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Operator fractional Brownian motions (OFBMs) are (i) Gaussian, (ii) operator self-similar and (iii) sta-
tionary increment processes. They are the natural multivariate generalizations of the well-studied fractional
Brownian motions. Because of the possible lack of time-reversibility, the defining properties (i)—(iii) do
not, in general, characterize the covariance structure of OFBMs. To circumvent this problem, the class of
OFBMs is characterized here by means of their integral representations in the spectral and time domains.
For the spectral domain representations, this involves showing how the operator self-similarity shapes the
spectral density in the general representation of stationary increment processes. The time domain represen-
tations are derived by using primary matrix functions and taking the Fourier transforms of the deterministic
spectral domain kernels. Necessary and sufficient conditions for OFBMs to be time-reversible are estab-
lished in terms of their spectral and time domain representations. It is also shown that the spectral density
of the stationary increments of an OFBM has a rigid structure, here called the dichotomy principle. The
notion of operator Brownian motions is also explored.

Keywords: dichotomy principle; integral representations; long-range dependence; multivariate Brownian
motion; operator fractional Brownian motion; operator self-similarity; time-reversibility

1. Introduction
Fractional Brownian motion (FBM), denoted By = {By (t)};cr With H € (0, 1), is a stochastic
process characterized by the following three properties:

(i) Gaussianity;
(ii) self-similarity with parameter H;
(iii) stationarity of the increments.

By self-similarity, it is meant that the law of By scales as

(Bu(ctlier Z (e Bu(Oher., ¢ >0, (1.1)

where = denotes equality of finite-dimensional distributions. By stationarity of the increments,
it is meant that the process

{Br(t+h) — Bu(W)}ier
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has the same distribution for any time-shift # € R. It may be shown that these three properties
actually characterize FBM in the sense that it is the unique (up to a constant) such process for
a given H € (0, 1). FBM plays an important role in both theory and applications, especially in
connection with long-range dependence [11,12].

We are interested here in the multivariate counterparts of FBM, called operator fractional
Brownian motions (OFBMs). In the multivariate context, an OFBM By = (B1.H, ..., By, m)* =
{(B1,H(t),..., By m(t))* € R",t € R} is a collection of random vectors, where the symbol
denotes transposition. It is also Gaussian and has stationary increments. Moreover, as is standard
for the multivariate context, in this paper, we assume that OFBMs are proper, that is, for each ¢,
the distribution of By (¢) is not contained in a proper subspace of R". However, self-similarity is
now replaced by

(ii") operator self-similarity.

A proper multivariate process By is called (strictly) operator self-similar (o.s.s.) if it is con-
tinuous in law for all # and the expression (1.1) holds for some matrix H. Here, the expression
c! is defined by means of the convergent series

o0

Hk
= exp(log(c)H) = Z(logc)kﬁ, c>0.
k=0 ’

Operator self-similarity extends the usual notion of self-similarity and was first studied thor-
oughly in [19,22]; see also Section 11 in [28] and Chapter 9 in [12]. The theory of operator
self-similarity runs somewhat parallel to that of operator stable measures (see [20,28]) and is
also related to that of operator scaling random fields (see, e.g., [3]).

OFBMs are of interest in several areas and for reasons similar to those in the univariate case.
For example, OFBMs arise and are used in the context of multivariate time series and long-
range dependence (see, e.g., [4—6,9,26,30]). Another context is that of queueing systems, where
reflected OFBMs model the size of multiple queues in particular classes of queueing models
and are studied in problems related to, for example, large deviations (see [7,21,24,25]). Partly
motivated by this interest in OFBMs, several authors consider constructions and properties of
OFBMs. Maejima and Mason [23], in particular, construct examples of OFBMs through time
domain integral representations. Mason and Xiao [27] study sample path properties of OFBMs.
Bahadoran, Benassi and Degbicki [1] provide wavelet decompositions of OFBMs, study their
sample path properties and consider questions of identification. Becker-Kern and Pap [2] consider
estimation of the real spectrum of the self-similarity exponent. A number of other works on
operator self-similarity are naturally related to OFBMs; see, for example, [28], Section 11, and
references therein.

To the reader less familiar with OFBMs, we should note that the multivariate case is quite
different from the univariate case. For example, consider an OFBM By whose exponent H has
characteristic roots A with positive real parts. By using operator self-similarity and stationarity
of increments, one can argue, as in the univariate case, that

EBy(t)By(s)* + EBy(s)By (t)*
— EBy(1)By (1)* + EBy(s)Bu(s)* — E(Bu(t) — Bu(s))(Bu (1) — Bu(s))"  (1.2)
= (17T, D+ 1517, DIsI? =10 =517 T A, DI — 517,
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where I'(1,1) = EBy (1) By (1)* and the symbol * denotes the adjoint operator. However, in
contrast with the univariate case, it is not generally true that

EByp(t)Bu(s)" = EBy(s)Bu (1) (1.3)

and hence the OFBM is not characterized by H and a matrix I"(1, 1). Another important dif-
ference is that the self-similarity exponent of an operator self-similar process is generally not
unique. The latter fact has been well known since the fundamental work of Hudson and Mason
[19]. We briefly recall it, together with some related results, in Section 2.2.

In this work, we address several new and, in our view, important questions about OFBMs.
In view of (1.2) and (1.3), since the covariance structure of an OFBM cannot be determined
in general, we pursue the characterization of OFBMs in terms of their integral representations
(Section 3). In the spectral domain, under the mild and natural assumption that the characteristic
roots of H satisfy

0 <Re(hy) <1, k=1,...,n, (1.4)

we show that an OFBM admits the integral representation

eitx 1. o -

/ (e WD g DY) Bd), (1.5)
R 1x

where A is a matrix with complex-valued entries, A denotes its complex conjugate, x; =

max{x, 0}, x_ = max{—x, 0} and B(dx) is a suitable multivariate complex-valued Gaussian mea-

sure. In the time domain and when, in addition to (1.4), we have

1
Re(hk);éi, k=1,...,n, (1.6)
the OFBM admits the integral representation

/ (=i~ — TP M4 (=P — P M) B, (1.7)
R

where M., M_ are matrices with real-valued entries and B(du) is a suitable multivariate real-
valued Gaussian measure. The representation (1.7) is obtained from (1.5) by taking the Fourier
transform of the deterministic kernel in (1.5). We shall provide rigorous arguments for this step
by using primary matrix functions. (Even in the univariate case, very often this step is unjustifi-
ably taken as more or less evident.) On a related note, but from a different angle, the represen-
tations (1.5) and (1.7) always define Gaussian processes with stationary increments that satisfy
(1.1) for a matrix H. We shall provide sufficient condition for these processes to be proper (see
Section 4) and, hence, to be OFBMs.

Subclasses of the representations (1.5) and (1.7) were considered in the works referenced
above. Maejima and Mason [23] consider OFBMs given by the representation (1.7) with M4 =
M_ = I. Mason and Xiao [27] take (1.5) with A = . Bahadoran et al. [1] consider (1.5) with
A having full rank and real-valued entries. (Such OFBMs, for example, are necessarily time-
reversible; see Theorem 5.1 and also Remark 3.1.) We would again like to emphasize that, in



4 G. Didier and V. Pipiras

contrast with these works, the representations (1.5) and (1.7) characterize all OFBMs (under the
mild and natural conditions (1.4) and (1.6)).

In particular, the representations (1.5) and (1.7) provide a natural framework for the study
of many properties of OFBMs. In this paper, we provide conditions in terms of A in (1.5) (or
M4, M_ in (1.7)) for OFBMs to be time-reversible (see Section 5). Time-reversibility is shown
to be equivalent to the condition (1.3) and hence, in view of (1.2), corresponds to the situation
where the covariance structure of the OFBM is given by

1 * * *
EBH(t)BH(s)*=§(|t|HF(l,l)ltlH +Is/7T @, DIs|? = e —s/" T, De —s177). (1.8)

Another interesting and little-explored direction of study of OFBMs is their uniqueness (identi-
fication). This encompasses the characterization of the different parameterizations for any given
OFBM and, in particular, of the aforementioned non-uniqueness of the self-similarity exponents.
Uniqueness questions in the context of OFBMs are the focus of Didier and Pipiras [8], where they
are explored starting with the representation (1.5), and will be largely absent from this paper.

Furthermore, in this paper, we also discuss some additional properties of OFBMs which are
of independent interest. First, we prove that OFBMs have a rigid dependence structure among
components, which we call the dichotomy principle (Section 6). More precisely, under long-
range dependence (in the sense considered in Section 6), we show that the components of the
increments of an OFBM are either independent or long-range dependent, that is, they cannot
be short-range dependent in a non-trivial way. Since, in the univariate case, the increments of
FBM are often considered representative of all long-range dependent series, this result raises the
question of whether OFBMs are flexible enough to capture multivariate long-range dependence
structures. Second, we also discuss the notion of operator Brownian motions (OBMs) and related
questions (Section 7). OBMs are defined as having independent increments and are known to
admit H = (1/2)1 as an exponent. We also show, in particular, that an OFBM with H = (1/2)1
does not necessarily have independent increments and hence is not necessarily an OBM. (In
contrast, in the univariate case, H = 1/2 necessarily implies Brownian motion.)

In summary, the structure of the paper is as follows. In Section 2, we provide the necessary
background for the paper and some definitions. In Section 3, we construct integral representa-
tions for OFBMs in the spectral and time domains. Section 4 furnishes sufficient conditions for
properness. Section 5 is dedicated to time-reversibility. The dichotomy principle is established in
Section 6 and the properties of OBMs are studied in Section 7. Appendices A-D contain several
important technical results used throughout the paper, as well as some proofs.

2. Preliminaries

We begin by introducing some notation and considering some preliminaries on the exponential
map and operator self-similarity that are used throughout the paper.

2.1. Some notation

In this paper, the notation and terminology for finite-dimensional operator theory will be pre-
ferred over their matrix analogs. However, whenever convenient, the latter will be used.
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All with respect to the field R, M (n) or M (n,R) is the vector space of all n x n operators
(endomorphisms), GL(n) or GL(n, R) is the general linear group (invertible operators, or auto-
morphisms), O (n) is the orthogonal group of operators O such that 0O* =1 = 0*O (i.e., the
adjoint operator is the inverse), SO(n) € O(n) is the special orthogonal group of operators (ro-
tations) with determinant equal to 1 and so(n) is the vector space of skew-symmetric operators
(ie., A* = —A).

The notation will indicate a change to the field C. For instance, M (n, C) is the vector space
of complex endomorphisms. Whenever it is said that A € M (n) has a complex eigenvalue or
eigenspace, one is considering the operator embedding M (n) < M (n, C). The notation A in-
dicates the operator whose matrix representation is entrywise equal to the complex conjugates
of those of A. We will say that two endomorphisms A, B € M (n) are conjugate (or similar)
when there exists P € GL(n) such that A = PBP~!. In this case, P is called a conjugacy.
The expression diag(ry, ..., A,) denotes the operator whose matrix expression has the values
A1, ..., A, on the diagonal and zeros elsewhere. The expression tr(A) denotes the trace of an
operator A € M(n,C). We write f € L>(R, M(n,C)) for a matrix-valued function f when
tr{ [ f)* f(u) du} < +oo0.

Throughout the paper, we set

D=H—(1/2)I @2.1)

for an operator exponent H. The characteristic roots of H and D are denoted
hi, d, 2.2

respectively. Here,
k=1,...,Norn, 2.3)

where N < n is the number of different characteristic roots of H.
For notational simplicity when constructing the spectral and time domain filters, we will adopt
the convention that z” =0 € M(n, R) when z = 0.

2.2. Operator self-similar processes

Operator self-similar (0.s.s.) processes were defined in Section 1. Any matrix H for which (1.1)
holds is called an exponent of the o.s.s. process X . The set of all such H for X is denoted by £(X),
which, in general, contains more than one exponent. The non-uniqueness of the exponent H
depends on the symmetry group G of X, which is defined as follows.

Definition 2.1. The symmetry group of an o.s.s. process X is the set G| of matrices A € GL(n)
such that

(X(O)rer £ {AX (D )ren. 2.4

It turns out that the symmetry group G is always compact, which implies that there exists a
closed subgroup Oy of O(n) such that Gy = WOy W1 where W is a positive definite matrix
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(see, e.g., [20], Corollary 2.4.2, page 61). A process X that has maximal symmetry, that is, such
that G| = WO (n)W!, is called elliptically symmetric.
Let G be a closed (sub)group of operators. The tangent space T (G) of G is the set of A € M (n)
such that
G, —

n

A= lim

for some {G,} € G and some 0 < d,, — 0.

In this sense, T(G) is, in fact, a linearization of G in a neighborhood of 7. Hudson and Mason
[19], Theorem 2, shows that for any given o.s.s. process X with exponent H, the set of exponents
E(X) has the form £(X) = H + T(G1), where T(G) = WLoW ™! for the positive definite
conjugacy matrix W associated with G| and some subspace Lo of so(n). Consequently, X has a
unique exponent if and only if G is finite.

3. Integral representations of OFBMs

Representations of OFBMs in the spectral domain are derived in Section 3.1. The corresponding
representations in the time domain are given in Section 3.2. The derivation of these representa-
tions is quite different from that in the univariate case. In the latter case, it is enough to “guess”
the form of the spectral representation and to verify that it gives self-similarity and stationarity
of the increments (and hence, immediately, FBM). In the multivariate case, these representations
actually have to be derived from the properties of OFBMs, without any guessing involved.

3.1. Spectral domain representations
In Theorem 3.1, we establish integral representations of OFBMs in the spectral domain.

Theorem 3.1. Let H € M (n, R) with characteristic roots hy satisfying
0 <Re(hy) <1, k=1,...,n. (3.1)

Let {By (t)};cr be an OFBM with exponent H. Then {Bp (t)};cr admits the integral representa-
tion

r eltx _ 1 D D
{Ba(D}ier = {/ — (At xC A)B(dx)} (3.2)
R x teR

for some A € M(n, C). Here, D is as in (2.1),
B(x) := Bi(x) +iBy(x) (3.3)
denotes a complex valued multlvarldte Brownian motion such that Bl( X) = B1 (x) and

Bz( x) —Bg(x) B] and Bz are independent and the induced random measure B(dx) sat-
isfies EB(dx)B(dx)* =
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Proof. For notational simplicity, set X = Bg. Since X has stationary increments, we have

itx _ olsx

X(t) = X(s) = /H; ¢ Faw, (3.4)

ix
where Y (dx) is an orthogonal-increment random measure in C”. The relation (3.4) can be proven
following the approach for the univariate case found in [10], page 550, under the assumption
that E|X(t + h) — X(t)|2 — 0 as h — 0, that is, X is L%-continuous at every ¢ (see also [35],
page 409, and [34], Theorem 7). The latter assumption is satisfied in our context because of
the following. Property 2.1 in [23] states that, for an o.s.s. process Z with exponent H, if
inf{Re(hy); k= 1,...,n} > 0, then Z(0) =0 a.s. Thus, in view of (3.1), X(0) =0 a.s. So, by
stationarity of the increments and continuity in law,

Xt+h—-XOE2xm5 x0)=0, h—o. (3.5)

Therefore, by relation (3.4) and again by Property 2.1 in [23],

eitx 1~
X(1) =/ - Y (dx). 3.6)
R X

Let Fx(dx) = E Y (dx)17 (dx)* be the multivariate spectral distribution of ?(dx). The remainder
of the proof involves three steps:

(i) showing the existence of a spectral density function fx (x) = Fx(dx)/dx;
(ii) decorrelating the measure Y (dx) componentwise by finding a filter based upon the spec-
tral density function;
(iii) developing the form of the filter.

Step (i). Since X is o.s.s. with exponent H,

X(ct)écH/ ¢
R
1

for ¢ > 0. On the other hand, through a change of variables x =c~'v,

itx_l

Y (dx) (3.7

it _ 1 _
X(cz)é/ ol P, (3.8)
R 1v

The relations (3.7) and (3.8) provide two spectral representations for the process {X (ct)};cr- As
a consequence of the uniqueness of the spectral distribution function of the stationary process

{X(t) — X(t — 1)};er and of the fact that |"i§7_1|2 > 0, x € R\{2nk, k € Z}, we obtain that
A Fx(c " dx) = Fx(dx)c™", c>0.

Equivalently, by a simple change of variables, Fy (c dx) = ¢! =" Fx (dx)c=)" Thus, for ¢ > 0,

/ Fx(cdx) = Fx(0,c] = c!~H Fx (0, 1]¢/—H)", (3.9)
0,1]
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/ Fy(cdx) = Fy(—c,0] =" Fy(—1,01c! 1", (3.10)
(~1,0]

By the explicit formula for c=Hin Appendix D, each individual entry Fx (0, cl;j,i, j=1,...,n,
in the expression on the right-hand side of (3.9) is either a linear combination (with complex
weights) of terms of the form

(og(©))' 1, og(©)" 1 5,

I m!

, qg,k=1,....,n, I,m=0,...,.n—1, (3.11)

or is identically zero for ¢ > 0. Thus, Fx(c) is differentiable in ¢ over (0, 00) since Fx (0, c];; =
Fx(c)ij — Fx(0);;. The differentiability of Fx on (—o0, 0) follows from (3.10) and an analogous
argument.

To finish the proof of the absolute continuity of Fy, it suffices to show that Fy is continuous
at zero. Note that

Fx(—c,c]l=c! " HFy(=1,11c""1" = 0

as ¢ — 01, The limit holds because ||c!~#| — 0 as ¢ — 0T, where || - || is the matrix norm,
which, in turn, follows from [23], Proposition 2.1(ii), under the assumption that Re(h;) < 1,
k=1,...,n.

Step (ii). Denote the spectral density of X by fx. Since |% 2 fx (x) is the spectral den-
sity of the stationary process {X () — X (t — 1)};er, fx(x) is a positive semidefinite Hermitian
symmetric matrix dx-a.e. ([15], Theorem 1, page 34). The spectral theorem yields a (unique)
positive semidefinite square root a(x) of fyx(x). Let g(x) be a complex-valued multivariate
Brownian motion, as in the statement of the theorem. X can then also be represented as

r eltx _ lA ~
X (t) =/ —G(x)B(dx) (3.12)
R 1xX

because
E@(x)B(dx)B(dx)*a(x)") =a(x)?dx = fx(x)dx = Fx(dx)

and the processes on both sides of (3.12) are Gaussian and real-valued.
Step (iii). By using operator self-similarity and arguing as in step (i), the relation (3.12) implies
that, for every ¢ > 0,

a‘(x)a(x)*:c—Dz;G)a(%) P dx-ae. (3.13)

By Fubini’s theorem, the relation (3.13) also holds dx dc-a.e.
Consider x > 0. A change of variables leads to

a)ax)* =x PvPawaw) v x " dxdv-ae.

Thus, one can choose v+ > 0 such that

ayax)* =x"PvPlawaws) v x dx-ae. (3.14)
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This means, in particular, that if we set

~ —D D~

@ () =xPvPatv,)

for dx-a.e. x > 0, then @4 (x)ay (x)* = fx(x) on the same domain.
By again considering the stationary process {X (t) — X (¢ — 1)};er and applying [15], Theo-
rem 3, page 41, one can show that fx is a Hermitian function. Thus,

a(—x)a(—x)* = fx(—x) = fx@) =x 2P a2 x P dx-ae.
Hence, for x < 0, we can set
a- () = (=03 "awy)

and, for x € R, we have
a) =x7PvPawy) +x=PvPawy)  dx-ae,

where @(x)a(x)* = fx(x) dx-a.e. Therefore, we can use @ in place of @ in the spectral repre-
sentation of X, which establishes relation (3.2). O

Remark 3.1. The invertibility of A in relation (3.2) is not a requirement for the process to be
proper (compare with [1], page 9). In the Gaussian case, properness is equivalent to EX (¢) X (¢)*
being a full rank matrix for all ¢ # 0.

A simple example would be that of a bivariate OFBM whose spectral representation has matrix
parameters D =dI,0 <d < 1/2, and A set to the (unique) non-negative square root of

which is rank-deficient. Let

2
x|~ dx,

itx

g(t)=/ c
0

which is strictly positive for all # # 0. In this case,

ix

itx_l

2
x| 72 (A% 120y + A2 (x<0)) dx

EXHX(@)* =f
R

=g<r)( 2 i“) —2¢(1)1.

i+i 2

Theorem 3.1 shows that an OFBM is characterized by a (potentially non-unique) o.s.s. ex-
ponent H and a matrix A. For the sake of simplicity, we will continue to use the notation By
instead of the (more correct) notation Bg 4.
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Remark 3.2. As a consequence of Maejima and Mason [23], Corollary 2.1, the characteristic
roots hy of the exponent H of an OFBM must satisfy Re(hx) <1, k =1, ..., n. However, the
extension of the definition of OFBMs to the case of H with at least one characteristic root Ay
satisfying Re(hx) = 1 can be subtle. In Proposition C.1, it is shown that there does not exist an

OFBM with exponent
1 0
w=(1 1)

whose characteristic roots are h1 = hy = 1. (More precisely, it is shown that a Gaussian, H-
0.s.s. process X = (X1, X)* with stationary increments is necessarily such that X;(¢) = 0 and
X,(t) =tY a.s. for a Gaussian variable Y and hence that it cannot be proper.)

3.2. Time domain representations

Our next goal is to provide integral representations of OFBMs in the time domain, which is done
in Theorem 3.2. The key technical step in the proof is the calculation of the (entrywise) Fourier
transform of the kernels

t —uw)? — (—u)? = exp(log(t — u)+ D) — exp(log(—u)+ D), (3.15)

which are the multivariate analogs of the corresponding univariate FBM time domain kernels.
It is natural and convenient to carry out this step in the framework of the so-called primary
matrix functions. The latter allows one to naturally define matrix analogs f(D), D € M(n,R),
of univariate functions f(d), d € R, and to say when two such matrix-valued functions are equal
based on their univariate counterparts.

For the reader’s convenience, we recall the definition of primary matrix functions (more de-
tails and properties can be found in [17], Sections 6.1 and 6.2). Let A € M (n, C) with minimal
polynomial

grn@) =@ =AD" (z—An)N, (3.16)
where Aq, ..., Ay are pairwise distinct and ry > 1 fork=1,..., N, N <n. We denote by A =
PJ P! the Jordan decomposition of A, where J is in Jordan canonical form with the Jordan
blocks Jy,, ..., Jiy on the diagonal.

Let U € C be an open set. Given a function #:U — C and some A € M(n,C) as above,
consider the following conditions: M1) Ay € U, k= 1,...,N; M2) if r; > 1, then A(z) is
analytic in a neighborhood Uy 3 Ag, where Uy, C U. Let M}, = {A € M (n, C); conditions (M1)
and (M2) hold at the characteristic roots A1, ..., Ay of A}. We now define the primary matrix
function A (A) associated with the scalar-valued stem function % (z).

Definition 3.1. The primary matrix function h : My — M (n, C) is defined as

h(Jy) ... 0
h(A)=Ph())P~ =P . . . Pl

0 ... h(y)
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where
h(hi) 0 0
W (Ap) h(hi) 0
h(Jy) = ; . : :
R )
(re — D!

The following technical result is proved in Appendix A. The functions (t — u)2, I'(D + I),
|x| 7D, eFsigninD/2 appearing in the result below are all primary matrix functions. The same
interpretation is also adopted throughout the rest of the paper, for example, with functions
sin(rtD/2), cos(wD/2) appearing in Theorem 3.2. (It should also be noted, in particular, that
the definition of the matrix exponential based on a series is equivalent to that based on primary
matrix functions.)

B (M) h(xg)

Proposition 3.1. Under (3.1) and condition (3.18) in Theorem 3.2,

itx _

/ (1 —w?h — (—w?)du= ¢ Ix|"PT(D + 1)eFsign®inDd/2, (3.17)
R X

Next, we construct time domain representations for OFBMs, which provides the main result
in this section. Further comments about the result can be found after the proof.

Theorem 3.2. Let {By(t)};er be an OFBM with o.s.s. exponent H having the spectral repre-
sentation (3.2) with A = A| +1A,, where A|, Ay € M (n, R).
(1) Suppose that H € M (n, R) has characteristic roots satisfying (3.1) and

1
Re(hk);éi, k=1,...,n. (3.18)
There are then M, M_ € M (n,R) such that

{Bu(®)}rer
(3.19)

£ {/R(((t —w? = w2 )My + (¢t —w)? - (—u)I_J)M_)B(du)} ’

teR

where {B(u)},cRr is a vector-valued process consisting of independent Brownian motions
and such that E B(du) B(du)* = du. Moreover, the matrices My, M_ can be taken as

x(. (nD\! 1 aD\"! 1
My = E(Sm(7> r'(D+1) Aﬁ:cos(T) r'O+1 Az). (3.20)

(ii) Suppose that H = (1/2)1. There then exist M, N € M (n, R) such that

{BH(t)}teRé{/ ((sign(t—u)—sign(—u))M+log(M)N>B(du)} , (3.21)
R teR

Jue]
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where {B(ut)},cr is as in (3.19). Moreover, the matrices M, N can be taken as

b 2
M:\/jAl, N:—\/iAz. (3.22)
2 B

Proof. (i) Denote the process on the right-hand side of (3.19) by Xpg. By using the Jordan
decomposition of D, it is easy to show that Xy is well defined. It suffices to show that there
are My such that the covariance structure of Xy matches that of the OFBM By given by its
spectral representation (3.2) with A = Aj + iA,. By using the Plancherel identity, note first
that

EXu($)Xpg(0)*
. i
_ 2L (emx _ 1|)(|¢2 irx _ 1) (|x|_DF(D + 1)(6_ sign(x)inD/2M+ + esign(x)inD/ZM_))
T JR X

X ((Mj‘_esjgn(x)i’TD*/2 + Mfe*Sign(x)i“D*/z)F(D n 1)*|x|7D*)dx.

Meanwhile, for By, we have

_ 1)(efitx _ ])
|x|?

isx
EBH(S)BH(I)*Z/ e P AA TP 4 xZPAA R  dx. (3.23)
R

Thus, by using the relation e'© = cos(®) + isin(®), ® € M(n), it is sufficient to find M4 €
M (n, R) such that

1 . .
AA* = gF(D 4 I)(e—lnD/2M+ + CIHD/ZM,)

= e+ n(sinf E2 oty — Moyuar — mysin =2
= (D+ )<s1n(7>( +—M_)(MI — _)sm( 3 )
(3.24)
nD nD*
+cos<7)(M++M)(Mj+M*)cos( 5 )
. D . ws . [ TD*
+1<cos<7>(M++M_)(M+—M_)sm( > )
. (7D N N nD* N
_sm<7)(M+—M_)(M++M_)cos< 5 )))F(D—l—l).
On the other hand,

AA* = (A1 AT 4 A2A%) +i(AAT — A AS). (3.25)



Integral representations and properties of OFBMs 13

By comparing (3.25) and (3.24), a natural way to proceed is to consider M and M_ as solutions
of the system

1 \/_ sin 5
\/23[ 2

By assumption (3.18), sin(%), cos(%) and I'(D + I) are invertible, and we obtain the solution
given by (3.20).

(ii) In this case, one can readily compute the inverse Fourier transform of the integrand in
(3.2), that is (up to 2m) 1),

—iux eitx -1 3
e - (1x=0)A + Lix<oyA) dx
R

1x

_ /ﬂ{(cos((r —u)x) —cos((t — u)x.) +i(sin((t — u)x) + sin(ux))>(1{x>0}A n 1{x<0}Z) dx.

ix
As shown in Appendix B, this becomes

t‘ —_
—210g<%>A2 + (sign(r — u) — sign(—u)) wA;.
u

Then, by considering second moments and using Plancherel’s identity, representation (3.21)
holds with M = (21)~/25A; and N = 2n)~/2(=2)A,. It is well defined because the inte-
grand comes from the inverse Fourier transform of a square-integrable function and hence is also
square-integrable. O

Remark 3.3. Note that the invertibility of M or N in (3.19) is not a requirement for the process
to be proper. A simple example would be that of a bivariate OFBM By whose time domain
representation (3.19) has matrix parameters H = hl, h € (0, 1)\{1/2},

w38 v

The two components of By are two independent (univariate) FBMs with exponent /. Thus, By
is proper.

Example 3.1. When (3.18) does not hold and H ## (1/2)1, the general form of time domain
representations can be quite intricate. For example, with

o-(18) (57 )



14 G. Didier and V. Pipiras

the calculation of the inverse Fourier transform (up to 2mn)~hH

1X

. eitx -1 b _p—
/ e X . (x;"A+x""A)dx (3.27)
R

in Appendix B shows that By has the time domain representation

{BH()}ier £ {/R(fl(l, wM + fo(t, M)N)B(du)} ; (3.28)
teR
where M = \/§A1, N = —\/gAz,
Fitu) = sign(t — u) — sign(—u) 0
15 ) = (C +log|t —ul)sign(t —u) — (C + log |u|) sign(—u) sign(t —u) — sign(—u) }’
|t — ul
0

_ |ul
log(—> <C+—10g(|t—u||u|)> 10g<—)
it 2 ul

where C is Euler’s constant. Note that, without taking the Fourier transform of (3.28), it is by no
means obvious why its right-hand side has stationary increments and is 0.s.s.

4. Conditions for properness

We now provide sufficient conditions for a process with spectral and time domain representa-
tions (3.2) and (3.19), respectively, to be proper and, thus, to be an OFBM.

Proposition 4.1. Let {X (t)};cr be a process with spectral domain representation (3.2), where
the characteristic roots of H satisfy (3.1). If Re(AA*) is a full rank matrix, then {X (t)};cRr is
proper (i.e., it is an OFBM).

Proof. We must show that

eitx _ 2

TP AA TP 4 xZPAAK T dx, 1 #£0,

EX®)X ()" =/

R

is a full rank matrix. For simplicity, let du(x) = |eiriXTfl |>dx. Then
EX(1)X(1)* = / x;PAA T duix) + / T PAAK T du(x)
R R

=2f ;P Re(AAM)X TP dp(x).
R
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The matrix fR x;D Re(AA*)x;D : du(x) is Hermitian positive semidefinite. Moreover, for any
v e C"\{0},

v* (/ x;D Re(AA*)x_;D* d,u(x))v >0,
R

where the strict inequality follows from the fact that (v*x;D ) Re(AA*)(x;D *v) > 0 for all

x > 0, the latter being a consequence of the invertibility of x_T_D and the assumption that Re(AA™*)
has full rank. O

Based on Proposition 4.1, we can easily obtain conditions for properness based on time domain
parameters. Consider a process {X (¢)};er With time domain representation (3.19), where the
characteristic roots of H satisfy (3.1) and (3.18). If

Mi+M_, My —M_
are full rank matrices, then {X (¢)};cR is proper (i.e., it is an OFBM).

Remark 4.1. Re(AA*) having full rank does not imply that AA* has full rank since i(A2A} —
A1 A%) may have negative eigenvalues. Also, note that Re(AA*) being a full rank matrix is not
a necessary condition for properness. For example, consider the process { X (¢)};cr with spectral
representation (3.2), where

AA*=<§ i) H=<”Ol hoz) hi ha € 0, 1),

Then
i eitx — 112 x| =20 =1/2) 2|~ (1=1/D+(ha=1/2))
EX ()X (1) :/Riix (2|x|—((h1—1/2)+(h2—1/2)) 4]x|"2h2=1/2) > x
hy +ho\?
1P Ca ()2 2|r|’“+"2cz<%)
- i +hy\2 ’
2|t|’“+'12c2<%) 41 PP Ca(ha)?
where
o= — @.1)
2T hT 2h) sin(hm) '

(see, e.g., [31], page 328). Therefore, det(E X (1) X (t)*) = 0 if and only if

2\ 2
Ca(h1)2Ca(ha)? = (cz(’“;r—hz) ) ,

which generally does not hold.
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5. Time-reversibility of OFBMs

We shall provide here conditions for an OFBM to be time-reversible. Recall that a process X is
said to be time-reversible if

(X(Oher Z{X(=D}rer. 5.1)

When X is a zero-mean multivariate Gaussian stationary process, (5.1) is equivalent to
EX($)X()* =EX(—s)X(—=1)*, s,t €R,
which, in turn, is equivalent to
EXG)X@)* =EX@®)X(s)", s,t eR.

The next proposition provides necessary and sufficient conditions for time-reversibility in the
case of Gaussian processes with stationary increments. It is stated without proof since the latter
is elementary.

Proposition 5.1. Let X be a Gaussian process with stationary increments and spectral repre-
sentation

itx __ 1~
(X(Oher £ { / < Y(dx)} ,
R teR

1x

where ?(dx) is an orthogonal-increment random measure in C". The following statements are
equivalent:

() X is time-reversible; _ ~
(i) EY(dx)Y(dx)* = EY(—dx)Y (—dx)*;
(i) EX($)X@)*=EX()X(s)*, s,t eR.

The following result on time-reversibility of OFBMs is a direct consequence of Proposi-
tion 5.1.

Theorem 5.1. Let {By (t)};er be an OFBM with exponent H and spectral representation (3.2).
Let A= Ay +1Aj, where A, A, € M(n,R). Then By is time-reversible if and only if

AA*=AA* or A AT=A A} (5.2)
Proof. From Proposition 5.1(ii), time-reversibility is equivalent to
E((;PA+xZPA)B(dv) Bdo)*(A*x P + A% ZP7))
= E(ZP A+ x7PA)B(—dx) B(—dx)*(A*xZP" + A% P7))

or

;P AN TP 4 xZPAAN TP = x TP AN TP X TPAAK YT dx-ae
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Since |x|P is invertible for x > 0, this is equivalent to (5.2). [l

Corollary 5.1. Let {By(t)};cr be an OFBM with time domain representation given by (3.19)
and exponent H satisfying (3.1) and (3.18). Then By is time-reversible if and only if

nD N v . [ TD*
cos(T)(MJr—i-M_)(MJr—M_)sm( > )
5.3)

. (7D N N nD*
= mn(T)(MJr - M_ )M + M)cos( > )

Proof. As in the proof of Theorem 3.2, under (3.18), the matrices sin(rtD/2), cos(nD/2) and
I'(D + 1) are invertible and, thus, by using (3.26), one can equivalently re-express condition (5.2)
as (5.3). [l

A consequence of Theorem 5.1 is that time-irreversible OFBMs can only emerge in the multi-
variate context since condition (5.2) is always satisfied in the univariate context. Another elemen-
tary consequence of Proposition 5.1 is the following result, which partially justifies the interest
in time-reversibility in the case of OFBMs.

Proposition 5.2. Let {By(t)};er be an OFBM with H satisfying (3.1). If {By (t)}1cRr is time-
reversible, then its covariance structure is given by the function

1 * *
EBH<s>BH(r>*=5(|t|Hr<1,1)|t|H +1Is1fra, s ?
. 64
— |t —sr, Dir— s,

where I'(1,1) = EBy (1) By (1)*. Conversely, an OFBM with covariance function (5.4) is time-
reversible.

Proof. This follows from Proposition 5.1(iii). (Il

Remark 5.1. One should note that for a fixed exponent H, not every positive definite matrix
I'(1, 1) leads to a valid covariance function (5.4) for time-reversible OFBMs.
In fact, fix I'(1, 1) = I, n = 2. We will show that, for an exponent of the form

h 0
H=<] h> he(©,1),

there does not exist a time-reversible OFBM By such that EBy (1)By (1)* =T(1, 1).
From Theorem 5.1,

e” —1

2
EBy(1)By(1)* =/ Ix|"PAA*|x]~P" dx, (5.5)
R
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where (s;;)i j=1,2 := AA* € M(n, R). We have

-D s —D* _ —2d 1 S S12 ! log(x)
st = (1) (o 22) (1

_ ( S11 s11log(x) + 512 >
siplog(x) + 512 s11(log(x))? + 2s12log(x) + 522 )

For notational simplicity, let

rk<d)=/ c
R

2
(log(x)¥|x|"¢dx,  k=0,1,2.

ix

We obtain

EBH<1)BH(1>*=< st1ro(d) st () + s12ro(d) )

syri(d) + si2ro(d)  s11ra(d) + 2s12r1(d) + s22r0(d)

On the other hand, for any real symmetric matrix, the condition for it to have equal eigenvalues
is that the discriminant of the characteristic polynomial is zero. In terms of E By (1) By (1)*, this
means that

s11ro(d) = s11r2(d) + 2s12r1(d) + s2210(d), s1ir1(d) + s12ro(d) = 0.

Therefore, s11 = 512 = sp2 = 0, which contradicts the assumption that I'(1, 1) = 1.

This issue is a problem, for instance, in the context of simulation methods that require knowl-
edge of the covariance function. For time-reversible OFBMs with diagonalizable H, one natural
way to parameterize ['(1, 1) is by means of the formula (5.5) since, in this case, the former can
be explicitly computed (see [16]).

Finally, we provide a result (Proposition 5.3) characterizing time-reversibility of some OFBMs
in terms of their symmetry group G (see Section 2.2). This result will be used several times in
the next section.

Proposition 5.3. Let {By (t)};er be an OFBM such that hl € £(By) for some h € (0, 1). Then
{By (t)}:icr is time-reversible if and only if G1(Bpy) is conjugate to O(n).

Proof. Regarding necessity, note that if such By is time-reversible, then, by Theorem 5.1, its
covariance function can be written as

itx _ 1 —isx __ 1
F(t,s)=f(e . )(e . >|x|—2d’de
R\ ix —ix

for some positive definite S € M (n) (note that if S is only positive semidefinite, then the process
is not proper).
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For sufficiency, consider the covariance function of the OFBM with exponent H = hl, h €

O, D),
itx -1 —isx -1
r(r,s)=/(e . )(e , )(x+2d1AA*+x_2d'AA*)dx.
R X

1 —1X

Define EH = W~1By, where WO(n)W_1 = G1(Bp) for a positive definite W. Then, for any
0 €0,

{OBy () }ier £ By ().

By the uniqueness of the spectral distribution function, this implies that O (W ~1AA*W~1)0* =
WTAA*W—! thatis, O(W~1AA*W~1) = (W~ TAA*W~1)0. Since O is any matrix in O (n),
it follows that W' AA*W~! = ¢I, ¢ € C\{0} (for a proof of this technical result, see [8]). Thus,
AA* =cW? and ¢ > 0. Hence, AA* = AA*. O

6. The dichotomy principle
We now take a closer look at the increments of an OFBM, which form a stationary process.
Definition 6.1. Let {By(t)};cr be an OFBM. The increment process

L
YuOlter ={Bu(t +1) — Bg(O}ser, where T = Z or R,

is called operator fractional Gaussian noise (OFGN).

From Theorem 3.1, the spectral representation of OFGN in continuous time is

Y (Oher £ { f i L0y +x:DZ)§(dx)} . ©.1)
R 1x teR

The spectral density of {Yg (¢)};cr is then

le —112 DY —p—— _p#
——— (] AA* XY +x"TAAXTT), xeR, 6.2)

Sry(x) =
x|

since the cross terms are zero.
In discrete time, analogously to the univariate expression,

EYn(0)Yy(n)* ©3)

T 0
:/ e )" fry (x + 2mk) dx, nelZ.

T k=—00
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The spectral density of {Yg (n)},cz is then

gy (x) =2(1 — cos(x))

1 )
> m((x +2mk) TP AA* (x + 2mk) ;P (6.4)

k=—00

+(x+2nk):DAA*(x+2nk):D*), x € [—m, «].
The form (6.4) of the spectral density leads to the following result.

Theorem 6.1. Let H be an exponent with (possibly repeated) characteristic roots h;, | =
1,...,n, such that

1/2 <Re(hy) <1, [=1,...,n. (6.5)

Let gy, (x) = {gyy (x)ij} be the spectral density (6.4) of OFGN in discrete time. Then, for fixed
i, j, either:

(1) Igyy (x)ij| = 00, as x — 0; or
(i) gvy (x)ij =0on[—m, x].

Proof. Let d; and N be as in (2.2) and (2.3), and take x > 0. By assumption (6.5), 0 < Re(d)) <
1/2. For a given z > 0, if we take —D in Jordan canonical form PJ P!, we obtain that

7P = Pdiag(z’,...,7"-wv)p~1,

where J_g, is a Jordan block in J, I =1, ..., N < n. Without loss of generality, for k > 0, each
term of the summation (6.4) involves the matrix expression

_ J_
P diag((x +2mk) " ... (x + 2nk) ;M) P A
(6.6)
J* J*
x A*(P*)~Vdiag((x +21k) .., (x +2k) ) P
Denote the entries of the matrix-valued function (6.6) by i (x +27k);;,i, j =1,...,n. Asshown

in Appendix D, A (x + 27k);; is a linear combination (with complex coefficients) of terms of the
form

p(x +2mk)(x + an)_d’q(x +27k) (x + an)_g’", I,m=1,...,N,
where p(x), g(x) are polynomials (with complex coefficients) in log(x). Thus,
o

1 ..
sup th(x—}-%rk)ij < 00, i,j=1,...,n, (6.7)

xe[—m, 7] k=1
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and, therefore,
1 > 1
)}%2(1 — cos(x)) (Wh(x)ij + ,; mh(x + 2nk),,~>

) 1
= )}1_%2(1 — cos(x)) <Wh()C)ij>-

On the other hand, since Re(d;) > Ofor/ =1, ...,n, h(x);; diverges as the power function (times
some p(x)g(x))as x — O unless it is identically zero for all x (in particular, for x + 2mk). Thus,
by (6.7) and the fact that w — 1 as x — 0, the claim follows. O

In the univariate context, the range (1/2, 1) for H is commonly known as that of long-range
dependence (LRD). In the multivariate context, characteristic roots of H with real parts between
1/2 and 1 have the potential to generate divergence of the spectrum at zero. Theorem 6.1 thus
states that if OFGN is long-range dependent in the sense of (6.5), then the cross correlation
between any two components is characterized by the following dichotomy:

e it either has a divergent spectrum at zero, a characteristic usually associated with LRD; or
e it is identically equal to zero.

Obtaining a similar dichotomy principle for a larger range of characteristic roots than that
in (6.5) is much more delicate. The following two examples illustrate some of the potential
difficulties. Example 6.1 shows that if one of the characteristic roots of D = H — (1/2)1 is 0,
then the dichotomy may not hold. Example 6.2 shows that certain cancellations may occur in the
cross spectrum if the characteristic roots of D have opposite signs.

Example 6.1. 1f, for instance, D = P diag(d, O)P’l, where 0 <d < 1/2,

(3 )

and A := P, then, as x — 0,

x4 41/2 12
gYH(x)N< 1/2 1/2>7

where ~ indicates entrywise asymptotic equivalence. As a consequence, if one of the compo-
nents of OFBM behaves like Brownian motion, then this may create cross short-range depen-
dence among the components. This example is a direct consequence of a more general operator
parameter D whose eigenspaces are not the canonical axes. If we take, instead, D = diag(d, 0),
whose eigenspaces are the canonical axes, each term of the summation (6.4) has the form

—2d
dlag((x + an);:d’ O)AA* dlag((x + an);d’ 0) — (Sll(x +§T[k)ﬂ: 8) ,
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where
(5ij)i,j=1,2 := AA™ (6.8)

and thus the dichotomy holds.

Example 6.2. Consider A € GL(n,R) and D = diag(d, —d), where d € (0, 1/2). Using the no-
tation (6.8), we have

—2d
gy, (x) ~ Pdiag(x =%, x?) P* AA* P diag(x ¢, x?) P* = (S“x S12 )

2
si2 spx

as x — 0. Here, the multivariate differencing effects of the operator D cancel out in the cross-
entries.

From a practical perspective, Theorem 6.1 raises the question of whether the class of OFGN's
is flexible enough to capture multivariate LRD structures. This, and related issues regarding
multivariate discrete time series, will be explored in future work.

7. Operator Brownian motions

In this section, we shall adopt the following definition of multivariate Brownian motion and
establish some of its properties.

Definition 7.1. The proper process {Bg (t)}1cr is an operator Brownian motion (OBM) if it is a
Gaussian o.s.s. process which has stationary and independent increments and satisfies By (0) =
Oa.s.

In place of the condition By (0) =0 a.s., we can assume that the characteristic roots of the
0.s.s. exponent H have positive real parts, which implies the former condition. Another impor-
tant way to motivate Definition 7.1 is as follows: since {Bpy (¢)};er iS L?-continuous (see the
beginning of the proof of Theorem 3.1), by Hudson and Mason [18], Theorem 4, and Hudson
and Mason [19], Theorem 7, our Definition 7.1 implies that (1/2)/ can always be taken as an
exponent of OBM.

The next proposition and example show that an OFBM By with (1/2)] € £(By) is not nec-
essarily an OBM. This stands in contrast with the univariate case.

Proposition 7.1. Let {By (t)};ecr be an OFBM with exponent H = (1/2)1. Consider its time do-
main representation (3.21) with parameters M and N, or its spectral domain representation (3.2)
with A = A1 +1Aj. Then {By (t)};er is an OBM if and only if the following two equivalent con-
ditions hold:

(i) MN* = NM*;
(i) A2A% = A;AL.
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Proof. Since (1/2)1 € £(Bp), it follows that By (0) = 0 a.s. Therefore, we only have to estab-
lish that the increments are independent if and only if (i) holds. Demonstrating the equivalence
between (i) and (ii) is straightforward by using the relation (3.22).

Write the time domain representation (3.21) of By as

f (2(1{,_u>0} — 1{_u>0})M + (log|t —u| —log| — u|)N)B(du). (7.1
R
Take s1 < #] < s2 < tp. For the increments of the process By, we have

E(Bu(t1) — Bu(s1))(Bu(t2) — Bu(s2))"

¥ |t1 — ul 2 —ul
= 415 <u<t}sy<u<yMM™ +log log NN (7.2)
R Ist —ul = |s2—ul
1 — 1 —
42 sy Tog 2 N 421 e Tog Ay )
ls2 — ul Is1 — ul

From the univariate time domain representation of Brownian motion, the first two of the four
terms in (7.2) have zero integral. Define ¢(u) = u(log(u) — 1). The right-hand side of the ex-
pression (7.2) then becomes

(02 —51) — @12 — 11) — (52 — 51) + (52 — 1)) M N*
+ (p(tr — 1) — @(s2 — 11) — (12 — 51) + (52 — 51) ) NM*,

which is identically zero if and only if M N* = N M*. O

Example 7.1. Consider a bivariate process X defined by the expression (7.1). Set M = I and let
N =L € 50(2)\{0}. Then MN* = —NM* # 0 (from which the cross terms in expression (7.2)
cancel out when s1 =sp =0and t{ =t =) and

EXO)X()* =4)t|1 + n?|t|L(—L) = |t|(4] — n>L?),

which is a full rank matrix for ¢ # 0 (to obtain the constant 12, one can use, €. g., Proposition 9.2
in [33] and Proposition 5.1 in [32]). Hence, X is proper. This gives an example of an OFBM
for which (1/2)I € £(X) but which is nor an OBM. Moreover, it is an example of an OFBM
with an exponent of the form hl, h € (0, 1), but which is not time-reversible and for which
G1 = 0(2) does not hold by Proposition 5.3 (in contrast, by Hudson and Mason [19], Theorem 6,
G1(X) = O(n) implies that hl € £(X) for some h).

The following result is a direct consequence of Theorem 5.1 and Proposition 7.1. It shows that
in the class of OFBMs with exponent H = (1/2)1, time-reversibility is equivalent to indepen-
dence of increments.

Corollary 7.1. Let {By(t)};cr be a time-reversible OFBM with exponent H = (1/2)1. Then
{Bu (t)}ier is an OBM. Conversely, let {By (t)}icr be an OBM. It is then time-reversible (and
has exponent H = (1/2)1).
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Remark 7.1. Note that, as a consequence of Proposition 5.3, time-reversibility may be replaced
in Corollary 7.1 by the condition that G is conjugate to O(n). In other words, an OBM is
elliptically symmetric.

We conclude by providing a spectral representation for OBM.

Proposition 7.2. Let {By (t)};er be an OBM. Then

itx _ 1 -
(B ()ier = { /R c WB(dx)} E(WB®))ier (7.3)

X reR

for some positive definite operator W, where { B(t)};cRr is a vector of independent standard BMs.

Proof. Consider the spectral domain representation of By with parameter A = A + 1A,. Set
W := (A1 AT + A A%)!/2. The result follows from Proposition 7.1(ii), and relations (3.23) and
(3.25). O

Appendix A: Fourier transforms of OFBM kernels

In this appendix, the goal is to prove Proposition 3.1. First, we state a condensed version of
Horn and Johnson [17], Theorems 6.2.9 and 6.2.10, pages 412-416, which will be useful in the
subsequent derivations. We shall use the notation introduced before Definition 3.1.

Theorem A.1. Let f, g: U — C be two stem functions and let M o = M ¢ N\ M. Then:

(i) the primary matrix function f: My — M(n,C) is well defined in the sense that the
value of f(A), A € My, is independent of the particular Jordan canonical form (i.e.,
block permutation) used to represent it;

(i) f(A)=g(A) ifand only if fP ) =gP ) for j=0,1,....rn—1,k=1,...,N
and A € Myg;

(i) for q(z) := f(2)§(2), we have g(A) = f(A)g(A) =g(A) f(A) for A € M gg;
(iv) for s(z) == f(z) + &(2), we have s(A) = f(A) + g(A) for A € M y,.

Throughout this section, we assume (3.1) and (3.18). Denote by F the Fourier transform op-
erator. For d € C such that
Re(d) € (—1/2, 1/2)\{0}, (A.1)
define
feud) = —wd -~

and

itx_l

he(t,x,d)= € |x|_dr(d+ l)eq:sign(x)irrd/Z_

It is well known that

F(fe, - d))(x) =hx(t,x,d) (A2)
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when d € (—1/2, 1/2)\{0} (see, e.g., [29], page 175). One can show that (A.2) also holds under
(A.1) (see Remark A.1).

For the purpose of calculating Fourier transforms of primary matrix functions associated with
the stem functions ft and k4, we will need to consider derivatives of the latter with respect to d.
Note that, for fixed x, th;a functions I'(d + 1), eF51€"™i7d/2 and | x|~ are holomorphic on the

domain —% < Re(d) < 5 Thus, so are the functions i+ (¢, x, d). Note that, for fixed ¢ and u,

since (t — u)ft and (—u)ft are holomorphic on the domain —1/2 < Re(d) < 1/2, then so are

fe(t,u,d).
As a consequence, by Theorem A.1(1)—(v),

itx_l

€ . .
hi([,x, D) — |x|7Dl—~(D+I)eq251gn(x)1nD/2

ix
and

We now need to show that
F(f=(t,u, D))(x) =hx(t, x, D), (A.3)

where F is the entrywise Fourier transform operator.

Proof of Proposition 3.1. We will break up the proof into three cases:
Case 1: —1/2 <Re(dy) <0, k=1,..., N. We will develop the calculations for 4, which
can be easily adapted to #_. By Theorem A.1(ii), in the case of i, (A.3) is equivalent to

9/

o/ . .V
T hy(t,x,d)= — /IRe‘“xf+(t,u,d) du = /IRel”x@f+(t,u,d) du (A.4)

adJ

atd =dy,fork=1,...,N, j=0,1,...,r — 1. Consider the domain A(g,ﬁ) ={deC:d <
Re(d) < 3)}, where —1/2 <d < d < 0, which is open and convex. Consider j = 1, that is, the
first derivative. Fix d* € A(d, d) and take a sequence {d,;}men € A(d, d) such that d,, — d*.
For each m, by the mean value theorem for holomorphic functions ([13], Theorem 2.2), there
exist constants §; (m), where

8i(m) = o idm + (1 — ot i)d", om,i € (0,1),i=1,2,

such that
S+t u,dp) — f4(t,u,d*) Re fr @, u,dy) — f(t,u,d”)
dy — d* B dy — d*
. f+(ta u,dm) _f+(tau7d*)
+i1Im
d,, —d*

- Re(%ﬁr(t, u, 81(m))) +iIm(%f+(I, u, 82(m))).
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We will now obtain an integrable function that majorizes |% fult,-, d)| foralld € A(d,d).
Assume, without loss of generality, that r > 0, and take d € A(d, d) and 8 > 0 such that —1/2 <
Re(d) — 6 and Re(ﬁ) + 8 < 0. From the continuity of %ﬁr(t, u,d) for 0 < u < t, there exist
constants K1 and n; such that

0
S [t ud)| < [Tog(t — u)+1(r — u)?|

Re(@)—$ (A.5)

< Ki1j0,0—n () + | (¢ — u) Lg—pn@),  u=0.

Also, there exists a constant K, such that

Re(d)—6
Hog(t — u)4 (1t — ) —log(—u)4 (—w)4| < Kz + | () 5@

, —1<u<0. (A6
One can show that there exist constants K3 and 1y < —1 such that

[og(t — u) 1 (t —w)? —log(—u) 4 (—uw)?| < K3 (=)D~ <. (A7)

From (A.5), (A.6) and (A.7), and from the fact that %ﬂr(t, u,d) is bounded on n <u < —1

uniformly ind € A(d, 3), we conclude that the ratio £* (t"’dg’::gi @-d% is bounded by a function

in L1 (R). Thus, by the dominated convergence theorem (for C-valued functions), we have

/ eiu)c f+(t,u, dm) - f+(t, u,d*
R

.0
T ) du — / e””aﬁr(t, u,d”)du, m — o0.
m — R

We can always assume that ¢ # 0 and the case of # < 0 can be dealt with in a similar fashion. The
extension of the above argument for derivatives of higher order j poses no additional technical
difficulties. This establishes (A.4).

Case 2: 0 < Re(dy) < 1/2, k=1,..., N. In this range, the upper bound in (A.7) is not in
L'(R) so we need a slightly different procedure. Since A (¢, -,d) € L>(R), we can apply F !
on both sides of equation (A.2) and obtain

fettu,d)=F hat, - d) ().
Therefore, it suffices to show that

fa(t,u, D) =F ' (ha(t,x, D)), (A.8)
where F ! is the entrywise inverse Fourier transform.

Note that expression (A.8) is equivalent to

o/ d) = o/ —uxp, d)ydx = | e ¥ o7 h d)d
W.ft(l‘,)ﬁ )_W Re £, x,d)dx = Re 347 +(, x,d)dx
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atd=dy,fork=1,...,N, j=0,1,...,r — 1. To show this, one may proceed as in the case
of —1/2 < Re(d) < 0. The existence of an upper bound in L' (R) is ensured by the fact that

8] itx _ 1 itx __ 1 )
S f (ot [ = Yilog [x| | x|~ Re@)
od/ ix ix

<

< ‘(en;_ )|1og|x||f'|x|R°<3>1{0<x|§1} (A9)
" ‘(elt;— 1)|log|x||f|x|Re<4>1{1<|x<oo;',
which is integrable for all d € A(d,d),0<d <d < 1/2.
General case: As a consequence of (A.3),
F(fe@, - )(x)=h+(t,x,J) (A.10)

holds, where J is a matrix in Jordan canonical form with characteristic roots satisfying (3.1) and
(3.18). Now pre- and post-multiply equation (A.10) by P and P!, respectively. Since

PT(=))P~' =T (=D), pelit/2U+D p=1 _ o(im/2(D+1)
it follows that
Pfu(t,u, )P~V = fi(t,u, D), Phy(t,u, )P~ =hy(t,u, D),
from which we obtain equation (A.3). [l

Remark A.1. A common way to prove that (A.2) also holds for d € C satistying (A.1) is by
analytic continuation. In particular, this requires the ability to differentiate under the integral
sign in the Fourier transform. The latter could be achieved by following the argument in the
proof of Proposition 3.1.

Appendix B: Some useful integrals

In this appendix, we calculate the inverse Fourier transforms used in the proof of Theorem 3.2(ii)
and Example 3.1. We shall use several formulas from [14]:

sin(ax) sin(ax) .
/ Lix <0 dx = / Lix>0) dx = —sign(a) (page 423), (B.1)
R X R X 2
cos(ax) — cos(bx) ||
/ Lix>0) P dx =log m (page 447) (B.2)

cos(ax) — cos(bx) |b|
therefore, Lix<0) dx =—log— |, (B.3)
R x la|



28 G. Didier and V. Pipiras

o0 . dx T
/ log(x) sm(ax); =-3 (C + log(a)), a>0 (page 594) (B.4)
0

o d 0 d
(therefore, with a € R, f log(x) sin(ax)—x = / log(x_) sin(ax)—x
0 X X

—00

(B.5)
b
=~ (C +logla]) sign(a)>,
o0 dx a 1
/ log(x)(cos(ax) — cos(bx))— =log( - )| C + = log(ab) ), a,b>0
0 X b 2
(B.6)
(page 594),
where C is Euler’s constant
0 dx la| 1
therefore, log(x—)(cos(ax) — cos(bx))— = —log| — || C + = log(lab]) ) ). (B.7)
o0 X || 2
Using these formulas, we obtain that, for x > 0,
itx
. -1
/e—lthe - 1{x>0} d.x
R 1x
1 ol .
= / — (cos((t — u)x) —cos(ux) + 1(s1n((t — u)x) + s1n(ux))) L{x>0ydx
R 1IX
= llo Jul + E(si n(t — u) — sign(—u))
TR NI A e & ‘
Similarly, for x < 0,
itx
. -1
/ S P IY
R X
1 e .
= / — <cos((t — u)x) — cos(ux) +i(sin((r — u)x) + s1n(ux))> Ly <0y dx
R IX
__I log Jul + E(sign(t — u) — sign(—u))
i |t — ul 2 '
Therefore,
. elt)c _ 1 .
/6_"” = (1>0)A + Lx<0yA) dx
R 1 | (B.8)
= (sign(r — u) — sign(—u)) = Re(A) + log _ul N1 Im(A),
2 [t —ul/n

which is the formula used in the proof of Theorem 3.2(ii).
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We now turn to the calculations of the inverse Fourier transform (3.27) in Example 3.1. Note

that
_ 1 0
D
x| (—10g|x| 1)’ x>0.

We only need to calculate the inverse Fourier transform of the log term on the lower off-diagonal.
For x > 0, using the formulas above,

i eitx _
e - log(x4)1gx>0ydx
R X

= /R é(eos((t - u)x) —cos(ux) + i(sin((t — u)x) + sin(ux))) log(xy) x>0y dx

1 It — ul 1
=-log C + Zlog(|t — ullul)
i |ul 2

- g((C +log |t — ul) sign(r — u) — (C + log |ul) sign(—u)).

Similarly, for x <0,
) eitx -1
/ e _— log(x_)1{x<oydx
R 1X

X

1 It —ul 1
=—~log C + < log(It — ullul)
i lu| 2

- g((c +log |t — ul) sign(r — u) — (C + log |ul) sign(—u)).

= / _i(cos((t — u)x) — cos(ux) +i(sin((z — u)x) + sin(ux))) log(x—) 1y <oy dx
R

Therefore, for a € C,

—iux eitx —1 —
Re T(— log(x ) lx>0ya — log(x_)l{x<0}a) dx
1
= ((C +log|t — u]) sign(t — u) — (C + log|ul) sign(—u))g Re(a) (B.9)

[t — u| 1 1
+log<—) (C + —log(|t — u||u|)> <——> Im(a).
|ue] 2 T

By combining (B.9) and (B.8), one obtains the time domain kernels on the right-hand side
of (3.28).
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Appendix C: Nonexistence of OFBM for certain exponents
Proposition C.1 is mentioned in Remark 3.2.

Proposition C.1. There does not exist an OFBM with exponent

Hz(} (1’)

Proof. Assume that such an OFBM exists. For notational simplicity, denote the process by X,
and its entrywise processes by X1 and X,. We will show that X is not a proper process.
Note that, for ¢ > 0, from the matrix expression for c¢? and o.s.s.,

{(Xl(ct)>} é{( cX1(n) )} (C.1)
Xa(cr) teR clog(e)X1(r) + ¢ X2(1) tE]R' .

In particular, this implies that X is FBM with Hurst exponent 1. Thus, X{(t) =tZ a.s., where
Z is a Gaussian random variable (e.g., [33]). By plugging this into (C.1), we obtain

ctZ L ctZ
{(Xz(ct))}tER - {(clog(c)tZ + CXZ(,)>}IER' (C2)

In particular, by taking ¢ = and ¢t = 1, (C.2) implies that
EX2()Z = E(tlog()Z +tX2(1))Z =1 log(NEZ?> +tEX>(1)Z.
Thus,

E(X2(t +h) — X2(h))(X1(1 + h) — X (h))
=EX2(t +h)Z — EX2(W)Z (C.3)
= ((t + h)log(t + h) — hlog(h))EZ* + tEX>(1)Z.

By stationarity of the increments, the expression (C.3) does not depend on %, which is possible
only when

EZ?=0.

As a consequence, {X2(ct)}rer £ {cX2(t)};er. Thus,

X\ _(0
(Xz(t)> - (tY) as.,

where Y is a Gaussian random variable. In particular, X is not proper. ]
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Appendix D: The exponential of a matrix in
Jordan canonical form

Initially, let J, € M (n, C) be a Jordan block of size n;, whose expression is

A 0 O ... 0
1 » 0 ... 0
L=10 1 & 0]. (D.1)
0 0 1 X
We have
* 0 0 .. 0
(logz)z* 7 0 0
(logz)? )
1 A A .. 0
2 = T (logz2)z" = . (D.2)
: 1 : , ' ' 0
1 .= I m=
(logz) 5 (logz) A (logz)z)‘ o

b4
(n) — D! (ny, —2)!
The expression for 77, where J is, more generally, a matrix in Jordan canonical form (i.e., whose
diagonal is made up of Jordan blocks), follows immediately. In particular, the series-based notion
of the matrix exponential is consistent with the primary matrix function-based notion of the
matrix exponential.
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