
(4.18), (4.19) and the assumption d» < d3. Let P be its probability space.

In the following, set 8’ = 8§~ 1. Then, from (4.9) we see that (V (8')/¢(8"))I(y, ¢ (8')t) under
P* corresponds to l(‘y)(y, t) under P)(‘S/). Thus, choosing 8 = (1/¢~ (1)) A L™', we have

PZ( sup  sup |l(x,t)—1(y,l)|ZA)

d(x,y)<LO0<t=<u

= PZ< sup sup  V(8")/(8)
d(x,y)<LO<t=<u/¢p(8")

X [1(x, 0(8)1) = 1y, 6(8)1)| = AV (8))/(5")) (4.20)

=P sw swp 1.0y~ 193, 0)| = AV () (5))
dsry (x,y)<8L 0=<r=<u/¢ (8"

=Py (s sup 10 =19 0.0] = AV () /9 (5) ).
d gy (x,y)<8L 0<t<I

SetU(r) =+/¢(r)/V(r)and H = Bd@/) (x0, 1/2) for some xg € M, and define

supg;<1 1) (x, 1) — 1) (y, 1)
Iy (H) ::// (ex (c == 1) ey @) (dy),
5 H Pl ¢« U(d((gr)(x,y)) 152CH)] Henlay

supg<;<1 1197 (x, 1) — 1 (y, 1)
Fy = ff <GXP(C* A U — 1 e @x) ey (dy),
digry (x.y)<1 (dy(x, y))
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for small constant ¢, > 0. Clearly 'y (H) < Fy and, by (2.8) and (2.10),

RYEE_uR) R )
a ~U(r) U7 '

holds for all 0 < » < R and some positive constants cy,, ciy. We will prove in the end of this proof
that Efs/)[F(;/] is uniformly bounded (with respect to §) so that I's/(H) < Fy < 0o. Assuming
this fact for the moment, we can apply Lemma A.1 with W(x) = ¢“* — 1 and ¢ (1) = U(u), and
deduce

U(u)du

, , dsry (x,¥)
19 ety — 19 (v, 1)] < co / log(c1 Ty (H) Vg ()% + 1)
0

for p(sy-almost all x, y € Bd(s’) (x0,1/16) and ¢ < 1, and ¢y, c1 are independent of x¢. Due to

(4.18) and (4.21), as stated in Lemma A.1 the above estimate holds for l(‘s/)(y, t) under P?a’)
uniformly (i.e., with the same constants cg, c; > 0 for all § > 0). By (4.21) again, there exist
constants ¢z, c¢3 > 0 independent of § such that for p(s)-almost all x, y € M with d(s/(x, y) <L
andr <1,

U(u)du

SL
100, 1) =190y, )] < o / log(e1 Fy Vi) 072 + 1)
0 4.22)
< U GL)(log(1 + ¢3Fy Vigry (BL) 72)).

Indeed, by (4.18) and (4.21),

oL B U(u)du
/O log(e1 Fy Visy )™ 4 1) -

o0
< > (log(1 +¢1 Fy Vigry (5L./251) %)) U (5L./2%)
k=0

o0
< ch(log(1 + e3Fy Vi) (SL) %)) U (SL) Y 2 Hds=)/2
k=0

<UL (log(1 + c3Fy Vg (8L)72)).

Plugging this into (4.20), we have

PZ( sup  sup [I(x,1) —I(y,1)] EA)
d(x.y)<L0<t<u

= Pﬁ; )(C2U(5L) 10g(1 +c3 Fa/V((;/)(SL)_2) > AV((S/)/(])(S/))
=P{y (log(1 + 3 Fy Visy BL) %) = & ' AV (8')/(UBLI$(8)))

< TAV(8)/(UBL)G$)) (1 + czE(B/)[Faf]/ Visn (8L)2)
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C4 —c_lAV((S’)/(U(BL)qb(S’)) z
<——e 2 I+ Eg, [Fyl
Vi) SL)2 (14 1Fy])

—1 2
= C4V(¢V (2”))2V LY LAV@T VLU L/ @IADS@ VL) (] 4 ES, [Fyl).

where we used Chebyshev’s inequality in the second inequality, the fact that §L < 1 (so that
V(s)(6L) < 1) in the third inequality and put § = 1/~ ) A L_I, in the last equality.

Finally, we will check the integrability of Fy. Using (4.14) for /" (y, 1) under P{;, (note that
(4.14) holds uniformly, i.e., with the same constant ¢s > 0 for all ' > 0), we have

Py (sup [1970e,0) =193, 0] 2 KU (dip (x, 1)) ) < 2!,

0<r<l1

Let ¢, =c¢5/2, and

SUPp<t<s |l(8,)(x7 1) — 1®) (v, l‘)|>

Iisn(x,y,8)= exp(c
© " Uds)(x. y)

Thus, we have

E?a')[l(é’)(xv y. D]

s su 1¢) X, t — 1@ ,t
< Zec*(k+1)P§6/) <k < Po<i<1 17 (x, 1) (. 0l <k+ 1)
= U(dsy(x, )

o0
<2eltes Ze‘“k/z =: K < o0.
k=0

Note that this value is uniformly bounded for all 8’ > 0. Take an open covering

{den(x, ) =1} C U(B(a/)(xi, 2) x Bs)(xi, 2))

i

such that each point in {d(s/(x, y) < 1} is covered by at most a (uniformly) finite number of
{B(s)(xi,2) x Bey(xi,2)}i, say Cp. Using the doubling property of the volume and the as-
sumption that balls are relatively compact, such a covering is possible. For each x,y with
din(x,y) <1,

Bl ey, D — 1]

p4 X[(;;’)(;/ (x;.2)
= E(&f)[l{as @9 [

< (K = DP{;, (08,0 < D

)(x,-,Z)Sl}E Iy (x,y, 1= UB(,s/)(Xi,Z)) - 1]]

(¢4
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So

By i1 = [ [ B s (x. 3. 1) = 1] diton (@) diton )
d(sr)(x,y)fl
<co(K = 1)) Pl (08, < -
i

Here we note that sy (Bs) (xi, 2)) < c’éV(Z), i.e. wesy (Bsy(xi, 2)) is uniformly bounded. Not-
ing that

Ef;, [ /B -, 19y, 4)#(5/)(@)}
@)\

4
8/
=E) /(; 13(5/)(%4)()(5(' ))ds]

B 3+(TB (x;,2)
oS :
Z (D) .
>Ey, f 1By (i) (X)) ds COBy,(xi2) = 1]
LJoB ) 7.2)
/
)
X”B(a/)(xil)

3
(")
ZE?B’) E(a’) [/0 13(5/)(xi»4)(Xs )ds}l{cs@,)ui.z)ﬂ}]

> c7P 5 (0B 0.2 = 1),
where the last inequality is due to the fact that

X&) 3
E 08(5/)(X,-,2) (5,) d
(8/) 13(3/)(xi,4)(Xs ) s
0

is uniformly bounded from below. Indeed, since ¢ sy (1) = 1 for all §’ > 0, using Proposition 2.11
for the scaled process and the semigroup property for the Dirichlet heart kernel, we have

3
inf  EY, 1, oa (X9 ds
weB iy, (xi.2) (3)[/(; B(a)(x,,4)( s )

>3 inf PY, (5, (x4 > 3
T weByy(xi.2) (3)( Bgy(xi,4) = )

=3  inf / p@ B @D (3w, vy (dy) = cs.
weBy) (xi,4) By (xi,2)

We thus obtain
ZPfs,)(UB(a,)(x,-,z) <) =<c ZEES/) [[B
1 1

< c10EY, 199 (y, sy (dy) | = 4ero,
COl | s

l<3’><y,4>u<a/><dy>]
") (xi,4)



LILs for symmetric jump processes 2361

so we conclude Efa/) [Fs] is uniformly bounded. O

Remark 4.9. In lines 8 and 12 of [20], page 526, (N/(1 — ¢))*® should be changed to
NP /(1 — c)*®Dr/2 Because of the typos, in the statement of [20], Lemma 5.5,
exp(—C55ta/’8—"’9/2) should be changed to exp(—C55t(1+d5/2)p/2a/’6_'°9/2).

4.3. Laws of the iterated logarithm for the maximum of local times and
ranges of processes

In the subsection, we always assume that Assumption 4.4 is satisfied. In particular, according to
Proposition 4.8, the joint continuous version of the local time of the process X, which is denoted
by I(x, t) as before, exists for all x € M. Denote by

L*(t) = sup I(x,1), t>0.
xeM

We will establish two LILs for L*(¢).

Remark 4.10. Even for one-dimensional Lévy process, some mild assumptions like Assump-
tion 4.4 on characteristic exponent (also called symbol) are required to establish LILs of associ-
ated local times, see [41].

First, we have the following LIL for L*(z).

Theorem 4.11. Under Assumption 4.4, there exists a constant cg € (0, 00) such that

. L*(1)
lim sup

: =y, P'-ae.w,Vxe M.
t—oo t/V(¢p™(t/loglogt))

We need the following tail probability estimate for the local time I(x, t).

Lemma 4.12. Under Assumption 4.4, there exists a constant ¢| > 0 such that for all x,y € M
andt,b >0,

Wcmnz—li—)gkﬂﬁ
V(p~'(1))

Proof. For any ¢ > 0, by Assumption 2.1,

P(dx 0 <e) = [ n(BGx. o).

C
p(s,y,)uldz) £ ——F——
B(x.e) Vg~

2
()

and so

t ' 1
[Pt =e)ds < ol o) [ gt ds
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Combining this with the fact

. 1 !
I(x,1) = ;%M/O 1B(x,e)(Xs) ds,
we have
EY (l(x, t)) <Cy /t ; ds. 4.23)
N 0o Vg~l(s)

Furthermore, according to the estimate above and Proposition 4.6, we find that

e Co "
E‘(l(x,t) )Sl’l'(cz./o Wdé‘) B nZO,

which implies that

I(x,t
EY (exp( n x 1) )) <2. (4.24)
262 Jo vgton 4
The desired assertion is a direct consequence of the inequality above, the Chebyshev inequality
and (4.12). O

Remark 4.13. Alternatively one can obtain the exponential integrability (4.24) directly from
(4.23), by applying Khas’misnkii’s lemma, see, for example, [38], Lemma B.1.2.

Proposition 4.14. There are constants cy, ca > 0 such that for b > 1,

bt
sup P* <L*(t) > 71) <c1b™2.
t>0,xeM V(‘P_ (t))

Proof. Let f be an increasing function such that (1) =1 and lim,_, o f(r) = 00. By (3.4), the
doubling property of ¢ and (2.10), we find that forany x e M and ¢ > 0 and b > 1,

P <L*(t) > L)
~Vip~l()

2bt
P’ l(z,t) > ———— | + P* d(Xs,x) > f(b)p~"
(d(z,x)<s}l(11:)¢—l(,) (Z t) = V(¢1(t))> v<OS<I;I§)t ( X) = f( )¢ (t))

IA

IA

Px< su I(z,t) > 2bt )-I— cof
et VTV To)) T e(F®e ()

IA

2bt
P"( sup (2, 0) > 7> Yol fb)y®
d(z,0)<f(b)=1 (1) Vip=l(1)

for some constant ¢; > 0.
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On the one hand, by Lemma 4.12, there is a constant ¢ > 0 such that for all x € M, ¢ > 0 and
b>1

Px< o s 2 )
sup Z, > —
Az, )< f ()~ () Vig=1(1)

bt bt
P* I(z,t) = Il(x,t)|> ———— |+ P*|I(x,t) > ——
= <d(z,x><s}l£>¢lm| @0 =ito] = V(¢>1<r>>> ((x "= V<¢1<t>>>

SP’“( sup l(z,1) —1(x,0)| =

L) + Ze_czb,
A< f B 1) Vig~'®)

On the other hand, according to Proposition 4.8, there are constants c¢3, ¢4 > 0 such that for all
t>0and b >1,

bt
P’ sup l(,t)—l(,f)2f>
<d(z,x>s;l<b>¢1<r>| ‘ x| Vig~'(1)
po ! V(f(b)dr‘(r)))
V(¢~'1) ¢(f(b)p~ (1))
V(f(b)p~l@®) o 1) )
Vg~'@) ¢(fB)o~1(1)

<c3 exp(—C4

=c3 exp(—C4b

< csexp(—cebf (D) f(B) ") =c5 exp(_ fc(6bl;9 )

where 6 :=dy — dy > 0.
Combining with all the estimates above, we find that

bt ceb
sup P* <L*(l‘) > —) <c7 [f(b)_d3 +e by exp[— <—>H
>0 Vig~'@) fyY
The proof is finished by taking f(r) = r'/?? in the inequality above. g

Now, we are ready to prove Theorem 4.11.

Proof of Theorem 4.11. (i) (Upper bound): According to Proposition 4.14, we find that

N bt

t>0,xeM

Then, according to Proposition A.2 and the (stronger) doubling properties of V and ¢, we know
that

. L* (@) . L*()
l1msupt Vé=1(t/loglog) = limsup (/ToglogD) < c¢p.
—oo 1/ glogh) oo G g gy (08 10g1)
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(i1) (Lower bound): Let R(t) = w(X ([0, t])) be the range of the process. By Theorem 3.8,
there is a sequence {#,} such that t, — co as n — o0, and

w dx0 e ()

0<s <ty loglog1,

Since R(f) < c2V (supg< <, d(Xs, X)),

-1 In
R(ty) < c3v<¢ (M))

In particular,
R(r)

liminf <c3. (4.25)
=00 V(p~1(t/loglogt))
By the fact that
(= [ iwouan =L oRe. (4.26)
X (0,1
we get
. L*(t) ) t 1
lim sup

> lim sup = —.
i—o0 1/ V(¢ (t/loglogt)) T iwee R(1)/V(~!(t/loglogt)) ~ c3

From those two inequalities above, we have proved the desired assertion by zero—one law for
tail events (see Theorem 2.10). U

Next, we turn to another LIL.

Theorem 4.15. Under Assumption 4.4, there exists a constant cq € (0, 00) such that

. L*(t)
liminf =
t—oo (t/loglogt)/V(¢~1(r/loglogt))

Proof. (i) (Lower bound): Let R(t) be the range of the process. Then, by (3.4),

o, P-ae. w,Vxe M.

1 cot
P (R(t) > 1) < P"(Osiligtd(Xs,x) >V (Clr)) < Sy

According to the doubling properties of V and ¢,

sup P*(R(t) =bV (¢ ' (1)) = O, b — oo.
xeM,t>0

This, along with Proposition A.2 and the doubling properties of V and ¢ again, yields that

lim sup R@) “4.27)

=
t—oo V(¢p~1(t/loglogt))loglogt
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Also due to (4.26), we get that

lim L*(t)
im ot (t/1oglog)/V(¢p~1(t/loglogt))

> liminf ! 1
1—oco R(t)(t/loglogr)/V (¢~ 1(t/10g10gt))

(ii) (Upper bound): Below, we turn to prove that

L*(1)
1 b
8 loglogn)/ V(-1  Toglog ) ~
which along with the inequality above and zero—one law for tail events (see Theorem 2.10) yields
the required assertion.
Lett;, = ekz. Then,

lim L*(t)
I Toglogn v (-1(/ loglogn)
i L* (@)
imsup :
k—oo (tky1/loglogtiy1)/V (¢~ (tks1/loglogtii1))

I(x, tg1) — 1(x, 1)
+ liminf sup T .
k=00 yem (te+1/10glogtes1)/ V(9™  (tkt1/ loglogtit1))

From Theorem 4.11, (4.13) and the assumption d3 > d>, we know that

L*(¢
lim sup (k)l
k—>oo (tx1/loglogti 1)/ V (¢~ (tky1/loglog tk+1))

So, by the Markov property and the second Borel-Cantelli lemma, it suffices to prove that there
is a constant C > 0 such that for any x € M,

o0
tk+1/loglog fi41
E Px(sup 1, i) = 1(x, 1)) < C Fr ) = o0.
po sup (et ) < OV s/ oglogir ) |

For this, we follow the proofs of [8], Proposition 4.8 and [41], Theorem 3.2, but with some
significant modifications. Note that, using Assumption 2.1, we have that there is a constant ¢y =
co(d3) € (0, 1) such that for every ¢ > 0 and balls B and B, of radius 2¢~! (r) with BN\ B, # @,

t>0,z€B

inf / pt,z, y)u(dy)

>c

1 t
inf d
=€ ones, /Bz(vw—l(r)) " V(d(z,y>>¢(d<z,y)>)“ @)

(4.28)

t
> c

1
t>0< V(g~l®) V(8<15‘1 )¢ B~ (1)

)M(Bz) >co
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where in the last inequality we used the doubling properties of V and ¢.
Let y = —41log(cp/2) and constants p > 2 and ¢, > 0 will be chosen later. Set s = yt/loglogt
for t > e*. According to Lemma A .4, there exists a sequence {A; }72 depending on x and s such

that each A; is a ball of radius 2¢’1 (s), lim;j oo d(x, A;) = 00, and the following hold:
x € Ao, AiNAi1 #9O foralli € N, AANA;j =0 forall |i — j| > 2.

For k > 1, set

E; = {sup (I(x ks) —I(x, (kK —1)s)) < c*(t/loglogt)/V(d)*l(t/loglogt)),
xeM

sup d(X e—1)s+u» Xk—1)s) < 0@~ (5), X5 € A2k]-

O<u<s
Let
By :={L*(s) < ci(t/loglog)/ V (¢~ ' (t/loglog1))},

Byi={ sup d(Xu. X0) < p¢™ ()} and Bssi= (X, € Ax).

O<u<s

By the strong Markov property, for all x € M,

no np—1

k=1 k=1

(4.29)

no—1
( ]_[ ]lEk>PX("0—'>~‘(Bl N B2 N B3 ).

k=1

First, let ¢1, di and dy be the constants in (4.13). For s > 0 and ¢, > 0 with c,cqy ~!1T@1/d4) >
1, using Proposition 4.14, we have

supPz( ) < sup PZ(L (s) > ¢ «C1Y l+(d1/d4)s/v( l(S)))
€M zeM

< (c*c1V_1+(d] /d“))_m

where in the first inequality we have used (4.13), and c¢», ¢3 are positive constants independent
of s and c,. Second, according to Propositions 2.5 and 2.12, there is a constant c4 € (0, 1) such
that for all s >0 and p > 1,

sup P*(BY) < sup PZ( sup d(Xy,2) z pp~ (S)) <cj.

zeM zeM O<u<s

Third, by (4.28), for any k > 1,

2€A(k-1) z€A24k-1)

inf  P*(B3x) = inf / p(s,z, y)u(dy) > co.
Aok
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Combining with all the estimates above and the fact

P(D N D2 N D3) > P(D3) — P(DS) — P(D5),

we find that
inf P(Ex)= inf P°(BiNBaNBix)>co—cacwery TE/NTD _of,
Z€A(k-1) €A (k—1)
Now we choose ¢, and p depending on dy,ds and ¢;, i = 1,...,4, large enough such that

inf e 4,,_;, P*(Ex) > co/2. By this and (4.29), we find that for all x € M and 1 > €?,

no
P (ﬂ Ek) > (co/2)" = (co/2)(log ) ™4,

k=1

where ng = [log%] +1= [logl—og[] + 1. Since there is a constant C = C(c4, p) > 0 such

—41og(co/2)
that elco/
no
() Ex € {L*(t) < C(t/loglogt)/ V (¢~ (t/loglog1)) }.
k=1

we get forall x € M and 7 > e2,
P*{L*(1) < C(t/loglogt)/V (¢~ (¢/loglogt))} = (co/2)(log )~ /4.

Therefore,

PX<SUP (1(x. trg1) = 10x, 1)) < Ctgy1/loglog tiy1)/ V (¢~  (tey1/loglog 1)) |~7th>
xeM

= inf P*(L"(ti+1) < Cltk1/loglogiis)/ V(6™ (ter1/loglog iy 1))
= (co/Dk+ D72,
whose summation on k diverges. This completes the proof. U
As in the proofs of Theorems 4.11 and 4.15, let R(t) = (X ([0, ¢])) be the range of the pro-
cess X. As a direct application of previous theorems, we have the following statements for the

ranges.

Theorem 4.16. Under Assumption 4.4, there exist constants cg, c1 € (0, 00) such that

R(t
lim sup @) = ¢y, P -ae. w,Vx e M, (4.30)
t—o00 V(p~1(t/loglogt))loglogt

. R(1)
liminf =
i~oo V($~1(t/loglog1))

cl, P*-a.e. w,VYx € M. 4.31)
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Proof. First, the upper bound of (4.30) is already obtained in (4.27). The lower bound of (4.30)
is a consequence of (4.26) and Theorem 4.15. Next, the upper bound of (4.31) is already obtained
in (4.25). The lower bound of (4.31) is a consequence of (4.26) and Theorem 4.11. Finally, the
zero—one law for tail events (Theorem 2.10) yields the desired results. O

5. Examples: Jump processes of mixed types on metric measure
spaces

We now give three examples. The first one is the §-stable-like processes on «-set. This is the
case d] =dy =« and d3 = d4 = B in (2.8) and (2.10), and our results can be written simply as
Theorem 1.3 in Section 1.

The other two examples below are essentially taken from [14], Example 2.3(1) and (2). We
recall the framework on the metric measure space from here. Let (M, d, ) be a locally compact,
separable and connected metric space such that there is a strictly increasing function V satisfying
(2.1) and (2.8), i.e. for any x € M and r > 0, u(B(x,r)) < V(r), and there exist constants
c1,¢3 >0, dr > di > 0 such that

R\" V(R R\ %
| — =< <c| — forevery 0 <r < R < 00.
r V(r) r

Example 5.1. Assume that there exist 0 < 81 < 8> < oo and a probability measure v on [B1, 82]
such that

B2
¢(r)=f rPvdp),  r>o0.
Bi

Clearly, ¢ is a continuous strictly increasing function such that (2.10) holds with d3 = B and
ds = B. Consider a regular Dirichlet form (&, ) on L*(M, ) such that & is given by (1.8)
and the Lévy measure n(-, -) satisfies (2.7) with the function ¢ given above. Then the associated
Hunt process has the transition density function p(¢, x, y) satisfying Assumption 2.1 with the
functions V and ¢ given above. Furthermore, we have the following assertions.

(1) All the statements of theorems in Section 3 hold for sample paths of the process X.
(1) If d» < B1, then the local time of the process X exists, and all the theorems in Section 4
hold for local times and the range of the process X.

Example 5.2. Consider the following increasing function

B2 -1
q>(r>=(/ rf‘v(dm) . r>0,
B

where v is a probability measure on [B1, 82] C (0, 00). We can check easily that for this ex-
ample (2.10) also holds with d3 = 81 and d4y = B,. Consider a regular Dirichlet form (&, )
on L*(M, () such that & is given by (1.8) and the Lévy measure n(-, -) satisfies (2.7) with the
function ¢ given above. Then the associated Hunt process has the transition density function
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p(t, x,y) satisfying Assumption 2.1 with the functions V and ¢ given above. Furthermore, we
have the same conclusions for the process X as these in Example 5.1.

Example 5.3. We give an example where 8 could be strictly larger than 2. Assume that (M, d, i)
enjoys the following:

(1) wisaca-set,namely di =dr = «.
(ii) There exists a u-symmetric conservative diffusion on M which has a symmetric jointly
continuous transition density {g(¢,x,y) : t > 0,x,y € M} with the following estimates for all

t>0,x,yeM:
dix, B\ 1/ (B«s—1)
Cll_a/ﬁ* exp(—q(%) )

d(x. y)f\ /B
<q(t,x,y) <c3t™/P eXp(—C4<%> )

where B, > 2.

It is known that various fractals including the Sierpinski gaskets and Sierpinski carpets satisfy
the conditions and for those cases, typically B, > 2. For example, for Sierpinski gaskets, B, =
log5/log2 and @ =log5/1log?2 (see [2,31] for details).

Now, for 0 < y < 1, let {&};~0 be the strictly y-stable subordinator; namely let {&;};~0 be
a one dimensional non-negative Lévy process with the generating function E[exp(—u&;)] =
exp(—tu?). Assume further that {&},~¢ is independent of the diffusion process above. Then the
subordinate process of the diffusion by the y-stable subordinator has the following heat kernel

o0
p(t,x,y)=/ qu,x,y)n: (u)du forallt >0,x,ye M,
0

where {n;(u) : t > 0, u > 0} is the transition density of {&};~¢. It is easy to check that p(z, x, y)
satisfies (1.5) with 8 = y B, so the conclusions of Theorem 1.3 hold (see [30] for details).

Appendix: Some proofs and technical lemmas

In this appendix, we give some proofs of the results in Section 2, and also present some technical
lemmas that are used in the paper.

A.1. Proofs of some results in Section 2

Proof of Proposition 2.5. Let ¢ be the lifetime of the process X and My = M \ N. By (2.5), we
have that for any ¢ > 0 and every x € My,

Pi(¢ >t)z/ u(dy) =, ;> 0.

p(r,x,y)u(dy)z/
B(x,¢~1(1))

1
Ba.o-Ly V(@~H(D)
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Let u(x) := P*(¢ = 00). Then u(x) = lim;—oc P*(¢ > 1) > C1C;1 > 0 for every x € M.
Note that u(X;) = 1{z>nu(X;) = E*(1{t=c0}| F7) is a bounded martingale with lim,_, oo u(X;) =
l{=c0}- Let {K;; j > 1} be an increasing sequence of compact sets so that U?il K; =M and

define 7; =inf{r > 0: X, ¢ K;}. Since X admits no killings inside M, we have 7; < ¢ as.
Clearly, lim;_, o, 7; = ¢ . By the optional stopping theorem, we have for x € My,

u(x) = lim Exu(XTj) :EX< lim u(th)> :EX< lim u(X7;)1{zr <00} + lim u(Xt)l{;=oo}>
j—o0 j—o00 j—o00 1—00
> C1C;'PY (¢ < 00) + PY(¢ = 00).
It follows that P* (¢ < 00) = 0 for every x € M. The proof is complete. (|

Proof of Proposition 2.6. Fix a point xo € M and let u,(x) = p(¢, xg, x). By Proposition 2.5,
llus]l1 = 1; on the other hand, ||u;||co < W Hence, noting V (00) = oo, we have

lluas Il

llats [l oo

w(M) > — 00, I — o0,

that is, w(M) = oco. Due to (1) the measure of any ball is finite, and so M is not contained
in any ball, which proves diam(M) = oco. The last assertion immediately follows from [24],
Corollary 5.3, and the fact that M is connected. O

Proof of Proposition 2.9. For simplicity, we only deal with the case that both Assumptions 2.1
and 2.8 hold true. The proof is essentially the same as that of [13], Theorem 4.11, and we shall
highlight a few different steps.

For each A C [0,00) x M, define o4 =inf{t > 0:Z; € A} and Ay, ={ye M : (s,y) € A}.
Let Q(t,x,r) =[t,t + cop(r)] x B(x,r), where cg € (0, 1) is the constant in (2.16). Then,
following the argument of [14], Lemma 6.2 and using Proposition 2.7 and the Lévy system for
the process X (see [14], Appendix A), we can obtain that there is a constant ¢; > 0 such that for
allx e M\ N, t,r > 0 and any compact subset A C Q(¢, x,r)

m® u(A)
Vi)

where m ® p is a product measure of the Lebesgue measure m on Ry and p on M. Note that
unlike [14], Lemma 6.2, here (A.1) is satisfied for all » > 0 not only » € (0, 1], which is due to
the fact (2.16) holds for all » > 0.

Also by the Lévy system of the process X, we find that there is a constant ¢, > 0 such that for
allxe M\ N, t,r >0ands >2r,

PUY (o4 < Touar) > € (A.1)

TQ(t.x.r)
PO (Xey . & B(x,5)) =E"Y / / J(Xy, w)pu(du)dv
0 B(x,s)¢

dv(r)
—— |E x,r)-
= (fm/z V<r)¢(r>) TBGE
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On one hand, by the doubling properties of V and ¢, we have

av(r) °°/ dv(r) 2 V(2ks) — v(2k-1y) 1
/m/z 90 ~ 2 et VOB D = 2 VA Tp @ Ts) =50

On the other hand, for all x € M \ N and r,t > 0, by (4.4) (which is proved by the doubling
property (2.9) of ¢ only),

P (Tp(x,r) = 1) < exp(—cat /¢ (1)),

which implies that

o
E* (tg(x,r) =/ P (tp(x,r) = ) dt <cs5¢(r). (A.2)
0
Therefore, there is a constant cg > 0 such that forall x e M\ N, t,r > 0and s > 2r,
()
P9 Xy, & B(X,5)) < cém. (A3)

Having (A.1) and (A.3) at hand, one can follow the argument of [13], Theorem 4.11, to get
that the Holder continuity of bounded parabolic functions (see the definition before Proposi-
tion 2.13), and so the desired assertion (2.11) for the heart kernel p(z, x, y). Furthermore, (2.12)
is an immediately consequence of (2.11). (|

Proof of Theorem 2.10. The proof is similar to the one of [8], Proposition 2.3. For complete-
ness, we provide the full proof here. (See [4] for the original proof.) Let ¢ > 0 and A be a tail
event. Fix xg € M. By the martingale convergence theorem, E*[14|F;] — 14 a.s. as t — oo.
Choose t large enough so that

EY[EY[14|F,] — 14| <e. (A4)
Set Y :=E"[14|F;]. Then
[P (A) —EX(Y; A)| = [EY(14; A) —EY(Y; A)| <e. (A.5)
On the other hand, using (3.4) and the doubling property of ¢, we can take c; > 0 large so that

P"(’(sup d(X,, x0) > c1p~" (t0)> <e. (A.6)

s<to

By Proposition 2.9, we now choose #; large so that for all f € L°°(M) and x € M withd(x, xp) <

a1~ (1),
| Py £ (x) = Py, f(x0)| <&l flloo- (A7)

Since A is a tail event, there exists an event C such that A = C o ;4. Let f(z) =P*(C).
Then by the Markov property at time #1,

E”(1c 06,) =E"E*11c =E" f(X,,) = P, f(w). (A.8)
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Thus the Markov property at time ¢y and (A.8) further give us
E*(Y; A) =E"[YEX0(l1c 06,)] = E™[Y P, f(Xy)] (A.9)
and
P(A) =E*1, =EYEX0(l¢co ;) =EY [Pt1 f(X,O)]. (A.10)
Let Ay, = {d(Xyy, x0) < C1¢_1 (t0)}. Using (A.6) and (A.7), we see that

[EX[Y Py f(Xiy)] = Py f (x0)EXY |

= 2PX(A%) + |EX[Y Py, f(X10); Ay | — Pry f (x0)E®[Y; Ay (A.1D)
<26+ [EX[Y|P, f (X)) = Py f (x0)|; Agy ]| < 3.
Similarly
[E¥ Py, f(Xyy) — Py f (x0)| < 3e. (A.12)

Combining (A.5), (A.9), (A.10), (A.11) and (A.12),
[P (A) — PY(A)EYY|
< [PY(A) —EY(Y; A)| + [EC[Y P, f(Xs)] — Pi, f (x0)EXY |
+ | Py, f(x0)E®Y —E“P, f(X;)EVY| < 7e.

Using this and (A.4), [P*(A) — P*(A)P*(A)| < 8¢. Since ¢ is arbitrary, we deduce P**(A) =
[P¥0(A)]?, and so P*0(A) is 0 or 1. Since P*(A) = EX Py, f(X4) = Py (P, f)(x) is continuous
in x (which is easily seen from Proposition 2.9) and M is connected, we further conclude that
either P*(A) is O for all x € M orelse itis 1 for all x € M. The proof is complete. |
Proof of Proposition 2.11. For any x’, y' € B(x,r/2) and t > 0,

p(t,x/, y/) = pB(X’r)(t,x/, y/) +Ex(p(t — T8 Xeggey» y/) TRy < t).

On the one hand,

Cot
E*(p(t — w5 Xep V)i TB <t) < sup p(s,2,y) < o=
(p( i Xengery» ) b <1) s<td(y.2)zr/2 V(r/2¢(r/2)

For any § € (0, 1/2), any x’, ' € B(x, £8r) and t = ¢ (5r),

p(tx/y/)>C< 1 A t >> C
= Ve T0) T VAG y)eday) ) T Ver)
SO

B(x,r)(t X' y/) - Ci _ C )
TNTTVEr) V(r/2)

p
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By the doubling property of V, we find that

C3
B(x,r) t )C/ " >
P Y) 25

providing that § € (0, 1/2) is small enough. Having this at hand, one can follow the argument
of [5], Lemma 2.3, and use the doubling property of ¢ to get the first required assertion. The
second assertion of the proposition directly follows from the argument above. (I

Proof of Proposition 2.12. Here we only prove the case that Assumption 2.1 and 2.8 hold.
According to (3.4) and the doubling property of ¢, for any r > 0 and all x € M,

PX( sup  d(X;, Xo) < 2r> <a;
0=<s=<co¢(r)

holds with some constants c¢g > 0 and a; € (0, 1) independent of x and r. Then, for any n > 1
and x € M, by the Markov property,

PX< sup  d(X,,x) < r)

0=s=cong(r)

X _
<E" (J]‘{SUP0<S<¢-O(”71)¢(V) d(Xg,x)<r}> P eot-neTlo) ( sup d(Xs, Xo) < 2r>>
T 0<s=<co¢(r)

Sai“P’“( sup d(Xs,x)fr).
0<s=<co(n—1)¢(r)

This proves the upper bound.
On the other hand, according to Proposition 2.11, there are constants &g, c; > 0 such that for
all x € M and any r > 0,

pPED (Sop(r). X Y) =V, Xy €B(x.r/2),

where pB@®7) (¢, x’, ") denotes the Dirichlet heat kernel of the process killed by exiting B(x, r).
Then, choosing m = [co/8o] + 1,

P"( sup d(XS,x)fr)

0<s<8omnep (r)

= / pBED (8omne (r), x, y)iu(dy)
B(x,r)

> f / f pBED (S0¢p (1), x, x1) e (dx1)
B(x,r/2) J B(x,r/2) B(x,r/2)

x pBEn) (8¢ (r), x1, x2) p(dx2) - - - / , PEED (804 (1), Xmn—1, ¥) 1(dy)
B(x,r/2)

> (et V() u(Bx, r/2)))™.
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Thanks to the doubling property of V, there exists a constant aj € (0, 1) such that for all x € M,
r>0andn>1,

Px( sup d(Xs, x) §r> >aj".

0<s<8omne(r)

By the fact that

Px( sup d(Xs,x)gr)sz( sup d(Xs,x)gr),

0=s=<con¢(r) 0=s=<8omne (r)

the proof is complete. (]

A.2. Some technical results

The first result is a extended version of Garsia’s lemma ([21], Lemma 1), see [7], Lemma 6.1,
for a version of Garsia’s lemma for a fractal.

Lemma A.1. Let (M, d, ) satisfy (2.1) and (2.8). Suppose q : [0, 0c0) — [0, 00) is a measurable
function with q(0) = 0 and that there exist constants C1, C and y1, y» such that

r 4! q(r) r Y2
Ci| = < <C| — forevery0 <r < R < 00. (A.13)

R q(R) R

Let W : [0,00) — [0,00) be a non-negative strictly increasing convex function such that
lim,— oo W(1) = 00. For any xo € M and Ry > 0, let H = B(xg, Ro) and f : H — RY be a
measurable function. If

[(H) = // ('f(") f(y)')u(dxm(dy) <0,
HxH

d(x,y))
then there exist c1, ¢y > 0 that depends only on the constants in (2.8) and (A.13) such that
Ay (el (H) ) q(u)du
|f(x) = f| <ci v - , (A.14)
0 V(u) u

for u x p-a.e. (x,y) € B(xo, Ro/8) x B(xg, Ro/8). If f is continuous, then (A.14) holds every
(x,y) € B(xo, Ro/8) x B(xo, Ro/8).

Proof. For fixed (x,y) € B(xo, Ro/8) x B(xo, Ro/8) and k > 0, let a; := 2~ %1 d(x, y) and
By be open balls with radii a; such that By C By and x,y € By C H. We denote f; :=
mf&{ fdu. For (z,w) € Bx—1, we have d(z,w) < 2a;_1, so by (A.13), Coq(Ray—1) >
q(d(z, w)). Thus, since W is increasing,

w(lf(Z)—f(w)l) 5\11<|f(Z)_f(w)|

s s By _ By.
CoqQar—1) 1 w)) ) (&) € B B
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Using this, the increasing property and the convexity of W and the Jensen inequality,

w( [ fr—1— fk|>
Coq(2ag-1)
1 [ f(z) — f(w)] )
- —— < "l d
: (M(Bk_l)u(Bk) pixs CagQag_p MWD s
1 Iﬂ@—ﬂw» '
_— vl — d d
= BB I, s, ( ddwy AR
I'(H) <l I'(H)
T w(Br—Du(Br) T Via?’
where in the last inequality we used (2.1) and (2.8).
On the other hand, for k > 1
/“" \I}_1<01F(H))61(M)du
g Vu)? u
2ap_w! CIF(H))/“k qw) du
> qQ2ax—1) <V(ak)2 s Q)
_i(al ) /W ( u )”éﬁ
> q(2a;-1)¥ (V(ak)2) L Olas) (A.16)
_ L (aran o [*
=C19Qax-1)¥ ( Van? >(2akl) » u du
_ifal'(H)
=qwmkowl(wﬁy)
Thus, by (A.15) and (A.16), for k > 1,
B _1fal'(H) /“k _1<01F(H)>6](u)du
[ fi—1 = fil = Coq Qak-1)¥ < Van? ) =c3 - v V)2 .
which implies
. s dx.y) (¢ T(H) q(u)du
thLSOl(l)plfk—fol §];|fk—l — Jil 502/0 v 1( V2 ) - (A7)

Suppose that f is continuous at x. Then, let By = B(x,ap), so that x,y € By = B(x,
2d(x,y)) C B(xg, Rp). By considering By = B(x, a) for k > 1, we get from (A.17) that

dxy)  eiT(H)\ q(u)du
|f(x)—fo|562/0 wl(v(u)z) 22
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Similarly, we get from (A.17) that, if f is continuous at y then

|f(y) — f0| <c /‘d(x’y)‘IJ—1<01F(H)>Q(M)du.
0

V(u)? u

Thus, if f is continuous at both x and y,

d(x,y) C(H d
|f(x)_f(y)|5|f(x)—fo|+|f(y)—fo|§ZC2/0 w—1<cl ( )>‘1<“> u

V(u)? u
The general case follows from Lebesgue differentiation theorem (e.g. see [25], Theorem 1.8). [J

The following proposition gives an upper bound for LILs. Since it can be proved by a simple
modification of the proof of [8], Theorem 3.1, we skip the proof.

Proposition A.2. Let X be a strong Markov process on (M, d, ). Suppose (F;);>o is a contin-
uous adapted non-decreasing functional of X satisfying the following conditions.

(1) There exists an increasing function ¢ on Ry satisfying the doubling property and such
that

sup P*(F; = be(1)) - 0 as b — oo.
xeM,t>0

(2) Fi—Fs<F;_500;,0<s<t.

Then, there exists a constant C € (0, 00) such that

P'-ae. w,Vxe M.

F,
lim sup ! <C
t—oo @(t/loglogt)loglogt

Remark A.3. Similar to the remark after the proof of [8], Theorem 3.1, Proposition A.2 can be
used to derive upper bounds for LIL of L*(t) = sup,.c, [(x, t) and the range R(¢) = (X ([0, t]))
of jump processes. Note that, in our setting the continuity of L*(¢) is a consequence of Propo-
sition 4.14, the strong Markov property and the Borel-Cantelli lemma; while one can use The-
orem 3.7 and the fact R(t) < c1V (supy<,<; d(X;, x)) for all > 0 and some constant ¢; > 0 to
obtain the continuity of R(¢). o

Proposition A.4. Let (M, d, ) be a connected metric measure space such that diam M = oo
and the volume doubling condition holds, i.e. there exists ¢ > 0 such that

M(B(x, 2r)) < C],u(B(x, r)), xeM,r>0.

Then, for each xo € M and R > 0, there exists a sequence {A;}7°, such that each A; is a ball of
radius R, lim;_  d(x0, A;) = 00, and the following hold:

X € Ao, AiNAi1 #9 foralli e N, AiNA;j =0 forall |i — j| = 2.
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Proof. First, by [32], Lemma 3.1(i), there exists a constant Ny € N such that for each R > 0,
there exists an open covering {B(z;, R)}72, of M with the property that no point in M is more
than Ny of the balls. We say a subset A of {z;}; is linked if for each z;, z; € A, there is a chain
% =z,z'...,2 =z € A such that ¥ ~ ZX*! (by which we mean B(z*, R) N B(z**!, R) #
@) for all k =0,1,...,1 — 1. Take xo € M. We may assume without loss of generality that
xo = zo. For each k € N, we may take a linked set Gy C {z;}; N B(xo, 4kR)* such that §G} = oo.
(Indeed, if there is no such linked sets, then because diam M = oo and M is connected, there
are infinite number of mutually disjoint and non-empty linked sets {L ;} such that #{L; < oo and
L; C{z}i N B(xo,4kR)‘. We may assume that each L ; is maximal (i.e., no elements in {z;}; N
B(xo,4kR)“ N LY is linked to L ). Because M is connected, from each L, there exists X; € L
such that B(X;, R) N B(xo, 4kR) # @. By construction, {B(X;, R)}; are mutually disjoint, but
this contradicts to the volume doubling assumption.) We fix one such a linked set G which is
maximal; we may choose Gy O Gyy1 D ---. Set Go = {z; }i-

We now construct a desired chain inductively that contains a sequence {z,, };2, C {z}. Take
Zmg = Xo. For each k > 0, given z,,, € G N B(xg, (4k +2)R), take a chain y(’)‘ =Zm, y]f, R yf,{
such that y{‘ ~ y{‘H for i =0,...,s — 1, yj? € Gy \ Ggy1, j=0,...,8 — 1 and yé‘k =
Zmgs1 € Gi+1. Then it holds that z,,,, € B(xo, (4(k + 1) + 2)R). Now let 75 = yk and de-
fine yf, i > 1 inductively as the maximum j such that yj? ~ ?{{,1- Then we have a sequence
)7(])‘ = ka,jz{‘,...,ig = Zmyy, such that &f‘ ~ 5’1{{+1 and &f o jxf if i — j| > 2. By doing this

procedure iteratively, and doing the same procedure (i.e., procedure to produce { }f} from { yf‘})

again for each adjacent sequences (this is necessary because the sequences of balls made by the
. ~ ~ ~ ~k+1 ~k+1 ~k+1

adjacent sequences {F5 =z, 55, ..., yf/i =z} and (A =2, T _..,ysl,:l = Zmgyn)

could overlap many times), we have the desired chain. (I
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