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We consider a positive stationary generalized Ornstein—Uhlenbeck process
t
Vi = e_St (/ esz dﬂv + VO) fort > O,
0

and the increments of the integrated generalized Ornstein—Uhlenbeck process I = f kk71 JVi—dL;, k €N,
where (&, 1¢, Lt);>( is a three-dimensional Lévy process independent of the starting random variable V.
The genOU model is a continuous-time version of a stochastic recurrence equation. Hence, our models
include, in particular, continuous-time versions of ARCH(1) and GARCH(1, 1) processes. In this paper
we investigate the asymptotic behavior of extremes and the sample autocovariance function of (V;);>( and
(Ir)ken- Furthermore, we present a central limit result for (/) cnN. Regular variation and point process
convergence play a crucial role in establishing the statistics of (V);>0 and (fy)keN. The theory can be
applied to the COGARCH(1, 1) and the Nelson diffusion model.

Keywords: continuous-time GARCH process; extreme value theory; generalized Ornstein—Uhlenbeck
process; integrated generalized Ornstein—Uhlenbeck process; mixing; point process; regular variation;
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1. Introduction

In this paper we develop limit results for stationary positive generalized Ornstein—Uhlenbeck
(genOU) processes

t
V,=e—5r(f 5 dnS+Vo> fort >0, (1.1)
0

and integrated genOU (IgenOU) processes

t
I = / JViidL,  fort>0. (1.2)
0

where (&, n;, Ly);>0 is a three-dimensional Lévy process independent of the starting random
variable Vp, (17;):>0 is a subordinator and (—L,);>¢ is not a subordinator. Here and in general fab
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means the integral over (a, b]. A three-dimensional Lévy process is characterized by its Lévy—
Khinchine representation E(e/{®- 1LYy = exp(—1 W (©)) for ® € R3, where

v (®)=—-i(y,0)+ %(@, INCH

+ /R3(1 — @YD Lty o a1 (6, ¥, 2), ©)) dITg . L (x, Y, 2)

with y € R?, & a non-negative definite matrix in R3*3 and g 5. a measure on R3, called
Lévy measure, which satisfies [ps min{x? + y? +z2,1}dI¢ ,, 1 (x, ¥, z) < 0o and I¢ , £.((0,0,
0)) = 0. Further, (-, -) denotes the inner product in R3. A subordinator is a positive Lévy process;
we refer to the monographs of Sato (1999) and Applebaum (2004) for more details on Lévy
processes. A fundamental contribution to the probabilistic properties of genOU processes is the
recent paper of Lindner and Maller (2005).

GenOU processes are applied in various areas, for example, in financial and insurance mathe-
matics, or mathematical physics; we refer to Carmona et al. (1997, 2001), and Donati-Martin
et al. (2001) for an overview of applications. Processes of this class are used as stochastic
volatility models in finance (cf. Barndorff-Nielsen and Shephard (2001)) and as risk models
in insurance (cf. Hipp and Plum (2003); Paulsen (2002); Kostadinova (2007)). Continuous-time
processes are particularly appropriate models for irregularly-spaced and high-frequency data.
A genOU process is a continuous-time version of a stochastic recurrence equation; see de Haan
and Karandikar (1989). Practical applications of stochastic recurrence equations are given in
Diaconis and Freedman (1999). This means the ARCH(1) process, as solution of a stochastic
recurrence equation, can be interpreted as a discrete-time version of a genOU process. A typ-
ical example of an IgenOU process is the continuous-time GARCH(1, 1) (COGARCH(1, 1))
process introduced by Kliippelberg et al. (2004) (cf. Example 2.4). On the other hand, Nelson
(1990) suggested the approximation of a diffusion by GARCH(1, 1) models (cf. Example 2.3).
The diffusion model is again an IgenOU process and its volatility process is a genOU process.

We investigate the asymptotic behavior of extremes and the sample autocovariance function,
respectively, of

H; = sup V; forkeN (1.3)
(k—1)h<t<kh

and some & > 0, of (V;);>0 and of the stationary increments

kh

1,(:1,;",1—1;;(_1),1:/(1( 1>h’/V'_st fork € N, (1.4)

of (1})s>0. Including continuous-time versions of ARCH(1) and GARCH(1, 1) processes, we
derive similar results, as in Davis and Mikosch (1998) and Mikosch and Starica (2000), who
investigated the asymptotic behavior of extremes and the sample autocovariance functions of
ARCH(1) and GARCH(1, 1) processes, for (V;);>0 and (Ix)keN.

In this paper we present only theoretical results. One reason is that financial time series often
have finite variance but infinite fourth moment. If the IgenOU or the genOU processes have
these properties, then the normalized sample autocovariance functions of (/x)ken and (V;);>o0,
respectively, converge to an infinite variance stable distribution (see Section 4.3). The structure
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of these stable distributions is complex, and it is not clear how to compute them analytically.
Hence, it is also difficult to calculate any confidence intervals from these results. Further, we
restrict our attention to only qualitative results, since the inference, estimation and testing of a
genOU and an IgenOU process is not fully developed. First steps in estimation procedures of
the COGARCH(1, 1) process are given in Haug er al. (2007), Maller et al. (2008) and Miiller
(2007).

The paper is organized as follows: We start, in Section 2, with a detailed analysis of the genOU
and the IgenOU model used in this paper. This analysis includes sufficient conditions for model
assumptions and examples. The regular variation of these processes, stated in Section 3.1, is
crucial to proving the convergence of relevant point processes. These conclusions agree with
the empirical findings of heavy tailed logarithmic returns of financial time series. Section 3.2
concerns mixing properties of (V;);>0, (Hi)ken and (Ix)keN.

First, we derive in Section 4 the convergence of point processes based on (Hj)ren and (Ix)keN-
These results we use to develop the extremal behavior of (Hy)ken in Section 4.1, the asymptotic
behavior of (1;");>0, in the form of a central limit result, in Section 4.2, and the asymptotic behav-
ior of the sample autocovariance functions of (V;);>0 and (/x)ken in Section 4.3. One important
conclusion is that (Hy)ren and (Ix)ren exhibit extremal clusters, which are often observed in
financial time series. Finally, the proofs of the results are included in Appendices A and B.

We shall use the following standard notations: R = (0, 0o). For real functions g and & we ab-
breviate g(t) ~ h(t) for t — oo, if g(t)/ h(t) — 1 for t — oco. For x € R we set x™ = max{x, 0}
and x~ = max{0, —x}. For a vector x € RF we also denote by [X|eo = max{|xy], ..., |xk|} the
maximum norm. We write X 4 Y, if the distributions of the random variables X and Y coincide.
Provided that E(e %) is finite for v > 0 we set

We (v) = log E(e"51).

Then E(e™ ") = ¢/¥& () is finite for all r > 0; see Sato (1999), Theorem 25.17.

2. Model assumptions and examples

2.1. Model assumptions
Throughout the paper we assume that the genOU process satisfies at least condition (A) as below.

Condition (A). The stochastic process (V;);>0 is a stationary positive cadlag version of the
genOU process in (1.1). Further, the stationary distribution Vi has a Pareto-like tail with index
a >0, that is, P(Vy > x) ~ Cx~% as x — o0 for some C > 0.

This is a natural condition; see Proposition 2.1 below for a precise formulation of sufficient
assumptions. We will assume either condition (B) or (C) hereafter depending on whether we
investigate probabilistic properties of the genOU process or the IgenOU process.
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Condition (B). There exist o > 0 and d > o such that

We(@) =0 and We(d) < oo. @2.1)

h
e_gh / egxf dnS
0

Condition (B) stems from the application of results for stochastic recurrence equations of
Kisten (1973) and Goldie (1991) to the equation Vy1y, = A’(‘,ﬁ‘Jr])h Vin + Bé‘khﬂ)h for k e N,
where

Furthermore, for some h > 0,

d

E < 00. 2.2)

t
AS=e & =5) and Bf=e 7% / e dn, for0<s<t.
s

A conclusion of de Haan and Karandikar (1989) (see also Carmona et al. (1997)) is that (V;);>0
is a time-homogenous Markov process and (A]((lil+1)h’ Bé‘,f’+l)h)keN is an i.i.d. sequence.

Condition (C). Suppose condition (B) is satisfied. Furthermore, for k € N, E|L{| < o0,

h 2max{l,d}
E / e /2 dL, < 00,
° 2.3)
kh t— 1/2 2max{l,d}
]E‘/ e_S“/2</ efs- dns) dL, < 00.
(k=1)h 0
This condition arises from the following decomposition of
“ (k—1)h (k—1)h
I = / \/At_ Vike—1yn + B;_ dL;.
(k—1)h
Thus, assumption (2.3) is equivalent to
2max{1,d} kh 2max{1,d}
‘ / A(k DA dL <oo and ]E‘ / \ Bt(f_l)h dL, < 00.
(k=D)h (k—1)h

Theorem 4.5 of Lindner and Maller (2005) presents sufficient conditions for (A), which is
included in the next proposition.

Proposition 2.1. Let (V;);>0 be the genOU process in (1.1). When & is of finite variation, we
assume additionally that the drift of & is non-zero, or that there is no r > 0 such that the support
of the Lévy measure of & is concentrated on rZ.

(a) Suppose there existoe >0,d > o, p,q > 1 with1/p+1/q = 1 such that
Ws (@) =0, E(e~ ™1 4P8) < 00 and  Elny 4™ < co. (2.4)

Then there exists a version of V satisfying condition (A), and (B) holds.
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(b) Suppose there exist p;,q; > 1with 1/pi+1/gi=1,i =1,2,a > 0and d > «a such that
W (o) =0, E(e—mpzmaX{l,d}El) <00,

2.5

E|7]1 |q|p2max{l,d} < OO, E|L1 |2q2max{l,d} < 0. ( )

Then there exists a version of V satisfying condition (A), and (C) holds.

2.2. Examples

Example 2.2 (Ornstein—Uhlenbeck process). The Lévy-driven Ornstein—Uhlenbeck process

t
V,=e M ( / e dny + vo) fort >0,
0

is a simple example of a genOU process. Since W¢ (s) = —sA < 0 for s > 0 the assumption (2.1)
cannot be satisfied. Hence, this process is not included in the framework of this paper; we refer to
Fasen er al. (2006) for more details on extreme value theory of Lévy-driven Ornstein—Uhlenbeck
processes.

Example 2.3 (Nelson’s diffusion model). In the diffusion model of Nelson (1990) the volatility
process is the stationary solution of the SDE

AV, =r(a— V) dt +oV,dw’  fort >0, (2.6)

where A, a,o0 > 0 and (Wt(l)),zo is a Brownian motion. Then Nelson (1990) models logarithmic
asset prices of financial time series by

t
I;":/O VViaw®  fort >0,

where (W,(z))fzo is a Brownian motion independent of (W,(l))tzo. Theorem 52 in Protter (2004),
page 328, gives that (V;);>0 is a genOU process with representation

t
V, = e & (Aaf e ds + Vo> fort >0,
0

where § = —o Wt(l) + (02/2 + A)t. In this case
E .. Lo) = (—o W + (02 /2+ Mt rar, W),

Here, we do not take left limits of £ (or V, resp.) in the representation of the genOU process,
since & has continuous sample paths from the Brownian motion. Furthermore,

1, o? 2
\Pg(v)z—(EU +A)v+7v for v e R,
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so that for & = 1421 /02 we have W (o) = 0. Hence, there exists a version of V and I satisfying
assumptions (A)—(C) forany d > «, pi,qi > 1 with 1/p; +1/gi=1,i =1, 2.

Example 2.4 (COGARCH(1, 1) model). Let (&;);>0 be a spectrally negative Lévy process with
representation

& =ct— Y log(l+1re(ALy)?)  fort >0,

O<s<t

where ¢ > 0, A > 0 and (L;);>0 is a Lévy process. Then the volatility process of the
COGARCH(1, 1) process as defined in Kliippelberg et al. (2004) (we use only the right-
continuous version) is given by

t
V,=e % </3 f e5—ds + Vo> fors>0 (2.7)
0

and B > 0. With this definition the COGARCH(1, 1) process has the representation

t
Il*=/(; EVA thdL[ fortz()

In contrast to the Nelson diffusion model, £ and L are dependent here.

(a) If there exists an « > 0 and d > « such that
Ws(@)=0 and E|L[* < oo, (2.8)

then a stationary version of V exists, whose marginal distribution is regularly varying with in-
dex «; see Kliippelberg et al. (2006), Theorem 6. Hence, (A) and also (B) follow.
(b) If we assume that there exist an o > 0 and some d > « such that

We(@)=0 and E[L;[™>HD < oo, (2.9)

then additionally (C) is satisfied.

3. Preliminary results

3.1. Regular variation

The tail behavior of the stationary distribution has a crucial impact on the extremes of a sta-
tionary process. But the dependence of large values in successive variables also has an influence
on the extremal behavior of stochastic processes. A possible model for large values in different
components is, in our case, regular variation of the continuous-time process V. Regular variation
of stochastic processes was studied by de Haan and Lin (2001) and Hult and Lindskog (2007).
Before we present the definition we require some notation. Let D be the space of all cadlag func-
tions on [0, 1] equipped with the J;-metric which gives the Skorokhod topology (cf. Billingsley
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(1999)) and Sp = {x € D: |X|s, = 1} is the unit sphere in D equipped with the subspace topol-

ogy, where |X|o = supy;<; |x;|. The symbol B denotes the Borel o -algebra and "=3 weak
convergence as u — 00.

Definition 3.1. A stochastic process X = (X;)o<:<1 with sample paths in D is said to be regularly
varying with index « > 0, if there exists a probability measure o on B(Sp) such that for every
x>0,

P(1X]oo > ux, X/|X|x0 € -) ugo

F(X|w > 1) x %o (") on B(Sp).

In this section we consider the tail behavior of (Hy)ren and (1) en described by multivariate
regular variation, and we will use these results to derive the convergence of point processes
based on these sequences in Section 4. More details and properties on multivariate regularly
varying random vectors can be found, for example, in Jessen and Mikosch (2006) and Resnick
(1987, 2007).

Definition 3.2. A random vector X = (X1, ..., Xx) on R¥ is said to be regularly varying with
index o > 0, if there exists a random vector ® with values on the unit sphere Sy_1 = {x €
R¥: |X|oo = 1} such that for every x > 0,

P(X X/Xloo €) umco -
Woo > 10, X/ Wl € ) o epg ey on By,
P( X > 1)

The next theorem shows that the regular variation of Vj has consequences on the processes
(V)i=0, (Hi)ken and (Ig)ken-

Theorem 3.3 (Regular variation). Let (V;);>0 be a genOU process satisfying (A). Further, let
(Hp)keN and (Ix)keN, respectively, be the stationary processes in (1.3) and (1.4).
(a) Suppose (B) is satisfied. Let V = (V;)o<;<1. Then for every x > 0,

P(IVloeo > ux,V/|Vlx € ) - E(UISH{U/|Ulw € -}
P(IV]eo > u) E[UIE

on B(Sp),

where U = (e_éf)ogtfl.
(b) Suppose (B) is satisfied. Let Hy = (Hy, ..., Hy) for k € N. Then for every x > 0,

P(|Hg|oo > ux, Hy/|Hg|oo € -) =% —a E(imyg |3, 1{my/Imy | € -}) on BSe_1).
P(|Hg oo > u) Ejmg |,
where

my = ( sup e_S’, AU sup e_f’).
0<t<h (k—1)h<t<kh
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Furthermore,

P(H > x) ~ IE( sup e_“g")]P’(Vo > x) as x — oo.
0<s<h

(c) Suppose (C) is satisfied. Let Iy = (11, ..., It) for k € N. Then for every x > 0,

P(Tkloo > ux, Ie/Miloo € ) uge —2q BT IRHr/ Nkl € )
P(1Teloo > u) Ere |3

h kh
ry = (/ eigt_/2dL[, ey / eét_/zdLl>.
0 (k—1)h

h +92a
P(I} > x) ~ E[(/ e 5-12 dL,) ] P(Vo>x?)  asx— .
0

on B(Sk-1),

where

Furthermore,

3.2. Mixing properties

The mixing property of a stochastic process describes the temporal dependence in data. Different
kinds of mixing properties have been defined, which are summarized, for example, in the sur-
vey paper of Bradley (2005). For the derivation of limit results of point processes in Section 4,
one assumption is the asymptotic independence in extrema. Further, mixing is used to prove
consistency and asymptotic normality of estimators.

Let (X;):;>0 be a stationary process, F; =0 (Xs:s <t) and G, = o (Xs:s >1). If

a(t) = sup |P(AN B) —P(A)P(B)] — 0 ast — 00,
AeFy,BeGy iy

then (X;);>0 is called e-mixing. (X;);>0 is called f-mixing, if

| =

B(t) = sup
AjeFu,i=1,..1,
Bj€Gyyt.j=1,m ),

1 =y =
Yio A=l Bj=2

1 J
ZZ IP(A; N B;) —P(A)P(B;)| — 0 ast— oo.
i=1 j=1

The following inequality holds: 2« (t) < B(t). Hence, B-mixing implies «-mixing. (X;);>¢ is
called exponentially B8-mixing, if B(t) < Ke™ %" for some K,a > 0 and all t > 0. Analogous is
the definition of exponentially «-mixing.

Proposition 3.4 (Mixing). Let (V;);>0 be a genOU process satisfying (A) and (B). We assume
that (V) is simultaneously @-irreducible (for some o -finite measure ¢). Further, let (Hy)gen and
(I)keN, respectively, be the stationary processes in (1.3) and (1.4).
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(a) Then (V;)i>0 is exponentially B-mixing and geometrically ergodic.

(b) Then (Hy)keN is exponentially B-mixing and geometrically ergodic.

(c) Suppose (L;);>0 is a Brownian motion independent of (&, ;)r>0. Then (Ix)keN is expo-
nentially B-mixing and geometrically ergodic.

Example 3.5.

(a) Consider the COGARCH(1, 1) model of Example 2.4, which satisfies (2.8). Then (V;);>0
is simultaneously A-irreducible, where A denotes the Lebesgue measure (cf. Paulsen (1998),
page 142, and Nyrhinen (2001)). Hence, (V;);>0 and (Ix)ren are exponentially S-mixing and
geometrically ergodic by Proposition 3.4 and Haug et al. (2007), Theorem 3.5.

(b) In the Nelson diffusion model (Example 2.3) (V;);>0 and (Ix)reN are exponentially B-
mixing and geometrically ergodic; see Genon-Catalot et al. (2000).

For the derivation of point process results we need the asymptotic independence in extremes
as below. It is particularly satisfied for a-mixing and B-mixing sequences (Basrak (2000),
Lemma 3.2.9).

Condition A(cy). Let (Y)kez be a strictly stationary sequence of regularly varying random
vectors and 0 < ¢, 1 00 be a sequence of constants satisfying

lim nP(|Y1]oo > cn) = C 3.1)
n—00

for some C > 0. There exists a set of positive integers (r,)neN Such that r, — oo, r,/n — 0 as
n — oo and

n I'n n/ral
]Eexp(—Zf(Yj/cn)> — [Eexp(—Zf(Yj/cn)>:| =0 forall feF,

j=1 j=1

. . R . —d .
where Fg is the collection of bounded non-negative step functions on R\ {0} with bounded
support.

Thus, (Hy)ken and (Ii)ren of Example 2.3 and 2.4, respectively, satisfy condition .A by The-
orem 3.3 and Example 3.5.

4. Point process convergence and conclusions

In this section we study the weak convergence of point processes of exceedances associated with
(Hp)ren and (Ix)ren. Point processes are prominent tools to precisely describe the extremal
behavior of stochastic processes (see Resnick (1987, 2007)). They can be used to determine the
limit distributions of sample maxima, to compute the extremal index, to describe the behavior of
extremal clusters, and to derive central limit theorems, as we will do in this section. We will also
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apply the asymptotic point process results to calculate the limit distributions of the normalized
sample autocovariance and autocorrelation functions of the genOU and the increments of the
IgenOU process in Section 4.3. The theory that we use goes back to Davis and Hsing (1995) and
Davis and Mikosch (1998).

We continue with the definition of a point process. Let the state space S be [0, 00) x R\ {0},
where R = R U {—o0} U {+00}. Furthermore, Mp(S) is the class of point measures on S, where
Mp(S) is equipped with the metric p that generates the topology of vague convergence. The
space (Mp(S), p) is a complete and separable metric space with Borel o-field M p(S). A point
process in S is a measurable map from a probability space (2, A, P) into (Mp(S), Mp(S)).
A typical example of a point process is a Poisson random measure, that is, given a Radon mea-
sure ¥ on B(S), a point process « is called Poisson random measure with intensity measure o,
denoted by PRM (%), if

(a) k(A) is Poisson distributed with mean ©*(A) for every A € B(S),
(b) for all mutually disjoint sets Ay, ..., A, € B(S), k(A1), ...,k (A,) are independent.

More about point processes can be found in Daley and Vere-Jones (2003) and Kallenberg (1997).
In our setup we obtain the following result:

Theorem 4.1 (Point process convergence). Let (V;);>0 be a genOU process satisfying (A).
Further, let (Hy)ren and (Ix)keN, respectively, be the stationary processes in (1.3) and (1.4). Let
0 < a, 1 00 be a sequence of constants such that

—

lim nP(Vy > a,x) =x for x > 0.
n—oQ

(a) Suppose (B) is satisfied and A(ay,) holds for (Hy)ren. Then

o
n—oo
Zg(k/n,a;lHk)
k=1

M2

oo

€ in S),
12;) .00 Ay Mp(S)
j=

»
Il

where Zzil € p)y is PRM(%) with
[3LS"

+
9(dr x dx) = dr x ochE( sup e — supe—“fs) X710 00y () dx.

0<s<l s>1

Moreover, Z] OSQU) for k e N are i.id. pomt processes independent of Zk 1€ P(l)) with

(g
0< Q < 1, and for each k exactly one Q ) is equal to 1, and IP’(Q(I) =0) <1 for j eN. The
sequence (ij))jeNo is a.s. unique.

(b) Suppose (C) is satisfied and A(a)'*) holds for (I)ren. Then

o0 o o0
n o0 .
Zg(k/n,a 21 ZZ% > 02 p®) in Mp(S),
k=1 k=1 j=0
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where Y ro | ED p) is PRM(%) with
v P

9 (dr x dx)

h +72a
:dtx2aE([</ e_s‘—/zdL,) ]
0

kh +92a\ +
—max[(/ es"/zst> ] ) xizaill((),oo)(x)dx.
k=2 (k=1)h

Furthermore, Z?io SQ]((;) for k € N are i.i.d. point processes independent of ¥ j S(S]Ez) P?)
r .

with |Q;<5)| <1, and for each k exactly one Q,(;) is equal to 1, and ]P)(Q,(j) =0)<1forjeN.

The sequence (Q/g))jeNo is a.s. unique.

4.1. Extremal behavior

We obtain from Theorem 4.1 the limit behavior of the sequence of partial maxima of the
continuous-time process (V;);>o.

Proposition 4.2. Let the assumptions of Theorem 4.1(a) hold. Define M (n) := supy,, V: for
n>0. Then

: -1 —aé —aé + —a
lim P(a, 'M(n) <x)= exp(—E( sup e % —supe “) x ) forx > 0.
n—oo

0<s<1 s>1

Definition 4.3. Let (X;);>0 be a stationary process. Define for h > 0 the sequence My(h) =
SUP(k—1yh<t<kh Xt» k € N. If there exist sequences of constants a\" > 0,b" € R, a constant
0(h) € [0, 1] and a non-degenerate distribution function G such that

lim nP(My(h) > a"x +b") = —log(G(x)) and
n—>oo

lim ]P’(k nllax Mi(h) < a,(,h)x + br(lh)) = G(x)e(h) Vx in the support of G,
= n

n—oo

.....

then we call the function 6 : (0, 00) — [0, 1] an extremal index function.

For fixed h the constant 6(h) is the extremal index of (My(h))ren (see Leadbetter (1983),
page 67) which is a measure of extremal clusters. The reciprocal of the extremal index can
be interpreted as the mean of the cluster size of high-level exceedances: the value 1 reflects no
clusters, and values less than 1 reflect clusters.
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Corollary 4.4.
(a) Let the assumptions of Theorem 4.1(a) hold. Then

E(supg<s<i e~ — SUp>. | e—abs)t
E(supg<y<; €7)

0(h) = h forh>0

is the extremal index function of (V;);>0.
(b) Let the assumptions of Theorem 4.1(b) hold. Then

E([(fy e 5-/2dL) T2 — maxesal(fi ), e 5-/2dL,) 2
E([(fy e~5-/2dL,)T 1)

0(h) =

is the extremal index of (Ix)kenN.

One conclusion is that the processes (V;);>0, (Hk)ren and (Ix)xen exhibit extremal clusters.
In Fasen et al. (2006), the extremal behavior of a COGARCH(1, 1) process driven by a com-
pound Poisson process was derived. The next lemma shows that their Theorem 4.5, which says

nl_i)ngo]P’(a;lM(n) < x) = exp(u(E(e_acrl))_lE<l — sup e_“‘s">+x_°‘) forx >0

s>T

with the notation of Lemma 4.5 below, and our Proposition 4.2 are consistent.

Lemma 4.5. Let (V;);>0 be the volatility process of the COGARCH(1, 1) model in (2.7) satisfy-
ing (2.8). Let (L;)s>0 be a compound Poisson process with jump arrivals (I'y)ren and intensity
. Then

+ +
]E( sup e — supe_o‘gs) = M(E(e_‘”r'))_lE<1 — sup e‘“EJ) . 4.1)

0<s<1 s>1 s>I7

4.2. Asymptotic behavior of the IgenOU process
The last conclusion of Theorem 4.1 is a central limit theorem for (1;*);>0.

Proposition 4.6. Let (1;);>0 be the IgenOU process in (1.2), and (Iy)ken as in (1.4) satisfies (A)
and (C). Let 0 < a 1 00 be a sequence of constants such that

lim nP(Vp > ayx) =x"¢
n—o0

for x > 0.
(@) Ifa €(0,0.5) and (I)reN satisfies A(a,ll/z), then

t_l/(za)lt* 225, where S is (2a)-stable.
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(b) Ifa € (0.5, 1), (I)ken satisfies A(ay’*) and

n
lim lim supVar(n_l/(za) Z Ik1{|1k§6n1/(2°‘)}> =0, 4.2)

€l0 p—oo =

then
AGEY (It* - E(It*)) 2%, where S is (2a)-stable.
(©) If a > 1 and (Iy)keN is exponentially a-mixing, then

=0

V21 —E1H) =N,
where N is normal distributed with E(N') = 0 and Var(N') = Var(I}).

This proposition is a consequence of Davis and Hsing (1995), Theorem 3.1, and Ibragimov and
Linnik (1971), Theorem 18.5.3.

Remark 4.7. J

(1) Condition (4.2) is satisfied if (&, 1, Lt)i>0 = (&, 1:, —L¢)s>0, since I then is sym-
metric. Thus, (4.2) stems from the uncorrelation of (I;)reny and Karamata’s theorem (see
Feller (1971), VIIL9, Theorem 1). A necessary but insufficient condition of (&, s, L;)>0 4
(&, nt, —Ly)1>0 is L symmetric. For example, let L1 be symmetric and independent of the sub-
ordinator n. Then (L;, n¢, Lt)i>0 4 (=L¢, ns, —Ly)s>0, but the distribution differs from the dis-
tribution of (L, ¢, —L¢)s>0.

(i1) Let us consider the COGARCH(1, 1) model in Example 2.4 and suppose that L has a
symmetric distribution. Then (&, ¢, L;);>0 4 (&.t, —Lt)s>0, and (4.2) holds. In particular (4.2)
also holds for the Nelson diffusion model.

(iii) The boundary cases o = 0.5, 1 are here neglected, since the analysis is tedious and
lengthy, and it does not lead to interesting statistical insight.

4.3. Convergence of the sample autocovariances

The next section is devoted to the asymptotic behavior of the sample autocovariance and auto-
correlation function of (V;);>0, and ({)ken-

Theorem 4.8. Let (V;);>0 be a genOU process satisfying (A) and (B). Suppose (V)0 is expo-
nentially a-mixing. Further, let yy (t) = E(VoV;) and py (t) = yv () /yv (0) for t > 0. Define for
h > 0 the empirical versions

n—I

1
Ya (Ih) = Y VanVeron  and  pay(Ih) =y, v /v v(©0)  forleN.
k=1
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(@) Ifa €(0,2), then

"y v A=, =3 (S) 1o (4.3)
(onv A i=1,.m =3 (S /S6) 2 4.4)
(1 NP ) ]
where the vector (S, ..., Sp') is jointly (a/2)-stable in R"T".
b) Ifa € (2,4) and d > 4 in condition (B), then
(n1—2/0l (y"»V(lh) - yV(lh)))l:O,...,m ";of ( 1(2))1:0,...,171’ (45)

n—oo

(n" 2 (on v () = pv M),y Z v O(SP = oy (SP), . (46)
(2 [C) NI : m+1
where (S5, ..., Sy ) is jointly (a/2)-stable in R" ™.
(¢) If a > 4, then (4.5) and (4.6) hold with normalization n'/?, where the limit (SI(S), e, S,(,?))
is multivariate normal with mean zero, covariance matrix

o
( > Cov(Vo‘/l-h,thV(k+j)h)> and S =E(VQ).
i,j=1,....m

k=—o00

.....

Remark 4.9.
(i) The stable random vector (S, (1) oS (1)) is a functional of the limit point process based

on (Vip)ken in (B.12). The explicit representation of (.S, (1) R S,Sll )) is given in (B.19). Similarly

we can derive the representation of (Séz), R S,%Z ) ).

(i) If @ € (0, 2), the autocovariance function does not exist. Hence, y, v and p, v are not
consistent estimators.

(iii) For @ > 2 the sample autocovariance function is a consistent estimator, where for « €
(2,4) the convergence rate n!=2/% will be faster, if « increases. The convergence to an infinite
variance stable distribution in (b) and the slower convergence rate than in (c) cause the confidence
bands in (b) to be wider than in (c).

(iv) The mean corrected versions of the sample and the autocovariance function can also be
considered; the limit theory does not change.

(v) The proof of Theorem 4.8 shows that (b) is valid under more general assumptlons Let
(Vk)keN be the stationary solution of the stochastlc recurrence equation Vk+1 Ak Vk + Bk,
where (Ak, Bk)keN is an i.i.d. sequence, and (Ak, Bk) is independent of Vk Let (AkBka)keN
be exponentially «-mixing. Furthermore, we suppose that the finite dimensional distributions of
(Vi)ken are multivariate regularly varying of index « € (2,4), and ]ElAkld <ooand E| B¢ < 00
for some d > 4. If, finally, (Vk)keN satisfies (B.12) with Vj replaced by Vk, then Theorem 4.8(b)
holds.

The following result is a straightforward conclusion of Theorem 3.3, Theorem 4.1 and Davis
and Mikosch (1998), Theorem 3.5.
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Theorem 4.10. Let (I;)ren be the stationary process in (1.4) satisfying (A) and (C). Suppose
(I)keN is exponentially a-mixing. Further, let y;(l) = E(I1114;) and p;(1) = yi(1)/y1(0) for
I € N. Define the empirical versions

n—I

1
Yni ()=~ Ilirr and  po1)=yn1/ya10)  forl€No.
k=1

(@) Ifa €(0,1) then

Yy 1Oz, = (S) o 4.7)
Ot ONi=1om =3 (S /S) izt e 4.8)
where the vector (S(gl), cee, S,(,,l)) is jointly a-stable in R™+1,
®) Ifae(,2) and
n—l
lgifl(}li’fr_l)solipVar(n_l/“ ; Ii1i+ll{|1f1i+z§n‘/“e}) =0, [=0,...,m, 4.9
then
("I_I/Q(VH»I(I) - Vl(l)))lzo ..... m = (SZ(Z))I:O ..... m’ (4.10)
(" (on s D) = p1 D))y = v O = oD e @D
where (S(z), e S,(nz)) is jointly o-stable in R+

(c) If o > 2 then (4.10) and (4.11) hold with normalization nl/2 where the limit (SfS), ey
S,(n3 )) is multivariate normal with mean zero, covariance matrix

o
3
( > Cov(lllH,-,IklkJrj)) and S =E(U}).
i,j=1,...m

k=—o00

.....

As in Remark 4.7, a sufficient condition for (4.9) is (&;, ns, L¢)i>0 4 & 1t —Li)i>o.

Appendix A: Proofs of Sections 2 and 3

Remark A.1. Let condition (B) be satisfied.

(i) By Sato (1999), Lemma 26.4, we know that W is strictly convex and continuous. Hence,
We (o) = 0 implies that there exists a 0 < & < « such that

W (@) < 0. (A.1)
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(ii) The process (e~v5 ")) .o is a martingale for every v € R where |Wg(v)| < oo.
A conclusion of Doob’s martingale inequality (cf. Revuz and Yor (2001), page 54) is that
Ky p = E(supy<; <, e Y6") < oo for h > 0, and hence, by the independent and stationary in-
crements of a Lévy process

E( sup e—vfr) — ]E( sup e—v(é}r—E(k—|)h)>E(e—vE(k—1)h)
(k—=1)h<t<kh (k—=)h<t<kh
(A.2)

We () (k—1)h

< Kyne < 00.

(iii) Let O < u <d. Then there exists a 0 < v < min(u, «) such that ((e’ff fot efs- dng)¥)iso is
a positive submartingale. Doob’s submartingale inequality, Holder’s inequality and (2.2) result in

t u - h d\ u/d
E( sup 6_5’/ 5 dnS> <Kun (E(e_g" / 5 dns> > <00 (A.3)
0<t<h 0 0

for some constant K, j, > 0.

Proof of Proposition 2.1.

(a) Condition (A) follows by Lindner and Maller (2005), Theorem 4.5. Hence, it remains only
to prove (2.2). Since 7 is a subordinator we have

h d d
Ele=5n / ebs- d’?s‘ <E| sup e—(gh—és)nh
0

0<s<h

Applying Holder’s inequality and (A.2) we obtain

h
e_éfh / ess— dT]c
0

(b) By (a) we have only to check (2.3). We assume E(L;) =0, or else we decompose L into
two independent Lévy processes where one process has mean O and the other is a drift term.
Then (f, e=5-/%( fot ~e5-dny)/2dL,),=0 is a local martingale by Protter (2004), Theorem 29,
page 173. Further, we define d= max{l, d}. By the Burkholder—Gundy inequality (cf. Liptser
and Shiryayev (1989), page 75), Holder’s inequality and (A.3) we obtain

h — 1/2
/ e 5i-/2 </ ebs- dns> dL,
0 0
h t—
/ i ( / 5 dm) d[L, L]
0 0

t_
sup e_&*/ 5 dn;
0

0<t<h

d

E < C(E(e PEm)P (En,79) 1 < co. (A.4)

2d
E

d
<KiE

dpa\ 1/p2 -
<K, (E ) (E|Ly|*92)1 /%2 < 0o,

The finiteness of the first factor is again a conclusion of (A.3), (A.4) and (2.5).



Asymptotic results for sample ACF and extremes of IgenOU processes 67

Similarly, we can prove that E| foh e é-/2dL, |2‘7 < 0. (]

Proof of Theorem 3.3.

(a) Step 1. Let V= (e‘i Vo)o<:<1. Since the tail of the probability distribution of Vj is reg-
ularly varying, the process V is a regularly varying process by Hult and Lindskog (2007), Theo-
rem 3.1, and

P(Vloo > ux, V/IVloc € ) i —o B(UISHU/Uloo € )
P(|V]oo > u) E|U%,

on B(Sp). (A.5)

_ Step 2. We will show that V is a regularly varying process. By (A.3) we know that E|V —
VlgO < 0o. Markov’s inequality, regular variation of P(|V|s > u) as u — oo (by Step 1) and
Potter’s theorem (cf. Bingham et al. (1987), Theorem 1.5.6) give

P(IV = V]|so > 1) - u-d
P(IVls >u) ~ P(|V]eo > 1)

EV-VIY —0 asu— occ.

Hence, as in Jessen and Mikosch (2006), Lemma 3.12,

P(|V]oo > ux, V/|Vlsc €)  P(|V]oo > ux, V/|V|x € )
P(|Vloo > u) P(|Vleo > u)

as u — oQ.

With Step 1, part (a) follows.
(b) Analogous to (a), we have v&n — (Vi)o<t<kn 1s a regularly varying process in D[0, kh].
The functional 7 : D[0, kk] \ {0} — R¥ with

X = (Xr)o<s<kh = ( sup |xs|,...,  sup |st>
0<s<h (k—1)h<s<kh

is continuous, [X|eo = |T(X)|ec and T (Ax) = AT(x) for A > 0,x € D[0, kh]. Let U%M =
(e_St)Ostgk}p Then

H = T(V*), Hiloo = [V and  T(VEW/|[VED| ) = Hy/|Hi|oo.
and similarly
m=T(U), myloe =[O and 7O /U] ) = my/Imy|o.

We conclude by the continuous mapping theorem (cf. Billingsley (1999), Theorem 2.7, and Hult
and Lindskog (2005), Theorem 8, for regularly varying stochastic processes) and (a) that on
B(Sk-1),

P(|Hy|oo > ux, Hy/[Hg|oo € -) PVED | g > ux, T(VED /[VED |y € )
P(|Hy|oo > 1) P(IV&D| o > u)

i EQUI ST U /U ) € )
E[U®km |2 ’
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which gives the desired result.
(c) We define
. kh . X kh
1 =y e 5-/2dL, and 1P =1 -1 :/ R, dL;,
(k—=1)h (k—1)h

where R, = /V,_ — e %-/2/Vj. Note that

t_
th < e bi- / efs— dn;s.
0

We assume E(L) =0, or else we decompose L into two independent Lévy processes where one
process has mean O and the other is a drift term. Then ( fou R;dL;),>0 is a local martingale by
Protter (2004), Theorem 29, page 173. Further, we define d= max{l, d}. By the Burkholder—
Gundy inequality (cf. Liptser and Shiryayev (1989), page 75) and (A.3) we obtain

2y 12d kh d
E|1P [ < KIIE(/ R2d[L, L],)
(k—1)h

kh - d
< K1E< / <eét— / efs- dns> d[L, L][) (A.6)
(k=D)h 0
kh - 1/2 2d
< KzE‘/ e_E’ﬂ(/ efs— dm> dL,
(k—Dh 0

< 00,
where the finiteness follows from (2.3). Thus, the classical result of Breiman (1965), and
Kliippelberg et al. (2006), Lemma 2, leads to

h +72a
P(I} > x) ~ IP’(II(I) > x) ~ E[(/ e 5-/2 st) ] IP’(\/VO > x) as x — 00.
0

With Basrak et al. (2002), Proposition A.1, which is a multivariate version of Breiman’s result,
we can extend this result to the multivariate case of I. O

Proof of Proposition 3.4.

(a) Follows along the same lines as the proof of Theorem 4.3 in Masuda (2004), where the
result was derived for the classical Ornstein—Uhlenbeck process.

(b) follows from (a).

(c) follows from (a) and Genon-Catalot et al. (2000), Proposition 3.1. The arguments are the
same as in Theorem 3.1 and Proposition 3.2 of Genon-Catalot et al. (2000), who investigate a
slightly different model. ]
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Appendix B: Proofs of Section 4
The proof of Theorem 4.1 uses the next lemma.

Lemma B.1. Let (&);>0 be a Lévy process satisfying E(e=%1) = 1. Then

+
IE( sup R - sup e*“&)

0<s<h s>h

+
= hE( sup e % — sup e_“§f> forany h > 0.

0<s<l s>1

Proof. For f:[0, c0) — R holds

(sup f(s) — sup f(s))+

s<kh s>kh
(B.1)
k—1
+ +
=(swpf@) =supf©)) +3 (s fe— s f())
s<h s>h =1 lh=s=(+Dh s>(l+Dh

This can be proved by induction, since

(SUP f(s)—sup f (s))+

s<kh s>kh

+ +
=( s f& - swp (@) +( s f6)—swp )
s<(k—1)h s>(k—1)h (k—1)h<s<kh s>kh
One way to see this is to distinguish the different cases where the maximum and the second
largest maximum of sup; 1y, f($), SUP(_1yn<s<in J (s) and sups-, f(s) lie. Taking the in-
dependent increments of (§;);>0 into account, we obtain

—ak —ag, )"
IE( sup e ¥ — sup e ‘“)
lh<s<(+1)h s>(+1)h

=E<e—am< sup e &) _ qup e—a@s—s/h)))*
lh<s<(+1)h s>(+Dh

:E(efam)]E( sup e —Em _ qup e*a@x*&h))-i_'
lh<s<(+1)h s>(+1)h

Since E(e~%1) =1, by assumption we also have E(e~*én) = 1. Thus, the stationary increments
property of (&:);>0 gives

+ +
IE( sup e 5 —  sup e_"‘&) = IE( sup e %5 — sup e_“&‘) . (B.2)
lh<s<(I+1)h s=(I+Dh 0<s<h s>h
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Hence, (B.1) and (B.2) result in

+ +
]E( sup e % — sup e_“&) = kIE( sup e % — sup e_“&) for k e N.
0<s<kh s>kh 0<s<h s>h

Thus,

+ +
E( sup e”% — sup e_“&) = qE( sup e — supe_“&) forg e QNR,.

0<s<hq s>hq 0<s<h s>h

Since (&;);>0 has a.s. cadlag paths, the claim follows. O

Proof of Theorem 4.1. (a) Davis and Hsing (1995) derived sufficient assumptions for the con-
vergence of point processes formed by a stationary, regularly varying sequence. We apply their
Theorem 2.7. This theorem requires that the finite dimensional distributions of (Hy )N are mul-
tivariate regularly varying, which is satisfied by Theorem 3.3(b). Finally, we must check

lim lim IP( \/ [Hil > ayx||Hi >anx> =0 (B.3)
[—oon—00

I<k=<ry
for a sequence r, = o(n) as n — 00, and x > 0. Thus, define A} = sup_ 1), <;<kn e~ &= and
By = supg_1yn<s<kh e 5 f}f eb- dny for k > 2. Let x > 0 be fixed. Hence, Hy < A} H; + B} for
k > 2 and (A}, By) are independent of Hj. Then we obtain

IP( \/ 1Hil > anx, |Hi| > anx>

1<k<ry

n
< 2:[[?’(3,’(k > apx [2)P(H| > apx) + P(A}Hy > apx /2, H| > apx)] (B.4)
k=l

'n
<raP(H) > a,x/2)* + Y “P(AfH) > a,x/2, Hy > ayx).
k=l

Let @ be given as in (A.1). Markov’s inequality and the independence of H; and Aj for k > 2
lead to

P(Af Hy L, 5a,2) > anX/2) < (anx/2) *E(AFDE(HI L, 54,1))- (B.5)

Since IP’(HfZ > x) is regularly varying with index «/& > 1, we apply Feller (1971), Theorem 1
in Chapter VIIL.9, such that

~

o

E(HI 11, a,0)) ~ - (@,x)*P(H) > apx)  asn— oo. (B.6)

—a
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Hence, (B.5), (B.6) and (A.2) result in

P(A; Hi 1> apx) > anx/2) < KiE(AZ)P(H] > a,x)
_ (B.7)
< Kze\ys(“)khIP(Hl > aux),

for n > ng and some constants K, K, ng > 0. We conclude from (B.4) and (B.7) that

lll)TonILrgoP< \/ |Hi| > apx

I=<|k|<rn

o
. We (@)h\k _
|H, | >a,,x> 511_13201(22(6 e@hyk g,
k=l
Note that (cf. Theorem 2.7 and Lemma 2.9 in Davis and Hsing (1995)) the extremal index 0 of

(Hp)ken has value

. l
0— lim lim P(|Hy| > u) — P(min{|H; |, \/;_, | Hx[} >M).
|— o0 u—>00 P(|H1| > u)

By Theorem 3.3(b) the right-hand side is equal to

o Elsupo< < e~ %) — E(min{supy, < €%, sup; ;< € *))
=00 E(supg<s<, €~%)

_ E(supy—,—y, e % —sup,. ;e )T
E(supg<,<; €~%)

Finally, Lemma B.1 leads to

E(su e % —sup,. e %)t
o—h ( Po<s<1 _Pszl ) 7 (B.3)
E(supy<;<; e™)

which proves (a).

(b) We study the point process behavior of (/x)xeN as in (a) by proving that the assumptions
of Davis and Hsing (1995), Theorem 2.7, are satisfied. The finite dimensional distributions of
(Ix)ren are multivariate regularly varying by Theorem 3.3(c). At the end we will show that
condition (B.3) for (Ii)rcn is satisfied. We define

kh
Gy = /V(kil)hieS(k—l)h—/z/‘ e_ét—/zst’
(k—1h
kh 2
Alt =e—(§(k1)h—&-)(eé(kl)hﬂ/ e—Er/2st) ,
(k—1)h

(k—1)h— kh 2
B,f — e Sk—Dh- (/ ebs— dﬂs) <e$(k1)h/2/ e 5-/2 st> , k>2,
h (k—1)h
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and GT = max{V}, G%, 112}. Then G% < A;G7T+ B}. Next, let 0 < € < x, then

P( \/ Il > an/*x, 11| > ai/2x>

[<k=<ry,
< Z IP(G% >a(x — 6)2, 112 > a,,xz) + Z ]P’((Ik — Gk)2 > anez, 112 > a,,xz)
I<k<r, I<k<r,

=) + 1.

First, we investigate /(,). Note that G7 is independent of (A}, By) for k > 2, and G7 is regularly

varying with index « and tail behavior
h
[[esra,
0
This is a conclusion of

h h 2
GT = max{e_s” <Vo —i—/ ebi- dnt), </ e 5-/2 st> Vo, ...,
0 0
h t— 2
/ e~bi- (Vo + / ebs- dns> dL,
0 0

and similar arguments as in Theorem 3.3(c). Furthermore,

h
f e—E-1241,
0
Thus,

]P( \/ G,§>a,,(x—e)2,112>anx2>

I<k<ry

2a
P(G} > x) ~ E(max{e"‘f", })]P’(Vo > x) as x — 00.

2v

E(A;")=E eVeME=Dh  fory <d k> 2.

n
<Y [P(Bf > an(x — €)*/2)P(G} > ayx?) + P(A{ G} > an(x — €)%/2, G} > anx?)].
k=l

The remainder of the proof is as in (a) and we obtain

I
lim lim @)

————=0.
I=>oon—00 P(I} > ayx?)

Next, we study /). By Markov’s inequality we have for d= max{1, d},

P((Ik = GO)* > an€®, I} > anx®) < (an€®) E((k — G* L2y, 12))-
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Then similar computations as in (A.6) lead to

IP’((Ik — Gk)2 > anez, 112 > a,,x2)

- kh — d
< Kl(a,,ez)_d]E</ e bi- (/ efs- dns) d[L, L]t) ]P’(Il2 > anxz)
(k—1)h (k=1)h

kh - 1/2 2d
f e 6i-/2 </ gbs- dnx) dL,
(k—Dh (k—1)h

< K2(ane?) ™ E P(I} > a,x?).

Thus, also
1
lim lim —— " =0.
I=oon—=00 P([7 > anx?)
Hence, Theorem 2.7 in Davis and Hsing (1995) proves the statement. (]

Proof of Lemma 4.5. Let (Z;)ren be the jump sizes of L. We define Z( = log(1 + )\e“Z,%)

for k € N and Z as a random variable with Z 4 21. Then & = ct — Z,i\];l Zk, where (N;) is a
Poisson process with jumps (I'x)xen, and by (4.1) in Kliippelberg et al. (2004),

We(s) = —(u+s¢) + uE@?)  fors <a.

Thus, we obtain with W¢ () = 0 that

~ 5 1
E(eaz) _ u+oc and E(ef(ﬂ/c)z) =—\¥; (—ﬁ> (B.9)
Iz K ¢

Let (E,),Zo be a Lévy process independent of & and identically distributed as £&. We write gt =
info<s<; Es, and e; for an expo~nentially distributed random variable with mean 1/t for ¢t > 0,
which is independent of £ and §.

First, we investigate the right-hand side of (4.1). The following equality holds:

]E(l — sup e*"‘ff)Jr =E((1- e e_"‘goo)Jrl{grl >0}).

s>IM

Kyprianou (2006), Exercise 1.8(iii), says that
P(&r, Ligr, o) > x)= ]E(ef(“/")z)IP’(eM/C > Xx) for x > 0.

If we use (B.9), this leads to

+ ~ ~
E(l — sup e*"‘&) = ]E(e*(“/c)z)]E(l — e ¥euleg ™0yt
>I"
= 1 (B.10)
= — g <—E>E(1 — e %ensee %)t
u c
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Next, we look at the left-hand side of (4.1). Let ¢ > 0. By Lemma B.1 we have

+ +
E(sup e—(xés — sup e—“é;) — qE(sup e—ozgx — sup e—a’;})

s<l1 s>1 s=ey s=>eq
= gE(e S (1 —e R ey T,

By the Wiener—Hopf decomposition (cf. Kyprianou (2006), Theorem 6.16), fe and &, — ée are
—q —q
independent such that

—+ _ _ _ ~
E(sup e % —sup e_“&') =qE(e % JE(L—e (g geq)e_“§oo)+.

s<l1 s>1

Then (8.2) in Kyprianou (2006) results in

+ ~
E(sup e — sup e—d&) = <—E> s ac]E(l - e_"“’ﬂ/ﬂef‘)@o@)*‘
s<1 s>1 c "

B (B.11)
= \II%. <_%>(E(601Cr1))]]}3(1 _ efae/‘/fefagooﬁ“.

The comparison of (B.10) and (B.11) gives the proof. O

We need the following lemma for the investigation of the convergence of the sample autoco-
variances.

Lemma B.2. Let (V;);>0 be a genOU process satisfying (A) and (B), and define for h > 0,
Vi= Vin, ..., Viktmyn), k € No. Let 0 < a, 1 00 be a sequence of constants such that

o

lim nP(|Voloo > anx) =x~ forx > 0.
n—oo

Suppose (Vi)ken satisfies A(ay). Then

n

[o.Cle o]
Kn ::Zé‘an—lvk = ZZEQkJPk =K, (B.12)
k=1 k=1 j=0
where Y p- €p, is PRM() with
E(V/jge o — /2 emetm®
E(Voo e Ein)

B (dx) =« x 770,00y (x) dix.

Furthermore, 23020 eqQ for k € N are i.i.d. point processes independent of Y e ep, with0 <
|Qkjloo < 1, for each k exactly one |Qyjlo is equal to 1, and P(|Qjloo =0) < 1 for j € N.
The sequence (Qg;) jeN, is a.s. unique.
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One can either interpret (Vi)ren as a multivariate stochastic recurrence equation and apply
Theorem 2.10 of Basrak et al. (2002) to obtain the proof of Lemma B.2, or one can proceed as
in the proof of Theorem 4.1.

Proof of Theorem 4.8. Without loss of generality we can assume that # = 1.
(a, ¢) are conclusions of Lemma B.2, and Davis and Mikosch (1998), Theorem 3.5, and argu-
ments presented on page 2069 there.

(b) The proof is similar to the proof in Mikosch and Starica (2000), page 1440 ff., so that

we present only a sketch of it. Let x; = (x,go), .. m)) Rm+1 \ {0}. We define the mappings

Tje: M — Rby

00
TO,E (Z nkgxk) =

M
3

(02
(") L@ ey

k=1 k=1
oo o )
1
T (anexk> = an(xli )) 1{‘x150)|>€},
k=1 k=1

o
0 .
k=1

Furthermore, we define Ay = AII§+1 and By = B,’{‘Jrl so that Vi1 = Ax Vi + B for k € N, and
(Ak, Br)ken 1s an i.i.d. sequence. First, we derive the asymptotic behavior of the sample variance

1! 7% (v (0) — v (0))
=n"2Y (VZ —E(VD) +0,(1)
k=1

n

n=e Z VZ (A7 —E(AD) + E(ADn Y "(VE = E(V)
k=1 k=1

n n

2072 N (A B Vi — E(A B Vi) +n7 2 Y (BE —E(BD) + 0, (D).
k=1 k=1

Using the central limit theorem (CLT) for exponentially a-mixing sequences (cf. Ibragimov
and Linnik (1971), Theorem 18.5.3) (where we require d > 4 such that by Holder’s inequal-
ity E(A7 BY) < (E(AD))/2(E(B{))!/? < 00), we obtain

(1 =EAD)n" 2% (1, v (0) — yv (0))

=072y (V2 (AR — EAD) o) (B.13)
k=1
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n

+ 02N (VE(AR = B(AD)) Ly <pifae) +0p(1)
k=1

=18 + 1) +o0,(1).

We proceed with the investigation of the behavior of 11231, which is the sum of uncorrelated ran-

dom variables. Hence, according to Karamata’s theorem (see Feller (1971), VIIL.9, Theorem 1)
for n — oo holds

Var(10) = n=nB((A7 — B(AD))E(VElycprioe) ~ K4 50, (B.14)

Let « and «, be as in Lemma B.2. We denote by (S(’)“, ..., S*) the weak limit of
(Tl,eKn - E(A%)TO,eKnv T2,eKn - E(Al)Tl,eKn’ ey Tm+1,eKn - E(Al)Tm,eKn) =lleKp

as first n — oo and then € | 0, which exists due to Lemma B.2, an extended version of (B.14),
E(Tcx) = 0 and the arguments presented in Davis and Hsing (1995), proof of Theorem 3.1(ii),
page 897 (cf. Mikosch and Stérica (2000), page 1441), that is,

Ty " 225V (s, SE). (B.15)

For summand Ie(,l,z we obtain

n

18 = n722 3 (ArVe + Bo? = E(AD V) Ly, o)
k=1

n

_ e Z(B]%I{Vk>nl/“€} — E(B]%I{Vk>nl/w}))
=1 (B.16)

n

=20 " (ARBEVid = pveey — E(AkBiVilyy o))
k=1

—n"MUEBHAP(Vo > n'/*e) — 20" *E(A1 BORE(Vi 1y, - pijaq))-
A consequence of the CLT and the regular variation of E(V11{y,>y)) withindex o —1 as x — o0
is that

n
-2 2 2 2
1) = n72Y (V) —EAD V) o piee) +0p(1)
k=1

= Tiekn — E(AD Ty ekn 40, (1) (B.17)

n—-oo

0
22 7\ ek — B(AD Tp.ck =2 SE.
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Equations (B.13), (B.14), (B.17) and Billingsley (1999), Theorem 3.1, lead to

n—oo

nl_2/a()/n,v(0) _ J/V(O)) = (1 — E(A%))_lSS =: 5. (B.18)

In the same way it is possible to extend the result to sample autocovariance functions of higher
orders, where

n—-oo

T (v () — (D) = SF+EADS- =28, forl> 1. (B.19)

This results in (4.5).

We obtain the asymptotic behavior of the sample autocorrelation function from the behavior
of the sample autocovariance function and the continuous mapping theorem as in Davis and
Mikosch (1998), page 2061. (]

Acknowledgements

Parts of the paper were written while the author was visiting the Department of Operations Re-
search and Industrial Engineering at Cornell University and the School of Finance and Applied
Statistics at the Australian National University. She takes pleasure in thanking them for their
hospitality. Discussions with Alexander Lindner have been very fruitful and stimulating. Finan-
cial support from the Deutsche Forschungsgemeinschaft through a research grant is gratefully
acknowledged.

References

Applebaum, D. (2004). Lévy Processes and Stochastic Calculus. Cambridge: Cambridge Univ. Press.
MR2072890

Barndorff-Nielsen, O.E. and Shephard, N. (2001). Non-Gaussian Ornstein—Uhlenbeck based models and
some of their uses in financial economics (with discussion). J. Roy. Statist. Soc. Ser. B 63 167-241.
MR1841412

Basrak, B. (2000). The sample autocorrelation function of non-linear time series. Ph.D. thesis, Rijksuniver-
steit Groningen.

Basrak, B., Davis, R.A. and Mikosch, T. (2002). Regular variation of GARCH processes. Stochastic
Process. Appl. 99 95-115. MR1894253

Billingsley, P. (1999). Convergence of Probability and Measures, 2nd edn. Wiley. MR1700749

Bingham, N.H., Goldie, C.M. and Teugels, J.L. (1987). Regular Variation. Cambridge: Cambridge Univ.
Press. MR0898871

Bradley, R.C. (2005). Basic properties of strong mixing conditions. A survey and some open questions.
Probab. Surv. 2 107-144. MR2178042

Breiman, L. (1965). On some limit theorems similar to the arc-sine law. Theory Probab. Appl. 10 323-331.
MRO0184274

Carmona, P., Petit, F. and Yor, M. (1997). On the distribution and asymptotic results for exponential Lévy
processes. In Exponential Functionals and Principal Values Related to Brownian Motion (M. Yor, ed.)
73-130. Biblioteca de le Revista Matematica Iberoamericana. MR 1648657


http://www.ams.org/mathscinet-getitem?mr=2072890
http://www.ams.org/mathscinet-getitem?mr=1841412
http://www.ams.org/mathscinet-getitem?mr=1894253
http://www.ams.org/mathscinet-getitem?mr=1700749
http://www.ams.org/mathscinet-getitem?mr=0898871
http://www.ams.org/mathscinet-getitem?mr=2178042
http://www.ams.org/mathscinet-getitem?mr=0184274
http://www.ams.org/mathscinet-getitem?mr=1648657

78 V. Fasen

Carmona, P, Petit, F. and Yor, M. (2001). Exponential functionals of Lévy processes. In Lévy Processes,
Theory and Applications (O.E. Barndorff-Nielsen, T. Mikosch and S. Resnick, eds.) 41-55. Boston:
Birkhiuser. MR1833691

Daley, D.J. and Vere-Jones, D. (2003). An Introduction to the Theory of Point Processes. Vol I: Elementary
Theory and Methods, 2nd edn. New York: Springer. MR1950431

Davis, R. and Hsing, T. (1995). Point process and partial sum convergence for weakly dependent random
variables with infinite variance. Ann. Probab. 23 879-917. MR1334176

Davis, R. and Mikosch, T. (1998). The sample autocorrelations of heavy-tailed processes with applications
to ARCH. Ann. Statist. 26 2049-2080. MR1673289

De Haan, L. and Karandikar, R.L. (1989). Embedding a stochastic difference equation into a continuous-
time process. Stochastic Process. Appl. 32 225-235. MR1014451

De Haan, L. and Lin, T. (2001). On convergence toward an extreme value distribution in C[0, 1]. Ann. Appl.
Probab. 29 467-483. MR1825160

Diaconis, P. and Freedman, D. (1999). Iterated random functions. SIAM Rev. 41 45-76. MR1669737

Donati-Martin, C., Ghomrasni, R. and Yor, M. (2001). On certain Markov processes attached to exponential
functionals of Brownian motion. Rev. Mat. Iberoam. 17 179-193. MR1846094

Fasen, V., Kliippelberg, C. and Lindner, A. (2006). Extremal behavior of stochastic volatility models. In
Stochastic Finance (A.N. Shiryaev, M.d.R. Grossinho, P.E. Oliviera and M.L. Esquivel, eds.) 107-155.
New York: Springer. MR2230762

Feller, W. (1971). An Introduction to Probability Theory and Its Applications 2, 2nd edn. New York: Wiley.
MRO0270403

Genon-Catalot, V., Jeantheau, T. and Larédo, C. (2000). Stochastic volatility models as hidden Markov
models and statistical applications. Bernoulli 6 1051-1079. MR1809735

Goldie, C.M. (1991). Implicit renewal theory and tails of solutions of random equations. Ann. Appl. Probab.
1 126-166. MR1097468

Haug, S., Kliippelberg, C., Lindner, A. and Zapp, M. (2007). Method of moment estimation in the
COGARCH(1, 1) model. Econom. J. 10 320-341. MR2406371

Hipp, C. and Plum, M. (2003). Optimal investment for investors with state dependent income, and for
insurers. Finance Stoch. 7299-321. MR1994911

Hult, H. and Lindskog, F. (2005). Extremal behavior for regularly varying stochastic processes. Stochastic
Process. Appl. 115 249-274. MR2111194

Hult, H. and Lindskog, F. (2007). Extremal behavior of stochastic integrals driven by regularly varying
Lévy processes. Ann. Probab. 35 309-339. MR2303951

Ibragimov, I.A. and Linnik, Y.V. (1971). Independent and Stationary Sequences of Random Variables.
Groningen: Wolters-Noordhoff. MR0322926

Jessen, A.H. and Mikosch, T. (2006). Regularly varying functions. Publ. Inst. Math. (Beograd) 80 171-192.
MR2281913

Kallenberg, O. (1997). Foundations of Modern Probability. New York: Springer. MR1464694

Kesten, H. (1973). Random difference equations and renewal theory for products of random matrices. Acta
Math. 131 207-248. MR0440724

Kliippelberg, C., Lindner, A. and Maller, R. (2004). A continuous time GARCH process driven by a Lévy
process: Stationarity and second order behaviour. J. Appl. Probab. 41 601-622. MR2074811

Kliippelberg, C., Lindner, A. and Maller, R. (2006). Continuous time volatility modelling: COGARCH ver-
sus Ornstein—Uhlenbeck models. In From Stochastic Calculus to Mathematical Finance. The Shiryaev
Festschrift (Y. Kabanov, R. Liptser and J. Stoyanov, eds.) 393—419. Berlin: Springer. MR2234284

Kostadinova, T. (2007). Optimal investment for insurers, when stock prices follows an exponential Lévy
process. Insurance Math. Econ. 41 250-263. MR2339567


http://www.ams.org/mathscinet-getitem?mr=1833691
http://www.ams.org/mathscinet-getitem?mr=1950431
http://www.ams.org/mathscinet-getitem?mr=1334176
http://www.ams.org/mathscinet-getitem?mr=1673289
http://www.ams.org/mathscinet-getitem?mr=1014451
http://www.ams.org/mathscinet-getitem?mr=1825160
http://www.ams.org/mathscinet-getitem?mr=1669737
http://www.ams.org/mathscinet-getitem?mr=1846094
http://www.ams.org/mathscinet-getitem?mr=2230762
http://www.ams.org/mathscinet-getitem?mr=0270403
http://www.ams.org/mathscinet-getitem?mr=1809735
http://www.ams.org/mathscinet-getitem?mr=1097468
http://www.ams.org/mathscinet-getitem?mr=2406371
http://www.ams.org/mathscinet-getitem?mr=1994911
http://www.ams.org/mathscinet-getitem?mr=2111194
http://www.ams.org/mathscinet-getitem?mr=2303951
http://www.ams.org/mathscinet-getitem?mr=0322926
http://www.ams.org/mathscinet-getitem?mr=2281913
http://www.ams.org/mathscinet-getitem?mr=1464694
http://www.ams.org/mathscinet-getitem?mr=0440724
http://www.ams.org/mathscinet-getitem?mr=2074811
http://www.ams.org/mathscinet-getitem?mr=2234284
http://www.ams.org/mathscinet-getitem?mr=2339567

Asymptotic results for sample ACF and extremes of IgenOU processes 79

Kyprianou, A. (2006). Introductory Lectures on Fluctuations of Lévy Processes with Applications. Berlin:
Springer. MR2250061

Leadbetter, M.R. (1983). Extremes and local dependence in stationary sequences. Z. Wahrsch. Verw. Gebiete
65 291-306. MR0722133

Lindner, A.M. and Maller, R. (2005). Lévy integrals and the stationarity of generalised Ornstein—Uhlenbeck
processes. Stochastic Process. Appl. 115 1701-1722. MR2165340

Liptser, R.S. and Shiryayev, A.N. (1989). Theory of Martingales. Dodrecht: Kluwer. MR1022664

Maller, R., Miiller, G. and Szimayer, A. (2008). GARCH modelling in continuous time for irregularly
spaced time series data. Bernoulli 14 519-542.

Masuda, H. (2004). On multidimensional Ornstein—Uhlenbeck processes driven by a general Lévy process.
Bernoulli 10 97-120. MR2044595

Mikosch, T. and Stdrica, C. (2000). Limit theory for the sample autocorrelations and extremes of a
GARCH(1, 1) process. Ann. Statist. 28 1427-1451. MR1805791

Miiller, G. (2007). MCMC estimation of the COGARCH(1, 1) model. Preprint.

Nelson, D.B. (1990). ARCH models as diffusion approximations. J. Econometrics 45 7-38. MR1067229

Nyrhinen, H. (2001). Finite and infinite time ruin probabilities in a stochastic economic enviroment. Sto-
chastic Process. Appl. 92 265-285. MR1817589

Paulsen, J. (1998). Sharp conditions for certain ruin in a risk process with stochastic return on investment.
Stochastic Process. Appl. 75 135-148. MR1629034

Paulsen, J. (2002). On Cramér asymptotics for risk processes with stochastic return on investments. Ann.
Appl. Probab. 12 1247-1260. MR1936592

Protter, PE. (2004). Stochastic Integration and Differential Equations, 2nd edn. Berlin: Springer.
MR2020294

Resnick, S.I. (1987). Extreme Values, Regular Variation, and Point Processes. New York: Springer.
MR0900810

Resnick, S.I. (2007). Heavy-Tail Phenomena: Probabilistic and Statistical Modeling. New York: Springer.
MR2271424

Revuz, D. and Yor, M. (2001). Continuous Martingales and Brownian Motion, 3rd edn. Berlin: Springer.

Sato, K. (1999). Lévy Processes and Infinitely Divisible Distributions. Cambridge: Cambridge Univ. Press.

Received August 2007 and revised August 2008


http://www.ams.org/mathscinet-getitem?mr=2250061
http://www.ams.org/mathscinet-getitem?mr=0722133
http://www.ams.org/mathscinet-getitem?mr=2165340
http://www.ams.org/mathscinet-getitem?mr=1022664
http://www.ams.org/mathscinet-getitem?mr=2044595
http://www.ams.org/mathscinet-getitem?mr=1805791
http://www.ams.org/mathscinet-getitem?mr=1067229
http://www.ams.org/mathscinet-getitem?mr=1817589
http://www.ams.org/mathscinet-getitem?mr=1629034
http://www.ams.org/mathscinet-getitem?mr=1936592
http://www.ams.org/mathscinet-getitem?mr=2020294
http://www.ams.org/mathscinet-getitem?mr=0900810
http://www.ams.org/mathscinet-getitem?mr=2271424

	Introduction
	Model assumptions and examples
	Model assumptions
	Examples

	Preliminary results
	Regular variation
	Mixing properties

	Point process convergence and conclusions
	Extremal behavior
	Asymptotic behavior of the IgenOU process
	Convergence of the sample autocovariances

	Appendix A: Proofs of Sections 2 and 3
	Appendix B: Proofs of Section 4
	Acknowledgements
	References

