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The problem of universal search and stop using an adaptive search policy is considered. When the unique
target location is searched, the observation is distributed according to the target distribution, otherwise it is
distributed according to the absence distribution. A universal scheme for search and stop is proposed using
only the knowledge of the absence distribution, and its asymptotic performance is analyzed. The universal
test is shown to yield a vanishing error probability, and to achieve the optimal reliability when the target is
present, universally for every target distribution. Consequently, it is established that the knowledge of the
target distribution is only useful for improving the reliability for detecting that the target is missing. It is
also shown that a multiplicative gain for the search reliability equal to the number of searched locations is
achieved by allowing adaptivity in the search.
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1. Introduction

We study the problem of universal search and stop using an adaptive policy to sequentially search
among a finite number of locations. The unique target could be missing or present in one of the
search locations, and when present it is stationary. When the target is present and when the
unique target location is searched, the observation is assumed to be distributed according to the
target distribution, otherwise it is distributed according to the absence distribution. We assume
that only the absence distribution is known, and the target distribution can be arbitrarily distinct
from the absence distribution. We also assume a “noisy” situation in which both the target and
absence distributions have full supports. This means that even when the search has covered all the
locations, it is not possible to determine the target location or if it is missing with perfect certainty.
An adaptive search policy specifies the current search location based on the past observations and
past search locations. At the stopping time, the target location is determined or it is decided that
it is missing. The overall goal is to achieve a certain level of accuracy for the final decision
using the fewest number of observations. A canonical example for this universal search and stop
problem is environment monitoring in a sensor network where the absence distribution could be
from a pure noisy observation collected at most sensors covering “uninteresting” regions and the
target distribution represents the distribution of the observation at a unique sensor effected by the
“interested” event or phenomenon. Our main interest is in the asymptotic regime of vanishing
error probability (for the final decision), whereupon the number of searches (up to the stopping
time) has to go to infinity, yielding asymptotically large number of recurrent searches at each
location. In terms of the theoretical contributions of this work, the results in this paper should be
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regarded as a contribution to the long-studied area of search theory (see, e.g., [1-3,10,13,21]), in
particular, searching for a stationary target in discrete time and space with a discrete search effort
(cf. [3], Section 4.2).

Since we assume that the observations at all locations without the target follow the same
absence distribution, a desirable goal of the search at each location should be to decide if the
target is there or not (elsewhere or missing entirely). To this end, a universal sequential test
for two hypotheses could be used at each location to collect multiple subsequent observations
that will eventually lead to a binary outcome of whether the target is there or not. To improve
reliability for this binary decision at a particular search location, one could use a test that takes
more observations at that location. If we insist on using the mentioned sequential binary test
at each location as an “inner” test, then it is convenient to select the current search location
based on the past binary outcomes of the subsequent binary tests, each resulting from multiple
subsequent observations at a particular location, instead of all the past outcomes of the individual
searches, often taken multiple times at each of the locations. With this imposition, the search and
stop problem could be conceptually reduced to the problem of constructing an “outer” test for a
sequential design of such inner experiments. This intuitive decomposition leads to our proposed
universal test for search and stop.

Universal sequential testing for two hypotheses was first considered for certain parametric
families of distributions for continuous observation spaces in [8,9,14,20], the latest of which
employed the concept of time-dependent thresholding. Here in Section 4.1, we look at a non-
parametric family of distributions for a finite observation space, for which we propose a universal
test using a suitable time-dependent threshold and analyze its performance.

The sequential design of experiments with a uniform experimental cost was first considered in
[4,7] under a certain positivity assumption for the model, which was successfully dispensed with
later in [17,18]. A generalization of the model with a more complicated memory structure for the
experimental outcomes and with a non-uniform experimental cost was studied in [19].

We show that when the target is present, the proposed universal test based on the aforemen-
tioned decomposition yields a vanishing error probability, and achieves the optimal reliability,
in terms of a suitable exponent for the error probability with respect to the expected stopping
time, universally for every target distribution. Consequently, we establish that the knowledge of
the target distribution is only useful for improving the reliability for detecting that the target is
missing. We also show that a multiplicative gain for the search reliability equal to the number
of searched locations is achieved by allowing adaptivity in the search. We also would like to
stress that our results and proof methods hold only in the scope of discrete observations each
coming from a fixed finite set, wherein a certain probability mass function of the finite set could
be unknown. This setting is quite different from the typical non-parametric setting in statistics,
wherein continuous observations are often considered. Consequently, since our universal opti-
mality claim mainly concerns the asymptotic regime of vanishing probability of error, in this
regime, the negate of the exponent of the error is typically much larger than the finite size of the
observation space.

Another line of research that is related to the current work is adaptive sensing for sparse re-
covery [5,6,12]. Instead of focusing on the case of the single signal support, corresponding to
the unique target as in our setting, these authors considered general sparse sets of the signal
support. On the other hand, they considered only the Gaussian case and did not cover the fully
non-parametric universal setting (albeit for only finite observation spaces) like in our study.
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We review the pertinent result on the sequential design of experiments in Section 2.1. The gen-
eral model for universal search and stop is set up in Section 3. We present the universal sequential
test for search and stop and state the main results pertaining to its asymptotic performance in Sec-
tion 4.

2. Preliminaries

Throughout the paper, random variables (r.v.s) are denoted by capital letters, and their realizations
are denoted by the corresponding lower-case letters. All r.v.s are assumed to take values in finite
sets, and all logarithms are the natural ones. For a finite set X, and a probability mass function
(p-m.f.) p on X we write X ~ p to denote that the r.v. X is distributed according to p.

The following technical facts will be useful; their derivations can be found in [11], Chap-
ter 11. Consider random variables Y" = (Y1, ..., Y,) which are independent and identically
distributed (i.i.d.) according to a p.m.f. p on a finite set )/, that is, ¥; ~ p,i = 1,...,n. Let
y' = (y1,...,yn) € V" be a sequence with an empirical distribution y = y® on ). It follows
that the probability of such sequence y”, under the i.i.d. assumption according to the p.m.f. p, is

p(y”) = l_[ p(y)lli=ln Yi=y)]
yey

_ o ey =l Yi=y)|/nlog(1/p(3)))

2.1
— o 1(yey YW 1ogly 0/ pON+E ey ¥ (M log(1/y (1)) 2D
— e—n[D(V”[’)-i-H(V)]’

where D(y || p) and H (y) are the relative entropy of y and p, and entropy of y, defined as

a y(y)
D £ § log =22,
(ylip) yeyy(y) og 0

and

H(y)2 =Y y(»mlogy(,
yey

respectively. Consequently, it holds that for each y”, the p.m.f. p that maximizes p(y")is p =y,
and the associated maximal probability of y” is

y(y") — l=nHWI (2.2)

Next, for each n > 1, the number of all possible empirical distributions from a sequence of length
n in V" is upper bounded by (n + DI (cf. [11], Theorem 11.1.1). In particular, using this and
the fact that the number of all sequences of length n with a feasible empirical distribution y is
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upper bounded by (") (cf. [11], Theorem 11.1.3), we get that for any & > 0, it holds that the
probability of the i.i.d. sequence Y" under p satisfies

P[D()/Hp) > 8] — Z Z e MDY Ip)+H(y)]

y feasible empirical y” with empirical
distribution in )" distribution=7y
with D(y||mr)>e

< (1 4+ DY H®) gmnle+H)] 23)
=+ HYlee,

We now review the relevant result on the model-based sequential design of experiments with
a varying experimental cost. This result will be key to our proposed universal test for search and
stop.

2.1. Sequential design of experiments with varying experimental cost

Consider the problem of the sequential design of experiments to facilitate the eventual test-
ing for H hypotheses. We assume a (conditionally) memoryless model for the experimental
outcome conditioned on the currently chosen experiment. In particular, under the ith hypoth-
esis, i € {1,..., H} = [H], and conditioned on the current experiment u, = u € U, at time
t=1,2,..., the current outcome of the experiment, denoted by Z;, is assumed to be condition-
ally independent of all past outcomes and past experiments Z'~!, U’~!, and to be conditionally
distributed according to a p.m.f. p{ on Z. There is a cost function ¢ : [H] x U — R, and the
current experiment u, is assumed to incur a cost of ¢(i, u;) under the ith hypothesis. We assume
that forevery i =1,..., Hueld,z € Z, p;’(z) >0, c(i,u) > 0. A test consists of an adaptive
policy ¢ that chooses each experiment as a suitable (possibly randomized) function of past ex-
periments and their outcomes, a stopping time t, and a final decision rule § that outputs a guess
of the true hypothesis in [ H]. In particular, a policy ¢ specifies the experiments U;,t =1, 2, ...,
according to conditional distributions g (u1), g (¢, Izt_l T =23, ..., The joint distribution
of all experiments and their outcomes up to time » under hypothesis i =1, ..., H, is given by
qu)p @O T quelz' =, u' =1 p" (z,)]. The goal is to design a test to optimize the tradeoff
between the cost accumulated up to the stopping time, as measured by Y ;_, c(i, U;),i € [H],
and the accuracy of the final decision, as measured by Ppax 2 max;—1, . g Pi[8(Z7) #1i]. The
problem is model-based: all the (conditional) distributions p;‘, i € [H],u €U, and the cost func-
tion ¢ are assumed to be known.
For each hypothesis i € [H], let

i N minj; » ., qu)D(p} ”P?)
q; (u) = argmax ; :
q Youqwcli,u)

Then an asymptotically optimal test can be specified based on these distributions as follows. At

each time ¢ > 1, the maximum likelihood (ML) estimate of the true hypothesis i can be computed

based on past experiments and their outcomes u’~!, z'~! using the model piiiel[HLuel

(2.4)
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(ties are broken arbitrarily). For b > 0, during the sparse occasions ¢ = Lesz £=0,1,..., the
experiment is selected to explore all possible options in I/ in a round-robin manner independently
of i:forld ={uy,...,upy},

Ur = U mod [U)+1- (2.5)

At all other times, the current (random) experiment is selected as U; ~ ql* Denote the joint dis-
tribution under the ith hypothesis of all experiments and their outcomes up to time ¢ (induced
by the control policy) by p;(z’, u"). This policy affords a suitable tradeoff between exploiting
the control policy (2.4) that best facilitates detection and exploring among all possible experi-
ments (2.5) to ensure the consistency of the ML estimate of the hypothesis in closed loop [18,19].
Had we not performed the sparse exploration in (2.5), the ML estimate of the hypothesis might
not converge to the true hypothesis or not quickly enough. This is because a particular experi-
ment may only be useful to differentiate some hypotheses from the others, but not to differentiate
among all hypotheses. We have to be careful when we close the loop between the ML estimation
and using it to select the instantaneous experiment.

For a threshold a’ > 1, the test stops at time t* and decides in favor of the ML hypothesis
according to the rule §*, where

t t
. A .. ;) ,
= argmmmin ———

T I —>a,
r o j# pj@ut)

55 (2%, u™) =1. (2.6)

Note that as the g,i € [H], are, in general, not point-mass distributions, in addition to the
realization of all experimental outcomes z’, we also need to account for the realization of the
experiments u’ as well in the instantaneous computation of the ML hypothesis and checking the
stopping criterion (2.6). If the experiments have been chosen deterministically at all times, we can
just use the joint distributions of all experimental outcomes p;(z'),i € [H],t=1,2,..., in these
computations. The resulting test is asymptotically optimal and its performance is characterized
in Proposition 2.1 as follows.

Proposition 2.1 ([19D!. For b > 0, in (2.5) chosen to be sufficiently small, and as a’ — oo, the
test in (2.4), (2.5), (2.6) yields a vanishing error probability P}, — 0, and satisfies for each
i=1,..., H,that

ax

E; ic(i U | = 108 P (14 o(1)).
! ’ min;z; 3, ) D(p}'l|p)
=1 maxy Y e u)

I'The result in [19] was proven for the model in which the cost function depends only on the experiment; however, the
proof generalizes to the current setting when the cost function also depends on the hypothesis.
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In addition, the proposed test is asymptotically optimal simultaneously under all hypotheses in
the sense that any sequence of tests (¢, T, 8) that achieve Pyax — 0 must satisfy

T
. - 10g Prax
Ei |:Zc(l’ Ut):| = minjz; 3, ) D(p}'l| p) (1 +0(1))’
1=l MmaXg 3, qGcu0)

foreveryi=1,..., H.

3. Model for search and stop

Consider searching for a single target located in one of M locations. At each time k > 1, if a
location without the target is searched, then the observation Yj € ) is assumed to be conditionally
independent of all past observations and past search locations, and to be conditionally distributed
according to the absence distribution 7. The distribution 7 represents pure noise, and we shall
assume that this distribution is known to the searcher. On the other hand, if the target location
is searched, then the observation would be conditionally distributed according to the “target”
distribution p (same no matter where the target is) on )’ (and would be conditionally independent
of past observations and search locations). We assume that both © and 7 have full supports on Y.
Other than this assumption, the searcher has no knowledge of the target distribution and it could
be arbitrarily close to the absence distribution.

We also allow for the possibility that the target is absent. In this latter case, the observations at
all locations are distributed according to 7. Denote the search location at time k > 1 by Uy € [M],
which is allowed to be any function of all past observations Ykl = (Y1,...,Yx—1) and past
search locations U¥—! = (Uy, ..., Us_1).

It is interesting to note that the most basic search problem with an overlook probability o > 0
(see, e.g., Chapters 4, 5 of [21] and Section 4.2 of [3]) that is same over all locations, corresponds
to a special case of our general model wherein ) = {0, 1}, ©(0) = «, 7(0) = 1. In contrast, our
model allows for any general (finite) observation set )/, but assumes that both © and 7 have full
supports. The degeneracy in the model for the classic search problem as mentioned affords the
construction of a search plan that is more efficient than that for our model (with the assump-
tion of the full support). The main concern for the classic search problem has been to come up
with the search plan that is absolutely optimal (non-asymptotically), whereas our main concern
is to construct a universal test that is asymptotically efficient in the regime of vanishing error
probability.

We seek to design a universal sequential test to search the target (or to decide that it is miss-
ing). Precisely speaking, a test consists of a sequential search policy, a stopping rule and a final
decision rule. The stopping rule defines a stopping time, denoted by N, which is the number
of searches taken until the final decision is made. At the stopping time, the final decision for
the target location is made based on the decision rule § : YV x [M]N — {0, 1, ..., M}, where
the O output corresponds to the final decision that the target is missing. The overall goal is to
achieve a certain level of accuracy for the final decision using the fewest number of observations,
universally for all u # 7.
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3.1. Fundamental performance limit

When both p© and 7 are known, the search and stop problem falls under the umbrella of the
sequential design of experiments with a uniform experimental cost [7]. In particular, there are
M + 1 hypotheses: 0, 1, ..., M, where the null (Oth) hypothesis corresponds to the case that the

target is missing. Each ith hypothesis, i =1, ..., M, corresponds to each possible location of the
present target. The experiment set corresponds to I/ = [M], and each experiment corresponds to
where to search next. The model p;-’ (v),i =0,..., M, for the sequential design of experiments

can be identified as
3.1

Then in this idealistic situation when the probabilistic model (both x and ) is known, by particu-
larizing the characterization of the asymptotically optimal performance in Proposition 2.1 to our
search and stop problem using (3.1) and ¢(i,u) = 1,foreachi =0, ..., M, and for each u e U,
we get that as the error probability Pmax = max;—o__ s Pi[8*(YN", UN") # i] is driven to zero,
the optimal asymptotes of E;[N*],i =0, ..., M, can be characterized as follows.

Proposition 3.1. There exists a sequence of tests to search the target with a stopping time N*
that satisfy P}, — 0 and yield

ax

M(].,_O(]))’ i=0,

' —log P}, ) '
—(1 1)), =1,....,. M.
) (1+0(D) i

Furthermore, the asymptotic performance in (3.2) (each term in the denominators) is optimal for
every i =0, ..., M simultaneously. In particular, any sequence of tests with a stopping time N
that achieve Ppax — 0 must simultaneously satisfy

Eo[N] > M
D(z|w)/M

—log Pmax
D(u|m)

(1+0(D)),

E;[N]> (14+0(D), i=1,....,M.

Of course, the asymptotic performance in Proposition 3.1 is idealistic, as it requires the knowl-
edge of n (with  being already known). When p is not known, since p can be arbitrarily close
to 7, this asymptotic performance cannot be achieved universally. Nevertheless, our main con-
tribution (Theorem 4.1) described below shows that one can design a universal test (without the
knowledge of w) that drives the error probability to zero and achieves the optimal exponent of
D(u||r) under all the non-null hypotheses universally for any p # 7.
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4. Proposed universal scheme for search and stop and
its performance

Since we assume that the observations at all locations without the target follow the same absence
distribution, a desirable goal of the search at each location should be to determine if the target
is there or not (elsewhere or missing entirely). To this end, a universal sequential test for two
hypotheses can be used at each location to collect multiple subsequent observations that will
eventually lead to a binary outcome (say 1 if it is guessed that the target is there, and 0 otherwise).
We now discuss this universal sequential testing for two hypotheses.

4.1. Universal sequential testing for two hypotheses at each location

Consider sequential testing between the null hypothesis Hy (for the case that the target is not
at the currently searched location) with i.i.d. observations Y; € ),k =1,2,..., according to a
p.m.f. 7 on ), and the alternative hypothesis H; (for the case that the target is at the currently
searched location) with i.i.d. Y;,k =1,2,..., according to a p.m.f. u # 7, where only 7 is
known, and nothing is known about u (except that both p and 7 have full supports on ))).

The goal for the binary testing at a particular searched location is to construct a test consisting
of a stopping time N’ and a binary decision rule 8, to efficiently decide whether the target is
there at the searched location or not (elsewhere or missing entirely). For a parameter a > 1, our
goal is to construct a universal sequential test for the two hypotheses with the maximal error
probability being max(]P’o[Sb(Nb) =1], IE”l[(Sb(Nb) =0) < é To this end, we shall employ a
sequential binary test defined in terms of the following (Markov) time:2

N’ 2 argmin[nD(y||m) > (loga +n*/* + |Y|log (n + 1))]. (4.1)
n>1
where y denotes the empirical distribution of the observation sequence (yi, ..., y,). The test

stops at this time or |a(loga)”! | for some p; > 1, depending on which one is smaller, that is, it
stops at time N b where

N’ £min(N®, |a(loga)”'|). 4.2)

Correspondingly, the final decision is made according to

1 ~b< Pl
(Sb(YNh):{l’ if N’ <a(loga)*!, 4.3)

0, if N®>a(loga)”.

The stopping time N” in (4.2) means that for a parameter a > 1, the search at each particular
location would take no more than |a(loga)®! | subsequent observations before deciding whether

2The term n%/3 on the right-hand side of (4.1) below is necessary to obtain the upper bound of % in (4.4). With only the

log(n + 1) term, we can only achieve an upper bound of % where K > 1, for an arbitrarily large coefficient in front of
the log(n 4 1) term. See also equation (A.3) in the proof of Lemma 4.1.
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the target is there or not. In particular, the decision is made based on whether the time-dependent
threshold loga + n?3 |y log (n + 1) in (4.1) is crossed by nD(y ||7), which is supposed to
be large when the target is at the searched location, after the time n = |a(loga)”! | or not. As a
grows, the error in the binary decision making is smaller, but the number of subsequent observa-
tions taken at the location gets larger as well.

Lemma 4.1. With u and m having full supports on Y, for some p1 > 1 and for every a > 1, the
sequential test in (4.1), (4.2), (4.3) yields that

1
g 2 P[8, (YY) =1] < - (4.4)
a
In addition, for any v < 1, u # w and every a > a*(v, u, ), the test also yields that
loga
ca 2E|[NP] <E([NP] < —=——, 4.5)
o S BN =B V) vD(pll)
ka = Eo[N’] < a(loga)”, (4.6)
1
B 2[5, (YN ) =0] < (4.7)

vD(ul|lm)a(loga)er—b-

The proof of Lemma 4.1 will be given in Section A.1.

4.2. Proposed universal test for search and stop

If we use the mentioned sequential binary test at each location as the “inner” test, then it is con-
venient to select the current search location based on the past binary outcomes of the subsequent
binary tests (instead of the past Y-ary outcomes of the individual searches, often taken multiple
times at each of the locations). With this imposition, the search and stop problem can be reduced
to a problem of constructing an “outer” test for the sequential design of such inner experiments,
each of which has a binary outcome.

Mathematically speaking, we have reduced the original problem of sequential design of V-ary-
output experiments specified by the (conditional) distributions as in (3.1) to one of the sequential
design of binary-output experiments specified as

up(0) =1 — pup(1) = Ba, wp(1) =1 —7p(0) =g, (4.8)
and

it = wp, u=i, pit = mp, u#i, i=1,....,M,
4.9)
Po = b, u=1,....M,

where «,, B, are as defined in (4.4), (4.7), respectively. On the other hand, each binary-output
experiment will not have the same cost as for the original }-ary-output experiment. In particular,
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the cost of each binary-output experiment can be specified as

c(i,u) =cg4, u=i, c(i,u) =«gq, uF#i, i=1,....M,
4.10)
c(0,u) =«,, u=1,..., M,

where ¢y, k, are as defined in (4.5) and (4.6), respectively.

There is still a large gap in turning the motivation described above into a “working” test for
search and stop. To this end, there are two major challenges. First, the optimal test for the sequen-
tial design of experiments in (2.4), (2.5), (2.6), achieving the performance stated Proposition 3.1,
requires precise knowledge of the model. In contrast, the induced model for the sequential de-
sign of binary-output experiments in (4.8), (4.9), (4.10) is a complicated function of the inner
threshold a for the sequential binary test in (4.1), (4.2), (4.3). Only an estimate of this “true”
induced model is available through the bounds for «y, B4, ¢4, k4 Stated in (4.4), (4.7), (4.5), (4.6)
of Lemma 4.1, respectively. Second, as the threshold a’ for the optimal test in (2.4), (2.5), (2.6)
increases, the model for the sequential design of experiments in Proposition 3.1 remains fixed. In
contrast, in our proposed test, the “outer” threshold for the test for the sequential design of binary-
output experiments increases together with the inner threshold a, the latter of which determines
the induced model in (4.8), (4.9), (4.10). Consequently, the analysis leading to Proposition 3.1
does not apply to our proposed test. Our main technical contributions are precisely, first, to over-
come these challenges through the proposed test described below in Section 4.2, employing an
outer threshold, which is chosen to be an appropriate function of the inner threshold, and, second,
to provide the analysis for its performance, stated in Theorem 4.1 below.

As mentioned in the previous subsection, the “true” induced model for the sequential design
of the binary-output experiments in (4.8), (4.9), (4.10) is a complicated function of the inner
threshold a and is not available to us. Nevertheless, Lemma 4.1 yields that for a sufficiently
large (as a function of v, in (4.5), (4.7) and u, ),

1
s fa = —. @11

Our idea would be to use a mismatched model defined in terms of &, 7p, where

1
7p(0) =1 = (D) =7p(1) = 1 = 7p(0) = ~ (4.12)

to perform the sequential design of the binary-output experiments. Specifically, instead of (4.8),
(4.9), consider the following mismatched model for the sequential design of binary-output ex-
periments
ﬁ;’:ﬁb, u=iI, ﬁ?:ﬁh, Ui, i=1,....M,
(4.13)
Do =Th, u=1,....,M.

Heuristically speaking, by (4.11), this mismatched model is “more noisy” than the true model
(for large a); hence, the test designed based on this mismatched model should be conservative
enough to work well for the true model as well. This intuition will be proven to be correct.
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With the mismatched model specified in (4.13), we can now describe our universal test as
follows. At each time ¢t > 1, we compute the estimate of the true hypothesis i based on past
searched locations and their binary outcomes u’ -1 -l using the (mismatched) model ﬁ}’, i =
0,...,M,u € [M] in (4.13). Denote N (i, 1), N(i,0),i € [M], as the number of times the ith
location was searched and the sequential binary test in (4.1), (4.2), (4.3) decides that the target is
there, and that the target is not there, respectively. By the reciprocity of 1z, and 7, in (4.12), the

computation of this estimate can be simplified as

argmax N(i, 1) — N (i, 0), if max N(i,1) — N(i,0) > 0,
A ie[M] i€[M]
P = ) ) ) (4.14)
0, if max N(i,1) — N(,0) <O0.
ie[M]

The estimation in (4.14) is quite intuitive, as the difference between the numbers of “searched-
and-found” and “searched-and-not-found” at the ith location: N (i, 1) — N(i,0), i € [M], should
approximate the likelihood that the target is there. When all these numbers are negative, it is most
likely that the target is missing.

For b > 0, during the sparse occasions t = I_esz ,£=0,1,..., the experiment is selected to
explore all locations in a round-robin manner as

u; =€ mod M) +1 4.15)
independently of i. At all the other times, if i # 0, we shall search at the ith location, i.e.,
w =1, if i #0. (4.16)
If i =0, we search among all locations with equal frequency, namely,
us = (ip mod M) + 1, 4.17)

where i, was the search location at the last time ¢’ < ¢ such that i = 0. Denote the joint (mis-
matched) distribution under the ith hypothesis of all binary searched outcomes up to time ¢
(induced by the above control policy) by p; (z"). The test stops at time T and decides in favor of
the current estimate of the hypothesis as:

(7! ~
réargmin[( min fl( )) >e“”2<l°g“)‘”], 5(z7) =1, (4.18)
t j=0,...M, Pj(Zt)
J#

where a is the inner threshold for the binary test in (4.1), (4.2), (4.3) and some pr > 1. As
clarified at the end of the paragraph preceding Proposition 2.1, since the search policy in (4.15),
(4.16), (4.17) specifies the search location as a deterministic function of the current estimate
of the hypothesis at all times, it suffices to work with the joint distribution p;(z") instead of
P; (', u"), that is, u’ can be written as a deterministic function of z’.

Using (4.12), (4.13), we can simplify (4.18) as

T= argmin[mip(S(f) -S()) > a2 (loga)”!
t

J# log (a — 1) } 8(z") =1, (4.19)
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where S(i),i =0, ..., M, represent indices of the corresponding hypotheses defined as
O, l == O’
S@i) = ) ] i (4.20)
N(@G,1)—N(@,0), i=1,..., M.

Note that the total number of )Y-ary-output observations N used to produce the search result
is related to the stopping time 7 above as

N = XT:N”,
=1

where each N,b,t =1,..., 1, is the number of observations taken at each location until the se-
quential test in (4.1), (4.2), (4.3) produces a binary result Z;. Consequently, we get from suc-
cessive uses of the property of conditional expectation and (4.10) that under the true hypothesis
i=0,..., M, it holds that

[t—1
Ei[N]=E:| Y N/ +E [Nf|y(2f;l N,b>]:|

Lr=1

ft—1
=Ei|Y N/ +E,~[Nf|Ur]]
Li=1

[t—1

=E| Y N +cl. Ut)], by (4.10), (4.5), (4.6)

Li=1

=T, Zc(i, U,):|.

Li=1

4.3. Performance of proposed test

Theorem 4.1. Forany v < 1 in (4.5), (4.7) and for b > 0 used in (4.15) chosen to be sufficiently
small, as a — 00, the test in (4.14), (4.15), (4.16), (4.17), (4.18) yields a vanishing error prob-
ability Pmax= max;—o,... m P;[6 # i] — 0 and also satisfies simultaneously for each hypothesis
i=1,..., M, with a present target that

i . d . _longax -
E;[N]=E; |:§C(l,Ut)i| Si\)D(MHn’) (1+0(1)), i=1,....,M, “4.21)

universally for every u #£ 1.

Remark 4.1. Compared to the idealistically optimal performance (when p is known) in Propo-
sition 3.1, it is interesting to note that our universal test is universally asymptotically optimal,
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except only when the target is missing. In other words, the knowledge of the target distribution
is only useful in improving reliability for detecting that the target is missing. This consequence
of our result is directly relevant to practical settings, wherein the knowledge of the target distri-
bution . would be lacking before the target is found.

4.4. Comparison with universal non-adaptive scheme for search and stop

Our main result in Theorem 4.1 illustrates that one can construct a test with adaptive search
policy, using only the knowledge of 7, that yields a vanishing error probability and achieves the
exponent of D(u| ) universally for every u # m when the target is present. A natural question
that arises is how much can be gained by employing such an adaptive search policy beyond a non-
adaptive one. A non-adaptive search policy ¢ has to specify the sequence of search locations at
the outset and cannot adapt to the outcomes of the instantaneous searches. By the symmetry of the
problem, there is no reason for a non-adaptive search policy to favor any location. Consequently,
the only non-adaptive search policy that should be considered in the universal setting is the one
that searches all locations with equal frequency:

ug=(mod M)+1,  k>0. (4.22)

We denote this non-adaptive search policy by E* With this search policy, an efficient universal
test has been constructed in [16], which we now describe.
For each time k =¢M,£=1,2,..., let y;,i =1,..., M denote the empirical distribution of

the observations when the ith location is searched, namely, y; = (i, YM+i» - - Y—D)M+i)» 1 =
1,..., M. Next, denote the estimate of the target location i as
i = argmax D (y; || 7). (4.23)
ie[M]

With the non-adaptive search policy 5*, consider the stopping rule defined in terms of the fol-
lowing Markov time:

N A M x argmin[(D(yleHn) — max D()/j||7'[)) > logd@ + M|Y|log (€ + 1)]. (4.24)
r21 i

The test stops at time N, where
N2 min(N, |alogal). (4.25)

Correspondingly, the final decision is made according to

= i, if N <aloga,
i i _/_a oga 4.26)
0, if N >aloga.
The performance of this test with the non-adaptive search scheme follows from the result
in [16].
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Proposition 4.1 ([16]). With the non-adaptive search policy 5* in (4.22), the test in (4.23),
(4.24), (4.25), (4.26) yields a vanishing error probability Pnax — 0 and also satisfies

— —IOngax .
E;[N]< ————(1+40(1)), =1,.... M, 4,27
N1= S L Hom) *4.27)

universally for every u # 1.

In summary, adaptivity offers a multiplicative gain of M for search reliability beyond non-
adaptive searching. This gain increases with the size of the area to be searched.

Remark 4.2. Note that for the test in (4.22), (4.23), (4.24), (4.25), (4.26), the maximal error
probability Py.x decays only subexponentially with Eg[N]. The additional exponential decay
cannot be obtained on top of the ones for all the other hypotheses with a present target (cf. (4.27)),
because we are considering the universal setting in which only 7 is known (contrary to the result
in Proposition 3.1 with both p and 7 being known). For any sequence of universal tests, a bad p
can always be selected to be sufficiently close to & to render such a subexponential decay.

Appendix

A.1. Proof of Lemma 4.1

The proof relies on the following lemmas.

Lemma A.1 ([15]). For any p.m.f.s w, T on Y with full supports and with B(u, w) being the

Bhattacharyya distance between | and m defined as B(u, w) = —log (Zyey w2 (y)17?)
[11], it holds that

ZB(M,JT)=mqin(D(61||M)+D(61||ﬂ)), (A.1)
where the minimum above is over all p.m.f.s on ).

Lemma A.2. Under the alternative hypothesis, it holds for every n > 1, that

Py [N’b > n] < e~ (= D2BRm) 2V (=D

Pi[N? > n] <Pi[(n — DD(y|7) <loga+ (n — 1)*? + |Y|log (n)]

1 —1)?/3 1
—P, [D(VIIM) S LA A A L +D(y||m+D<y||n>]
1 —1)*/3 1
§P1|:D()/||,U«)2—(Oga+(n n)_l + | Vilogn) +2B(u,,7r):|

< ae~ (= D2BGwm) 20V =1
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where the second inequality follows from Lemma A.1 and the last inequality follows from (2.3).

O
First, we prove (4.4). It follows from (4.2), (4.3) that
Po[8 =11 =Po[N* = N”]
o
< IPO[Nb <a(loga)”']|< ZIP’O[Nb =n]
n=1
o
< ZIPO[nD(yHn) > (loga +n* + |Y|log (n + 1))]
n=1
1 2/3
< —e
< Z —e (A.2)
n=I1
1
< -, (A.3)
a

ad 23 > 23 a3
Ze_" SZe_" +/ e dx
n=1 n=1 5
5 o0
_ Ze_n2/3 +3/ e_}zy dy
51/3
n=1
5 o0
g2 3 2
= —_ = d y
le 2 /51/3 Y (e )
n=
R | S N g
=2 2T T fast W
n=
5 1/3
_23 35 3\/7? 1/3
= e n 565—2/3+Terfc(5/)§1
n=1

Equation (4.6) follows trivially from the definition of N? in (4.2).
It now remains to prove the inequality in (4.5), as the inequality in (4.7) would follow from it
and from the definition of N? in (4.2) upon noting that
Ba 2 Pi[8,(¥"") = 0] =\ [N? > a(loga)” ]
E [N?] - 1
~ a(loga)t ~ vD(u|m)a(loga)ei=b’
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To this end, it suffices to show that under the alternative hypothesis and as a — oo,

E [N?] 1
— .
loga D(ulim)

(A.4)

First observe that under the alternative hypothesis Py, by the strong law of large numbers, we
have that for every y € ), % Y i1 I[Yx = y] converges to u(y) a.s. Consequently, we have that
y™ — u as. Next, we get from Lemma 4.1 that for every a > 1,

Pi[N? = o00] < lim P{[N” > n]=0. (A.5)

n—o00

It then follows from (A.5) and (4.1) that

loga 4+ (N?)?3 +|Y|log (N? + 1)

D(y(Nb)Hn) > N (A.6)
(NP—1) loga—l-(ﬁb— 1)2/3+|y|10g(1\7b)
D(y Im) < T . (A.7)

Next, by observing that for any distribution ¢, D(g||7) < log(m), we get from (A.6) that

P, [1\7b < n] < IP’l[]\?bD(y(Nb)Hn) > loga; NP §n]

1
<Pi|[nlogl —— ) > loga
miny 77 (y)

loga
log(1/miny 7 (y))’

=0, for every n <

thereby yielding that N’ - oo as. asa — oo under ;. Consequently, we conclude from the
continuity of D(-||r) that under Py, D(y(Nb)Hrr), D(y(Nb_l)Hrr) — D(u|lw) a.s. as a — oo.
We now get from this, (A.6), and (A.7) that

NP a1

_— (A.8)

loga  D(ullm)

To go from convergence a.s. (A.8) to convergence in mean (A.4), it now suffices to prove
Nb

that the sequence of r.v.s j — is uniformly integrable as a — oc. To this end, for any > 0,

sufficiently large, we shall upper bound the following quantity using Lemma A.2 as follows.

Nb (N’ — |nloga] + nloga)
Eq [@H{Nb/]oga>n}i| <E; |: loga H{szmlogaJ}

N4
= logaEl[(N = Intoga )Lz 10ga)20)]
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loga
+77 g
loga

Pi[N” > |nlogal]

_ 1
N loga 4

Z]P’l [N? > [nlogal +¢]

(A9)
+ P [N? > |nlogal]

o]

- - 2/3 2
—> e (nloga+£—2)2B(u,7)+(nloga+t) (Lnloga] +¢€) VI
(=1

— _ 2/3 2
+ nae (nloga—2)2B(u,m)+(nloga) (LnlogaJ) VI

a

0
< 1 2:e—(nloga+£—4)B(u,n)(L,7 loga| + K)Z\yl
oga —

+ nae” (nloga—4)B(u, n)(LnlogaJ)zlyl

for any n > B( %) and a sufficiently large such that (7 loga)B(u, ) > (nloga)?/3.
Continuing from (A.9), upon noting that for a sufficiently large, it holds that |nloga] + £ <
2|nlogall, we get

e¢]

Ze—(nloga+ﬁ—4)B(M,n)(2|—n logaJE)zlyl
=1

a
{Nb/loga>n}] = Toga

El[i/b/logaﬂ

+ nae~Moea=HBED (| n 1o q]) ]

a (2 |_T) logaJ)zlyle—r]B(M,T[)lOga
a

o0
« (e4B(;L,n) Ze—B(u,n)QZJ}I)

=1

+ Ua(LU logaJ)2|y\ean(pv,n)loga « e4B(;/.,n)’

which vanishes as a — oo, for any n > +, thereby establishing the uniform integrability.
YN > Blun y g g y

A.2. Proof of Theorem 4.1

The proof of Theorem 4.1 relies on the following two lemmas.

Lemma A.3. For any ) > 2, when the parameter b used in (4.15) is selected to be sufficiently
close to 0, it holds for any true non-null hypothesis i =1, ..., M, and any ¢ > 0, that the first
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time T from which the estimate i in (4.14) always equals the true hypothesis i, satisfies
Pi[T > enl=0(n""). (A.10)

Proof. We first note that for any other hypothesis j #i, j =0,..., M,and n’ > |en]|,

n' —U; —Ur
[Zl (pl Ik ]gm[e-l/ﬂzmlbﬂm @I A

P(Z)

where p¥,i=0,...,M,u=1,..., M are as defined in (4.13).
First, note that for j =1,..., M, j # i, and for any time t when U, = 5,5 #i,s # j, we get
from (4.12), (4.13) that

—U, —U,
Ei[ ~1/2(log (p; ' (Z))/P f(Zt)))|Ut =s] =F; [6—1/2(10g1)|Ut _ S] -1 as.  (A.12)
On the other hand, for the time ¢ when U; =i or U; = j, we get from (4.12), (4.13) that

—U, —U,
Ei[ —1/2(log (p;' (Z1)/P I(Zt)))lutzi]

zﬁaefl/ﬂog(l/(afl)) +(1- ﬂa)efl/Zlog(afl)

(A.13)
_ Bala—1)+(1—8,)
Via—1)
,Baa +1- 2,Ba 2 '
Via-1) x/(a - 1) ’
Ei[e ~1/2000g (5" (Z0)/7}" 20, = J]
:aae—l/Zlog(l/(a—l)) + (l _ aa)e—l/Zlog(a—l) (A14)
2
S —F— < 15
Via—=1)
for a > 5, and where the inequalities in (A.13) and (A.14) follow from (4.11).
Similarly, we get from (4.12), (4.13) that for any time ¢ when U; = s # 1,
Ei[e~ /2002 @/R @y, =5] =1 as. (A.15)
On the other hand, for the time ¢ when U; =i, we get from (4.12), (4.13) that
E; [6—1/2(10g (ﬁl."r(z,)/ﬁng,))”Ut —i]< : 2 . -1 (A.16)
q —

fora > 5.



Universal scheme for optimal search and stop 1777

Consequently, we get from (4.15), (A.11), (A.13), (A.14), and (A.16) by successive uses of
the smoothing property of conditional expectation that

BT o= Y B(2) = ,(2)] + B (2) = 2]

n'=|en]|

) ) (2logn’)/(Mb) 2 (logn’)/(Mb)
+
,Z ( a— 1) («/a - 1>

IA

Il
QS
—
‘EI
>
~—

for a > 5 and for b used in (4.15) chosen sufficiently close to O. O

Forv < 1, p; > 1 as in Lemma 4.1 and a sufficiently large, let

loga 1 M )
—_—, 1=1,....M,u=i1,

cli,u) 2 { vD(u|n) (A.17)
a(loga)”t, i=1,...,M,u##i

that are the upper bounds for ¢, k,, as in Lemma 4.1, respectively. Let us consider the “true”
model for the sequential design of binary-output experiments specified as (4.8), (4.9), induced
by using the sequential binary test (4.1), (4.2), (4.3) as the “inner” test at each location. Also
consider the “mismatched” model (for a sufficiently large) as in (4.12), (4.13) satisfying (4.11)
(cf. Lemma 4.1). In addition, fori =1, ..., M, let

74— up(0)log (12,,(0) /75 (0)) + pp (1) log (2, (1) /75(1))
' (loga)/(vD(ull))
_ Palog(1/(@—1))+ (1 —Bg)log(a—1)
B (loga)/(vD(ullm))
— vD(u|m), as a — oo.

(A.18)

Then, we have the following lemma.

Lemma A.4. When the causal control policy (4.14), (4.15), (4.16), (4.17) is applied perpetually,
it holds for any true non-null hypothesis i € [M], any other hypothesis j =0,1,...,M, j #1i,
any small ¢’ > 0, any A > 2, and for all n sufficiently large (for b > 0 in (4.15) chosen sufficiently
small) that

pi(Z") N I _
P; |:10g (ﬁj(Z")) < (ZC(I, U,))(d,. —¢ )] =0(n™"). (A.19)

t=1
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loga
vD(ullm)’

7, (Z") . —a
P; |:log (ﬁj(Z”)) < (Zc(l, U;)) (d; —¢ )i|

t=1

n —U, U
P (Zy) p;'(Zy) 4
<P (log( t ) —E; |:10g< ! ) U i|> < —ng—i| (A.20)
[; Py (Z) Pz ) 2
U,j| —ded, U,)) < —ng%].

n =U

N(Z

+P; |:Z(IE, |:10g (flU ( t)>
=1 p / ! (Z t )

The proof that the probability of the first term on the right-hand side of (A.20) goes to zero

exponentially fast in n follows from observing that the sequence

n —U, U,
Nz (7
M, = Z(log (f’u ( t)) —E; [log <flU ( t)> ‘U,:D
=1 pjr(Zt) pjz(zt)
is a martingale and can be carried out by invoking the Chernoff bounding argument similar to the
argument leading to equation (5.10) in [7]. In addition, we note that for a sufficiently large,

_U,
Nz
min min Ei[log(p’U( t)>‘Ut=k:| > 0;
J# k=1 M P (Z0)

Proof. We first note that with ¢ = and, hence, c(i, u) > ¢, we get that

- (A21)
max c¢(i,u) <a(loga)”.
u=l1,..., M

Next, for the 7 in Lemma A.3, we get from (4.15), (A.18), (A.17) that for all + > T,t #
lebt],£=0,1,..., that
U, = ,-]

—U; —=U;
E, [log (f . (Z’)>\Uf] =E; [log (f’;,, (Z'))
P (20) PV (20

=3§‘<k’i) (A22)
vD ()

=d ¢, Uy).

Consequently, from (A.21) and by selecting ¢ in Lemma A.3 sufficiently small, we have that the
second term on the right-hand side of (A.20) can be upper bounded according to Lemma A.3 as

P-[Xn:(ﬂﬂ-[log (ﬁ’%(z’)) U} —diei, v, )) < —ncg—/i|
l =1 l 5?’(20 t e 2

1 /
<P [(T + O}%n)a(loga)p‘ > ng%i| (A.23)

< ]P’i[T > %n:| = O(n_)‘),
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thereby completing the proof of Lemma A.4. (]

To prove Theorem 4.1, we first shall prove that the stopping and final decision rules in (4.18)
yield that

M

<
Pmax = ea/’2(]0ga)/’l .

(A.24)

To this end, we consider two separate cases: when the true hypothesis is a non-null hypothesis,
and when the true hypothesis is the null hypothesis.

First consider the case when the true hypothesis is a non-null hypothesis, say i € [M]. For any
t > 1 and a realization 7z’ of the binary search results of the search policy in (4.15), (4.16), (4.17),
as in the paragraph preceding (4.14), welet N(i, 1), N (i, 0), i € [M], denote the number of times
(up to time ¢) that the ith location is searched and the sequential binary test in (4.1), (4.2), (4.3)
decides that the target is there, and that the target is not there, respectively. Then, we get from
(4.12) that for any other non-null hypothesis j € [M], j # i, it holds that

E(Z’)_( 1/a )N(j’o)<1—1/a>N(j»1)(1_1/a>N(i,O)< 1/a >N(i,1)
7:)  \1—1/a 1/a 1a —i/a . (A25)

Now, for each such j # i, consider a pair of distributions fip, 7 (Which are functions of both
i, j) defined according to

5 _ 1/a 1 1/a .
Mb(o)—(l—aa)m—(l nb(l))l—l/a’
1/a 1/a (4.26)
(1) = (1= f) == (1= (@) =
From (4.11), and (A.26), we get by an easy calculation that
1 — ap(0) - 1—1/a -1
(1) l/a (A.27)
1—mp(1) - 1—1/a -1
mw© T 1fa T

for a large. Now consider another probability distribution, j;(z"), defined as a function of both
j and i, based on the same search policy according to

pi=hp, u=j,  pi=mp,  u=i, pi=m,  uFij. (A28)
Then, it holds that

ﬁﬂﬂ>__( in(0) )N“m<£:l@§Q>N”“
piz)  \1—m(1) (1)

, , (A.29)
X(l—ﬁuD>N“m< (1) )N“”
15(0) I—w©)
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Consequently, we get from (A.25), (A.29), (A.26) and (A.27) that

By _ P

> = . (A.30)
pi(@) ~ pi(@)
Similarly, by observing that
Po@) _( 1ja \MOV 1 1/a\NCO (A1)
7.z \1-1/a 1/a ’ '
and define po(z’) according to
By=Fp.  w=i  ph=ms  u#i, (A32)

we get from (A.32), the second equality of (A.26), the second inequality of (A.27) and (A.31)
that

(A.33)

po@) _ < (1) )N<"~“<1 - fm(l))N(’*O) . Po@)
pi(z) 1 — up,(0) 1y (0) T piE)

Hence, under the non-null hypothesis i, the error probability incurred by the rules (4.18) can
be upper bounded as

527 211 = Y B fs(Z) = e =]

j=01=1

Jaét
Pj (Z") a”2 (loga)”! _
=S YR [HE o
j=01=1
J#
(A.34)
Zt 1]P’ [t =1]
< Z a2 (loga)”!
Hﬁt
M

<
= a2 (loga)P1”’

where the first inequality above follows from the stopping rule in (4.18), (A.30) and (A.33), and
the second inequality follows from a change of measure argument.

The error probability under the null hypothesis can be analyzed in a similar manner. In partic-
ular, for any non-null hypothesis j € [M], we have that

5, ([ 1/a N(j,0)<1_1/a)N(j,1)
Po(z) (1 - l/a) 1/a - (A.35)
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By defining j;(z") according to

we get from the first equality of (A.26), the first inequality of (A.27), and (A.35) that

i) _ ( i (0) )N‘f"’)(l — mxm)’v‘f’” _PiE) (A37)
po(z’) 1 —mp(1) 7p(1) T Do)’ '
Using (A.37) and the arguments similar to the one leading to (A.34), we get that
M
Po[8(Z7) #0] < —5—r» (A.38)

— ea"Z (loga)”1

thereby, together with (A.34), yielding (A.24).

Next, for a non-null hypothesisi =1, ..., M, and any other hypothesis j =0, 1,..., M, j #1,
7:i(Zh)
7,(Z)
§>0and A > “ngfif;)pl, where 3? is as in (A.18) and with ¢ = a(loga)”!, it follows that for a

i

let 7; denote the smallest time for which log ( ) > a”?(loga)”" for all t > t;. Now for any

large,

‘[_,' _‘L'j—l
P; [Zz(i, U, > A:| <Pi| ) Ei.U)>A—G(1j— )= U#CH

t=1 L r=1

— _1
T a” (loga)”!

A
<P ZE(L Ur) > w —G(tj—1D > L%J}

L r=1

-y ]I”,-|:ZE(i,Ut)>10g(ﬁi(Z)/ﬁj(z))} A39)

—a
n=|A/(2¢)] t=1 d; —3/2)

< i O(n_k)=0((%>_x+l>, (A.40)

n=[A/Q20)]

where (A.39) follows from the fact that for a large, m — 0, and (A.40) follows from
Lemma A.4. Consequently, we get from (A.40) that for any j #1,

T 0 01 00 —A+1
. a”?(loga) A
& [ZC(” U”} = ﬂ(l + ongr 0((2—) )dA)
t ai -3

t=1

a2 (loga)Pl

a”?(loga)” . s —A+2
< —— 142 _ A4l
<t (1o () 4D

1
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(] Pl pr—1 \ —A+2
< %(1 +2a(1oga)mo<<fa ) ))
d—s d—s

- w(l +o(1)),
a—s

i

for A sufficiently large so that (A —2)(p2 — 1) > 1.
Last, it follows from (4.18) that T < max j4; ;. Consequently, we get from (A.41), (A.18) by
virtue of the fact that ¢(i, u) > c¢(i, u) (cf. Lemma 4.1 and (A.17)), that

E; [Z c(i, Ut)} < “m_(‘lf’ﬂ(l +o(1))
por i -3

1
apz (loga)pl

thereby, together with (A.24), yielding (4.21) and, hence, completing the proof, as § and v can
be arbitrarily close to 0 and 1, respectively.
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