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Two integrable random vectors & and £* in R are said to be zonoid equivalent if, for each u € ]Rd, the
scalar products (£, u) and (§*,u) have the same first absolute moments. The paper analyses stochastic
processes whose finite-dimensional distributions are zonoid equivalent with respect to time shift (zonoid
stationarity) and permutation of its components (swap invariance). While the first concept is weaker than
the stationarity, the second one is a weakening of the exchangeability property. It is shown that nonetheless
the ergodic theorem holds for swap-invariant sequences and the limits are characterised.
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1. Introduction

The first absolute moments E|(&, u)|, u € R?, for the scalar product of an integrable random
vector £ in R? and u, admit a straightforward geometric interpretation as the support function
of a zonoid of &, see [29]. Zonoids form an important family of convex bodies (i.e., convex
compact sets) in the Euclidean space R?, see [37]. Zonoids are obtained as limits of zonotopes
in the Hausdorff metric, while zonotopes are Minkowski (elementwise) sums of a finite number
of segments.

The sums of segments and the limits of sums can be interpreted as expectations of random
segments. By translation, it is possible to assume that all segments are centred and so are of the
form [—&, &] for a random vector £ € R?. Recall that the support function of a set K in R? is
given by

hK(u)zsup{(u,x):xeK}, ueR?,

where (1, x) denotes the scalar product. The expectation of [—&, £] is the convex set Z{ identified
by its support function, which is equal to the expected support function of the segment (see [23],
Section 2.1), that is,

hzg () =E|(u, &), ueR?
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If & is integrable, Zg is an origin symmetric convex body (compact convex set). For instance, if &

is discrete in R? with only two possible values, then Zg is a parallelogram; if £ is isotropic, then

Z¢ is a ball.

A slightly different construction of zonoids associated with random vectors was suggested by
Koshevoy and Mosler, see [21] and [29]. Namely, the zonoid Z¢ of & is the expectation of [0, §]
and so the support function of Zg is given by

hz.)=E(u. &)y, ueR’,

where x4 = max(x, 0). In order to stress the difference between the two variants of zonoids, we
call Zg the centred zonoid of &, see Section 5 for the comparison of the two concepts. Note that
Z¢ is also well defined for some non-integrable £. Nonetheless from now on we always assume
that all mentioned random variables and random vectors are integrable and not identically zero.

It is well known that the zonoid of £ does not uniquely characterise its distribution. For in-
stance, on the line, Z is the segment with end-points determined by the expectations of the pos-
itive and negative parts of &, while Z¢ is the segment with end-points £E|&|. Thus, all random
variables with the same first absolute moment are not distinguishable in terms of their centred
zonoids.

The concept of zonoid is useful in multivariate statistics to define trimming and data depth, see
[6,29]. In case of (non-centred) zonoids, the expectations h(k, u) = E(k + (1, £))+ for k € R and
u € R uniquely determine the distribution of &, and determine the support function of a convex
body in R4+ called the lift zonoid of &, see [21,29]. In finance, E(k + (u, £))+ becomes the non-
discounted price of a basket call option with strike —k for k < 0 (if the expectation is taken with
respect to a chosen martingale measure). The well-known result of Breeden and Litzenberger [2]
saying that the prices of all call options determine the distribution of & now becomes a corollary
of a general uniqueness result for lift zonoids, see [29], Theorem 2.21, and [26].

Definition 1. Two integrable random vectors & and £* in R? are called zonoid equivalent if their
centred zonoids coincide, that is,

E|(u, )| = E[{u, ")

for all u € R¢. Two families of integrable random variables {&,t € T} and {&F,t € T} are called
zonoid equivalent if all their finite-dimensional distributions are zonoid equivalent.

The concept of zonoid equivalence is closely related to spectral representations of symmetric
stable (SS) and max-stable processes. For instance, each SaS process with « € (0, 2) admits
the spectral representation

X,ifﬁ(z)Ma(dz), teT, (1.1)
E

where the equality is understood in the sense of all finite-dimensional distributions, {f;, ¢ € T}
is a family of functions from L%(E, £, ) for a measurable space (E, £, n) and M, is an SaS
random measure with control measure u, see [33]. If X; admits another spectral representation
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on a measurable space (G, G, v) with functions {g;}, then the collections of functions { f;} and

{g:} satisfy
o
| e
E G

foralln>1,uy,...,u, e Rand tq,...,t, € T. This is easily seen by computing the character-
istic function of the spectral representations, see [33], Section 3.2. If « = 1 and both © and v
are probability measures, then (1.2) can be interpreted as the zonoid equivalence of stochastic
processes { f;} and {g;}.

Fairly similar facts hold for max-stable processes, see [15,18,39,40]. This close relationship
between stable processes and zonoid equivalence makes it possible to figure out a number of
properties of stochastic processes in relation to their zonoid equivalence.

The paper starts with the analysis of the main implication of the zonoid equivalence. Namely,
in Section 2 we show that the zonoid equivalence yields the equality of the expected values for
all even one-homogeneous function of the random vectors. Stochastic processes whose finite-
dimensional distributions remain zonoid equivalent for time shifts are discussed in Section 3.
This zonoid stationarity property is brought in relationship to the stationarity of related stable
and max-stable processes through their LePage representations.

A result of Hardin ([13], Theorem 1.1) implies that the distribution of an integrable random
vector £ is uniquely determined by E|1 + (u, £)| for all u € R?, equivalently by the centred
zonoid of (1, &). In Theorem 8, we show that, if £ is symmetric, it is possible to replace 1 by any
random variable taking values £1.

Section 4 introduces the swap-invariance property for a random sequence that amounts to the
zonoid equivalence of each permutation of all its finite subsequences, which is weaker than the
exchangeability property. We prove the ergodic theorem for swap-invariant sequences and char-
acterise the limits, thereby generalising the classical results for exchangeable sequences. Zonoid
equivalence of positive random vectors with respect to permutation of two their components has
been investigated in [27] and for all possible permutations in [28] in view of financial applica-
tions.

Section 5 discusses relationships between centred and non-centred zonoids and also another
symmetry property being stronger than the exchangeability. In this relation, consider

dv (1.2)

n
Zuigt,-

i=1

Zuift,-

i=1

Elug +u1&1 + - +ugéyl

as function f(ug,uy,...,uq) of (d + 1) real arguments. The swap invariance means exactly
that f is invariant for permutations of u1, ..., ugs with ug = 0; the exchangeability corresponds
to the permutation invariance of uy,...,uy for any (and then all) ug # 0. Assuming the full
permutation invariance for all ug, u1, ..., uys imposes a property (called lift swap-invariance),
which is stronger than the exchangeability of &;,...,&;. A variant of this property for non-
centred zonoids has been considered in [26] and [28] motivated by applications in finance.
Finally, Section 6 collects a number of relevant results concerning zonoids of particular dis-
tributions. It is shown that zonoids identify uniquely distributions from location-scale families
under rather mild conditions. The special case of random vectors with positive coordinates is
also analysed, in particular log-infinitely divisible laws being important in financial applications.
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The consideration of (non-centred) zonoids makes it possible to study possibly non-integrable
random vectors, which is left for a future work. The same relates to LP-zonoids considered
in [25]. A number of results of this paper can be generalised for random elements in Banach
spaces along the lines of [1].

2. Expectations of homogeneous functions

Let H (resp., H,) denote the family of all (resp., even) measurable homogeneous functions
R? > Ry, so that f(cx) =cf (x) forall x e R? and ¢ > 0.

Theorem 2. Two random vectors & and £* are zonoid equivalent if and only if Ef (§) = Ef (§%)
forall f € H,.

Proof. Sufficiency is immediate, since f(x) = |(u, x)| belongs to H,.

Necessity. First, show that E||&|| = E||£*||. The integral of the support function of a convex
body K over the unit sphere is %d/{db(K ), where b(K) is called the mean width of K and «;
is the volume of the unit ball in R?. By changing the order of integral and expectation, it is
easy to see that the mean width of Zg equals the expected mean width of the segment [—&, &].
The mean width of this segment can be found from the Steiner formula ([37], Equation (4.1.1)),
see also [37], page 210, as b([—&,&]) = 4| &|lkg—1/(dkg). Thus, E||&] = b(Zg)de/(4/<d_1) is
uniquely determined by Zé’.

Denote the common value of E||&| and E||£*| by ¢, and define probability measure Q with
density

dQ _ I&I
dpP c
and another measure Q* generated by £* in the same way. Denote by Eq the expectation with
respect to Q (and, resp., with respect to Q*). Then for all u € R4
) (51
u,— |1 o =Eol{u, —
< ien /| TN g

and similarly ¢~ 'E|(u, £*)| = Eq+|(u, £*/11*|))|. Therefore, &/||&|| under Q and £*/||&*|| under
Q* share the same zonoid. Define measure u on the unit Euclidean sphere by setting u(A) =
Q(&/|&|l € A) and correspondingly ©*. The convex body Z;i with the support function

(3

is termed the zonoid of u, see [37], Section 3.5. It is well known that an even finite measure on
the unit sphere is uniquely determined by its zonoid, see [37], Theorem 3.5.3. Since x and p*
share the same zonoid, the integrals of any even and integrable function with respect to them
coincide.

1

I
“E[(n,£)| = ZE[(u, &) [1(1)20 = Eq

g0 = [ 0] =Eq
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For f € H,, we have f(0) = 0 and therefore

Ef (&) =E[f)Lje120] =Eqf (§/1€ll) = /SH S @) (du).

Hence, Ef(§) = Ef(§*) for each f € H,. A short calculation shows that integrability of
f(&/1&]) under Q implies integrability of f(£*/||&*|) under Q* and vice versa. O

If & and &£* are zonoid equivalent, then f (&) and f(£*) are two zonoid equivalent random
variables for all f € H,. The following result is easily derived by observing that Ef(§) =
E%(f(é) + f(—§)) for symmetric &.

Corollary 3. Twwo symmetric random vectors & and &* are zonoid equivalent if and only if
Ef (&) =Ef (&) forall f € H. In particular, Ehg (§) = Ehg (§*) for each convex body K.

Corollary 4. Let fi,..., fr € He. If & and &* are zonoid equivalent, then the vectors
(1), &) and (fL(E™), ..., fr(E™)) are zonoid equivalent as long as one of these vectors
is integrable.

Proof. It suffices to use the fact that f(x) = |uy f1(x) + - - - + ug fr (x)| belongs to H, and f (&)
is integrable. O

The following easy fact is also worth noticing.

Proposition 5. Two random vectors are zonoid equivalent if and only if all their linear transfor-
mations are zonoid equivalent.

Proof. For each matrix A, we have E|(A£, u)| = E|(£, ATu)| and so A& and A&* are zonoid
equivalent if & and &* are. O

In the following, we often consider random vectors with positive coordinates (shortly called
positive vectors), which are usually denoted by the letter 1.

Proposition 6. Two positive integrable random vectors n and n* are zonoid equivalent if and
only if E f(n) = E f (n*) for each f € H. In particular, the zonoid equivalence implies En = En*.

Proof. While the sufficiency is evident, the necessity can be proved similarly to Theorem 2 with
Q having density 11 /En;. The equality of expectations is obtained by setting f(x) = (x;)+ for
anyi=1,...,d. O

For positive random vectors, the concept of a max-zonoid is also useful. The max-zonoid M,
of a positive random vector n = (11, ..., 14) is defined as the expectation of the crosspolytope
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in RY, which is the convex hull of the origin and the standard basis vectors scaled by 711, ..., 14,
see [24]. The support function of M, is given by

th(u)=Emax(0,u1m,...,udnd), u:(ul,...,ud)eRd. 2.1

This support function is most interesting for positive uy, ..., ugz, where it is possible to omit
zero in the right-hand side of (2.1). The following result has been proved analytically in [39],
Theorem 1.1. An alternative proof (using a geometric argument combined with the change of
measure technique) has recently been given in [28], Proposition 1.

Proposition 7. Two positive integrable random vectors n and n* have identical max-zonoids if
and only if n and n* are zonoid equivalent.

3. Isometries, representations of stable processes, and zonoid
stationarity

A result of Hardin ([13], Theorem 1.1) reformulated for random vectors implies that, for any
given positive p ¢ 2Z, the values E|1 + (u, £)|? forallu R? determine uniquely the distribution
of random vector £ € RY. If p = 1, this result means that the centred zonoid of (1, &) uniquely
identifies the distribution of &, cf. [21,29]. This also means that if two zonoid equivalent random
vectors contain the same coordinate being exactly one, then these random vectors are identically
distributed. Below we provide a generalisation of this result for p = 1 and symmetric random
vectors showing that it is possible to replace the constant 1 with any random variable taking
values 1.

Theorem 8. Let £ be a symmetric random vector in R?. If € is any random variable with val-
ues 1, then the centred zonoid of (e, &), that is, the values of

Elugs + (u,€)|,  uoeR,ueR’,

determines uniquely the distribution of §.
Proof. For each function f(e, &) we have f(e,&) + f(—¢,&)= f(1,&€)+ f(—1, &), so that
E|uoe + (u, )| + E|—uoe + (u, £)| = E|uo + (u, &)| + E|—uo + (u, £)|.
Since £ is symmetric,
E|—uo + (u, &)| = E|ug + (u, —&)| =E|uo + (u, £)|.

Thus,
Eluo + (u, &)| = 1(E|uoe + (u, &)| + E|—uoe + (u, £)|)
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for all ug #0 and u € R4, Therefore, the right-hand side is determined by the zonoid of (¢, £),
and it remains to note that the left-hand side uniquely identifies the distribution of & by [13],
Theorem 1.1. O

An integrable random vector & in R4, which is not a.s. zero, generates a norm on R4 by

lulls =E|(u, &)|.

With this definition, zonoid equivalence of & and £* means that || - ||z and || - ||¢+ are two iden-
tical norms on R4, The uniqueness result in [13] is used to characterise isometries of subspaces
of L' that contain the function identically equal one. Theorem 8 makes it possible to obtain
similar results for subspaces of L' that consist of symmetric random variables and contain ran-
dom variables taking values +c for any fixed ¢ > 0. The characterisation of linear isometries
defined on families of random variables are important for the studies of symmetric stable laws,
see [13,14,32].

A collection of integrable random elements {£,7 € T} is a subset of the space L' =
L'(Q, &, P). Denote by Fg the L'-closure of the linear space generated by this collection. As-
sume that €2 is a Borel space with £ being the Borel o -algebra.

Assume that {&;} is rigid, that is, any linear isometry Up: Ft — L' is uniquely extendable to
the isometry U : L' — L. It is well known [13,32] that the rigidity is guaranteed by imposing
that the random elements {&;} have full support, the union of its supports is 2 up to a null set
(see [14] for details), and that &,/ é , t € T, generate the o-algebra K, where 5 € F¢ is arandom
variable with full support (its existence is guaranteed by [13], Lemma 3.2). Note that the family
{&:} is often called minimal instead of rigid, as it gives rise to a minimal spectral representation
of a SaS process via (1.1), see also [14].

Consider another rigid collection {&, 7 € T}, which is zonoid equivalent to {&,¢ € T'}. Then
the isometry between Fg and Fg+ can be characterised as follows, see Theorem 3.2 in [32]. For
everyteT,

£ (@) =h@4&(p@)  Pas, (3.1)

where ¢: Q2 — Q, h:Q2 — R\ {0} are measurable and |§|dP = |§|(|h|dP) o qb_l, for a random
variable & € F¢ with full support.

A similar construction of isometries can be carried over for max-zonoids and non-negative
integrable functions, see [10], where such isometries are called pistons. Since for positive random
vectors the zonoid equivalence and the max-zonoid equivalence are identical (see Proposition 7),
the isometries corresponding to max-zonoids are also characterised by (3.1).

Recall that each symmetric 1-stable (i.e., S S with « = 1) random vector X in R4 can be
represented as the LePage series

o0
X:Zr,;lg(k), (3.2)
k=1

where I'y = {1 + - -+ + { are successive sums of i.i.d. standard exponential random variables
and &, & M, & @ ... areiid. integrable symmetric random vectors, see [22]. Note that the &’s
are often assumed to be distributed on the unit sphere with an extra normalisation constant in
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front of the sum, see [33], Corollary 1.4.3. A similar series representation with the sum replaced
by the maximum, and positive £ yields simple (i.e., having unit Fréchet marginals) max-stable
random vectors, see [9] and [12]. If £ is a stochastic process, similar series representations yield
symmetric 1-stable processes and simple max-stable processes. For instance, a result of [9] says
that each stochastically continuous simple max-stable process Y can be represented as

Y, =r]1€1a;(Fk_IE[(k), teR?, (3.3)
>

where {St(k), t € R?} are i.i.d. copies of an integrable positive process {&;, t € R?}. In the follow-
ing, we refer to (3.2), its variant for stochastic processes or their max-analogues as the LePage
series.

Theorem 9. Two LePage series X and X* given by (3.2) (resp., their max-analogues) with in-
tegrable symmetric (resp., positive) summands distributed as § and §* coincide in distribution if
and only if & and §* are zonoid equivalent.

Proof. It suffices to consider the case of & being a random vector in R?. The points
{(Fk_l,é(k)), k > 1} build the Poisson point process on (0, co) with intensity t=2,¢ >0, and
independent marks £®, k > 1. The formula for the probability generating functional of the
marked Poisson process (see [8]) yields the characteristic function of X

o
Ee' (%) :exp{—/ E(1 —e”<“f>)t—2dz}
0

= exp{—/oooE(l —cos(t(u,f)))t_zdt} =exp{—gE|(u,E)’},

since fooo(l — cos(s))s~2ds = 7/2, where 1 denotes the imaginary unit. Thus, the distribution
of X is determined by E|(u, )|, u € R4,
The result for max-stable random vectors follows from the association argument from [15]

or [39] or a direct calculation of the cumulative distribution functions combined with Proposi-
tion 7. [l

Let {&;,t € T} be a stochastic process such that &; is integrable for all # € T, where T is either
integer grid Z¢ or RY.

Definition 10. The process {&,t € T} is called zonoid stationary if {&,t € T} and {&45,t € T}
are zonoid equivalent forall s € T .

Obviously all integrable stationary processes are zonoid stationary. If both & and £* are cen-
tred Gaussian processes, then by Corollary 35 their zonoid equivalence implies the equality of all
finite-dimensional distributions, so their zonoid stationarity is equivalent to the conventional sta-
tionarity. The same holds for symmetric «-stable processes with given « > 1. The fact that zonoid
does not uniquely determine the general distribution suggests that there exist non-stationary but
zonoid stationary processes. The next result follows from Theorem 9.
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Corollary 11. A symmetric 1-stable process (resp., max-stable process with unit Fréchet
marginals) obtained as the LePage series (3.2) (resp., (3.3)) is stationary if and only if & is
zonoid stationary.

If the max-stable process Y given by (3.3) is stationary, the process logé& is called Brown—
Resnick stationary, see [17]. Corollary 11 shows that the Brown—Resnick stationarity of log& is
equivalent to the zonoid stationarity of a positive stochastic process &.

Example 12. The geometric Brownian motion eWi—lt/2 | where W;, t € R, is a double-sided
Brownian motion, is zonoid stationary. The corresponding stationary process given by (3.3) was
introduced by Brown and Resnick [3]. Kabluchko et al. [17] replaced W; by a Gaussian process
& with mean p,; and variance O’lz. Their result implies that e is zonoid stationary if and only if
& — 1 has stationary increments and @, + %612 is constant for all 7.

For a zonoid stationary process & the spaces generated by {&,,7 € T} and {&44,,t € T} are iso-
metric for all 2 € T'. This gives rise to a representation of £ in term of isometries. Following [30],
a measurable function ¢ : 2 x T — € is said to be a measurable flow if ¢, 1+, (@) = ¢y, (¢, (w))
and ¢o(w) = w for all t1,1, € T and w € Q. The flow ¢ is said to be non-singular if P o ¢,_l is
equivalent to P for all # € T. A measurable function r: 2 x T — R is said to be a cocycle for a
measurable flow ¢ if 74, 44, (w) = 14, (W)r1, (P, (w)) for all ¢y, € T and for P-almost all w € 2.
By replicating the proofs of [30], Theorem 3.1, and [31], Theorem 2.2, it is easy to show that a
zonoid stationary process & with rigid (minimal) family Fg satisfies

dP o ¢,
dp

§i(w)=r; (w)< )(w) (Goo¢)(w)  P-as,

where {¢;,t € T} is a measurable non-singular flow and {r;,7 € T} is a cocycle for ¢ taking
values in {—1, 1}.

4. Swap invariant sequences

A finite or infinite random sequence & = (£1, &, ...) of random elements is said to be exchange-
able if its distribution is invariant under finite permutations, that is, the distribution of any finite
subsequence is invariant under any permutation of its elements, see, for example, [20], Sec-
tion 1.1.

Definition 13. An integrable random vector is called swap-invariant if all random vectors ob-
tained by permutations of its coordinates are zonoid equivalent. A sequence of integrable random
variables is called swap-invariant if all its finite subsequences are swap-invariant.

An integrable random vector £ with positive components exhibiting the swap-invariance prop-
erty restricted to permutation of its two components &; and &; is called ij-swap-invariant. This
weaker variant of the swap-invariance property has been already introduced and applied in a
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financial context in [27] and [36]. The swap-invariance property of the vector of asset prices en-
sures that different financial derivatives share the same price and can be freely exchanged, which
is an essential tool for semi-static hedging of barrier options, see [4].

The swap-invariance property of £ immediately implies that E|§1| = --- = E|&]|. It is obvious
that the exchangeable sequence is swap-invariant. The following examples show that the swap-
invariance is weaker than the exchangeability property.

Example 14 (See [7]). On the probability space 2 = [0, 1] with the Lebesgue measure define

%’n :n(n + 1)]1w€((n+1)—l,n—l], n= 1. (41)

By a direct computation it is easy to see that

n
Elui& 4+ unkal = Y luil,

i=1

so that the sequence is indeed swap-invariant, but not exchangeable. Further examples of this type
can be obtained for general sequences of non-negative random variables with equal expectations
and disjoint supports.

Example 15. Let Z1, Z,, ... be a sequence of i.i.d. standard normal random variables and let
{br, k > 1} be a sequence of real numbers such that Zb,% < 00. Define n; = ebi i > 1, where

o0
E=Zi+) biZi+wi
k=1

and

1 1 >
Wi =—§Var(§i) = —5<1 +Zb£+2bi)-

k=1

By Corollary 38, n is swap-invariant. Note that no two components »; and 7; are identically
distributed unless b; = b;.

If the extended sequence (1, &) (or (g, &) with ¢ € {—1, 1} and symmetric &) is swap-invariant,
then & is exchangeable. Actually, the swap invariance of such extended sequence is stronger than
the exchangeability of &, see Section 5.

It is well known that each exchangeable sequence of integrable random variables satisfies sev-
eral ergodic theorems. Given an infinite random sequence {&,, n > 1}, denote the corresponding
tail o-algebra by 7, the shift-invariant o -algebra by Z¢, and the permutation-invariant o -field
by & . These o-algebras are identical modulo null sets for exchangeable sequences, see [20],
Corollary 1.6. Since an infinite exchangeable sequence is stationary, the following result is a
direct consequence of [19], Theorem 10.6, and [20], Corollary 1.6.
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Theorem 16. Let &1, &>, ... be an exchangeable sequence of integrable random variables. Then

n
n_lzéi —E( | &) as.andin L' asn — oo.

i=1

In the following, we extend this fact to swap-invariant sequences. Recall that these sequences
by definition consist of integrable random variables.

Theorem 17. Let £, &, ... be a swap-invariant sequence of random variables. Then n~' (&, +
-+ &,) converges almost surely to an integrable random variable X as n — oo.

Proof. Assume first that all random variables &1, &>, ... are symmetric and that at least one ran-
dom variable (say &) is non-zero with probability one. Recall that E|&;| is the same for all i.
Define an equivalent to P probability measure P! by

dp!
— = E 4.2)
dP K&
For any finite subsequence & = (§1, &, ..., &k,),
E[(u, §)] &k, Eky
———— =Epijuretur—+---+ug—=|, 4.3)
Elgl " €11 €1l
where ¢ = & /|&;| is the sign of &£ and Ep:1 denotes the expectation with respect to P!. By The-
orem 8, the right-hand side of (4.3) determines the distribution of (&, ..., &,)/|&1| under Pl
By writing (4.3) for a permutation Eiyo oo n Bk, WE arrive at the conclusion that the sequence

iq
I%’ %, ... is exchangeable under P'. Theorem 16 yields that

1
—<§—2+--~+€—">—>Z Pl-as.asn — oo
n \ &1l &1
for some random variable Z. Since P! and P are equivalent, the same holds P-a.s. Thus,
M—)X:lEHZ a.s.asn — o0.
n

It is obviously possible to add &; in the numerator without altering the limit.

If the sequence {&,} is no longer symmetric, consider an independent symmetric random vari-
able ¢ with values £1. Then the sequence {¢&,,n > 1} is symmetric and swap-invariant, which
is seen by the total probability formula. As shown above, {€£,,} satisfies the ergodic theorem with
limit X,. Then the original sequence {&,} satisfies the ergodic theorem with the limit ¢ X (note
that ¢ and X, may be dependent).

It remains to consider the case when all & have an atom at zero. Fix any k > 1 and define a
new measure P by

dP 1]
dP  El&|’
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The function (x1, ..., xg) = |u1xg + - +ugxq|lyo0 is in H,, hence

Elui§ +uddp + - +urdp + -+ - +uaalle 20
=Elui1§ +u2biy + - +upkp + - - +unkiy|lg 0

for all ujy,...,us € R and all permutations iy,...,igy with iy = k. Thus, the sequence
&1, &—1,+1, .. .)/I&] 1s exchangeable under P*. Since P* is equivalent to P restricted on
(& #£0}, n~1 (& + - - + &,) converges to some random variable X for almost all @ € {£ # 0}.
Note that the same limit appears under P for m # k for almost all @ such that & (w) # 0 and
&n(w) # 0. Finally, set X (w) = 0 for all w € Q2 such that §,(w) =0 foralln > 1.

Since &1, &>, ... have the same first absolute moment, the integrability of X follows trivially
by Fatou’s lemma and the triangle inequality. (]

Remark 18. A proof of Theorem 17 for almost surely positive swap-invariant sequences can be
alternatively carried over by using &; to change the measure and then referring to [13], Theo-
rem 1.1.

Theorem 19. Assume that a swap-invariant sequence &1, &2, ... satisfies one of the following
conditions:

(a) & #0a.s. for some k > 1,
(b) &1, &, ... is uniformly integrable.

Then the convergence ()fn_1 E1+---+&)— X also holds in L'
Proof. (a) The proofs of Theorems 17 and 16 yield that
E’I’l_l(él+"'+§n)—X}]lsk¢()—>0 asn — 00,

while P(§; #0) = 1.

(b) It is well known that the uniform integrability of {£,,n > 1} implies the uniform integra-
bility of {(£1 4 --- + &,)/n,n > 1}. The a.s. convergence implies the L!-convergence in view of
the uniform integrability property, see [19], Proposition 4.12. [

Example 20 (Example 14 continuation). For the sequence (4.1), nlE +-+ &) > 0as.,
but En='(§; +--- 4+ &,) = 1, so the ergodic theorem holds almost surely but not in L'.

The following theorem characterises the limits in Theorem 17 for the case when at least one
random variable in the sequence does not have an atom at zero.

Theorem 21. Let & = (&1, &2, ...) be a symmetric swap-invariant sequence such that &1 # 0 a.s.
Then

= Zéz E(|§|§|1|| 5 )E(SQ | Sg) a.s.and in L' as n — oo, 4.4

where & = (&/I&11, &/1&11, ...).
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Proof. The sequence & is exchangeable under P! defined by (4.2) and Theorem 16 implies

&

|§1| p! [é—i ) 5§:| a.s.and in L' as n — oo. 4.5)

Let Z be a Eg measurable and P!-integrable random variable. Then

E &
E[&] EI€1| E[&]

Let A e Sg. By the definition of the conditional expectation

Epi (nAEP. (é—i | sg)) = Epi (1a&2/El1]) = Epi (14E(&2/EIE1 || ££))

[ﬂ E& &) E(|sl||£§)]_ [11 E(&I%)}
PLME@1E  Eal ] P L YE@ENE

where the last equality follows from (4.6). The uniqueness of the conditional expectation yields
E& | &)
B 2 [ ] = 2219
€11 E(&111&)
This equation together with (4.5) yield the claim. ]

With a similar proof, we arrive at the following result for positive sequences.

Proposition 22. Let £ = (&1, &, ...) be a positive swap-invariant sequence. Then

Zg, E(s|5)E(§2|5) a.s.andin L' asn — oo, (4.7)

where & = (£2/81,&3/&1,...).

For non-symmetric swap-invariant sequences, we obtain the following result by applying the
total probability formula and Theorem 21.

Corollary 23. Let &€ = (&1, &2, ...) be a swap-invariant sequence such that &1 # 0 a.s. Then

1 & €11 ;
- Zgi WE(SQ | Egg) as.andin L' asn — 0, (4.8)
i=1

where ¢ is the Rademacher random variable independent of & under P.
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Corollary 24. Let& = (£1, &, ...) be a swap-invariant sequence. Ifn~' (&1 +- - - +&,) converges
in L' to a deterministic non-zero limit c, then (c, &) is swap-invariant and so & is exchangeable.

Proof. For m,n > 1, the swap-invariance property implies

m m
Elui& + -+ unk, +M0% ;&Hk =E|uj &1+ +ui b +Mi0%]§%-n+k
for all permutations (ig, i1, ...,i,) of (0, 1,...,n). The L! -convergence then yields as m — oo
Eluoc +uiéi + - +unén| =Elujoc +ui &1 + -+ ui, &nl,
so that (c, &) is swap-invariant. Its exchangeability follows from [13], Theorem 1.1. (I

Example 25 (Example 15 continuation). We show that n=! (] + - - - + 1,,) converges a.s. to

o 1 o0
X =exp<2bizi 3 szz)
i=1 i=1

By [20], Corollary 1.6, we can consider the tail o -field 75, where

i (2 LEN ) = (%2 h—tamb)) Za=Z1i=(bs=b) ).
m m

Since the functions x > e¥~®i=b1) > 2 are bijective, Tﬁ can be written as Z7 = ﬂnzz Fu,

where F,, =0 (Z, — Z1, Zy+1 — Z1, .. .). For each n > 2, the random variable

k—1
Zy = lim k! _X(;(zl — Znti)
1=

is clearly F,-measurable and by the strong law of large numbers Zn = Zj a.s. Thus, Z; is mea-
surable with respect to the completion F, of F, for all n > 2, and hence ’Z_';, measurable. On the
other hand, for all n > 2, the vector (Z3, ..., Z,) is independent of F, 1 and therefore inde-
pendent of 75. Let f:R — R be continuous and bounded. Then for all A € 75, the dominated
convergence theorem yields

o0 k
EﬂAf(ZbiZz) = klin;oEﬂAf(Zbizi)

i=2 i=2

k [
= lim P(A)Ef (Z b,»z,~> =P(AEf (Z bizi),

i=2 i=2
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which shows the independence of Y 2, b; Z; and T;. Since E(Z | T;) = E(Z | 7_%) a.s. for all
integrable Z,

E(n | T;) = e(IHbDZ1 o= (14b]+201)/2
E(n | T;) =M 71 b1/2,
By Proposition 22,

Xezlef(1+2b1)/2

1 ¢ > .
—Zﬁi—> > hZiegh2 = x a.s.and in L' as n — oo.
n i1 e(+b1)Z1 o= +b1+2b1)/2

5. Non-centred zonoids and lift swap invariance

It is possible to relate the centred and non-centred zonoids as Z7 = Z¢ 4+ Z_g¢, that is, the centred
zonoid is the Minkowski (elementwise) sum of the zonoid of & and the zonoid of —& being
the central symmetric version Z_g = {—x: x € Zg¢} of Zg. If & has a symmetric distribution,
then Zé’ =2Z¢ is a scaled zonoid of &. For a general integrable &, its centred zonoid equals
2Z.¢, where ¢ is the Rademacher random variable taking values =1 with equal probability and
independent of &. Note that the conventional symmetrisation & — &’ for i.i.d. & and &’ is not
helpful in this context.

Proposition 26. If & and &* are two integrable random vectors, then Zg = Zg+ if and only if
E& = E&* and Zg = Zg*.

Proof. Since 2a, = |a| 4 a for any real a,
hz () = 3(E[(€, u)| + (&, u)).

It remains to note that the equality Zg = Zg+ implies the equality of expectations by [29], Propo-
sition 2.11. ]

In view of the above fact, Proposition 6 implies that for positive random vectors the equiva-
lences of centred and non-centred zonoids are identical concepts.

The centred zonoid of (1, £) (also called the centred lift zonoid of £) determines uniquely the
distribution of & by [13], Theorem 1.1. In particular, the invariance of E|1 + u1&; + - - - + ug4&,4|
with respect to permutations of any uq, ..., ug is equivalent to the exchangeability of £. If the
lifted random vector (1, §) is swap-invariant, that is, E|ug + u1&; + - - - + ug&,4| is invariant for
all permutations of ug, u1, ..., uq, then & is called lift swap-invariant.

The lift swap-invariance property is slightly weaker than the joint self-duality of £ meaning the
permutation invariance of E(uo+u1&1 +- - - +ug€q)+ forall ug, uy, ..., ug. The relation between
these two properties is exactly the same as the relation between the equality of centred and
non-centred zonoids. For instance, the lift swap-invariance implies that E|§;| = --- = E|§;| =1,
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while the joint self-duality yields that E&; = --- = E&; = 1. The both properties are identical for
random vectors with positive components.

By construction, the lift swap-invariance property implies the exchangeability of & and is
actually much stronger. For instance a vector of i.i.d. positive random variables is exchangeable,
but is neither jointly self-dual nor is lift swap-invariant unless all random variables equal 1 almost
surely, see [26].

A weaker version of the self-duality property corresponding to the permutation of the lifting
(constant) coordinate and one fixed other coordinate was studied in [26]. In particular, its uni-
variate version is often called put-call symmetry and is intensively discussed and applied in the
financial literature, see, for example, [5,38] and further references cited in [26].

Proposition 27. If a non-trivial random vector & is either jointly self-dual or is lift swap-
invariant with E&; = 1 for any i, then all its components are almost surely positive random
variables with expectation being one.

Proof. It suffices to prove this for random variable £. If (1, &) is swap-invariant and E§€ = 1,
then (1, &) is jointly self-dual by Proposition 26, so it suffices to consider only the case of a
self-dual &. The self-duality property of & implies that

E(0+ (=D§), =E(=1+08),
so that E£_ = 0 and so & is almost surely non-negative. Since
EO+1£), =E(1 +0¢),,

it follows that 1 = E&, = E£.

If £ has an atom at zero, then E(1 —a&) 4, a € R, is bounded from below by a positive number.
The self-duality implies that E(—a + &) .. is also bounded from below by the same number, which
is not possible for large a in view of the integrability of &. (]

For integrable random vectors with positive components the symmetry properties can be re-
lated to each other. Following the notation of [27], define functions

N X1 Xj—1 Xj+1 Xd .
/cj(x)=<—,...,1—,i,... —), j=1,....d,

Xj xjpoxp
on x € (0,00)¢. Forany j =1, ..., d define a new probability measure by
dp/ ;
SR, G.1)
dP  Ep;

This measure change was used in [11] in order to reduce the dimensionality when calculating
option prices. Consider an integrable random vector 7 with positive components. If En; =1,
then the zonoid of 7 coincides with the lift zonoid of i ; (1) under P/, see [28], Proposition 3.
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Theorem 28. Assume that n is an integrable random vector of dimension d > 2 with positive
components. The following conditions are equivalent:

(a) n is swap-invariant under P. '

(b) «j(n) is lift swap-invariant (equivalently jointly self-dual) under P/ for any (and then all)
jef{l,...,d}.

(c) In case d = 3, for at leqst two j e{l,...,d} (and then automatically for all j), k;j(n) is
exchangeable under P/ .

Proof. The equivalence of (a) and (b) is obtained (for j = 1) by

Eluyn + - + ugna| = EnEpi |y +u2% +~--+ud2—d ,
1 1

so that permutations of coordinates in the left-hand side corresponds to permutations in the right-
hand side. The invariance with respect to the latter is equivalent to the lift swap invariance of
#1(n) under P!, since the right-hand side identifies the distribution of &1 ().

It is easy to see that (a) implies (c) for all j, since the exchangeability is a weaker property
than (b). Assuming (c) for j = 1, 2 without loss of generality, we see that (n2/n1, ..., n4/n1) is
Pl-exchangeable and (n1/n2,1m3/M2, ..., Na/M2) is Pz-exchangeable. The first fact implies that
E|(u, n)| is invariant with respect to permutation all but first coordinates of u, while the second
fact implies the invariance with respect to permutations of all coordinates excluding the second
one, so 1 is swap-invariant. O

6. Equality of zonoids

6.1. Location-scale families

Consider family of random variables £ = u+ o X for an integrable random variable X and 1 € R,
o > 0. These random variables are said to form a location-scale family.

Theorem 29. Assume that the distribution of X has infinite essential infimum and essential
supremum. Then the zonoid Zg of a random variable & from the location-scale family gener-
ated by X uniquely determines the location and scale parameters of the distribution.

Proof. Without loss of generality, set EX = 0. Assume that the random variables i + o X and
w* + o *X share the same zonoid. By Proposition 26, u = u*.

In order to finish the proof, we show that E(u 4+ o X) 4 is strictly increasing in o for each fixed
@ € R. This is obvious if u =0, since E(o X)4+ = o EX, which is strictly increasing in ¢ since
EX+ > 0.

Assume that i < 0 and o7 > 0». Then

E((u+01X)y — (u+02X)4)
=E((k + 01 X)L o <x=-pfor)) + (01 = ) E(X (- pujoy<x)) > 0,
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where the last expectation is positive because X has unbounded support and EX = 0.

If u > 0, the same argument applied to E(it + 07 X) — yields that the expectation of the negative
part is strictly decreasing in o and the equality E(u + 01X)+ = u — E(u 4+ 01 X)_ concludes
the proof. (]

Note that Theorem 29 does not hold for the centred zonoid Zg unless it is assumed that the
expectation of & is known and so Z¢ is also identified.

Corollary 30. Assume that random variable & has infinite essential infimum and essential supre-
mum. If Zg = Zye 1y, then p =0and o = 1.

Corollary 31. Two normally distributed d-dimensional random vectors & and £* coincide in
distribution if and only if Ze = Zgx.

Proof. For u € R? the random variables (£, u) and (£€*, u) belong to the same location-scale
family. The proof is finished by referring to Theorem 29 and noticing that all one-dimensional
projection of a random vector uniquely determine its distribution. U

The uniqueness holds also for the location scale family obtained as ¢ + o X for a symmetric
stable random variable X.

Example 32 (Distribution with bounded support). Assume that EX = 0 and that X has finite
essential infinum, that is, there exists a constant ¢ such that X > ¢ a.s. Choose i > 0. Then for all
o < —pu/c the random variable & = u + o X is a.s. positive and so the expectation of its negative
part is zero and the expectation of its positive part is w. Thus, the zonoid Z¢ does not uniquely
determine the scale parameter o .

Note that all above results are formulated for non-centred zonoids. In the rest of this section,
we consider centred zonoids, and the corresponding zonoid equivalence concept. The following
result concerns random vectors that can be represented as product of a scaling random variable
and an independent random vector.

Proposition 33. Two random vectors & = R{ and €* = R*¢*, where R and R* are positive
random variables independent of ¢ and ¢*, respectively, are zonoid equivalent if and only if
(ER)¢ and (ER*){™ are zonoid equivalent.

Proof. It suffices to note that
E|(u,&)| = ERE|(u, {)| = E[{u, (ER)Z)|. O
Consider random vectors with centred elliptical distributions, that is, assume that £ = R(AU),

where U is uniformly distributed on the unit sphere, A is a (deterministic) matrix and R is a
positive random variable independent of U.
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Proposition 34. Two centred elliptically distributed random vectors &€ = R(AU) and &* =
R*(A*U) are zonoid equivalent if and only if ER)?AAT = (ER*)2A*(A*)T.

Proof. Using rescaling, it is possible to assume that ER = ER*. By Proposition 33, it suffices
to consider zonoid equivalence of AU and A*U. By Proposition 5, this is the case if and only
if random variables (ATu, U) and ((A*)Tu, U) are zonoid equivalent. Since U is uniformly
distributed on the unit sphere, (v, U) is distributed as a certain random variable with a fixed
distribution scaled by ||v| for all v. Thus, IATull = (A% Tu|| for all u, which implies the
statement. ([l

Corollary 35. Two symmetric normally distributed random vectors & and £* coincide in distri-
bution if and only if they are zonoid equivalent.

Zonoid of SaS random & with « € (1, 2] is computed in [25], Section 6.4, as

1 1
Ze=—T(1-—)K,
. T o

where I is the gamma-function and K is a convex body that, together with ¢, characterises
the distribution of &. Thus, if « is fixed, then the zonoid determines uniquely the corresponding
symmetric «-stable distribution. However, two symmetric stable vectors with the same zonoid
are not necessarily identically distributed if their stability indices are different.

6.2. Log-infinitely divisible distributions with equal zonoids

A random vector with positive components can be written as the coordinate-wise exponential
n = ¢f. In the following, @ stands for the characteristic function of &. The following result
immediately follows from [17], Proposition 6, see also [27], Theorem 3.2.

Theorem 36. Two integrable random vectors ¢¢ and ef " are zonoid equivalent if and only if

(U —1w) = @ex (U — 1w) (6.1)

for all u € R with > u; =0 and for at least one (and then necessarily for all) w, such that
> wi = 1 and both sides in (6.1) are finite.

Assume that e and ef" are two random vectors, where & and £* are infinitely divisible random
variables. Then

1
g (u) = Ee' 8 =exp{l(b,u) —E(u,Au)—i—/ (er) —1 —l(u,x)ﬂ|x||§1)dv(x)}
]R‘l

for u € R4, where A = (a;j) is a symmetric non-negative definite d x d matrix, b € RY is a
constant vector and v is a measure on R¥ (called the Lévy measure) satisfying v({0}) =0 and

/ min([lx 1%, 1) dv(x) < oo.
Rd
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Then £ is said to have the Lévy triplet (A, v, b). In this section, we translate the equality of the
zonoids of two log-infinitely divisible random vectors into conditions on their Lévy triplets. Note
that the conditions on the Lévy triplet of infinitely divisible random vectors apply also for Lévy
processes with time one values & and £*.

In order to formulate the condition on the Gaussian terms in a compact form it is helpful to
use the variogram

vij = aii +ajj —2aij.

If £ is normally distributed, then y;; is the variance of & — &;. In order to state the condition on
the Lévy measure define (d — 1) x d-dimensional matrix, d > 2

10 - 0 —1
o1 --- 0 -1

u=1. . . . . (6.2)
o o0 --- 1 -1

Theorem 37. Let ¢¢ and 5" be integrable random vectors such that & and £* are infinitely
divisible with characteristic triplets (A, v,y) and (A*,v*,y*). Then for d > 2 ¢ and 5" are
zonoid equivalent if and only if the following three conditions hold.

@) yij =y foralli,je(l.....d).
(b) The images YU ™" and 2*U~" under U of measures dd(x) = e* dv(x) and dd*(x) =

e dv*(x), x € RY, restricted to R4 \ {0} coincide.
(c) Eefi =Ee& foralli=1,...,d, that is,

1 -
bi + —a;; + (e -1 —x,-]l”xusl)dv(x)
2 R4

1 .
Ea;ki + Agd(eXI —1 —x,']l”xufl)dv*(x).

(6.3)
= b;“ +

Ford =1, ¢ and " are zonoid equivalent if and only if (c) holds.

The following result is closely related to and can be alternatively derived following the proof
of [17], Theorem 10, see also [16], Theorem 1.1.

Corollary 38. Two lognormal random vectors e and et are zonoid equivalent if and only
if pi + %aii =uf + %a;"i for all i and y;; = y;’j‘. for all i, j, that is, & and &* have identical
variogram.

In particular, in the lognormal case the zonoid equivalence does not even imply the equality of
the marginal distributions, quite differently to the case of normal distributions where the zonoid
uniquely determines the joint distribution, see Corollary 35.

Furthermore, note that the kernel of U given by (6.2) is the family of vectors with all equal
components. Hence, if the support of v is a subset of the kernel of U, then the corresponding log-
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infinitely divisible distribution shares the same zonoid with a lognormal distribution, meaning
that two rather different distributions are zonoid equivalent.

Proof of Theorem 37. For d > 2, the zonoid equivalence of ¢f and ef : implies Eef = Eef ", see
Proposition 6, and in particular ¢ = Eef¢ = Eefi . Note that this is also implied by (c). Since also
Z; = Z+ by Proposition 6,

E(uleél T Ltdeéd)+ — Eeéd (uleélféd NI ud_legd—lfgl + Md)+,

the zonoid of ef uniquely determines and is uniquely determined by the probability distribution
of Ut = (] — &g, ...,E4_1 — £7) under the probability measure P¢ with density e /c.

In order to identify the distribution of U under P¢ first note that the distribution of & under
P has the characteristic triplet (A, D, b), where di(x) = e* dv(x) and

£=b+/ x(e% — 1)v(dx) + Aeq,
\

where e is the dth standard basis vector, see [35], Example 7.3. By [34], Proposition 11.10, the
Lévy triplet of U under P4 is given by Ay = UAU T, DU ! restricted onto R4~ \ {0} and

by = Ub + /d Ux(Lyuxp<1 — Jl||x||51)f1(dx).
R

The corresponding formula holds for &£*.
Equating the centred Gaussian terms, the Lévy measures, and simplifying by = bj; yields that
U under P¢ coincides in distribution with U£* under P4* if and only if

ai.,'—i-add—ad,'—ajd:afj—i—a;d—a;i—a;fd, i,j=1,...,d -1, (6.4)

condition (b) holds and, foralli =1,...,d — 1,

bi —bg +aiqg — aga +/ (xi —x)(Ljuxp<1€™ — Ljgy<1) dv(x)
R4
(6.5)
=i bidiy —aja /d(xi — xa) (Ljux<1€™ = Ljep<1) dv* ().
R

Adding equations (6.4) with k,/ =1i,i; k,l = j, j (for given i and j), and subtracting (6.4)
multiplied by two, we arrive at the equality of the variograms. Furthermore, noticing that
(aij + agq — aqi — ajd);ij_:l] = %(Vid + Vjd — Vi,/)?-_:l]
we obtain that the equality of variograms implies (6.4). The equality of zonoids implies the
equality of expectations, which exactly corresponds to (6.3). It remains to show that (6.3) together
with other two conditions (a) and (b) imply (6.5).



Invariance properties 1231

By (6.3), we have foralli=1,...,d — 1

1 xi
bi+=ai+ | (e%—1—xiljx<1)dv(x)
2 R4

1 (6.6)
—b* + Za” + [d(exi —1 —x,']l”xufl)dv*(x),
1 X,
bd+§add+ l(e 41 —xd]l”xufl)dv(x)
| R (6.7)
:b:} + —a:;d +/ (exd —1- xdjl”,cnfl)dv*(x),
2 R4
while condition (a) implies
aii + aqq — 2aiq = a; +ay,; — 2a’, (6.8)
foralli =1,...,d — 1. Furthermore, condition (b) implies
[ = 1= = st doo 6.9)
R

= /Rd (e —1— (xi —x)Ljuxy<1) A0 (x),

where db(x) = e*d dv(x), since by changing variables

/RKH( = 1= yTy=) AU () = AAW( = 1= yTy=) A0 O).

Now (6.5) is obtained by subtracting from (6.6) the sum of (6.9), (6.7) and a half of (6.8).
Recall that equality of the zonoids is equivalent to equality of their support functions for all
u on the unite sphere. Hence, for positive random variables ef and ef” (d = 1) equality of their
zonoids is equivalent to equality of their expectations, which in turn, is equivalent to condi-
tion (c). O
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