Bernoulli 17(1), 2011, 456465
DOI: 10.3150/10-BEJ278

Characterization theorems for the Gneiting
class of space—time covariances

VIKTOR P. ZASTAVNYT! and EMILIO PORCU?

1Departmenl of Mathematics, Donetsk National University, Universitetskaya Str. 24, Donetsk, 34001,
Ukraine. E-mail: zastavn@rambler.ru

2 Institut fiir Mathematische Stochastik, University of Gottingen, Goldschmidtstrasse 7, 37077 Gattingen,
Germany. E-mail: eporcu@uni-goettingen.de

We characterize the Gneiting class of space—time covariance functions and give more relaxed conditions
on the functions involved. We then show necessary conditions for the construction of compactly supported
functions of the Gneiting type. These conditions are very general since they do not depend on the Euclidean
norm.
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1. Introduction

The construction of space—time covariance functions is an important subject, the literature for
which can be traced back to at least the early 1990s [1,2], where it is emphasized how, under
the framework of geostatistical techniques for the study of, for instance, atmospheric and envi-
ronmental sciences, covariance functions are crucial for estimation and prediction since the best
linear predictor depends exclusively on the covariance matrix, which determines the weights of
any individual observation in the predictor itself [4].

There are several unsolved problems which are of interest to both the statistical and mathe-
matical communities and this paper provides solutions to two of them.

The first problem is related to the characterization of space—time covariance functions. To the
best of our knowledge, there is no literature related to this important problem. In particular, we
can find several permissibility criteria, that is, sufficient conditions to ensure that a candidate
function is positive definite (permissible) on the space—time domain, but no characterization
theorem, at least for given classes of covariance functions, is available.

A wide class of covariance functions can be obtained through Gaussian mixtures [4,7,8] for
which one can find a large number of contributions having as common origin the Gneiting class
of covariance functions [4]: for (x, ) € R?* | the function

— 2y—d/2 llx11? )
(x,0) = K (x, 1) :=h(|[t]|) w(h(||t||2) (1.

is positive definite, where ¢ is completely monotone on the positive real line, A is a Bernstein
function and || - || denotes the Euclidean norm. For [ = 1, the function above is a stationary and
non-separable space—time covariance. This function has been persistently used in the literature
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and a Google Scholar search in September 2009 yielded over 90 papers where this covariance
has been used for applications to space—time data.

The first result in this paper states necessary and sufficient conditions for the permissibility of
the Gneiting class. Also, more general conditions for its permissibility are given.

The second problem confronted in this paper relates to the construction of space—time covari-
ances that are compactly supported in the spatial component. Although such compactly supported
covariances are much in demand in the recent literature, there is no single contribution concern-
ing the construction of compactly supported correlations over space and time. This challenge is
considerable from a mathematical point of view. A natural perspective is to consider the Gneit-
ing class above and replace the completely monotone function ¢(-) with a compactly supported
one, that is, a function which is identically zero outside a finite range. In particular, the tempting
choice t — @(t) := (1 — ||t||°‘)ﬁr, for positive values of o and A and where (x)4 denotes the
positive part of x, creates an interesting connection to the celebrated Schoenberg [9] problem,
in which the positive definiteness of the function ¢ defined above is related to that of the func-
tion ¢ > exp(—tP) for some positive 8. The reader is referred to the survey in [14,15] and the
references therein for a thorough review.

In considering this problem, we work in a fairly general framework and let the function ¢ de-
pend on a general seminorm and not on the Euclidean one, as the latter is a restrictive assumption
for spatial applications.

The paper is organized as follows. Section 2 completely characterizes the Gneiting class, for
which only sufficient conditions have been known. In Section 3, we present necessary conditions
for compactly supported covariances of the Gneiting type.

2. Characterization of the Gneiting class

In this section, we give a characterization of the Gneiting class. In doing so, we relax the permis-
sibility hypotheses stated in [4]. Two technical lemmas are needed for a more elegant proof of
the main result, stated as Theorem 2.1 below.

For a complex-valued function f:R" — C, we write f € L(R") when f is absolutely inte-
grable on R”. Similarly, we write f € C(R") when f is continuous in R”.

For areal linear space E, we denote by FD(E) the set of all linear finite-dimensional subspaces
of E.

IfdimE =neNandey,..., e, constitute a basis for E, then, by definition, we have

CE)={f:E—>C| f(xie1+ - +xne5) € C(R"},
Co(E) ={f € C(E) | f has compact support} and
L(E)={f:E—C| f(xie1 + -+ xpen) € LR")}.

Obviously, these classes do not depend on the choice of the basis in E. Thus, in this case, it is
possible to set E =R".

If dim E = oo, then, by definition, we have that C(E) = {f:E — C| f € C(Eyp) for all
Eo € FD(E)).

A complex-valued function f: E — C is said to be positive definite on E (denoted hereafter
f € ®(E)) if, for any finite collection of points {&;}7_, € E, the matrix (f (& — gj));szl is
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positive definite, that is,

n

forallaj,as,...,a, € C > aifG—¢£pa;=0.
ij=1

Let £ = R". By Bochner’s theorem, the function f is positive definite and continuous in R”
if and only if f(x) = fR” e i) du(u), where (u,x) =ujxy + upxy + - -- + uyx, is a scalar
product in R” and p is a non-negative finite Borel measure on R". Additionally, if f € C(R")N
L(R™), then f is positive definite on R" if and only if f(u) := [p. € f(x)dx >0, u € R".

Lemma 2.1.

(i) fe®(E) & fe®(Ey) VEyeFD(E).
(i) IfdimE =n €N, then f € ®(E) < fg e ®(E) forall g € ®(E) N Co(E).

Proof. For both parts, the necessity is obvious. For the sufficiency of part (i), for n € N and

X1,...,X, in E, we have that x1,...,x, € Eg, where Ej is the linear span of these elements.
Obviously, dim Ey < n.

For the sufficiency of part (ii), let ey, ..., e, be a basis in E. We then take g(xje; + --- +
Xpen) = (1 —¢€lx1)4--- (1 —el|xy])+ and ¢ | 0. The proof is thus completed. |

Lemma 2.2. Let the following conditions be satisfied:

(1) h,be C(E) and h(t) >0 forallt € E;
(2) ¢ € C([0, +00)) and for some m € N, we have fooo lo?)|u™ 1 du < oo;
B) peC@R™), p(tx) =|t|p(x) forallt e R,x e R" and p(x) > 0, x #£0.

2
Then K (x,t) := b(t)(p(ph((;;)) € D(R" x E) < bt)(h(t))"?*G,(Vh()v) € ®(E) for all
v € R™ with G,,(-) defined in equation (2.1) and

R"3 v G,(v) = [ 9(0*(»))el0V dy. (2.1)
Rll

Proof. Observe that ¢(p?(x)) € L(R™). We have that

Kx,ne®R" xE) <<= K(x,1)e®R" x Ep) for all Eg € FD(E)
— K(x,0)gt) € R™ x Ey) for all Eg € FD(E) and all g € ®(Ep) N Co(Ep)

— f K (x,1)g()e Vel dx dr > 0
Rm EO

for all Eg € FD(E), g € ®(Eg) N Co(Ep) and v € R™, u € Ey.

As for the last integral, a change of variables of the type x = /A (t)y yields that the last inequality
is equivalent to

f gObO) ()™ *G (V)" dt >0 forall v e R™, u € Ey,
Eg
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which holds if and only if, for all g € ®(Ep) N Co(Ep) and v € R™, we have

gObO) ()" *G(Vh(t)v) € ®(Eg)  forall Eg € FD(E)
= bO)h))"*Gp(Vh(t)v) e ®(E)  forallveR™.

The proof is thus complete. (]

A function f: (0, 00) — R is called completely monotone if it is arbitrarily often differen-
tiable and (—1)”f(”) (x) >0 forx >0,n=0,1,.... By the Bernstein—Widder theorem [10],
the set M(,oc) of completely monotone functions coincides with that of Laplace transforms £
of positive measures p on [0, 00), that is, f(x) = Lu(x) = f[O,oo) e ¥ du(t), x > 0, where we
require e *' to be u-integrable for any x > 0. By Schoenberg’s theorem, the radial function
Fx)=e(x]1?), ¢ € C([0, +0)) belongs to @ (R") for all n € N if and only if ¢ € M (0, ).

Theorem 2.1 gives our characterization of the Gneiting class. This has the feature, additional
to our introduction of the class in Section 1, that only negative definiteness of the function /4 is
required [8], while Gneiting’s assumptions are much more restrictive as it is required that 2’ is
completely monotone on the positive real line. Furthermore, the proof of this result is deferred to
the final section for reasons that will become apparent.

Theorem 2.1. Let h € C(E), h(t) > 0 for all t € E. Let d € N. The following statements are
equivalent:

() K(x,1):= (h(r»—d/zga(%) € ®(R? x E) for all ¢ € C([0,400)) N M(00):
(2) e W ¢ ®(E) for all positive X.

Let us consider examples of functions 4 for which statement (2) in Theorem 2.1 holds.

Example 2.1. Let h(t) = ||t||‘1)‘, +c¢,¢c>0,0<p<oo,a>0,t=(t1,...,t;) € R", where
I, = O ke 16IP)!/P, 0 < p < 00, and ||f[log = SUp| <3<, |tx|. Then e € &(E) for all
positive A if and only if 0 < & < o p,, Where

ifn=1,0<p <oo,

2
p ifn>2,0<p<2,
1
0

oy, p = 2.2)

ifn=2,2<p<o0,
ifn>3,2<p<o0.

The case 0 < p < 2 corresponds to the result of Schoenberg [9]. The other three cases have been
investigated by Koldobsky [5] and Zastavnyi [11-13] (2 < p < oo, n > 2). Finally, Misiewiez
[6] gave the most recent result (p = 0o, n > 3).

Example 2.2. 1f p(t) is a norm on R?, then e "0 ¢ d(R?) forall 0 <« <1 (see, e.g., [14]).
Therefore, e *® ¢ CIJ(RZ) for any A > 0, where i(t) = p*(t) + ¢, 0<a <1,¢>0.
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Example 2.3. Let ¥/(s) € R, s > 0. We then have e ¥ € Mg o) for all A > 0 if and only if
Y’ € M(0,00). Therefore, if Y € C([0, +00)) and ¥ (s) > 0 for all s > 0, and ' € M(g,o0), then
e M0 ¢ o(R") for all A > 0, n € N, where h(¢) := ¥ (||7]|*) and, hence (see Theorem 2.1),

K0 = W) P EL) € o®Y x RY) for all ¢ € C(10, +00)) N Mo.00), d € N.
This result was proven by Gneiting [4].

A complex-valued function & : E — C is called conditionally negative definite on E (denoted
h € N(E) hereafter) if the inequality ZZ j=1CkCjh(xr — xj) < 0 is satisfied for every posi-
tive integer n, every collection of points xp,...,x, in E and every set of complex numbers
€1,¢2, ..., ¢y, satisfying the condition Y ;_; ¢x =0.

Example 2.4 (Schoenberg’s theorem [9]). e M ¢ ®(E) for any A > 0 if and only if h(—1) =
h(t) forallt € E and h(t) € N(E).

3. Necessary conditions for functions of the Gneiting type

Before presenting the main results contained in this section, some comments are in order. The
construction of compactly supported correlation functions is a non-trivial task that has conse-
quences for the estimation of space—time processes for the computational gains that follow. At
present, there is no contribution in the literature devoted to non-separable covariances that are
compactly supported. Until now, in order to obtain compactly supported correlations, the com-
monplace approach is to use tapering [3]. We described a more natural approach in the Introduc-
tion and the results following subsequently highlight interesting solutions to this problem.

Indorder to be clear, we will henceforth write S~ := {x € R?:||x|| = 1} for the unit sphere
in R¢.

Theorem 3.1. Let the following conditions be satisfied:
(1) heC(E),h(t) >0 foranyt € E and h(t) #h(0) on E;
(2) ¢ € C([0, +00)), 9(0) > 05
(3) ford €N, p e C(RY), p(tx) = |t|p(x) Vt e R, x e R? and p(x) > 0, x #0;

@) K1) := (b)) Pp(5E) e o[R! x E).

Then:
L. (1)~ € ®(E) and p(p*(x)) € ®[R?);
2. if there exists an integer n € {1, ..., d} such that fooo lo@?) |~ du < oo, then for all m =

1,...,nand v e R™, the function s > [y, »(s) == s G, (sv), with G, () as defined in
(2.1), is decreasing on (0, 00) and, furthermore, fi, ,(00) =0 for v # 0.

3. iffooo lo?)|u?"du < oo, then G 4(0) > 0 and if, in addition, G is real analytic, then for
any v e R?, v # 0, the function s fav(s) := Gga(sv) is strictly decreasing on [0, +00)
and Gg(v) >0 forallv e R,

4. 0f [57 o) |udt! du < oo, then a1 (v) == [a 9(P*(Y) (¥, v)*dy = 0 forall v € SY! and
B1:= fRd o(P*O)IyII?dy = 0 and, furthermore, oy (v) = 0 on S~ if and only if B1 = 0;
if, in addition, By > 0, then e ") € ®(E) for any 1 > 0;
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5. iffo<>o lpu?)|et™ du < oo for some & > 0, then for every A > 0 and every v € S~ we have
e ") ¢ O (E), where

p=p)= min{k € Niag(v) =/ P>y, v)* dy # 0}, vesS
R4
the function p:S~' — N is bounded on the unit sphere and

min p(v) =min{k eN:fi = /Rdgo(p%y))nyn% dy #0}.

veSd-1

Proof. Part 1 is obvious.
As for part 2, by Lemma 2.2, we have

Fou () = (h(0) "G, (Vh(t)v) € D(E), m=1,...,n,veR™.

Hence, F, ,(0) = (h(0))"~9/2G,,(/h(0)v) > 0 and |F,, ,(t)| < Fu.,(0), t € E. Therefore,
Gn(v) >0,veR™, and

(sh() "= D2G,, (Vh(t)sv) < (sh(0) DG, (v/R(0)sv)

form=1,...,n,veR", s >0and for all t € E. The latter inequality is equivalent to

h(t)
fm,v( @ 's> < fm(s).

Since (h(t))_”l/2 € ®(E), we have h(t) > h(0), t € E. Since h(t) #Z h(0) on E, there exists a

point ty € E such that g :=,/ % > 1. By the mean value theorem, for any « € [1, q], there

exists a £ € E such that % = «. Therefore, f, v(as) < fin,v(s) forall s > 0 and @ € [1, g].

Hence, fmyv(oezs) < fmv(@s) < fino(s) foralls > 0 and o € [1, g]. Thus, fi»(@?s) < fin.v(s)
forall s > 0,a € [1, g] and p € N. This implies that the function f,, ,(s) decreasesin s € (0, 00).
By the Riemann-Lebesgue theorem, it follows that G, (v) — O as ||v|| = oo. Hence, f;,.»(00) =
0 for v # 0.

3.i. From part 2, it follows that for all v € R4, v # 0, the function G4(sv) decreases in s €
(0, 00) and, hence, 0 < G4(v) < G4(0). Therefore, G;(0) > 0 (otherwise, G4(v) =0 on RY =
cp(p2( ¥)) =0 on R4, which contradicts the condition ©(0) > 0).

ii. If, in addition, Gy is real analytic, then for all v € R4, v # 0, the function G4(sv) is strictly
decreasing on [0, 0o). This can be proven by contradiction. Let us assume that, for some vy € R¢
and vg # 0, the function G4 (svg) is constant on some interval («, 8) C (0, 00), @ < . This
would imply that G4 is constant on [0, c0) and that G4(0) = lims_, 5o G4(sv9) = 0, which con-
tradicts part i above. Thus, forall v € R?, v # 0, the function G4 (sv) strictly decreases on [0, 00)
and, hence, G4(v) > limg_, 5o G4(sv) = 0.
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4. Let v € S?~! and define Jav(s) :=G4(sv). From parts 2 and 3, it follows that the function
fa.v(s) decreases on [0, 0o) and that f; ,(0) > 0. Obviously, fz,,(s) € C%(R) and

"0
fd,v(s):fd,v(o)‘i‘d’#()sz‘i‘o(sz)a s — 0,

where fj’ ,(0) = —a;(v). Note that f, L;’ ,(0) <0, otherwise the function f; , (s) would be strongly
increasing on [0, c¢] for some ¢ > 0, which would contradict part 2. Thus, «;(v) > 0 for all
v e S?1. For p > 0, the following integral is constant on S~

/Sd_] |(y, )P do(v) =cq,p >0, yesi,

where do, if n > 2, is the surface measure on S?~! and do(v) =8(v — 1) +8(v + 1), ifd =1
(here, §(v) is the Dirac measure with mass 1 concentrated in the point v = 0). Therefore,

/S(H 0. 0)IPdo () =capllyl?. yeR? p>0. G.D
Hence,
/ o1 (v) o (v) = cg.2B1 = 0
Sd—l

and 1 (v) =0 on S if and only if 1 = 0.
Let, in addition, i > 0. Then f;, (0) = —a1(vo) < 0 for some vy € S9-1 and
Ga(ynvh(t)vo)

I//n(t) = < G40)

) =(1+g.()" € ®(E) VneN,y,>0. (3.2)

Now, let us take

2fa0,(0) A\?

d, vy

Obviously, y,, — +0 and

Faw GnVRD) = fay©) 10, © .
S, (0) 2 fi 00 (O) . (Vn%)

A
gn(t) = =——"-h(t) as n — oo.
n

Therefore, ¥, (t) — e *"® and, hence, e **) € ®(E) forall A > 0.
5. In this case, G is real analytic and

290 = (= DFou (v),
(3.3)

. (1(,25_1)(0) =0, /Sd_l ag(v)do (v) = cq, 21 Bk keN.
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Therefore, for all v € S¢~! there exists a natural number p € N such that

(2[7)( )
fd,v(s):fd,u(0)+W 2p+0(s2p) ass — 0,

where f{°”(0) # 0; otherwise, the function f;,,(0) = f4,,(s) = fa,y(+00) = 0, which would

contradict the inequality G4(0) > O (see part 3). Hence, f,;" (2p) (0) < 0, otherwise the function
fa.v(s) would be strongly increasing on [0, c] for some ¢ > 0, Wthh would contradict part 2.
Let v e S~! and p = p(v). Take the function in equation (3.2), where vg = v

1/2p)
;11=<—W'&) >0, A>0.
RO
Then g, (1) ~ —% -hP(t) as n — oo. Therefore, ¥, (1) — e "’ @ and, hence, e "’ € & (E)
for all A > 0.

If ax (vg) # O for some vy € S92, k € N, then ak(v) # 0 in some neighborhood of a point vg
and, hence, p(v) < p(vo) in this neighborhood. Thus, the function p(v) is locally bounded on
S9-1 and, hence, p(v) is bounded there.

Let m = min, cg¢—1 p(v) = p(vp) for some vy € S?=1. Then a,, (vo) # 0 and, for all v € S4~1,
the equality

@m)

1" ©
(2 )!

holds. Obviously, (—1)¥a (v) = £ (0) =0 for all 1 <k <m (if m > 2), and (—1)" (v) =

ff:" ) (0) < 0 (otherwise the function fy ,(s) is strongly increasing on [0, c] for some ¢ > 0,
which would contradict 2). From (3.3), it follows that 8y =0 for all 1 <k <m (if m > 2) and
(=1)"B,, < 0. Therefore,

+ o(s>™) ass — 0

fd v(s) = fd v(0) + ———

m=minfienisp= [ oGoniyi*a 2ol
R
and this completes the proof. ([
We are now able to give a simple proof of Theorem 2.1.
Proof of Theorem 2.1. If #(¢) = h(0) > 0 on E, then the implication (1) = (2) is obvious. If
h(t) # h(0) on E, then this implication follows from statement 4 of Theorem 3.1 for the choice
@(s) =e~* € C([0, +00)) N M(),00)-

The reverse implication (2) = (1) follows from Lemma 2.2 with the choice ¢(s) =e™, from
the equality

/ VD0 gy = 2o )@ e~/ yeRY. 5 =0,
R4
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and from the Bernstein—Widder theorem. O

The next theorem is an addition to Theorem 3.1 for the special case p(x) = ||x||, that is, when
p is the Euclidean norm. If f(x) = ¢(|lx||?), ¢ € C([0,400)), f € L(R"), then the Fourier
transform above simplifies to the Bessel integral

F)=@m)"g,(lul),  where g,(s) == fo e@Hu" o po1(suydu (3.4

and j, (u) := u=*J, (u) with J, a Bessel function of the first kind. In this case, the functions
G, () and g, (-) are related by the known equality G, (v) = Q)" 2g,(lvD).

Theorem 3.2. Let the following conditions be satisfied:

(1) heC(E), h(t) >0forallt € E and h(t) # h(0) on E;
(2) ¢ € C([0, +00)), ¢(0) > 0;

(3) K(x.1) = (h(t) (L) e DR x E).

Iffooo lo@?)|u™ " du < oo for some m € {1, ...,d} and g, is real analytic, then the function
fm(s) = sm_dgm (s) is strictly decreasing on (0, 00) and gn (s) > 0 forall s > 0.

Proof. From Theorem 3.1, we have that f;, decreases on (0, 00) and f,(s) > f,(c0) =0 for
s > 0. Since f;, is real-analytic on (0, c0), the function f,(s) is strictly decreasing on (0, 00).
Otherwise, the function f;, is constant on some open interval («, 8) C (0, 00), & < 8, and, hence,
itis constant on (0, 0o) and f;,,(s) = fi(c0) =0, s > 0. Therefore, G, (v) = (2n)m/2gm(||v||) =
0 on R™. Hence, ¢(||x||?) = 0 on R™, which contradicts the condition ¢(0) > 0. Thus, the func-
tion f;, is strictly decreasing on (0, c0) and, hence, f,(s) > f,(c0) =0 for all s > 0. O

Remark 3.1. The necessary conditions stated in Theorems 3.1 and 3.2 allow the following hy-
pothesis to be formulated.
Let the following conditions be satisfied:

(1) he C(E)and h(t) >0 forallt € E;
2) ¢ € C([0, 400)), 9(0) > 0 and ¢ has compact support;

3) K, 1) = (h(t) (W) ¢ 9®R x E), d e N.

We then conjecture that h(t) = h(0) on E.
From Theorem 3.2, a weaker version of this hypothesis can be formulated: under the three
conditions stated above, and if:

(4) gm(so) =0 for some m € {1, ...,d} and for some sg > 0, then we conjecture that h(t) =
h(0)on E.

Let us assume that 4(¢) % h(0) on E. Then (see Theorem 3.2) g, (s) > O for all s > 0, which
contradicts condition (4).
As an example, it is possible to take the function (p(uz) =1 —|ul)+ € P(R), m = 1. In this

case (see (3.4)), g1(s) = \/gfol (1 —u)cos(su)du = \/g% Condition (4) is fulfilled for
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m =1 and so = 27. Therefore, (h(1))~ "2 (122) ¢ ®(R x E), where h € C(E) and h(t) > 0
h(t)
forallt€e E <= h(t)=h(0)on E.
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