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On a fractional linear birth—death process
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In this paper, we introduce and examine a fractional linear birth—death process N, (), t > 0, whose frac-
tionality is obtained by replacing the time derivative with a fractional derivative in the system of difference-
differential equations governing the state probabilities p]‘(’ (t), t >0, k > 0. We present a subordination
relationship connecting Ny, (¢), t > 0, with the classical birth—-death process N (¢), ¢ > 0, by means of the
time process 75, (t), t > 0, whose distribution is related to a time-fractional diffusion equation.

We obtain explicit formulas for the extinction probability p(‘; (t) and the state probabilities p,‘{’ (), t>0,
k > 1, in the three relevant cases A > p, A <, A = p (where A and p are, respectively, the birth and death
rates) and discuss their behaviour in specific situations. We highlight the connection of the fractional linear
birth—death process with the fractional pure birth process. Finally, the mean values EN,, (¢) and Var Ny, (¢)
are derived and analyzed.

Keywords: extinction probabilities; fractional derivatives; fractional diffusion equations; generalized
birth—death process; iterated Brownian motion; Mittag—Leffler functions

1. Introduction

In a previous paper [8], we constructed a fractional version of the pure birth process N, (¢), f > 0
(both in the general and in the linear case denoted here as M, (¢),t > 0), by considering the
fractional equations governing their distributions. In this work, we examine the linear birth—death
process N, (t), t > 0, where the state probabilities

p(t) =Pr{N,(t) = k|N,,(0) = 1} (1.1)

are assumed to satisfy the fractional difference-differential equations

d” pi(1)
DL — — O kpi(1) + 2k = D i1 (1)
de
(1.2)
+ u(k + 1) prt1 (1), k=1,0<v=1
The fractional operator appearing in (1.2) is defined as
a’ f () 1 ' (d/ds) f(s)
= ds, O<v<l,
drv ra—-v)Jo @¢—=s)V (1.3)

f/(t)v v=1.

The derivative (1.3) is usually called a Caputo or Dzherbashyan—Caputo fractional derivative and
differs from the classical Riemann-Liouville derivative by exchanging the integral and derivative
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operators (see [9]). An advantage of Caputo over Riemann—Liouville is that Caputo does not
require fractional-order derivatives in the initial conditions, which is good for practical purposes.
The positive parameters A and w are, respectively, the birth and death rates.

The exact distribution of the linear birth—death process reads (see [1], page 91, [4], page 454)

A1 — e—()»—u,)t))k—l

Ly — o 1 2e— Gt €
Pr() =0 = p)e (O — pe—G—mnk+1

k>1,t>0, /1A (1.4)

When A = p, the distribution (1.4) is much simpler and takes the form

()\.t)k_l

m, t>0,k21 (15)

pi(t) =

The exact expressions for the extinction probabilities are

At 5
—, =1,
1+ At
=1 T (1.6)
n— pe -
o — oG- M
From (1.2), we can easily infer that the probability generating function of N, (¢), ¢ > 0,
G,(u,t)=Eu™M®, u|<1,0<v<1,r>0, (1.7)
satisfies the Cauchy problem
o G = 1 0 G 0,1 <1
{M S0 =Gu— - DGy,  veO L=l g
G,(u,0)=u.
We will show below that from (1.8), one can arrive at the subordination relationship
Ny = N (@), 10, (1.9)

where T5,(t), t > 0, is the random time process whose distribution is obtained by folding the
solution of the following fractional diffusion equation:

82vq a2q
i O<v=<l,xeR,t>0, (1.10)
q(x,0) =4(x).

The process N (t),t > 0, found in (1.9), is the classical linear birth—death process whose distrib-
ution is given in (1.4), (1.5) and (1.6). A relationship similar to (1.9) also holds for the fractional
pure birth process [8] and the fractional Poisson process [2]. In this context, it represents the
main tool of our analysis and leads to a number of interesting explicit distributions. We consider
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the subordinator related to (1.10) because the probability generating function of the distribution
of (1.9) satisfies the simplest fractional equation generalizing the classical one.

For the extinction probabilities of the fractional linear birth—death process, we have the fol-
lowing attractive formulas:

oA —pu X w\"
T (x) Ey1(—=1" (0 — wym), A=,
m=1
+o00 m
VY n—A A
Polt) = 1_TZ<—) Eyi (=t (1w —1m), A<u, (.11
m=1
+00
1—/ e YE, (=2t w) dw, A=p
0

fort>0,0<v<1.
The function Ey g(x) appearing in (1.11) is the generalized Mittag—Leffler function, defined

as
+00 o
E,ps(x)= e —— xeR,a>08>0. 1.12
w.p(X) Egrmm+ﬂ> B (1.12)

From (1.11), we can easily retrieve the classical extinction probabilities (1.6) for v =1 by
keeping in mind that E 1(x) =e”.

For the state distributions p,‘i (), t >0, k> 1, we have formulas similar to (1.11), but with a
more complicated structure:

) ECE R ()
() ()

X E,i(—(+r+DO—wt’), r>upu,
1+k) [+
! I

k—1
e ()
r=0

WK

Il
o

pr(t) =

x Byt (—( 4 + D= 21"). h<m,
(_l)k—l)\k—l dk )
T w[k(l_Po(t))]’ A=p.
(1.13)

Also from (1.13), for v = 1, one can reobtain the distributions (1.4) and (1.5).

We will show below that the probabilities p;(¢), t > 0, k > 1, appearing in (1.13) are strictly
related to the distributions of the fractional linear pure birth process M, (¢), t > 0, with an ar-
bitrary number of progenitors and a birth rate equal to A — p with A > w. In particular, we can
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extract from the first line of (1.13) that

Pr{N, (1) = k|N,(0) = 1}

Ay n P
== 120[<1+k(/\_ﬂ)>1)r{g_1}+dePr{g_z}] (1.14)
x Pr{M, (t) =k +1|M,(0) =1+ 1},
where
1
a1 P\
Pr{g_l}_<1 A)(A)’ >0, (1.15)

is a geometric law for the number of progenitors. We also note that for A = u, the distribu-
tion (1.13) can be expressed in terms of the extinction probability (1.11) by means of

(_1)/{—1)\’/(—1 dk

Pr{N, (1) =k} = T TF

[M(1=Pr{N,()=0})], k=1,1>0. (1.16)
The extinction probability (1.11) can be viewed as being a suitable weighted mean of the waiting
times of the fractional Poisson process 7?)‘5 (1), t > 0, for which it is well known that [2]

PriNpy () =0} = E, 1(=A1"), 1> 0. (1.17)

The fractional linear birth—death process dealt with in this paper provides a generalization of
the classical linear birth—death process and may well prove to be capable of modeling queues in
service systems, epidemics and the evolution of populations under accelerating conditions. The
introduction of the fractional derivative furnishes the system with a global memory. Furthermore,
the qualitative features illustrated in the last section show that the fractional counterpart of the
linear birth—death process has a faster mean evolution (and variance expansion), as was pointed
out in similar fractional generalizations, for example, for the Poisson process (see [2,3,5,11]), for
fractional branching processes [10] and for pure birth processes [8].

2. The extinction probability of the fractional linear
birth—death process

We begin this section by proving the subordination relationship (1.9) which is relevant to all of
the distributional results of this paper.

Theorem 2.1. The fractional linear birth—death process N, (t),t > 0, can be represented as
Ny (1) = N(T2, (1)), 1>0,0<v =<1, (2.1)

where N (t), t > 0, is the classical linear birth—death process and T»,(t),t > 0, is a random
process whose one-dimensional distribution coincides with the folded solution of the fractional



118 E. Orsingher and F. Polito

diffusion equation
i
o1y 9x2’

subject to the initial conditions q(x,0) = §(x) for 0 <v <1 and also q;(x,0) =0 for 1/2 <
v<l1.

O<v<l,xeR,t>0, 2.2)

Proof. The Laplace transform Gv(u, z) = fooo e G, (u,t)dt, applied to the fractional PDE

v

d 0
va(u,t)=(ku—u)(u—l)aGu(u,t), O<v=l, 2.3)

Gv(us O) =u,

yields
VA v—1 0 ~
2°Gy(u,z) —z u=(?»u—u)(u—1)8—Gu(u,z), O<v=<1l,z>0,ul<1. (24
u

We now observe that

Gy(u,2) = / Ooe—” [Z u* Pr{N, (t) =k}] dr. (2.5)
0 k=0

If (2.1) holds, then
Gy(u,z) = /ooe—zf [Z uk/OOPr{N(s) =k} Pr{T> (1) € ds}j| dt
0 k=0 0

= /ooefzt |:/00 G(u,s)Pr{T,,(t) € ds}:| dr (2.6)
0 0

o0 v
:/ Gu,s)z" e % ds.
0

In the last step, we applied the folded version of equation (3.3) in [6] for ¢ = 1, that being
therefore

oo
/ e ¥ Pr{Ty, (1) eds} =e ¢ 2" 1 ds. (2.7)
0

We now show that (2.6) satisfies equation (2.4); by inserting the Laplace transform into (2.4), we
obtain

o0

o
oV 8 oV
27"} / Gu,s)e™ > ds — 2" u = Gt — ) (u — 1z"~! / ™ G(u,s)e™ ds. (2.8)
0 0o Ou
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The inversion of the integral with d/du is justified because

8 o0
—Gu,s)| =Y ku*""Pr{N(s) =k
‘au (u, s) k;u r{N(s) =k}
N 2.9)
< kPr{N(s) =k} = EN(s) < o0.
k=1
Taking into account that G (u, ) satisfies the first-order PDE
G 0G
—=Gu—pwu—-1)—, (2.10)
as ou

from (2.8), we have that
o0 v o0 a v
7 / Gu,s)e ™ ds —u = / —G(u,s)e” % ds
0 0 as

o
=Gu,5)e™ |\ +2" f Gu,s)e”*ds  (2.11)
o 0

o
=—u+ z”/ G(u,s)e ' ds.
0

This shows that (2.1) holds for the one-dimensional distributions. This concludes the proof of
Theorem 2.1. O

Remark 2.1. For v=1/2",n € N, the density fr, of the random time 7>, appearing in (2.1)
becomes the probability density of an (n — 1)-iterated Brownian motion, that is,

Pr{ T} -1 (6) €ds} = Pr{IBi(1Ba(-+ 1Ba(1)] -+ )] € ds)

L[ e—s%/ (o) 00 g7 /(4w2)
=2 ——dw ——dwy - 2.12
./(; Va4nwy ! 0 A4Tws ? 12)

00 o= wh_;/(41)
X - — da)l‘l—l ’
0

At

as can easily be inferred from [7], Theorem 2.1. The difference between (2.12) and its corre-
sponding formula in the cited paper is that here, the diffusion coefficient is equal to one.

In the following theorems, we separately derive the three different expressions of the probabil-
ity of extinction in the cases A > u, A < u and A = u. We prefer to treat them separately because
their proofs are somewhat different.
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Theorem 2.2. For a fractional linear birth—death process with rates ) > [, the probability of
extinction has the form

po(t) =Pr{N, (1) =0}

———Z( ) (=G~ pym)

fort>0,0 <v <1, and where E, 1(x) is the Mittag—Leffler function (1.12).

(2.13)

Proof. In light of the subordination relationship (2.1) of Theorem 2.1, and by taking into account
the extinction probability of the classical linear birth—death process

,u ue —t(A—p)
Pr{N () = 0} = o >0 (2.14)
we can write that
—s(h—
Pr{N, (1) = 0} = T e Pr{T5, (¢) € ds) (2.15)
v 0 A — Me_s()t_ﬂ) v ’

for all t > 0 and 0 < v < 1. By taking the Laplace transform of (2.15), we obtain that

/oo I Pr{N,(t) =0} dt

f w—= 'U“e_v()L ) Zv—le—sz" ds
A —pe=SG—w

m 0

x

f (1 _S(}L M)) Z (%e_s()\_ﬂ))mzv_le_szv ds

m=0
m [e%e}
(ﬁ) P |:/ (e—s()\—ﬂ)m—sz” _ e—s()\—u)(l—i-m)—sz”) dsi|
A 0
o0 m oo m—1
1 1
“NEG) e 2(G) T
A G—pmtzv o L= A A—wym+2z"

1
o0 m
==z — | = 1—— )4+ =z""—.
A n;(k—u)m+zv A nw A zv

The above steps are valid because 0 < %e_s (=1 < 1 for A > u. By keeping in mind the Laplace
transform of the Mittag—Leffler function E, | (—xt"),

(2.16)

v—1

o0
/ e Ey (—xt¥)dt = (2.17)
0

b
sV +x
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we readily arrive at the claimed result. (]

Remark 2.2. When v = 1, we obtain from (2.13) the form of the extinction probability (2.14)
for the classical birth—death model:

M—)»_+OO " m "
PI'{]V(Z‘):O}:T Z(X) e()»u)mti|_i_I

Lm=1

—AT 1
A L1 = (u/A)e G-t A

_ A=A et
A L1 = (u/A)e G- A

(2.18)

w— Me—t(k—u)
T h— e t0mm

From (2.15) for v =1, Pr{T»(¢) € ds} = (s — ¢) and we again retrieve result (2.14).

Remark 2.3. From (2.13), we note that

t——+00

Pr{N,(t) =0} — Yv e (0, 1], (2.19)

>|=

which is the asymptotic extinction probability, irrespective of the value of v.

Let us now deal with the case A < u, that is, when the rate of birth is strictly lower than the
rate of death.

Theorem 2.3. For p > A, the probability py(t) = Pr{N,(t) = 0} of complete extinction of the
population is

v H—2A Ry A\ v
pot)=1- — Z(ﬁ) Ey (=" (u—2)m), (2.20)
m=1

wheret > 0,0 <v <1 and E, 1(x) is the Mittag—Leffler function (1.12).

Proof. We start by rewriting (2.14) as
Me_t(“_)‘) —u

PP 2.2)

po(t) =

Using (2.1), we are able to write

+00 L a—s(u—21) _
e n
p(l)} (t) = /(; m Pr{TzU (t) e dS} (222)
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By applying the Laplace transform to (2.22), we obtain that

Ly(z) = /
0
+o0
-
+00

v—1 oo _ a=s(p=2)\a—sz”
z (1—e )e Z
0

m=0

+ - —A
o0 ue s(u—2) _ I'I“Zv—le—SZ” ds
)\’e_s(ﬂ_)h) — U
e—s(=2) _

v—1_ —sz"
e —1° ¢

|

A

m

Zestu=n)
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r

Y (E) [T
=z — 1 —e WM e ™S g SIU=AM g
m=0 H 0
+o0o A m +00
— val Z <_> / efs(uf)»)mfsz” _ efs(ufk)(erl)fsz”ds
m=0 H 0
n (2.23)
o
- 2 () o - avmree)
AV (mw—Am+z" (u—)m+1)+z
A 1 A 1
= Z(ﬁ) (W—Mm+z" Z(ﬁ) (M—/\)m+z”}
m=0 m=1
e S () e () s
B 2 =\ w=mm+zr =\ (= m etz
Y R [1 _ g} *‘”(&)’";
zv A w) (—2r)m+z¥
m=1
+oo m -1
1 A v
LR e
z A= \pn) (w—=2m+2z"
Inverting (2.23) by means of (2.17), we retrieve formula (2.20). O

Remark 2.4. When v = 1, we reobtain from (2.20) the extinction probability of the classical

birth—death process (2.21):

+

2

ps
i

w—A
A

(&)me—(u—k)mt
%

1
1= (/pye= =1

pé(r>=1—[

)

(2.24)
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(u—x>[ anne*wa’]
:1—
A ) L= G /wye

(AZ/M)C—(M—W — pe— =2 A — pe— (=M1
=1+ A — (Az/u)e—(u—k)t = A — ()@/M)e—(;t—k)t
1 — e~ (=t B petH=r

1 — (A p)e= =21 pe—tu=1 — 11"

Remark 2.5. Population extinction in the long run is evident from (2.20) as

Pr{N, (1) =0} ' 2251, (2.25)
due to the death rate exceeding the birth rate forall 0 < v < 1.

In the next theorem, we treat the remaining case, that is, when © = A.

Theorem 2.4. For the fractional linear birth process, when the rate of birth equals the rate of
death (i.e., when ). = W), the extinction probability p(‘)’ (t) reads

Aty +00 +00
po(t) = T/ e VE, y(—wAit")dw =1— / e VE, 1 (—Art"w)dw (2.26)
0 0

witht > 0,0 < v <1 and where E, |(x) is the Mittag—Leffler function (1.12).

Proof. Again using (2.1), we write

vire [T 2 g d 227
mm—A P (1) € i), (227)

We now apply the Laplace transform once again, thus obtaining

) +oo kszvflefz”s
LO(Z) = /0' T—Hds
+00 +00
— )\Zv—lf se—z“s/ e—w(ks—l—l) dw ds
0 0
+00 +00
- AVt / e / se ST dg dw (2.28)
0 0

M +00 +00
(y=s(zZ+Aw)) /\z”_lf e_w/ Y e dy dw
0 o V+Aiw  ZV+Aw

1 val

+oo
= A/ e ¥ . dw.
0 V+Aiw ¥+ Aw
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By inverting the Laplace transform, we obtain the integral form
+00 t
Po(1) :A/ efw/ u”ilEv,,,(—w)»u")Ev,l(—w)»(t —u)")dudw, (2.29)
0 0

which involves convolutions of generalized Mittag—Leffler functions E g(¢), defined, for exam-

ple, in [9], equation (1.56), page 17. The inner integral in (2.29) can be worked out explicitly as
follows:

t
/ u”_lEU,v(—wku”)E‘,J (—w)»(t - u)”) du
0

00 00
)Lm _ )\,r t
ZZ ( LU) ( U)) uvfluvm(t_u)vrdu
o Cvm+v)TCvr+1) Jy

3

i i (—wr)"tr [bu(n-+) F'vm +v)I'(vr + 1)

= (2.30)
'vm+v)I'(vr +1) Fr'wvm+r)y+v+1)
m=0r=0
o o0 o
(m+r 1) (—wd)" v+vn (—wd)" v+vn
t = _t 1
ZZF(vn+v+1) Zr(vn+v+1) (41
m=0n=m n=0
o0
)\’tl) n tl)
- L E”(—w)»t”).
F(v(n + 1)) v
The extinction probability now reads
v )\‘[U > —w v
po(t) = ~ e "E, y(—wit’)dw. (2.31)
0
Using the relationship
d 1
_EU,I(X)Z_EU,V(x)v (2.32)
dx v
the extinction probability (2.31) takes the alternative form (2.26) because
(—wir'=y) AtV [T v
pO(t) L=y _/ Eu,v(y)ey/(m )dy
v Jo
1[0 v o am d
= - / Evu(e?/ ¢ dy =2 / &0 = E, 1 () dy (2.33)
VJ-co —00 dy
1[0 v ——y /O o
= 1— — eV M )Evvl(y)dy (w==y/ (%) 1 —/ e VE, 1(—Art"w)dw.
AtV J oo 0

This completes the proof of (2.26). ]
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Remark 2.6. From (2.26), when v = 1, we again retrieve the classical form

1= , 2.34
po(t) Y (2.34)
as expected.
Remark 2.7. The limiting extinction probability when pu = A is
Pr{N,(r) = 0} ‘2251 (2.35)

for all valuesof 0 < v < 1.

Remark 2.8. The last expression in (2.26) is in some ways similar to the Riemann limit for
u — A of (2.13) and (2.20).

Remark 2.9. We can rewrite the probabilities (1.11) in an alternative form which permits us to

give an interesting interpretation to their structure.
For the case A > u, we can write

AAh—p m
put) = %[1———“ (ﬁ) Ev,l(—r“(x—u)m)}

weoA m=1 A

(2.36)

i o)

=7 [1 — Y Pr{G=m|G = 1}E, (—t" (A — u)m)},
m=1
where G is a geometric r.v. with distribution
Pr(G=m) A—pu ("2

r(G=m|G>1) PG = 1) w\x) u m> (2.37)

The treatment of the opposite case A < u is similar except that a different conditional geomet-
ric r.v. G’ must be introduced, defined as

pr(g/:m|g’zl)=ﬁ<5) B2 s, (2.38)
A\u u
and thus

Py =1=Y Pr( =m|G = DE,i(~1"(x = M)m). (2.39)

m=1

A well-known property for a fractional Poisson process N, (¢), t > 0, of degree 0 < v < 1 and
parameter A > 0 is that [2]

Pr{N, (1) =0} = E, 1 (—t"A) =Pr(7, > 1), (2.40)
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where 7, = inf(s : V,,(s) = 1). This permits us to rewrite the extinction probabilities also in terms
of waiting times of a fractional Poisson process with a random rate AG.

For the case A = u, the interpretation is straightforward because the waiting time of the re-
lated fractional Poisson process has a rate AE, where £ is an exponentially distributed r.v. with
parameter equal to one.

Remark 2.10. In the case i = A, it is well known that the extinction probability in the classical
birth—death process, po(s), s > 0, satisfies the nonlinear Riccati differential equation

Po(s) +24po(s) = A+ ALpo(s)1%. (2.41)

By using (2.41), we can provide an alternative proof for the subordination relationship (2.1):

o0

/ Pi(s) Pr(Tay (1) € ds) + 2ApY (1) = & + A f [po(s)12 Pr(Ta (2) € ds) (2.42)
0 0
00 )\'2 2

o0 )\. ) 3
A 7(1 T )\,s)z Pr(Tzu(l‘) S dS) + 2)\.p0 (t) =1+ )\./(; m Pr(Tzv(t) (S] dS)

00 (1 )\2 2) )
= / (1“)2 Pr(Ta, (1) € ds) = & — 2Ap (1)

1—
/O o Pr(Tzu(t) eds)=1-2p1)

o0
2pl(t) =2 Pr(T:
= 2pyt) /0 T r(T2 (1) € ds)

= py)= /0 s Pr(Ts, (1) € ds). (2.43)

Remark 2.11. By exploiting the subordination relationship (2.1) and the fact that the extinction
probability in the classical case satisfies the integral equation

t t
po(t) = f e~ U L dy + / re~ U ot — u)]? du, (2.44)
0 0

we can give an integral form for pg(¢):

+00 s s
pot) = / { / e~ PHmu qy 4 / re AU o (s —u)]zdu}Pr{Tzv(t) eds). (2.45)
0 0 0

We note that the first integral of (2.45) can be worked out explicitly as follows:

1
—(A+p)u
M / [/ / WU Py (1) € dS}du:| dt = 4x g (2.46)
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This can be directly inverted so as to obtain

o0 S
/ / e~ AU L P Ty, (1) € ds) du
0 0

t

w”! Ew(—()» + /L)w”) dw

I
=
S~

(2.47)

U

t

i (— (A + p)t")m
o (m + DHI'(vim +v)

M R v
= 2l (-G )]

3. The state probabilities of the fractional linear birth—death
process

Here, we present three theorems concerning the structure of the state probabilities Pr{N, (1) = k},
t >0, with 0 < v < 1. Three cases must be distinguished and treated separately, as in Section 2,
namely A > u, A < p and A = p.

Theorem 3.1. For the case ) > |, the state probabilities p,‘: M, k>=1,t>0,0<v <1,inthe
fractional linear birth—death process N, (t), t > 0, have the following form:

o= (V£ (S ()

3.1)
X Ey i (= +r+ 10— ).

Proof. By exploiting the subordination relationship (2.1) and conveniently rewriting the well-
known form of the state probabilities of the classical linear birth—death process, we have that

) - 00 s (1 _ef()ﬁu)s)kfl
pr() = (L — i /0 e PR Pr(T2, (1) € ds). (3.2)
By applying the Laplace transform, we obtain
00 _ a—(A—u)s\k—1
oy 25 k=1 s (I —e ) 1 v
Li@=0.— w2 /0 ¢ - (o ,ue*(?»*u)x)kﬂzu e " ds

oo k—1

= (= )2k 122( (k+1))( 1 ( )A (k+1) (k ; )(_1)rzv—l
1=0 r=0

o0
x/ e 3% e~ (A slg—(G—p)sr o= (A= 10)s (3.3)
0
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A=\ D 1k (k=1 : * @
— (Tﬂ> ZZ( —+l_ ) ( . ) (_])r<%> val /0 efs(z +A—p)((+r+1)) ds
[=0 r=0

(Ve (k) (k-1 s 2’~!
_< A )g,_()( ! )( r )H) (X) 4Gl +r+1)]

which can be easily inverted by using (2.17), thus obtaining (3.1). (]

=~
—

Remark 3.1. We check that for v = 1, formula (3.1) converts into the well-known distribution of
the linear birth—death process, thus being its fractional extension. For v = 1, we get from (3.1)

that
1 A—u 2 l+k = r — —(A =t (l4r+1)
an-(E2YE(H)E) G (e oo
1=0

We now observe that

Y D e (3.5)
r=0

00 —(k+1)
Z (l +k> < ) e—(k—u)tl — (1 _ %e—(k—ﬂ)t> , (3.6)
1=0

where, in (3.6), we applied the binomial expression
a+l (a+1)
! l _ py—latD
,E_O ( / )b ZE_O < ) (=)' =1 —=b)~ 9TV, (3.7)

This permits us to write

A—u 2 (l—e(A “)’)k 1

1 (A—p)t

H=|—— , n<A, 3.8
Pe(t) ( A > ¢ (1 — (u/A)e~R—wiryk+l = (3-8)

which coincides with (1.4).

Remark 3.2. In order to prove that Z;{’io p;(t) =1 for A > p (formula (3.1)), we can again
apply the Laplace transform and prove that Y oo fo e~ p{(t)dr = 1/z. We first calculate

o %)
Z/o e ¥ pr (1) dr

S =\ 1k (k- ! P
_Z< A >Z < ! >< )(_)< >z Vo= Hr+1) G:9)
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X =\ A~k + 1) k-1 w\
_ AR l - P v—1
() R () ()
k=1 [=0 r=0
o0
X/ e—sz"e—ls()\—u)e—sr()\—u)e—x()\—u) ds.
0
By keeping in mind formulas (3.5) and (3.6), we have that

o %)
> / e ¥ pr (1) dr
k=170

et _ a—s(A—p)\k—1
_ N25k—1 o—s0—) (I-e ) v—1_—sz"
= E (A — p)°A /0 el u))k+lz e ds (3.10)
k=1

- 00 e—sz"
- [

By using the Laplace transform of the extinction probability (second line of formula (2.16)), we
finally obtain

o0 . . 00 e—sz”
e pv v—
pr(t)ydt = (A — )z f S —
;fo 0 A—pe T
00 _ —s(A—p)
H—pe v—1_—s7"
+ /0 = e Ve ds (3.11)

as desired.

Remark 3.3. The distribution (3.1) can be expressed in terms of the probability law of a frac-
tional linear birth process with rate A — w, which reads

g (1) = Pr{M, (1) =k +1[M,(0) =1 + 1}

("” )Z( 1),< - )Ev,l(—(r+1+z)(x—mr“),

(3.12)

where [ + 1 initial progenitors are assumed (see [8], formula (3.59)). If we write

[
Pr{G =1} = <1 — %) <%) . 1>0, (.13)
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then formula (3.1) can be rewritten as

v (A H [+ k
Pk(t)—< . ); p <k>P{M(t)—k+l|M(O)—l+1}

i —n+4 pg =

=0
x Pr{M,(t) =k +1|M,(0) =1+ 1}

because

w d _ _l w\ (1 2z _

Result (3.14) shows that for large values of k, we have the following, interesting, approximation:
A— U >
pr(r) ~ — > Pr(G =1)Pr(M,(t) =k +1|M,(0) =1 + 1}.
1=0

Theorem 3.2. For a fractional linear birth—death process N, (t), t > 0, it > A, the probabilities
Py () =Pr{N,(t) =k}, k > 1, have the following form:

o= (2 E ()

pk(t)_( 1 ) 1 ; ! 1
- (3.16)
XZ_:O(—I)r (k;I)EU,1(—(l+r+1)(u—)»)t”).

Proof. By again using relationship (2.1), thanks to formula (1.4) suitably rearranged, we can
write

(u—A)s _ 1k 1
Pk(t)—/ (1 — A)2e~ (=P yh= 1(;‘; T ))k+l Pr(T5, (1) € ds). (3.17)

By applying the Laplace transform, we have (omitting here some steps similar to those of the
proof of the previous theorem)

(1 _ e—(M—A)S)k—l
(=R = G/ pye= T

S S G) e ()
— i = -1 3.18
( o > w ; ! o g( ) ro)* G-18)

— — v
ZV le 520 ds

L) = f T a2 !
0
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oo
» / =S @ =) +r+1) g
0

(= 2 /a1 @ Ik A\ AL (k=1 71
_< n )(ﬁ) Z( ! )(ﬁ) g(_l)< r )z”+(u—/\)(l+r+l)'

=0

By transforming equation (3.18), we easily arrive at the result (3.16). (]

Remark 3.4. When k = 1, equation (3.1) takes a simple form:

v _ A—p ' H : v
(1) = (T) ;(l-l-l)(x) Evi(—(+ 1D —wt")

=(=5) %) Ea(-16.-wr),.

where A > u. For the case A < u, we obtain essentially the same expression with A and u
exchanged.

(3.19)

An interpretation similar to that in (3.14) is valid for the case u > XA as well. The following
theorem describes the structure of the state probabilities p,‘(’ (t), k > 1, in the case where ;= A,
that is, when the birth rate equals the death rate.

Theorem 3.3. In the case ju = A, the probabilities p; (t) = Pr{N, (¢) = k} of the fractional linear
birth—death process read

(_1)k—1)"k—l dk

Pr{N,(t) =k} = T G

[A(l — pg(t))] (3.20)
withk >1andt > 0.
Proof. The explicit form of the distribution Pr{N, (¢) =k}, k > 1, for the fractional linear birth—

death process, in the case A = u, can be evaluated in the following manner. In light of (1.9), we
have

Pr{N,(t) = k} = /Oo Pr{N(s) = k} Pr{To, (¢) € ds} (3.21)
0

so that
o0
L}c’(z) = / e ' Pr{N,(t) =k}dt
0

00 k—1
()\,S) I Y
=, G e

(3.22)
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This is because for the A = p case of the classical birth—death process, we have that (see [1],
formula (8.53), page 95)

P{N(r)—k}—ﬂ k> 1 (3.23)
N =R = e =" '

We note that the extinction probability cannot be extracted from the above formula since it reads

At
14+ At

Pr{N(t) =0} = (3.24)

This implies that we have a different expression for k > 1 and k = O for the fractional linear
birth—death process as well.
Formula (3.22) can be expanded out as

(_l)kkkfl dk 00 1
K k), s+’

kyk—1 Jk
_ e d OO<1 A )z”_le_”U ds

Li(z) = v=le=sz" gg

ki dk Sy \s 1+as
(3.25)
(_l)k)\k—l dk o0 0O L | ;
= Tdﬁ[/ / (e — pewHArs)y v=lg=sz" g¢ dwi|
. 0 0
-1 k)\k—l dk 0 yeWw © 4
T I Ay |
k! da 0o WA+ZY 0o w+z¥
By inverting the Laplace transform, we have that
-1 k}»k—l dk oo
Pr{N,(t) =k} = %W [/ (El,,l(—wt”) — e VE, (—Awt”)) dw]
. 0
—1 k—lkk—l dk oo
= %W |:Af e_wEugl(—kwt”)dwi| (3.26)
! 0
(—l)k_l)\k_l dk
Formula (3.20) is thus proved. O

It is important to note how all the state probabilities p;(¢) depend on the extinction probability
Py ().

Remark 3.5. For v =1, we can extract from (3.20) the classical formula (3.23) because

(_1)/{—1)\1{—1 dk |: A i|

pL(t) =Pr{N(t) =k} = (3.27)

k! Ak [ 1+ ar
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and because

dk k 4/ ki 1
dxk[1+kt] %( )dM )Jf—l<1-|-M)

_, +kdk—1 1
IR TLAN Y AT T 4 e

(=DK1t (=D 1k = D1kt

(14 Akl (1 + An)k (3.28)
— Dk
— %(—1)’“1 [—xkt + (1 + AD)k]
klgk=1 _
- (1+xz)k+l(_1)k g

Remark 3.6. From the representation on the last line of (3.26), it is possible to give an alternative
proof of the subordination relationship (2.1) when k > 1, as follows:

(_1)/{—1)\’](—1 dk

pe() = A W[)‘(l ~po®)] (3.29)
( l)k l)hk 1 dk 00 )»23‘
Rt Ny
_ (_l)kfl)\kfl 00 dk A
- TUO m[ T+ } Pr(T(6) € ds)} (3.30)

Exploiting (3.28), we readily obtain

) 00 ()\'s)kfl
pk(l):/ov WPI‘(TQV(I)ECIS). (3.31)

Remark 3.7. Here, we present two other interesting relationships. The first one is simply a par-

ticular case of formula (3.20) when k = 1, that is, the probability of having one individual in the
process at time ¢ is

d
Pr{N,(t) = 1} = a[)\(1 —py0)]: (3.32)

The second relationship is again a particular case of formula (3.20) with v = 1/2. In that case,
recalling that

_i > *y2+2yxd 3.33
E1/2,1(X)—ﬁ A e v, (3.33)
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we obtain
( l)k 1)\.k 1 dk 12
Pr(N12(1) =k} = 7 [2(1 = py" ()]
( 1)k 1)\,k 1 dk 00 _
Tdkk A.\/\ e wE]/z’l(—)»tl/Zw)dw
! 0
B (_1)k—l)\k—l
e [ ey Pugyg (3.34)
dkk[f/ / ¢ Y '
_ D [2)\ e’ . }
K k| Rl T+

( 1)k Lyk=1 gk 00 e—wz/(Zt) 1
CO R Ty [T L,
k! dx 0 14+ AV2w /27t
_(=DEIAT g E 21
- k! dak ’
! 1+ AV2B(t)

where B(t), t > 0, is a standard Brownian motion.

4. Some further properties of the fractional linear birth—death
process

The analysis of the moments of the fractional linear birth—death process gives us useful informa-
tion concerning the behaviour of the system. Starting from (1.8), we easily see that

G
ENy()= " A.1)

u=1
is the solution to
arv =" 4.2)

EN,(0)=1.
By again applying the Laplace transform, we have that the solution to (4.2) is

dl)
{—EN:()\.—,LL)]ENU, O<v<l

EN,(t) = Ey 1 (k= w)t”),  1>0. 4.3)

In the case A > u, the result (4.3) shows that the mean size of the population coincides with that
of a fractional linear pure birth process with rate A — u > 0 (see [8]). Result (4.3) can also be
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derived by means of the subordination relationship (2.1):

EN,(t) = Y kPr{N,(t) =k}
k=0

= Zk /Oo Pr{N (s) = k} Pr{T», (¢) € ds} (4.4)
k=0 7O

oo
= / e*=MS Pr{Ty, (1) € ds}.
0

The Laplace transform of (4.4) yields

o0 oo N
/ e EN, (1) dt = [ et s pu=le=s2" g 4.5)
0 0

v—1

Z

— — Oo—zt _ v
_Z"—()\—M) /Oe Ev,l(()\ )t )dt

and this confirms (4.3).

By again applying (1.8), it is also possible to derive the variance VarN, (¢), ¢ > 0, of the num-
ber of individuals in the population at time #. We start by evaluating the second-order factorial
moment (2 () = E[N,(#)(Ny(t) — 1)], t > 0. From (1.8), after some straightforward steps, we
see that

9’*G
1@ @) =E[Ny@)(Ny(1) = 1)] = — (4.6)
ou u=1
is the solution to the following differential equation:
d\)
{ RO =VEN@) + 20— puey®,  0<v=l, “
12 (0)=0.
In order to solve (4.7), we apply the Laplace transform, obtaining, in the case A # u,
0 v—1
1
/ e ) (r) dt = 21— Z()L S 20—
V= (- V=20 —
0 127 22 4.8)

_zxzv—l[ 1 1 ]
Coa—plr-200—p) 2 —-G—w ]

The Laplace transform (4.8) can be inverted, thus leading to the explicit expression of the second-
order factorial moment as

21
n)(t) = m[Eu,l 20 = w)t") = Ev 1 (G — myt”)]. 4.9)
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From the first expression of the Laplace transform in (4.8), we also have that

t
mey () = 2,\/0 s" T E, (200 — 10)sY) Ev 1 (A — ) (&t — 5)") ds. (4.10)

By applying similar calculations to those of (2.30), we prove result (4.9).
From (4.9), we can easily write that

2A
Var Ny () = 5= [Eni (26.= 0r”) = Bua (6= o))

Eyi((—wt*) = EZ (0 — w)t) A.11)

21

nw_Atw v )
- mEN(z()‘_M)’ )—mEuJ((/\—M)t ) — EL (= wt).

Remark 4.1. When v = 1, we obtain from (4.11) the expression for the variance of the classical
linear birth—death process as follows:

21 y
VarN (1) = P— e ) _ P— i_ Ze’(}‘_“) — X0
(4.12)
= A 200 Oy 2 2 0o (0o .

A—u A—u

Remark 4.2. When p = 0, that is, in the case of pure linear birth, we obtain from (4.12) the
expression of the variance of the classical linear pure birth process and from (4.11) that of the
fractional linear birth process (see [8]).

In the case A = u, from (4.7), it is easy to show that

v
Var N, (t) = L, (4.13)
Trwv+1)

in accordance with the well-known result of the classical linear birth—death process for A = u
which reads Var N(t) = 2Ar.

Remark 4.3. We can directly evaluate the mean value EN(7) for A = w in the following way:

EN(”:,;]‘<(1+M>H1> (1+m>2Z (HM)
1 d & 1 d z
(1+M)2d_2

T (+Anldzl—
1 1

T U+ (1 =22

(4.14)

2=t/ (14A1)

2=t/ (14+A1)

=1

2=t/ (14A1)
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The assumption that A = p implies that the mean size of the population EN,(¢), t > 0, is equal
to one (number of original progenitors) for all # > 0 and all 0 < v < 1 (this is also confirmed for
A = by (4.3)).
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