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Simultaneous large deviations for the shape
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We investigate the large deviations of the shape of the random RSK Young diagrams associated with a
random word of size n whose letters are independently drawn from an alphabet of size m = m(n). When
the letters are drawn uniformly and when both n and m converge together to infinity, m not growing too fast
with respect to n, the large deviations of the shape of the Young diagrams are shown to be the same as that
of the spectrum of the traceless GUE. In the non-uniform case, a control of both highest probabilities will
ensure that the length of the top row of the diagram satisfies a large deviation principle. In either case, both
speeds and rate functions are identified. To complete our study, non-asymptotic concentration bounds for
the length of the top row of the diagrams, that is, for the length of the longest increasing subsequence of the
random word are also given for both models.

Keywords: large deviations; longest increasing subsequence; random matrices; random words; strong
approximation; Young diagrams

1. Introduction and results

Let A, = {o] <oy < -+ < &y} be an ordered alphabet of size m, and let a word be made of
the random letters X 1”, X 5” ..., X)*, independently drawn from A, . The Robinson—Schensted—
Knuth (RSK) correspondence associates with this random word a pair of Young diagrams, of
the same shape, having at most m rows. Now fori = 1,2, ..., m, let R;(n, m) denote the length
of the ith row of the Young diagrams, and recall that R (n, m), the length of the top row, coin-
cides with the length of the longest increasing subsequence of the random word X' X5 --- X"
Appropriately renormalized, and for uniform draws, the shape (R; (%, m));.":1 of the Young dia-
grams converges, in law and with #n, to the spectrum of an m x m element of the traceless GUE
([20,31]). In turn, any fixed size subset of this spectrum, also converges with m, and after proper
normalization, to a multidimensional Tracy—Widom distribution ([30,32]). These iterated con-
vergence results have further led (see [10]) to the study of the limiting shape when both the word
length and alphabet size simultaneously grow to infinity. This is briefly recalled next.

Let the random matrix X = (X;;)1<;, j<m be an element of the m x m GUE with rescaling
such that Re(X;;) ~ N(0,1/2) and Im(X;;) ~ N(0,1/2), for i # j; and X;; ~ N(0, 1) (see
[1] and [25] for background on random matrices). Let (A", A%, ..., A7) be the non-increasing

ordered spectrum of X, and let (A'l’”o, A'Z"’O, o kﬁ’o) be the corresponding ordered spectrum
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of an element of the traceless GUE (i.e., of X — tr(X)/m). An important fact (e.g., [5,6,14,15])
asserts that

0 5m0 0
(A0 a5, L am 0y (1.1)
k m—k+j .
L A/m— 1 —1 (( B! B!
£ 0, [ [ max E E (B, — Bi,,) ’
Jm tely m j=1 1=j " : 1<k<m

where ©,,:R™ — R™ is defined via (0,(x)); = Zij:lxi,l < j < m, and where

(Btj )i<j<m,ref0,1] 18 a driftless m-dimensional Brownian motion with covariance matrix

1 p e p
2 R (1.2)

with p = —1/(m — 1), and where for 1 <k <m,
Lim={t=(0j1:1<j<k,0<I1=<m):tj ;1 =0,tjmis;=11=<j <k,
ti—1<tj 1< j<k 1<l<m-—1;tj;<tj_1;-1,2<j<k,2<l<m}.

By comparing the Brownian functionals in (1.1) with discrete functionals representing the
shape of the random Young diagrams, and via a KMT approximation, under some growth condi-
tions on m, the simultaneous asymptotic convergence of the shapes is obtained in [10].

A related strategy is pursued here in order to investigate the large deviations of the shape of
the RSK Young diagrams. More precisely, we obtain a large deviation principle (LDP) for the
length of the first » rows of the Young diagrams, when n and m simultaneously converge to
infinity and when the size m of the alphabet does not grow too fast. To achieve our goals, we
also rely on the techniques and results developed in [7] (see also [3]), where large deviations are
obtained for the largest (or the rth largest) eigenvalue of the GOE. These methodologies further
give the multidimensional large deviations for the first r eigenvalues of the ordered spectrum
of the traceless GUE. In turn, when combined with a KMT approximation, these lead to large
deviations for the shape of the diagrams. Clearly, the results presented below complement the
weak convergence ones of [10] and as any LDP results they allow to precisely quantify the
deviation from the typical (limiting) shape of Young diagrams.

Let us next put our work into context. For random permutations, the large deviations of the
length of the longest increasing subsequence are described in [13] and [29], while, moderate
deviations are given in [23] and [24]. Closer to our framework, in [18], following the comparison
method of [4] and [9], large deviations for the last-passage directed percolation model close to
the x-axis are mainly established for i.i.d. weights which are Gaussian or have finite exponential
moments. The study of the length of the top row of the diagrams also corresponds to a last-
passage percolation problem but with dependent (exchangeable in the uniform case) Bernoulli
weights (see (2.3)). For uniform draws, our framework also deals with the other rows of the
diagrams.

Here is one of our main results:
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Theorem 1.1. In the uniform case, let m and n simultaneously converge to infinity in such a way
that m(n) = o(n'/*). Then, for any r > 1,

<R1(n,m(n))—n/m(n) Rr(n,Wl(n))—n/m(n)>

satisfies a large deviation principle with speed m(n) and good rate function I, on the space

L ={(x1,x2,...,x)€R":x1 > xp > --->x,}, where
r Xi
2 /
L (X1, X0e o X)) = 22/2 V@27 —ldz, fxizxpzezx 22, (g
1=
+00, otherwise.

In other words, for all x1 > xp > --- > x, > 2,

R — R, (n, —
log]P’< 1(n,m(n\)/)ﬁ n/m(n) — (n m(nj/)ﬁ n/m(n) Zxr>

= —22/; Vv (@/2)? - 1dz,
i=1

while forany x <2 and 1 <i <r,

logIP’<Ri(n’ m("j/)ﬁ_ n/mn) _ x> — . (1.5)

Remark 1.1. (i) The rate function 7, in (1.3) is a good rate function. Moreover, it is contin-
uous and increasing with respect to each individual variable on its effective domain D; =
{(x1,x2,...,x,) € R":x] > xp > -+ > x, > 2}, given that the other variables are fixed. There-
fore, to prove a large deviation principle (LDP) as in Theorem 1.1, it is enough to prove a limiting
equality on rectangular subsets as in (1.4) or (1.5) instead of proving both the usual upper and

lim
n—o00 m(n)

(1.4)

lim
n—o00o m(n)

lower bounds, that is, that for any closed set F in £ = {(x1,x2,...,x) € R x> x> - >
xr}’

. 1 n .

hnrr_1>sol<13p ) log}P’(X, € F) < —1IF1fI,, (1.6)

and that for any open set O in L,

liminf
n—o0o m(n)

log]P’(Xf c 0) > —irolflr, (1.7)

where

n (Ri(n,m(n)) —n/n’t(n))

X! = .
NG 1<i<r

(ii) The restriction m = o(n'/*) (or m = o(n'/%) below) is a technical one and there is no

reason to believe it is sharp. One can envision that our results continue to hold under at least a
condition such as m = o(/n).
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In Theorem 1.1, if at least one of the renormalized variables is on the left of its simultaneous
asymptotic mean, by changing the convergence speed from m to m?, a more accurate form of
(1.5) is valid. Below, the closed form expression obtained for K was found after Satya Majumdar
kindly suggested that the methodology developed in [26] would apply to our traceless GUE
framework.

Theorem 1.2. In the uniform case, let m and n simultaneously converge to infinity in such a way
that m(n) = o(n'/°). Then, forany r > 1,

(R1(n,m(n))—n/m(n) Rr(n,m(n))—n/M(n)>

7 Yooy 7
satisfies a large deviation principle with speed (m(n))? and good rate function K (x,) on the
space L' :={(x1,x2,...,x) € R :x1 > x0 > - > x,}, where K is the rate function in the

large deviation principle for the largest eigenvalue of the m x m traceless GUE, when on the left
of its asymptotic mean. It is given by

K(x):= inf (), (1.8)
peMo((—o0,x1)

where I (see (A.S)) is the rate function in the large deviation principle for the spectral measure of
the GUE, and My((—o0, x]) is the set of zero mean probability measures supported on (—o0, x].
For x <0, K(x) =+o00, forx >2, K(x) =0, and for 0 < x < 2,

K(x) = %(3(93/532/3(\/@ —ox)”? —8)x?
+9v293(v/81x2 + 12— 9x)'/°
x (V27x2 +4(V81x2 + 12— 9x)'* = 53/293)x
—6v/23%3(V/81x2 + 12— 9x)*° (1.9)
—322335/6/27x2 4+ 4(V/81x2 + 12— 9x) "/
+ 161og(v/81x2 + 12 — 9x)
— 481og(2V/3 — V2(V/81x2 + 12— 9x)**) 4+ 60 + 3210g6).

In other words, for all x, < x,_1 <--- <x1, with x, <2,

A1 G2

Ri(n, _
IP’( 1(n m(nj/)ﬁ n/m(n) S

Ry (n,m(n)) —n/m@m) _

(1.10)
\/_ _.Xr> :_K(xr)v
n
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while forall 2 < x, <x,_1 <---<xy,

. 1 Ri(n,m(n)) —n/m(n)
nlggo )y log[P’( \/ﬁ <X{,...,
Rr(n,m(n\)/)ﬁ— n/m(n) er) _o.

The LDP for the longest increasing subsequence is now a simple consequence.

(1.11)

Corollary 1.1. Let m and n simultaneously converge to infinity in such a way that m(n) =
o(n1/4), then for any x > 2,

nlingo ) logIP’( NG Zx) = 2./2 v/ (z/2) 1dz,

and similarly, if m(n) = 0(n1/6),f0r any x <2,

. 1 Ri(n, m(n)) —n/m(n)
T

Remark 1.2. The methodologies developed in this paper allow to derive LDPs in related prob-
lems. Such is the case for last-passage directed percolation close to the x-axis, or for the departure
time from many queues in series when the number of customers is a fractional power of the num-
ber of servers. In these two problems, similar (discrete) functional representations are available
but with i.i.d. weights, so the large deviations rate functions should be the corresponding rate
functions in the LDP for the largest eigenvalue of the GUE.

x> =—-K(x).

When the independent random letters are no longer uniformly drawn, let X l’" 1<i<n,be
independently and identically distributed with P(X ’1" =qaj) = p;.", 1 < j < m. Moreover, let

Pmax = MaXi<j<m pj, let py g =max{p} < pp.:1 < j <m}, andletalso J(m) ={;:p} =

Do), where k(m) = card(J (m)), that is, k(m) is the multiplicity of pJ ..

Theorem 1.3. In the non-uniform case, let k(m(n)) and n simultaneously converge to infinity in
such a way that k(m (n))3/pr’?lax =o(n), and let

n (pgnnd)2

—————— =ol(exp(—k(m(n) “1), for some a > 1, (1.12)
Ky, ~ P ))
where pong is the second highest probability. Then,

Rl(l’l, m(n)) - nprrﬁax
kG (n) it

satisfies a LDP on R with speed k(m(n)) and good rate function I.
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In other words, for any x > 2,

. 1 Ri(n,m(n)) — nplly, / *
| - I 22— 1d, 1.13
e k() 02 ( k(m(n)) pi— zx) , VETolE (19

while for any x <2,

Ri(n,m(n)) —npi. .
P = —00. 1.14
( NI x) > (19

Remark 1.3. (i) Above, the condition k(m(n))3 / pm.« = o(n) matches exactly the condition m =
o(n'/*) of Theorem 1.1, but the new condition (1.12) is not present there. A similar remark
applies to Theorem 1.2 and to Theorem 1.4.

(i1) In contrast to our first theorem, the one just stated is only for the first row of the diagrams
and not for the whole shape. For non-uniform draws, a LDP shape result is also possible under
conditions involving all the distinct probabilities and their respective multiplicity. These condi-
tions are rather involved and the corresponding proofs rather tedious; therefore only a first row
result is given above. A similar remark applies to Theorem 1.2 and to Theorem 1.4.

lim
n—00 k(m(n))

When the renormalized variable is on the left of its simultaneous asymptotic mean, again a
more accurate form of (1.14) is possible. Before presenting this statement, let us first recall a
few facts. For the alphabet A, with corresponding set of probabilities P = {p", p3', ..., pn},
let p(l) > p(2) > 0> p(l), 1 <1 < m, be the distinct elements in P, and let di,...,d; be
the corresponding multiplicities, with Zﬁzl d; =m. Then p) = p" and d; = k(m) as in
the previous notations. Let G,,(dy, ..., d;) be the set of m x m random matrices X which are
direct sums of mutually independent elements of the d; x d; GUE, 1 <i <. Moreover, let
Dy = p@2) = -+ = p@m) be the non-increasing rearrangement of P. The “generalized” m x m
traceless GUE associated with P is the set, denoted by go( Py Py, ..., D), of m x m random
matrices Xo, of the form

m
X0, = Xii —/P0) };\/P(h) Xpn,  ifi=j, (1.15)
Xi . otherwise,

where X € G,,(dy, ..., d;). Finally, let )2(1) be the largest eigenvalue of the diagonal block corre-
sponding to pV = pm in X,

Theorem 1.4. Let k(m(n)) and n simultaneously converge to infinity in such a way that
k(m(n)*/ plax = 0(n), let also

n(P%d)z

m =o(exp(—k(m(n))°‘)), for some o > 2, (1.16)
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where ponq is the second highest probability, and let,
. mo_
nlrgok(m(n))pmax =1, (1.17)

for some 0 <n < 1. Then,
Rl (na m(n)) - np%ax
Vnk(m(n)) pi.

satisfies a LDP on R with speed (k(m(n)))? and good rate function K,, where K, is the rate
function of i(l) when on the left of its asymptotic mean.
In other words, for any x <2,

(Rl (nvm(n)) - nprrgax

nk(m(n))p = ") = —K;(x), (1.18)

Iim ———
n=0 (k(m(n)))?

while for any x > 2,

Ri(n,m(n)) —npm.. )
P <x)=o0. (1.19)
( Jnkma) i,

lim —————
n—00 (k(m(n)))
Remark 1.4. The rate function K, is given by

ny?
Ky(x) = sup0<xy —ySM +J(SO) + 7)
y=

where J is the rate function (with speed m?) of the largest eigenvalue of the m x m GUE, and

for each y <0, S(y) is the unique solution to J'(¢r) = y with r < 2. For x > 2, J(x) = 0, while
for x <2, the following closed form expression for J is obtained in [11],

1
709=716 (‘x(—72x + 23 4 30V12 + 22 + 2212+ 22)

216
1
— 216log(g(x + 12+x2))).

In particular, Ko = J and K| = K. In fact the relationship between the spectrum of GUE and
traceless GUE implies that

(1.20)

2
K(x) = sup(xy —J*(y) + y—),
y=0 2

where * denotes the Legendre transform. For any 0 <7 < 1, K;;(x) =0, when x > 2, while for
0<n<landx € (—~00,2), K;(x) > 0 and is asymptotically equivalent to

()
E S ST S
20— BTy
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as x - —oo. For n =1, when 0 < x < 2, Kj(x) = K(x) is positive and finite. As x — 0,
K(x) ~—logx, whileas x - 2, K(x) ~C(2 — x)3, for some positive constant C.

To complement the previous results, we provide corresponding concentration results. These
rely in part on deviations inequalities for the largest eigenvalue of the m x m GUE matrix, ob-
tained respectively, in [2] and [21]. Comparing the forthcoming result with Corollary 1.1, we see
that, in this case, the deviation rates match the fluctuation results. In turn these rates match the
order of the tails of the Tracy—Widom distribution. Our results are only stated for the top row of
the diagrams, but the techniques easily apply to the whole shape when combined with deviation
inequalities for the whole spectrum of the GUE.

Theorem 1.5. In the uniform model, let 0 < o < 1/4, and let m < An®, for some A > 0. Then,
forany0<e <1,

Ri(n,m)—n/m me3/?
P(W zZﬂ(l+s)> 5C(A,a)exp<—C(A’a)), (1.21)

where

1 1
CA )= Cmax(A10/3, 1) I j—:; exp<1 j:;),

for some absolute constant C > 0.
Likewise, let 0 < o < 1/6, and let m < An®, for some A > 0. Then, for any 0 < ¢ < 1,

Ri(n,m)—n/m B - _ m2e3
P(—W <2m(l 8)>§C(A,a)exp< @(A,a))’ (1.22)

where

i 1 1
C(A, @) = C max(A®*, 1)%@@(1 +6a )
— 0 — 0

for some absolute constant C > 0.

Again, in the non-uniform case, similar results hold but under a further control of the second
highest probability.

Theorem 1.6. In the non-uniform model, let o > 3, let k(m(n))*/pp.. < An, for some A >0
and let

n(pha)’
k(m (1)) plitay

for some B > 0. Then, forany 0 < ¢ < 1,

< Bexp(—k(m(®m))), (1.23)

ik, ) TR e )
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where

2 2
C(A, B,@) = Cmax(A1%%, 1) max(VB, D2 exp<a +3),
o — o —

for some absolute constant C > Q.
Likewise, let o > 5, let k(m(n))* / pim. < An, for some A > 0, and let

n(piy)?

2
Kmnypr = Bexp(=k(m@)). (1.25)

for some B > 0. Then, forany 0 < e < 1,

Ri(n, —np™ _ k(m)2e3
IP( 101 m) = MPmax _ 5 g —s)) <C(A, B,a)exp(—ﬂ), (1.26)
/nk(m)pn. C(A,B,a)
where
_ 2 2
C(A,B,a):Cmax(A4/°’, l)max(«/ﬁ, l)&exp s ,
a—5 oa—>5
for some absolute constant C > Q.
2. Proof of Theorem 1.1 and Theorem 1.2
Asin [10], let
m |1 ifX"=aj,
Xij= {0, othelrwise, 2.1

be Bernoulli random variables with parameter 1/m. For a fixed j, 1 < j <m, the X lm] ’s are i.1.d.
while for j # j/, (X’l’fj, e X,’l’fj) and (X’I"j,, e X;’:j/) are identically distributed but no longer
independent.

Let S,’("’j = Zle Xj.f’j be the number of occurrences of o; among (X!")<;<. Since for 1 <

k <1 < n, the number of occurrences of o; among (X" )it 1<i<; is 8" — 57,

m
Ri(n,m) = sup Z(Sﬁ’] —Sln.l’Jl),
O=lo<h <-<lm=n / =
with the convention that Sj' J =0,
Moreover, letting Vi (n,m) = Zf-‘zl R;(n, m), combinatorial arguments yield (see Theo-
rem 3.1 in [15])

k m—k+j

N N
Vi(n,m)=sup Z Z (S[’;'N]—SE’;J_J_]]), 1<k<m, (2.2)
telim® ;2 1Z; '
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where

Iy m(n) = {t:(l‘j’[:l <j<k0=<i<m):tjj1=0,tjmisj=n,
l<j<kitjj1<tj;,1<j<k1<l<m-—1;

tii<tji_11-1,.2<j<k,2<l<m}.

Ijet 5(;.’7]. = (X —1/m)/on, \ivith ol = (1~/m)(1 -1 /;11), let §" =Yk, 5(;’}].. Simil~arly define
‘fk(n, m), 1 <k <m and let Rk(nN, m)=Vi(n,m) — Vi_1(n,m), 2 <k <m, while R{(n,m) =
Vi(n, m). Clearly Vi (n, m) = 0,, Vi (n,m) + kn/m, and

Ri(n,m) —n/m {— 1 Ri(n, m)

Jn - m Jnm
Let
k m—k+j
VeGm)= sup y D" (S =S ). 1<k=m, (2.3)
telin® 21 155 : ‘
with
i amin [ € ifi=j
m,1 m,Jj\ __ ) ’
COV(SE S )_{,02, otherwise, (2.4)

and p=—1/(m —1).
Next, Vi (n, m) can be approximated by

k m—k+j

Li(n,m)=sup Z Z (Et’j’] — le,-,lfl)s 1<k<m, (2.5)
tely m(n) j=1 I=j

where (B/ )1<j<m is a driftless m-dimensional Brownian motion with covariance matrix given
in (1.2), and

Li(n.m) & nLe(1,m).

More precisely, inspired by [9],

m
[Vie(n,m) — Li(n,m)] <2k (vl + W), (2.6)
=1

where

Y™ = max ‘S;"’l —~B!| and W!= sup |B!-Bl|
1<i<n 0<s,t<n
[s—t]=<1
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Since

(Ri(n,m))| ey = O (Ver,m) | i)

for any ¢ > 0, and from (2.6),
P(|Iék(n, m) — (ik(n, m) — Lr_1(n, m))| > «/mne)

(2(2k —1) Z (ymh 4+ wh) > W»;)

m,l
) (]P’(Y”" /mne )—HP’(W,’L > @))
=1 m(8k —4) m(8k — 4)

_ m] \/_8 1 \/ES
’”P<Y = 8k = 4)) P<W"zﬂ<8k—4>)’

for 1 <k < m, and with the convention that f,o(n, m) =0.
From Sakhanenko’s version of the KMT inequality as stated, for example, in Theorem 2.1 and
Corollary 3.2 of [22],

iy __Vne _ _ e
IP(Yn > ek 4)>5(1+cz(m)ﬁ)eXP< C1(m)ﬁ(8k_4)>, (2.8)

where, as m — +00, ¢1(m) ~ C1/+/m and c2(m) ~ C,/+/m, for some absolute constants C1 > 0
and C, > 0. Moreover,

P(W’:—fé; 4)) Z"P(w2| f(]/é_;f 8)>

_ pl Vne
= 4;1[E”(B2 > N 8)) (2.9)

| /\

<4 ne’
€n X _—_ .
= P\ " dem(16k —8)2

Combining (2.8) and (2.9), letting ¢ < 1, and since m(n) = o(n'/#) (or simply, m(n) = o(y/n),
to get a meaningful bound),

P(|Ri(n,m) — (Lx(n,m) — Ly—1(n,m))| = /mne) < C3Wexp<—£>, (2.10)
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for 1 <k <r, and where C3 is a positive constant depending on k, which for fixed r can be
chosen only depending on r. For any x; > x> --->x, > 2,7 > 1,and 0 < ¢ < min(l, x, —2),

P(ﬁl(n,m) - Iéz(n,m) - ﬁr(n,m) - )
vmn b Jmn T 2o Jmn T r
Ly(n,m) — Lo(n,m) Ly(n,m)— Ly_y(n,m)
§]P’< NG >X1—&, ..., NI zx,—s) (2.11)
" (Ri(n,m)— (Li(n,m) — Li_1(n,m))
* Zf( N 28)
and
P(kl(n’m) - Ro(n, m) — Iér(n,m) -
A/Jmn A/m ~vmn
Li(n,m) — Lo(n,m) Ly(n,m) — Ly_1(n,m)
>P W >x1+e,..., W zxr—l—s) (2.12)

=&

’

B ip (Li(n,m) = Li—1(n,m)) = Ri(n, m)
— Jmn
with again the convention that I:o(n, m) =0.
Combining (1.1) with Theorem A.1 of the Appendix, when m and n simultaneously converge
to infinity, the large deviations for (L (n, m))1<k<, are then given by:

i <i1(n, m(n)) Ly(n,m(n)) — Ly—1(n, m(n)) )
im P ———>x1, ..., = Xr
n—o00 m(n) Jmn)n Jmn)n 2.13)
= _22/ i,/(z/z)Z— 1dz,
i=1v2
forall x; >xp>--->x, >2,whileforany x <2and 1 <k <r,
. Li(n,m(n)) = Li_1(n, m(n))
1 logP = —00. 2.14
T ( Jmn §x> > @1

This implies that,

Ly(n,m(n)) L, (n,m(n)) — Ly_1(n, m(n))
P(WZ)C]:I:S,..., W zxr:tf))

=exp(—m@n) (I, (x1 £ ¢,....x, £&) +0(1))),
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where o(1) indicates a quantity converging to zero as n converges to infinity. Combining this fact
with (2.10), forany 1 <k <r,

P(|Re(n, m) — (Lk(n,m) — Ly—1(n,m))| > \/mne)
P(Li(n,m) > J/mn(x; £¢),...,L.(n,m) — L,_1(n,m) > J/mn(x, %+ ¢))

< C3Mexp<—£ +m([,(x1 +e,...,x, e +0(1))) (2.15)
3
2
= Cgmexp<§ <_Ci3 + %(Ir(xl +e,...,xrLe) +0(1))>) — 0,

asm,n — 0o, m =o(n'/*). From (2.11) and (2.15), and since m = o(n'/*),

lim sup
n—oo Mm(n)

IOgP<I§1(n,m(n)) o Roumo) )
m(n)n Z Xy enns —m(n)n — Ar

L
10g2IP’<M >x; —&,.

< limsup

n—oo m(n Jmm)n o 2.16)
Ly@,m@m) = Ly (n,mm) _ _8>
Jmn)n =
==L (x1—¢,...,xr —&).
Likewise, from (2.12) and (2.15),
1 Ri(n, m(n)) Ri(n,m(n))
it e (S 20 e =)
. 1_(Li(n,mn))
Ly(n.m(n)) — Ly (n,m(n)) '
JmGon Z’“’”)

=—L(x1+e,....,x+¢&).

Now letting ¢ — 0,

i L P(ﬁl(n,mm))>x Iér(n,m(n>)>x>
n—oo m(n) Jmm)n b Jmmyn "

= —QZ/QXi J@/? - 1de.
i=1
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for any x1 > xp > .-+ > x, > 2. Next, assume that x| > xp > -+ > xp > x4 =+ =X, =2,
1 <k <r, with the convention that k = r corresponds to x; > x > --- > x, > 2. Under the
conditions given in Theorem 1.1, for any ¢ > 0,

liminf ! logIP’(Rl(n’m(n)) > R (n, m(m) >x,>
n—o0o m(n)

k X; r 2+¢
Z—ZZf V@/2?—1dz—2 )" /+ J(@/2)? = 1dz.
i=1 2 2

i=k+1
Letting ¢ — 0, gives

liminf —— lo P(ﬁl(”’m(”)) > Ry(n,mw) >x>
n—o0 m(n) 5 Jmm)n b vmm)n ' (2.18)
z—zz/ e -,
=172
while,
. Ri(n,m(n)) Ry (n,m(n))
hrfri)sol:)pm(n) lo P(W > X1y, W >xr>
. Ri(n, m(n)) Ri(n, m(n))
< hnHi)Solip m(n) lo P(W > X1y eeny W Z)Ck) (219)
:_22/ i\/(z/2)2—1dz.
i=1Y2
Combining (2.18) and (2.19) proves (1.4).
Fix x <2 and let 0 < & < min(1, 2 — x), then
P(I?k(n,m) Sx) SP(Zk(n,m)—Zk_l(n,m Sx+8>
mn ) Jmn ) ) (220)
[Ri(n,m) — (Ly(n,m) — Lg_1(n,m))|

for any 1 <k <r. From (2.14),

1 Li(n,m) — Ly—1(n,
—log]P’< k(n,m) — Lg—1(n, m) sx—i-s) e,
m A/ mn
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and from (2.10),

L <|1%k(n,m) — (Le(n,m) — Ly_1(n, m))] )
—logP =¢
m Jmn
| (2.21)
- 0g(C3/mn) J/ne e
m Czm?
as m,n — 0o, m = o(n/*). Thus for anyx <2and 1 <k <r,
1 Ry (n,m(n)) )
lim logIP <x|=-00, 2.22

which proves (1.5) in Theorem 1.1.

Proof of Theorem 1.2. First, (1.11) is just a direct consequence of (1.4). Next, we prove (1.10).
Fix y1 > y» > .-+ > y,, with y, < 2. If K(y,) < 400, then there exists § > 0 such that K (y, —
8) < 400 and such that for any 0 < ¢ < min(1, §,2 — y,),

Ri(n,m) R (n, m)
P<7 — SVl eoey —F— — S)’r)

Li(n,m) — Lo(n, L, .
S]P’( 1 mi/m_n()(n ) <yi+é&..., @, m)m 1(n,m) <yr+8> (2.23)
|R;(n,m) — (Li(n,m) — Li—1(n, m))l
*;P< Jmn >
and
< 17, )Syl,--.,L(n’m)SyJ
Jmn Jmn
L I, .
. ( 1(n, m) o(n m)_yl—s,..., (nn, m)m 1(n, M)_y _8> (2.24)
_ZP<IRi(n,m)—(Li(n,m)—Li1(n,m))| 28>,
i= W

with once more the convention that I:o(n, m) =
Combining (1.1) with Corollary A.1, when m and n simultaneously converge to infinity,

IR S IP,(L(n,m(n)>< Ly (n,m@m) = Le—1(n.m(n) )
n—><>0m(n)2 Jm@m)n = Jm(n)n =

=—-K(r),



Large deviations Young diagrams 1509

for all y, < y,_1 <--- <y with y, < 2. Thus

Li(n,m(n)) L, (n,m(n)) — Ly_1(n, m(n))
(e =nee o <)

=exp(—m(m)*(K (3 £ &) +0o(1))),

where o(1) is meant for an expression converging to zero as n converges to infinity. Combining
this last fact with (2.10), forany 1 <k <r,

P(| Rk (n, m) — (Ly(n,m) — Li_1(n, m))| > /mne)
P(Ly(n,m) < /mn(y1 £ ¢€),...,L.(n,m) — L—_1(n,m) < J/mn(y, £¢))

scameXP{[<

(2.26)
n I + m3 (
m C;  Jn

K@y, +¢) +o(1))>} —0,

as m,n — oo, m = o(n'/®). Repeating previous arguments, letting ¢ — 0, and since m =
1/6
o(n'/?),

lim — 1o I@(L(n’m(n))< R m@) )——K( ) 2.27)
ey N\ G T mon ) T |

for y, <y,_1 <--- <y, withy, <2 and K(y,) < +00.
Now for fixed y; > y» > --- >y, y» < 2, let us tackle the case K (y,) = +00. Then,

R 3 I’é ’
P(Mﬂlwwﬂo

Jmn Jmn
Ly(n,m)—L,_1(n,
SJP’( (2, m) — 1, m3) syr+s) (228)
IR, (n,m) — (Ly(n,m) — L,_1(n,m))|
”P( Jmn 28)'

As m and n simultaneously converge to infinity with m = o(n!/®), the second term on the right
of (2.28) is exponentially negligible with speed m?, that is,

L |Ri(n,m) — (L (n, m) — Lg—1(n, m))|
P e =
(2.29)
log(C3/mn)  /ne
= 2 - 37 7%
m Csm

while the first term is, from (2.25), dominated by e~ K(r+e) Thys (2.27), in this case, fol-
lows by letting ¢ — 0.
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Now let2 =y, <y,_1 <--- <y, then for any ¢ > 0,

it 1o <R1(n,m(n>)< Re(n,mm) _ )
n—o0 m(n)? g Jm@m)n S m(n)n =

- Ri(n,m(n)) R (n,m(n))
=—K2-—o¢).

Again, letting ¢ — 0, and since K is continuous (see the Appendix for a proof),

| (ﬁl(n, mn)) R, (n, m(n))
() ]P) Sylv"'v S
vm(n)n vm(n)n

liminf
n—00 m(n)2

yr) > K2 =0.

Clearly,

lim sup 3
n—oo Mm(n)

o IP,(1'€1(n,m(n)) <y Ry (n,m(n)) < yr> <0,
/m(n)n Jm(n)n

which proves the case y, = 2, and finishes the proof of the first part of Theorem 1.2. Lemma A.1

of the Appendix gives a proof of (1.8).

When x <0, Mo((—o0, x]) is empty so K (x) = 400 and when x > 2, the semicircular prob-
ability measure belongs to M ((—o0, x]), thus K(x) = 0. When 0 < x < 2, the closed form
expression of K given via (1.9) can indeed be derived using the techniques developed in [26].
Denote by ¢ the zero mean probability measure supported on (—o0, x], minimizing

1 3
Iw) =3 / Y udy) — /f log|t — ylud)u(dy) — 7 (2.31)
(the existence and uniqueness of 1o follows from Theorem 1.3 of Chapter 1 of [28]. Moreover, in
view of Theorem 2.5 of Chapter IV of [28], 1o is absolutely continuous with continuous density

po, while from Theorem 1.10 and Theorem 1.11 of Chapter IV in [28], its support is a finite
interval). Let us now proceed to explicitly find pg. To do so, consider the Lagrange function

E(M)zl(u)Jrcl(/ u(dy) — 1) +Cz/yu(dy),

where the Lagrange multipliers ¢; and ¢, correspond to the constraints that u is a zero mean
probability measure. Let [L’, x] be the support of pg, and for any continuous function 4 supported
on [L’, x] such that 2(y) > —po(y), let

1 2
E(po+¢eh) = E/y (po(y) +eh(y))dy
3
- /f log |t — yl(po(1) + eh())(po(y) + eh(y)) dt dy — 7 (2.32)

+61</(po(y) +eh(y))dy — 1) +Cz/y(po(y) + eh(y))dy.
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Thus

dE(po + &h)
de

e=0
gives

2
for any continuous function 4 such that 2(y) > —po(y). Let

2
g(y) = yj —2/10g|t —ylpo®)dr +c1 + 2y,

which is a continuous function on [L’, x]. Let 2(y) = g (), then (2.33) yields

/ g(»*dy =0,
g(»=0

thus g(y) <0 for y € [L/, x]. Likewise, letting

0, if g(y) >0,
h(y) = {g(y), if —po(y) <g(y) <0,
—po(y), if g(y) < —po(y),

then (2.33) yields g(y) > 0 for y € [L’, x]. Thus,

2
- —Zfloglt—)’|/)o(t)df+cl +c2y =0,

for any y € [L/, x]. In turn, differentiating (2.35) with respect to y further gives,

t
y—2p.v. /po—(idt+cz=0,
y—

where p.v. denotes the Cauchy principal value.

2
/(y— —2f10g|t —ylpo(t)dt +cy +C2y)h(y)dy=0,

1511

(2.33)

(2.34)

(2.35)

(2.36)

Let L = L' —x and f,(t) = po(t + x) be supported on [L, 0], then the finite Hilbert transform

1 * po(t
—P.v./ p@ 4, 22

’

b4 ry—t 21
becomes
1 O £e(0) x+y+c
— p.v. dr = ,
T L y—t 2n

for any y € [L, 0]. From Section 4.3 of [33], this finite Hilbert transform can be inverted as

O V=D x+t+c

1
£ = /(= L)(—y) (p'v' /L t—y 21

dt+C3),

(2.37)
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where L <y < 0. Moreover,

/0 t—L)(—Dx+t+c
p.v. dr
L t—y 27
| (2.38)
= R(4CQ(L —2y)+ L* +4L(x +y) — 8y(x +)).
Since f, (L) =0,
3= e (4L(c2 + x) +3L%),
which when plugged into (2.37) yields
VYL =y)Q2cr+L+2(x +y))
fx(y) = 4 .
my
Now, the two constraints [ duo(y) =1 and [ yduo(y) =0, yield
0 0
[ srmars=o. [ rma=t,
leading to
2223 (\/81x2 + 12 — 9x)*/3 —46!/3 (2.39)
32/3(v/81x2 + 12 — 9x)1/3 '
and
2323 — J/6(/81x2 + 12 — 9x)2/3
)=
22/3({/81x2 4+ 12 —9x)1/3 (2.40)
APPWBLIF12-90Y + 62233/ (WBLZH 12— 90 +6
18x
Integrate (2.35) with respect to ug to get
1 2 Cl
logly =tlpno(dD)po(dy) = 7 [ y"uody) + =
while ¢ is determined by substituting y = x in (2.35),
%2
c1= -5 + Zflog |x — t|puo(dt) — c2x.
Finally,
Ho)=7 [y po(dy) — [ | loglt — ylpo(dt)po(dy) — 1
(2.41)

1 0 5 . 01 ; 2 ex 3
=3 | e rrnma - [ecnnmay+ e 21
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Finally, inserting the above values of L and ¢, into (2.41) provides the closed form expression
for K. (|

3. Proof of Theorem 1.3 and Theorem 1.4

Recall, see (2.2), that

m
Ri(n,m)=Vi(n,m) = sup Do =8y
O0=lp<l) <--<lp=n j=1 ! !
and let
m . .
Vin,m)= sup Z(Sz’;” =5

OZZOSIIS"‘Slmznj
lj—1=l; for j¢J(m)

where J(m) ={j: p;” = pp .} as defined before. Then, Lemma 9 in [10] asserts that:

E|Vi(n,m) = V{(n,m)| < Cnply, 3.1

where pang is the second highest probability and C > 0 some absolute constant.
In order to prove Theorem 1.3, we first need a lemma.

Lemma 3.1. Let k(m(n)) converge to infinity with n in such a way that k(m (n))3/pr’:‘lax =o(n),
then for any x > 2,

, 1 V/(n,m(n)) —nph *
1 log P —L max =—2/ J(z/2)2 — 1dz, 3.2
n00 k(m(n)) o < k) Zx) , Vel G2

and for any x <2,

P(Vl (n,m(m) = nppra _ x) — oo (3.3)

Jnk(mn))pn.

Proof. As in the proof of Theorem 1.1, for any j € J(m), set X ;"j = (Xz’j — pix)/om, where

lim
n—00 k(m(n))

o2 = ph (1—pm ), andset S =30, 5(;"] Hence,

Vi(n,m) —npp. — V]’(n,m)
/nk(m(n))p™.. B (” ! pmax) Vnk(m(n))’

with the obvious notation for V{(n, m). Since k(m(n))pm .« <1,asn — oo, pit. — 0,50 (3.2)
can be reduced to,

(V{m,m(n)) N

o) = x) =—I(x), 34

lim
n—00 k(m(n))
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for any x > 2. Moreover, (3.3) can be reduced to,

lim P(M <x) = —o0 (3.5)

n—00 k(m(n)) Jk(m@n) ~ ’ '
for any x < 2. Now,

Vi, m)= sup (S =5, (3.6)

0=ly<ly<--<lp=n ~_

] J=
lj—1=l; for j¢J(m)

where
mi i [ ifi=j
m,1 m,j\ __ ’ ’
Cov (g™, §¢™') = {,015, otherwise, 3.7)
where pj = —plt,. /(1 — pi. ). From its very definition, V| (, m) only depends on (S’Z”j ) jed(m)

and can thus be approximated, via KMT, by the Brownian functional F(n,k) with k =
card(J (m)) (from here onward, m is short for m(n) and k is short for k(m(n))), where

k
F(n, k)= sup Z(B,(:) - B,(L)l) (3.8)

=< <--<fr=
O=r9<t; <-<ty L

where (B(’ ))1 <r<k 1s a centered k-dimensional Brownian motion with covariance matrix

1 Pl Pl
p 1 py
. . . . t.
pr o1 1
Moreover,
F(n. k) & JnF (1, k), (3.9)

while from Corollary 3.2 and Corollary 3.3 in [16],

k
V1=pm F(l,k) = —VkmaleBlf
J=
3.10
. (3.10)

+ sup Z(Bt(:) -B"),

=< <<=
0=19<t; <<ty 1r=1

where (BY ))15 j<k is a standard k-dimensional Brownian motion on [0, 1]. The first weighted
sum in (3.10) is a Gaussian random variable with variance at most 1/k, and as well known (see
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the introductory section and the cited references therein):
a L
sup > (B — B =3k, (3.11)

O=to<ti=--=n=1,_
where AX is the largest eigenvalue of a k x k element of the GUE. Next, since K7k satisfies a
1 g g 1

LDP with rate function /1 and since the contribution of the Gaussian term is negligible, we get
via Theorem A.1 of the Appendix:

Jim %logIP’(F(l,k) > Vkx) = —11 (x). 3.12)

Now, as in the proof of Theorem 1.1,

]I”(|\71’(n,m) F(n,k)| > \/_8)

(3.13)
< k}P(Y,;”J “/—8) + kP ( fg)
vk ~ 4vk
where / is any element of J (m) and where
Y™ = max S — B(l)| and W!= sup |BY — I§,(l)‘.
I<izn 0<s.t<n
[s—t|=1
As in getting (2.8),
J/ne J/ne
P(Y;”’l > T < (1+ c2(phax)Vn) exp| —ci1 (Phnax) ~—= VA (3.14)
where c1(pi.) ~ C1/ Pl and c2(pi.) ~ Ca/pi. ., for some constants C and C», while
from (2.9),
2
P(Wl “/—8> < Cine < E) (3.15)
4k C3k

for some positive constant C3. Combining (3.14) and (3.15), letting ¢ < 1, and since k(m (n))3/
P = 0o(n) (or simply, k(m(n))/pm. = o(n), to get a meaningful bound),

P(|V{(n.m) — F(n.k)| > J_g)<c4k,/npgaxexp< Vgp:m“/"gs), (3.16)
4

for some positive constant C4. From (3.12), for any x > 2 and 0 < ¢ < min(1, x — 2),

P(F(n,k) > vnk(x £ &)) = exp|—k(I1(x £ &) +o(1))}. (3.17)
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Hence,

P(IV|(n,m) — F(n, k)| > /nke)
P(F(n, k) > v/nk(x + &)

In & k3
< Csk /”Pmaxexp< p]r{nax( C4 + T (Il(x:I:E)—i-O(l)))) — 0,
max

since k(m(n))3 /Pmax = 0(n), and, again, as in the proof of Theorem 1.1, this leads to (3.4) for
any x > 2. Arguments similar to those developed at the end of the proof of Theorem 1.1 show
that (3.4) is valid for any x > 2.

The proof of (3.5) is similar to the uniform case. First, from (3.10) and (3.11), for any fixed
x <2,

1
lim —logP(F(1,k) < Vkx) = —o0. (3.18)
k—oo k

Moreover, for any 0 < ¢ < min(1, 2 — x),
P(Vl’(n, m) < /nkx)

i (3.19)
<P(F(n, k) < Vnk(x + ) + P(|V{(n,m) — F(n, k)| = V/nke),

while P(] \7 (n,m) — F(n, k)| > «/nke) is exponentially negligible with speed k(m). Therefore,
(3.5) holds true under the condition k(m (n))3 /Piax = 0(n). U

Proof of Theorem 1.3. First, so as not to further burden the notations, below m is short for
m(n) and k is short for k(m(n)). Next, set X = (Vi(n,m) —nplt. )/ /nkpt.., Y = (Vi(n,m) —

Vi(n,m))//nkpl, and Z = (V{(n,m) —npp,)/\/nkpm, . Then, forany x > 2 and 0 < ¢ <
x—2,

PX>x)<P(Z>=x—¢e)+P(|Y]|>¢) (3.20)
and
]P’(sz)z]P’(sz+s)—IP’(|Y| 28). (3.21)
Moreover, from (3.1),
C m
P(lY| =€) < Py (3.22)

ekl

and from Lemma 3.1,
P(Z>x+¢e)= exp(—k(h (xte)+ 0(1))).
Under the condition (1.12),

P(YIZe) _ CPhg/n

P(Z>=x*xe) ™ ¢ /kp.

exp(k(/;(x £¢&) +0o(1))) — 0, as n — 00. (3.23)



Large deviations Young diagrams 1517

Letting ¢ go to 0, and repeating the arguments of the proof of Theorem 1.1, establishes (1.13),
for any x > 2, under the conditions given in Theorem 1.3. For (1.14), forany x <2 and 0 < ¢ <
2—x,

P(X <x) <P(Z<x+e)+P(IY] >e).

From (3.3), P(Z < x + ¢) is exponentially negligible with speed k(m), and from arguments as
in getting (3.23), P(]Y| = ¢) is also exponentially negligible with speed k(m), which proves
(1.14). O

Proof of Theorem 1.4 and Remark 1.4. Again, below, m is short for m(n) and k is short for
k(m(n)). First, (1.19) is a direct consequence of (1.13), so let us prove (1.18). When on the left of
its simultaneous asymptotic mean, Vl’ (n, m) can be approximated by F(n, k) (see (3.8)). Hence,
the rate function K should be the corresponding “left” rate function of the Brownian functional
F(1,k) (see (3.9)) with speed k2. From the right-hand side of (3.10), it is clear that this new rate
function depends on n = lim,_, kpj,,; let us denote it by K. Moreover, for F (1, k), and from
[17] or [6],

£ ~
V1=pn F(,k) =20,

where 5‘(1) is the largest eigenvalue of the diagonal block corresponding to pj,. in X°, and where
X" is an element of go(p'{l, Py ... Py) (see (1.15)). So the rate function K, should also be the
corresponding “left” rate function for 5‘(1) with speed k2.

Again, from [17],

E ~
A=394 pm e, (3.24)

where )Jl‘ is the largest eigenvalue of an element of the k x k GUE and where g is a standard
normal random variable which is independent of 5»(1).

Let
inf I(w), if x € (—o00, 2],
J(x) = { pneM((—o0,x]) (3.25)
0, if x € [2, +00),
x2 .
Gn()C) — 2—, if x € (—o00,0], (326)

n
0, if x € [0, +00),

be the respective rate function for )Jf, with speed k% and with 7 () given in (A.5), and for the
Gaussian term. Now, see [11], when x < 2,

J(x) = 516 (—x(=72x + x> +30v12 + x2 + x*V/ 12 + x2)

—216log(# (x + v 12+ x2))).

(3.27)
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Hence,

x < -5,
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J'(x) = (= +36x — (12+x%)), (3.28)
J'(x) = (12 = x* = xvV/12 4 x2). (3.29)
Clearly, for x € (—00,2), 0 < J”(x) < 1 and by a Taylor expansions for J and J’, and for
x2 3
J(x) = > +log(—x) + 7 +e1(x), (3.30)
1
J'(x) =x+—+e), (3.31)

with |e; (x)| <2/x% and |ex(x)| < 4/|x]3.
From (3.24), it is well known (see [12,27]) that,

J(x)=K,0G,(x) = 32£(K”(y) + Gp(x — ), (3.32)

and taking Legendre transforms:

where

so that

Ky ()= (J*() — Gi() (),

2
ny .
G*(y)ziT, 1fy§0,
+o00, if y>0,
ny?
K,(x)= sup(xy - J*y) + —> (3.33)
y=0 2

Therefore, for 0 < n < 1, K, interpolates between Ko = J and K; = K. From the very definition
of the Legendre transform,

J*(y) = suﬂg(xy —J (),

there exists, for each y < 0, a unique solution, denoted by S(y), to J'(x) = y for x € (—o0, 2].
Clearly, the function § is increasing on (—00, 0], with $(0) =2, limy_, _ S(y) = —o0, and

with

S' () = ———,
N TTIO)

for y < 0. Thus, for y <2,

J* () =yS») = J(S(),
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and,
ny?
K,(x)= sup<xy —ySM+J(S») + 7)
y=<0
For y <0, let
ny?
Hy () i=xy = yS0) +J(S0) + -
then
1
Hy ,(»)=x—S)+ny, H);/,n(y):—m"'ﬂ,

so H” ,(») <0 for y € (—00,0), x e R and 0 < < 1. When x > 2, for any 0 <5 <1,
(y) > 0 for y < 0 with H, (0) >0, thus K, (x) = sup, <o Hy ,(y) = Hy ,(0) =0. Let us
now deal with x < 2. First, from (3 31), it can be shown that for y < —6,

y<S(y) <y+l1,

and thus since x — J'(x) is increasing on (—o0, 2],
/7 U 2
S —y=SM-J(SM)<y+1-J (y+1)<—ﬁ,
which further yields

2
S -
y<S(y) <y il

Moreover, when y < —6,

<SG =y +[I(S») =T

2
‘Hx,n(y) - (xy — 2+ I+ %)

y /
2| —— J DIIS - 3.34
< ‘y+1’+| O+D[[Sm—y| (334
<34+3=6.

Combining (3.34) with (3.30), it follows that for y < —6,

<7. (3.35)

1—n 2
‘Hx,n(y) - (xy +log(—y) — — Y >

When n = 1, for any x <0, H;’l(y) < 0 for y <0, thus

Ki(x)= lim Hy 1(y)=+o0c.
y—>—00

For 0 < x < 2, since S(y) — y is increasing on (—oo, 0] with a range of (0, 2], there exists a
unique solution, denoted by T7(x), to H;,l (y) =x — S(y) + y =0. Note that y = T1(x) is the
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maximizer of Hy 1(y) and as x — 0, T1(x) — —oo, thus there exists 6 > 0, such that for x < 4§,

Ky(x) = sup Hy1(y).
y<—6

Since for x < 1/6,

sup (xy +log(—y)) = —1—logx,
y=<—6

when combined with (3.35), it follows that for x close enough to 0,
|K1(x) — (—logx)| <8.

When 0 < n < 1, forany x < 2, there exists a unique solution, denoted by 7, (x), to H ;’n(y) =
x — 8(y) +ny =0. Again, y = T, (x) is the maximizer of Hy ,(y) and as x — —oo, T;(x) —
—oo. Repeating the arguments of the case n = 1, gives as x — —o0,

)C2 X
Ko~ 37— e~ )

This last statement (clearly consistent with the case n = 0), finishes to prove the last assertions
of Remark 1.4. The rest of the proof of Theorem 1.4 follows along the lines of the proofs of
Lemma 3.1 and of Theorem 1.3, and is therefore left to the interested reader. |

4. Proof of Theorem 1.5 and Theorem 1.6

Left and right concentration inequalities for the largest eigenvalue A" of an element of the m x m
GUE are respectively given in [2] and [21]. More precisely:

Proposition 4.1. Let m > 1 and let ¢ > 0, then for some absolute constant Coy > 0,

P(A) = 2¢/m(1 +¢)) < Coe ™"/ 0, @.1)
Likewise, for some absolute constant Co>0,andallm>1and0<e <1,

P(V" <2y/m(1 — ) < Coe™ ¢/, (4.2)

32

Next, to prove (1.21), assume first that me®/= > 1. Then forany 0 < ¢ < 1,

Vi(n, m)
P(T >2/m(1 +8))

m—1L1(n m) €
5]1”(,/ 2\/_ >1+4+ > 4.3)

m—1|V1(n,m) Ll(n m)| ¢
—HED( m 2./mn 2)
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As before,
[m —1Li(n,m) é)\m’o
m Jn !
and
L .m0
)\rln = )‘rln + &gm>

where g, is a centered Gaussian random variable with variance 1/m, independent of )L’I"’O. So,

[m=1Ly(n,m) € m € Jme
P( TWZl_FE)SP(M Zzﬁ(l'FZ))'FP(ng ) )

—me3/? _m2e2
< Cie me /C1+C16 ms/C]’

for some positive constant C1. Now from (2.7), (2.8) and (2.9), the second term on the right-hand
side of (4.3) is upper-bounded by:

P(Wl(n,m)—il(n,mn _e
2/mn 2

In order to reach (1.21), we need to show that there exists a positive constant C(A, «), depending
only on A and «, such that

> < sz/mne_ﬁg/czm + Cgmne_”SZ/sz.

C(A, @) P /1CA@) 5 ) e=m*e/C1 (4.4)
C(A, )P 1CAD 5 ) fmpe=/ne/Cam (4.5)
C(A, a)e 2 1CAQ) > Cyppe=ne?/Com. (4.6)

First, since me3/2 > 1, (4.4) is satisfied by choosing C(A, «) > C1. Now taking logarithms in
(4.5), C(A, @) has to be such that:

log +llog(mn)§m83/2<— ! vn > .7

2 +
CA,2) 2 C(A,0) Cam2el/2

Moreover, under the condition m < An“, we have:

N Ji n/2-2

> >
Com2el/2 = Com? =  A2C,

Therefore, if @ < 1/4, it is enough to choose C (A, «) satisfying

o “/ZC2+ 1 <n(1/2)’2‘”_1+a
ECA.o)  CA.a)— A2C, 2

1 logn.
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Since for all integers n > 1,

nl/2720 14 g 1+« AZC,(1 4+ @)
- — ——logn > l—log—=— "),
A2C, 2 1 —4a 1 — 4o

we just need to guarantee that

JVAC 1 1 A2CH(1
log 2 4 1) Al oy (4.8)
CA,a) CA,a) 1—4a 1 —4a
But, from our choice of «, (1 4+ ) /(1 — 4) > 1, so by choosing
1+a 1+
CA,a)>C A2 1 , 4.9
(A, @) z Cmax( )1—4aexP(1—4a) *9)

for some large enough absolute constant C > 0, (4.8) and (4.5) are satisfied. Finally, by taking
logarithms, (4.6) becomes,

1 12
log +log(mn) < m83/2(— e ) (4.10)

G
CA,a) C(A,a) Cym?

From the condition m < An®, we just need,

AC 1 1
2 < n' =73 _ (1 + &) logn. (4.11)

]
C CA)  ClAa) = ATRC,

Now repeating the previous arguments, taking the minimum on the right-hand side of (4.11), it
follows that

AC 1 1 ATBC,(1
log — 2 + L e (AT Fo) 4.12)
C(A,a) C(A,a) — 1—Ta/3 1—7a/3
Again, forO<a < 1/4,1 < (1 +a)/(1 —T7a/3) < 3, so as long as
1+« 1+«
C(A,a)>C Al073 1 , 4.13
(A,a) 2 Cmax( T 703 "\ 77073 @13

for some large enough absolute constant C, then C(A, o) will also satisfy (4.12) and therefore
also (4.6).

Combining (4.9) and (4.13), if me3/%2 > 1, and m < An®, with o < 1/4, there exist a positive
constant

1 1
C(A,a) = Cmax(41°7, 1) +:‘ exp(l +4“ ) (4.14)
— a0 — a0

so that (1.21) holds true for all 0 < &£ < 1. When me3/? <1,

C(A,a)e e ICAD 5 cem1/C 5
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as C is large enough, and (1.21) follows. So combining these two cases, there exists C(A, @) as
in (4.14), with C large enough, such that (1.21) is satisfied.
Likewise, for the proof of (1.22), first assume that m2e3 > 1, and

Vi(n,m) —n/m
(P 22 o)

—lLl(n m) €
SIP)<V PN 1_5>

(4.15)
+P( m—1|Vi(n,m)— Li(n,m)| 8)

m 2/mn -2
< Cle—m2£3/C] +C1e—m2£2/C] +C2me—ﬁs/czm +C2mne—n82/C2m.

Repeating previous arguments, and as long as m < An®, with @ < 1/6, there exists a positive
constant

_ _ 1 1
C(A,oe):Cmax(A4, 1)1 +6a exp(%),
— 6a — 6a

so that (1.22) is satisfied. Once more, taking C large enough, the case m?e> < 1 follows, and
(1.22) is proved.

The proof for the non-uniform case is similar to the uniform one. For (1.24), assume at first
that ke3/2 > 1, then

]P’( Vi(n,m) —nplk..
V1kPiax
SP(V](n,m) V/(n,m) e>+P< = ViG,m) — F(n.k) _

2,/nkph. =3 e 2v/nk

(T 1)

>2(1+ 8))

-3)

L».)IO‘J

=A1+ Ay + As.
From (3.22), (3.13) and (3.10),
Al < Clpé"ndx/ﬁ

= i

N
Ay < kaexp(—a) +C2k\/fTﬁ’mexp< Pin/ag )’

wer{as)osiaa(ond)

kg? ke3/?
<Cz exp(—c—3> +C3 exp(— G )
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In order to reach (1.24), we need to show that there exists a positive constant C(A, B, «), de-
pending only on A, B and «, such that

ke3/? C
C(A, B,a)exp< & ) > lpz"df, (4.16)
C(A,B,a) e /kplt
ke3/? k ne?
C(A, B, >C - 4.17
o maresn( o 50 s Conke (25 an
ke3/? VP
C(A, B, > Cok/npm ), 4.18
( “)exp( C(A, B, )) =52 ”pm“exp< Covk ) @19
k83/2 k2 2
C(A, B, C ). 4.19
( “)exp( C(A, B, a)) 3exp( Cs ) @19
First, taking logarithms in (4.18), gives:
Cy 1 3 1 J/npmn
— = tlogk+ -1 m ) < ke — max )
og C(A, B,a) +logk + 2 Og(npmdx) =Re < C(A,B,a) + C /ek3

Next,

\/npmax \/(npxrgax) 1_3/0[
Covek3 A3PeCy

so if a > 3, then there exists a constant C(A, B,«) > 0, satisfying (4.18). In fact, here
C(A, B, «) just needs to be such that

AleC, 1 o+2 A3 Cy(a +2)
0g + < l—log——= |,
C(A,B,a) C(A,B,a) a—3 a—3
which forces
2 2
C(A, B, a) > Cmax(A%/*, 1) 2 (L2, (4.20)
-3 oa—3
for a large enough absolute constant C > 0.
Second, taking logarithms in (4.16), gives:
C m k 3/2
og——L +10g<p2"d[) <-4 +loge.
C(A,B,«a) [kpm . C(A,B,a)

From (1.23) and the assumption ke3/2 > 1, in order for (4.16) to hold true, C(A, B, a) needs to
satisfy
VB &k k

2
log— >~ 2<% Zlogk,
C(A,B,a) 2~ C(A B.a) 3
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which further forces
C(A, B,a) > Cmax(VB, 1), 4.21)

with the absolute constant C large enough.
For (4.17), as we did with (4.6), and under the condition k*/p7, < An with o > 3, we need:

max

3a+3  (3a+3
C(A, B,a) > Cmax (A3 1)3“ +7 exp<3“ +7>, (4.22)
o — o —

with the absolute constant C large enough. Finally, (4.19) is easily satisfied since ke3/? > 1.
Moreover, when ke3/2 < 1, then (1.24) holds, given C > 0 large enough. Combining (4.20),
(4.21) and (4.22), choosing

2 2
C(A, B,a) = Cmax(A"%7*, 1) max(v'B, 1)%&@(“ +3),
o — o —

with C > 0, some large enough absolute constant, then (1.24) holds under the given conditions.
Likewise, we can prove (1.26).

Appendix: Large deviations for the spectrum of the traceless
GUE

For any integer m > 2, let the random matrix X be an element of the m x m GUE. Let
(A1, A2, ..., Ap) be the spectrum of X, and let

1
(51,52,.--,&41)=ﬁ()»1,?»2,-~-,?»m)-
The joint probability density of (&1, &, ..., &,) is given by
1 m ~— 2 5
onEr. &2, E)=——exp| = D &) [ & -8 (A1)
i=1 1<i<j<m
where
) m
Zm = Q)" 22 ]—[ i, (A.2)

j=1
see Theorem 2.5.2 in [1] and also Theorem 3.3.1 in [25].

Let (AO, Ag, e, A?n) be the spectrum of X — tr(X)/m, an element of the m x m traceless GUE,
and again, let

1
(60,60, 60) = = (30,29, .20

3
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The joint distribution function of (510, ég, e 5,?1) is given by
P(&) < 51,69 <s2,.... 60 < 5m)
(A.3)
= vzﬂ/ ¢m(xlsx2,---,xm)d-xl"'dxm—la
L(S1seesSm)

where

m

L(S1,...,8) = {x =(X1, ..., Xm) eRm:in =0,and x; <s;,
i=1
foreachi = 1m}

Let (&§]",&)", ..., &) be the non-increasing rearrangement of (&1, &2, ..., &x), and let (Sf"’o,
&' 0 .. €M% be the non-increasing rearrangement of (5?,53,...,5,2), then, for example,
see [17],

L 0 0
&y, e = E. 50 L Em) + gmem. (A4)

where g,, is a centered Gaussian random variable with variance 1/m?, independent of the vector
&m0, g0, gm0, and where e, = (1, 1,..., 1).

As shown in [8], the law of the spectral measure 4" = % YL, 8 satisfies a large deviation
principle on the set P(R) of probability measures on R, and with good rate function 7, in the
scale m?. Moreover, [ is given by

1 3
I(w) = E/XZM(dX) - // log [x — ylu(dx)u(dy) — T (A.5)

and its unique minimizer is the semicircular probability measure

1
o(dx) = §1|x‘52\/4 — x2dx.

Based on this LDP for 4™, the LDP for the largest (or rth largest) eigenvalue of the GOE
with an explicit rate function is obtained in [7] and [3] (see also [19] for generalizations). Fol-
lowing the approach and the techniques developed there, and taking into account (A.4), we get a
multidimensional LDP for the first r eigenvalues of the traceless GUE:

Theorem A.1. Letr €N, on L7 :={(x1,x2, ..., %) €R 1x; > x> --- > x,), ("0, &0, ..,

g ’O) satisfies a LDP with speed m and a good rate function

L (x1,%2, ..., X)) = ZZ/ K (/2 — 1dz. Yrzn>. =2

otherwise.
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Proof. Let
m
O (g1, d&, ..., d&y,) = exp(—— Y& ) [T &-&)*]]d&.
I<i<j<m i=1
From [7], (Si”, 55", ..., &M satisfies a LDP with speed m and rate function /, on £". To prove
the validity of the same results for (élm’o, 5;"’0, ..., €™ itis enough to show that
. 1 m,0
limsup — log O (§7° < x) = —o0, (A.6)
m—oo M
for any x < 2, and since I, (x1, x2, ..., X,) is continuous, increasing in each individual variable,

on L' N[2,00)",

1 0 0 ~ [
mleoo —log O (&"" = x1,....&"" > x,) = _2'21:/; (z/2)? — 1dz, (A7)
i=

forall x; > x9 > -+ > x, > 2.
First, forx <2,let§ =2 — x, so

O (M0 <x) < Qm(E™O + gm < x +8/2) +P(gm > 5/2)

(A.8)
= Om(§" <x+8/2) +P(gm = 68/2).

Since,

1
P(gy > 8) ~ ———e ™2 asm — oo, (A.9)

v 2mméd

(A.6) follows. For (A.7), fix x; > xp > --- > x, > 2, for any 0 < ¢ < x,, we have

1
hmsup—log Qm(E1 > xq,.. .,Erm’o zxr)

m—0oQ

<11msup—10g(Qm(§ >xi—& ..., &' =x, —&) +P(gm > ©)).

m—00

Moreover,
Qm(él’" >X1—& ..., E > x —S) =exp{—m(lr(x1 — &, X0 — &, ..., Xp — &) +0(1))},
where o(1) goes to 0 as m goes to infinity. So for fixed 0 < ¢ < x,,

P(gm =€)
OnE">x1—¢&,....E">x, —¢)

— 0, m — 00,
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hence,
hmsup log Qm(é >xp,..., &m0 > X)) <=L (x) —e,x2—&,...,% —&).
m—00
Likewise,
11m1nfllog Qm(é m0 - X1, .. .,érm’o zx,) > L (x1+ex2+6,...,x +¢),
and letting ¢ — 0, the continuity of the rate function leads to (A.7). (|

For any u € P(R), construct a discrete approximation via

X" = inf{x € R:M((—OO, X]) >

> } 1<i<m, (A.10)
m+1

and ™ = Y"1 §,m/m (note that the choice of the length 1/(m + 1) of the intervals rather that
1/m is only made in order to ensure that x,)! is finite). Using these discrete constructions, set:

X = {MGP(R) Z -0, asm—>oo} (A.11)
and
Po(R) = {ueP(R):/xu(dx):O}. (A.12)

Since the condition in (A.11) ensures that ¢« has mean zero, it is clear that X is a proper subset
of Pp(R). With the above, and the arguments and results in [8], the large deviation principle for
the spectral measure of the traceless GUE follow:

Theorem A.2. The spectral measure i = Yo 85_0 /m satisfies a large deviation principle on

X in the scale m* and with the good rate function 1.

Proof. Since this proof closely follows [8], it is just sketched here. Write the density of the
eigenvalues as:

O, (dg), d&Y, ..., dg0)
V2n

=7 exp( / / )it (dx)ﬂ@"(dy))He—ffﬂ/zds?---ds,%_],
i=l

where 0 = — Y71 £9 and

flx,y) =1(x*+y?) —log|x — yl.
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Let Qm be the non-normalized positive measure Qm = Zu Om/~/2m. Via Stirling’s formula,

1 NG) 1 ! 3
lim —1og—”:——/ xlogxdx =2, (A.13)
m—>oo m? Zm 2 Jo 4

so if under Q,,, fiy satisfies a large deviation with rate function

T = / £ (o), (A.14)

then combined with (A.13), this will lead to the statement of the theorem.
First, observe that for any Borel subset A C X', any N € R™,

m—00

limsup - log(O (24 € 4)) < - int ( [[ e N)a(dxmdy)). (A15)

Moreover, from arguments as in [8], the sequence (fi(j)men is exponentially tight under Om
on X. So we just need to prove that ([ )men satisfies a weak large deviation principle with

rate function J (x2) under the measure Q,,. The upper bound is clear. Indeed, ;1 — f f (fx,y) A
N)p(dx)u(dy) is continuous on &, therefore (A.15) implies that for any u € &,

1
lim sup lim sup — log(Qum (2§ € B(,9))) < —/f(f(x,y) A N)p(dx)p(dy),

§—~0 m—>oo m

where B(it, §) is the open ball of center u and radius §, with respect to the distance given by

/gdm—/gdm,

Lipy(1) ={g:R— R:|igllLip < L. lIglleo < b},

d(ui, u2) = sup i, 2 € X,

geLip, (1)

where for some fixed b > 0,

are bounded Lipschitz functions. Then, by monotone convergence,

lim suplim sup — log(Om (A% € B, 9))) < — / £, )pdnp@y), (A.16)
§—0 m—o0 m?
finishing the proof of the upper bound.

To prove the lower bound, let v € X. Since I (v) = 400 if v has an atom, assume without
loss of generality that v is atomless. As in (A.10), let v =Y """ | §,m /m. Now, as m — oo, v
converges weakly, with probability one, towards v. Hence, for any §>0and m large enough,
setting A, = (& <&) <--- <&0},

On(AG € B(1v,9))

_ 0_ .m
ZQm({lfﬂ%}f—lEi X; |<2¢_}QA )
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" m—1
m 2
= exp| == (& + ") g — & +x" — d&;
/T(sl,...,sm Xp( 2 ; ) 71_[ | J 7 1_[

1<i<j<m i=1
m—1 mm—l s 2
> l_[ | — x| ><1_[|xlJrl x{”|exp{—zz<|xi’”|+ﬁ> ]
i+1<j i—1
m—1 2 m—2 m—1
X |xp = xp_y|exp( —m inm — m282 / ]_[ 1€i+1 — &il ]_[ dé&;, (A.17)
i=1 T(élsvém) i=1 i=1
where
TG 8m)
m m
= ; m _
= {lirinfa};c_ 1&il < 2\/_ E1<& < <$m,;&+;xl o},

The last term on the right-hand side of (A.17) can be lower-bounded by changing variables:
El=xrand & — & 1 =x;,2<i <m — 1. Next, let

Rty vy Xm—1)
8 ) )
=< e 0 <——,2<'< — 1.
{ 2m = S T aym = a2t == }

Recalling that, Y /" | x" /m — 0,

m—2 m—1 m—1

/ [T e —& [T ae = /Rm ] 1'[ i [T 4

TGronbm) ;g A.18

s /17 & \2\"2 (A-18)
- il )
= 4@(2(4m2> )

Hence,

Om (2 € B(v,9))

> T o =« H|xl+1—x’"]exp<—%2(xim)2) (A.19)
i=1

i+1<j i=1

() i)
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Now by arguments as in [8],

ligni(r)lfliminfi2 log(Qm (126” € B(v, 6))) > —f f(x, y)v(dx)v(dy). (A.20)
— m—o0 m

Combining (A.16) and (A.20), establishes the weak large deviation principle, finishing the proof
of the theorem. O

We are now ready to give the large deviations for S;"’O when on the left of its mean. To
do so, let us introduce some notations: Let M ((—o0, x]) be the set of all probability mea-
sures on (—oo,x],x € R, let My ((—o0, x]) = M((—0o0,x]) N X, and let Mo((—o0, x]) =
M((—o0, x]) N Py(R). Since {g;"*o <x}={ig € Mx((—o0,x])}, then for any x <2,

1
lim — logP(e"™% < x) = — inf I(w). A21
m—00 m2 & (él _x) peM x ((—00,x1) W) ( )
For each x € R, let
K(x) = inf  I(w). (A22)
pneMo((—00,x])

When x > 2, the semicircular law o is both in My ((—oo, x]) and My((—o0, x]), and so
inf e My ((—00,x]) 1 () = K (x) = I (0) = 0. Moreover, when x < 0, and since both M y ((—o0,
x]) and Mo ((—00, x]) are empty, inf,,c Af 5 (—co,x)) I (W) = K (x) =1 (0) = +o00.

When 0 < x <2, and from arguments as in [18], it is next shown that K is continuous. Indeed,
forany y <0and 0 <x <2, let

1 X X X 3
S0 = / W2 pu(du) — f / tog u — rlu(@u)pde) — . (A23)
y y y

and let vy be the minimizer of /(1) on Mo((—o0, x]). Then, for any 0 < ¢ < x,

va()’svx —&)

K(X)SK(X—E)Sm,

(A.24)

where y, is the value for which

X—E&
/ tdve (1) =0.

Since, as ¢ — 0, the right-hand side of (A.24) converges to K (x), K is left continuous.
To show the right continuity, note that by a simple change of variables,

Kx) = inf JE(x),
neMop((—oo,x+e]) ’

where

1 x+e ) x+e x+e 3
s =3 [ w-eru@o - [ [ loghitin@onan - 3.

—00



1532 C. Houdré and J. Ma

Therefore,
&2
0<Kx)—Kx+e)<JE (x)—K(x—i—s):?,

— “Vx+e

and the right continuity of K follows. Likewise, inf,e Af y ((—o0,x]) I (1) is right-continuous with
respect to x.
Next we need a result which, when combined with (A.21), gives

1
lim — logP(¢]"" < x) = =K (x), (A.25)
m—o00 m

for any x < 2. This is the purpose of our next lemma whose statement as well as proof benefited
from Ionel Popescu help.

Lemma A.1. Forany x € R,

inf I(pn) =K(x). (A.26)
HeMx ((—00,x])

Proof. For x > 2, both sides of (A.26) are equal to zero and so we just need to consider the case
x < 2. First, since X is a proper subset of Py(R),

K(x) < inf I(w). (A.27)
HEM x ((—00,x])

Next, let us show that

K(x)> inf I(w). (A.28)
neMx ((—o0,x])

By Theorem 1.10 and Theorem 1.11 of Chapter IV of [28], there exists a unique probability mea-
sure, (g, minimizing I (i), for all u € Mo((—o0, x]), and its support is an interval, [a, b], with
b < x. Since pg is atomless, its distribution function F is continuous, increasing with F(a) =0
and F(b) = 1. Moreover, since /o has mean zero, fol F1 (x)dx =0, where F —! the inverse of
F, is continuous and increasing on [0, 1], with F' “10)y=qgand F1(1) =b.

Now for any integer n > 2, construct an approximation to F~! as follows: For i/n < x <
@+ 1)/n,let

n<F4(’+ )(x—i)—kF4(1+ ><’+ —x)), ifo<i<n-2,
G,J{(x)z n n n n

b+x—_, ifi=n—1,
n

and let,

. . N
n(F1<l— (x—l—)+F1<l—>(l+ —x)), ifl<i<n-—1,
Gy () = SO AT

a—+x— , ifi =0.
n
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From this construction, fol Gl (x)dx > 0and fol G, (x)dx < 0. Next, let

S+ — fy Gy (x)dx _ Jo Gif (x)dx
" fo Gl dx — ) Gy (x)dx G — ) Gr () dx
and let
Gu(x) =y, Gy (0) + v, G, (x).
Then,

1
f G,(x)dx =0,
0

and since G, is piece-wise linear, it is Lipschitz. Let 1,, be the probability measure whose distri-
bution function is G,, . The Lipschitz continuity of G, yields that u, € X, for any n > 2. From
its very construction, u,, is supported on [a — 1/n, b + 1/n], and w, converges to o weakly, as
n — 00, and thus

lim_ / X2y (dx) = / x2 o (dx). (A.29)

For the second term on the right-hand side of (A.5),

f/ log |x — y|u(dx)u(dy) = 2// log(y — x)u(dx)p(dy), (A.30)
x<y

let

Zlog( ( nl)—F1(%))+#§log<F1<i:]>—Fl(%>> (A31)

2§log< <]+1) G( )) 22210{;( <+l> Gn(}%)) (A.32)

be respectively Riemann sums approximations of f fx<y log(y — x)uo(dx)uo(dy) and
ffx<y log(y — x)ptn (dx)py (dy). Forany 0 <i < j <n — 1,

(o (1) o (2)
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and moreover, forany 1 <i < j <n —2,
41 .
oe(6(57) - x(5))
n n
i +2 i+ 1
>y log(F_l <i> —F! (’ + )) (A.34)
n n
_ (] _ifi—1
+y, logl F/ (= |- F .
n n

If fny log(y — x) o(dx) po(dy) = —oo, (A.28) is trivially true, so let us assume that this last

integral is finite. Moreover, since yn+ +y, =1

lim inf(—// log [x — ylun(dxmn(dy)> < —// log [x — y|po(dx)uo(dy), (A.35)

n— oo

and combining (A.29) and (A.35),
liminf I (u,,) < 1 (o).
n—o0

Since w, is supported on [a@ — 1/n,b 4+ 1/n] and from the right continuity (in x) of
infy e My (—00,x7) T ()5

K(x) = inf (),
peMax ((—00.x])

which finishes the proof. g

To finish this Appendix, the large deviations for the first r eigenvalues of the traceless GUE,
when at least one of them is on the left of the asymptotic mean, is established:

Corollary A.1. For x, <x,_1 <---<x1,and x, <2,

1
lim — logP(¢]"" <x1,.... "0 <x) = —K (x,).
m—o0o m
Proof. Next, let (S{"’O, &' 0 .., &™) be the non-increasing rearrangement of &8, ... 8,
and set
L:=PE" <xi,....6"0 <x),
M:=P(g?5x1,...,,§?5x,,§,"+l gx,,...,ér(,), fx,).
Then,
m!
M<L <m'M, (A.36)

< - B
Sm—rtDlr—D =
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and therefore,

1 1
lim —logL = hrn — logM (A.37)
m—o0 m
Changing variables:
§—(i—x)=m, forl<iszr—I,
El.ozm, forr <i <m,

and so,
M=Pmn; <x,,1<i=<m).

Considering the two measures » ;- 8 £ /mand > /" 8, /m, for any bounded Lipschitz function
g (with [|g]lLip < 1), then as m — oo,

Z Zg(m

i=1 i=1

1

m

S—Z|§0—n,|—>0

Therefore, > /-, EO /m and Y /., 8,,/m are exponentially equivalent, and Theorem A.2 also
applies to the latter (see Theorem 4.2.13 in [12]). So from (A.25), it follows that

1
lim —logM =—K(x,),

m—o00 m2

and (A.37) finishes the proof. ([l
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