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Optimal rates of aggregation in classification
under low noise assumption
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In the same spirit as Tsybakov, we define the optimality of an aggregation procedure in the problem of
classification. Using an aggregate with exponential weights, we obtain an optimal rate of convex aggregation
for the hinge risk under the margin assumption. Moreover, we obtain an optimal rate of model selection
aggregation under the margin assumption for the excess Bayes risk.
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1. Introduction

Let (X, A) be a measurable space. We consider a random variable (X, Y) on X x {—1, 1} with

probability distribution denoted by 7. Denote by PX the marginal of 7 on X’ and by n(x) = def

P(Y = 1|X = x) the conditional probability function of ¥ = 1, knowing that X = x. We have n
i.i.d. observations of the couple (X, Y) denoted by D, = ((X;, ¥;))i=1....n- The aim is to predict
the output label Y for any input X in X from the observations D,,.

We recall some usual notation for the classification framework. A prediction rule is a mea-
surable function f: X — {—1, 1}. The misclassification error associated with f is

.....

R(f)=P(Y # f(X)).
It is well known (see, e.g., Devroye et al. [14]) that

Lmin | RO= RO & R,

where the prediction rule f*, called the Bayes rule, is defined by
% def .
ffx) = s1gn(2n(x) - 1) Vx e X.

The minimal risk R* is called the Bayes risk. A classifier is a function, fn = fn (X, D,), measur-
able with respect to D, and X with values in {—1, 1}, that assigns to the sample D), a prediction
rule f,,( D) : X — {—1, 1}. A key characteristic of fn is the generalization error E[R( fn)]
where

def

R(f) EP(Y # fu(X)|Dy).
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The aim of statistical learning is to construct a classifier f,, such that E[R( ﬂ)] is as close to
R* as possible. Accuracy of a classifier fn is measured by the value E[R( fn) — R*], called the
excess Bayes risk of fn We say that the classifier f,, learns with the convergence rate v (n),
where (¥ (n)),eN is a decreasing sequence, if there exists an absolute constant C > 0 such that
for any integer n, E[R(fn) — R*]1 < Cy¥(n).

Given a convergence rate, Theorem 7.2 of Devroye et al. [14] shows that no classifier can learn
at least as fast as this rate for any arbitrary underlying probability distribution 7. To achieve rates
of convergence, we need a complexity assumption on the set which the Bayes rule f* belongs to.
For instance, Yang [36,37] provide examples of classifiers learning with a given convergence rate
under complexity assumptions. These rates cannot be faster than n~1/? (cf. Devroye et al. [14]).
Nevertheless, they can be as fast as n~! if we add a control on the behavior of the conditional
probability function 7 at the level 1/2 (the distance |n(-) — 1/2]| is sometimes called the margin).
For the problem of discriminant analysis, which is close to our classification problem, Mammen
and Tsybakov [25] and Tsybakov [34] have introduced the following assumption.

(MA) Margin (or low noise) assumption. The probability distribution w on the space X X
{—1, 1} satisfies MA (k) with 1 <k < +o0 if there exists cy > 0 such that

E[|f(X) — F*(X01] < co(R(f) — R¥) ", ey

for any measurable function f with values in {—1, 1}.

According to Tsybakov [34] and Boucheron et al. [7], this assumption is equivalent to a control
on the margin given by

P2n(X) — 1| <t] <ct® Vo<t <l.

Several example of fast rates, that is, rates faster than n~ 12 can be found in Blanchard et al.

[5], Steinwart and Scovel [31,32], Massart [26], Massart and Nédélec [28], Massart [27] and
Audibert and Tsybakov [1].

The paper is organized as follows. In Section, 2 we introduce definitions and procedures which
are used throughout the paper. Section 3 contains oracle inequalities for our aggregation proce-
dures w.r.t. the excess hinge risk. Section 4 contains similar results for the excess Bayes risk.
Proofs are postponed to Section 5.

2. Definitions and procedures

2.1. Loss functions

Convex surrogates ¢ for the classification loss are often used in algorithm (Cortes and Vapnic
[13], Freund and Schapire [15], Lugosi and Vayatis [24], Friedman et al. [16], Biihlman and Yu
[8], Bartlett er al. [2,3]). Let us introduce some notation. Take ¢ to be a measurable function
from R to R. The risk associated with the loss function ¢ is called the ¢-risk and is defined by

AD A LR F X)),
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where f: X —> R is a measurable function. The empirical ¢-risk is defined by
def 1 n
AP~ o f (X))
i=1

and we denote by A@®* the infimum over all real-valued functions inf . X—R A@)( .
Classifiers obtained by minimization of the empirical ¢-risk, for different convex losses, have
been proven to have very good statistical properties (cf. Lugosi and Vayatis [24], Blanchard et
al. [6], Zhang [39], Steinwart and Scovel [31,32] and Bartlett ez al. [3]). A wide variety of clas-
sification methods in machine learning are based on this idea, in particular, on using the convex

loss ¢ (x) e max(1 — x, 0) associated with support vector machines (Cortes and Vapnik [13],
Scholkopf and Smola [30]), called the hinge loss. The corresponding risk is called the hinge
risk and is defined by

A(S) € E[max(1 - Y/ (X),0)],
for any measurable function f: X +— R. The optimal hinge risk is defined by

« def

A f)?iRA(f). )

It is easy to check that the Bayes rule f* attains the infimum in (2) and that
R(f) = R* < A(f) — A%, 3)

for any measurable function f with values in R (cf. Lin [23] and generalizations in Zhang [39]
and Bartlett ef al. [3]), where we extend the definition of R to the class of real-valued functions
by R(f) = R(sign(f)). Thus, minimization of the excess hinge risk, A(f) — A*, provides a
reasonable alternative for minimization of the excess Bayes risk, R(f) — R*.

2.2. Aggregation procedures

Now, we introduce the problem of aggregation and the aggregation procedures which will be
studied in this paper.

Suppose that we have M > 2 different classifiers fl, fM taking values in {—1, 1}. The
problem of model selection type aggregation, as studied in Nemirovski [29], Yang [38], Catoni
[10,11] and Tsybakov [33], consists of the construction of a new classifier f,, (called an aggre-
gate) which approximately mimics the best classifier among fl, ey fM. In most of these papers
the aggregation is based on splitting the sample into two independent subsamples, D,ln and DZZ,
of sizes m and [, respectively, where m 4 [ = n. The first subsample, D,L, is used to construct
the classifiers fl, e, fM and the second subsample, D?, is used to aggregate them, that is to
construct a new classifier that mimics, in a certain sense, the behavior of the best among the
classifiers fj,j =1,....,. M.

In this paper, we will not consider the sample splitting and will concentrate only on the
construction of aggregates (following Juditsky and Nemirovski [18], Tsybakov [33], Birgé [4],



Aggregation of classifiers 1003

Bunea et al. [9]). Thus, the first subsample is fixed and, instead of classifiers f] e, fM , we have
fixed prediction rules fi, ..., fa. Rather than working with a part of the initial sample we will
suppose, for notational simplicity, that the whole sample D, of size n is used for the aggregation
step instead of a subsample Dlz.

Let F ={f1,..., fu} be a finite set of real-valued functions, where M > 2. An aggregate is
a real-valued statistic of the form

=Y w(Nf,

feF

where the weights (w(”)(f))fe]: satisfy

w®(f)=0 and > w™(f)=1.
feF

Let ¢ be a convex loss for classification. The Empirical Risk Minimization aggregate (ERM) is
defined by the weights
(®) A @)
1, for one f € F such that A =min A s
w(n)(f):{ f SH=mnafe, o
0, for all other f € F,

The ERM aggregate is denoted by f,,(ERM).

The averaged ERM aggregate is defined by the weights

e 2 (B) : ()]
1/N, fA = A ,
w<n>(f)={ / if Ay (f) min An (&) VieF.
0, otherwise,

where N is the number of functions in F minimizing the empirical ¢-risk. The averaged ERM
. #(AERM)
aggregate is denoted by f; )

The Aggregation with Exponential Weights aggregate (AEW) is defined by the weights

exp(—nAY ()

w®(f) =
Y erexp(—nAL (g)

VfeF. “)

The AEW aggregate is denoted by f,,(AEW).

The cumulative AEW aggregate is an on-line procedure defined by the weights

n ()
w(")(f)zlz exp(—kA, ((fg) VfeF
"D L ger xp(—kA (8)
The cumulative AEW aggregate is denoted by f,,(CAEw).
When F is a class of prediction rules, intuitively, the AEW aggregate is more robust than the
ERM aggregate w.r.t. the problem of overfitting. If the classifier with smallest empirical risk is
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overfitted, that is, if it fits too many to the observations, then the ERM aggregate will be overfitted.
But, if other classifiers in F are good classifiers, then the aggregate with exponential weights will
consider their “opinions” in the final decision procedure and these opinions can balance with the
opinion of the overfitted classifier in F, which can be false because of its overfitting property.
The ERM only considers the “opinion” of the classifier with the smallest risk, whereas the AEW
takes into account all of the opinions of the classifiers in the set F.

The exponential weights, defined in (4), can be found in several situations. First, one can check
that the solution of the minimization problem

M M M
min<ZAjAf,¢>(fj)+erjlog,\j:ij <1,A;>0,j= 1,...,M) )

j=1 j=1 j=1
forall e > O is
exp(—(AY (f)/€)

T exp(— (AP (fi) /o)

Thus, for e = 1/n, we find the exponential weights used for the AEW aggregate. Second, these
weights can also be found in the theory of prediction of individual sequences (cf. Vovk [35]).

j Vi=1,...,M.

2.3. Optimal rates of aggregation

Now, we introduce a concept of optimality for an aggregation procedure and for rates of aggre-
gation, in the same spirit as in Tsybakov [33] (where the regression problem is treated). Our aim
is to prove that the aggregates introduced above are optimal in the following sense. We denote
by P the set of all probability measures 7 on X x {—1, 1} satisfying MA (k).

Definition 1. Let ¢ be a loss function. The remainder termy (n, M, k, F, i) is called an optimal
rate of model selection type aggregation (MS-aggregation) for the ¢-risk if the two following
inequalities hold:

1) YF={f1,..., fm}, there exists a statistic f,, , depending on F, such thatVm € P, Vn > 1,

E[AY () =AD" < min (A9 () = A9") + Ciy (0. Mo, Fom)i - (6)
Je

(i) 3F ={f1,..., fm} such that for any statistic fn, dr e Pe,Vn>1

E[AD (fu) = A9*] = ;ni;(A("”(f) — AD*) + Coy(n, M, i, F, 7). (7

Here, C1 and C, are positive constants which may depend on k. Moreover, when these two
inequalities are satisfied, we say that the procedure f,, appearing in (6), is an optimal
MS-aggregate for the ¢-risk. If C denotes the convex hull of F and if (6) and (7) are satis-
fied with minfG}-(A@)(f) — AD*) replaced by minfec(A@)(f) — AD*) then we say that
y(n,M,k, F, ) is an optimal rate of convex aggregation type for the ¢-risk and f, is an
optimal convex aggregation procedure for the ¢-risk.
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In Tsybakov [33], the optimal rate of aggregation depends only on M and n. In our case, the
residual term may be a function of the underlying probability measure 7, of the class F and of
the margin parameter «. Note that, without any margin assumption, we obtain /(log M)/n for
the residual, which is free from 7 and F. Under the margin assumption, we obtain a residual
term dependent of 7 and F and it should be interpreted as a normalizing factor in the ratio

E[AD (fp) — AD*] —minscr (AP (f) — AD¥)
y(n,M,k, F,m) '

In that case, our definition does not imply the uniqueness of the residual.

Remark 1. Observe that a linear function achieves its maximum over a convex polygon at one
of the vertices of the polygon. The hinge loss is linear on [—1, 1] and C is a convex set, thus MS-
aggregation or convex aggregation of functions with values in [—1, 1] are identical problems
when we use the hinge loss. That is, we have

]IpeijrgA(f) =I}1EigA(f). ®)

3. Optimal rates of convex aggregation for the hinge risk

Take M functions fi, ..., fi with valuesin [—1, 1]. Consider the convex hull C = Conv(f1, ...,
fum). We want to mimic the best function in C using the hinge risk and working under the margin
assumption. We first introduce a margin assumption w.r.t. the hinge loss.

(MAH) Margin (or low noise) assumption for hinge risk. The probability distribution 7w on
the space X x {—1, 1} satisfies the margin assumption for hinge risk MAH (k) with parameter
1 <k < 400 if there exists ¢ > 0 such that

EI|f(X) — fX(X)[] < c(A(f) — A*) ¥ ©)

for any function f on X with values in [—1, 1].
Proposition 1. The assumption MAH (k) is equivalent to the margin assumption MA (k).

In what follows, we will assume that MA («) holds and thus also that MAH (x) holds.
The AEW aggregate of M functions f1, ..., far with values in [—1, 1], introduced in (4) for a
general loss, has a simple form for the case of the hinge loss, given by

M
Fo=Y w1
= (10)
exp(Y_i_, Yi fi (X))

where w™ (f;) = Vi=1,....M

S exp(XI_, Vi fi (X))

In Theorems 1 and 2, we state the optimality of our aggregates in the sense of Definition 1.
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Theorem 1 (Oracle inequality). Let k > 1. We assume that 7w satisfies MA (k). We denote by C
the convex hull of a finite set F of functions fi, ..., fu with values in [—1, 1]. Let f, be either
of the four aggregates introduced in Section 2.2. Then, for any integers M > 3,n > 1, f, satisfies
the inequality

E[A(f,) — A*] < ;;1612(A(f) — A%)

min rec (A — ANk loe M log M\ </@<=D
+C<\/ rec(A(f) — A*)!/¥log +< g ) )

n n

where C = 32(6 Vv 537¢ v 16(2c + 1/3)) for the ERM, AERM and AEW aggregates with k > 1,
¢ > 0 is the constant in (9) and C =32(6 v 537¢ v 16(2c + 1/3))2V 2k — 1)/(k — 1) for the
CAEW aggregate with k > 1. For k = 1, the CAEW aggregate satisfies

+2C(\/minfec(A(fi — A%)logM N (logﬁi) logn).

Theorem 2 (Lower bound). Let k > 1 and let M, n be two integers such that 21og, M <n. We
assume that the input space X is infinite. There exists an absolute constant C > 0, depending
only on k and c, and a set of prediction rules F = {f1, ..., fm} such that for any real-valued
procedure fy, there exists a probability measure 7 satisfying MA(k), for which

E[A(fy) — A*] > r;leig(A(f) — A¥)

minrec A — ANk loe M log M\ </2<=1
+C<\/( rec A(S) )!/%log +< g ) )

n n

where C = ¢ (4e) 1272 (c=1/C=1 (109 2)=*/=D) gnd ¢ > 0 is the constant in (9).

Combining the exact oracle inequality of Theorem 1 and the lower bound of Theorem 2, we
see that the residual

min rec A — A"k log M log M\ /=1
\/( jec AP — A9/ log +< o ) .

n n

is an optimal rate of convex aggregation of M functions with values in [—1, 1] for the hinge loss.
Moreover, for any real-valued function f, we have max(l — yy¥ (f(x)), 0) <max(l — yf(x),0)
forall y e {—1, 1} and x € X, thus

AW(f) — A* <A(f) — A*,  where ¥ (x) = max(—1, min(x, 1)), Vx eR.  (12)
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Thus, by aggregating ¥ (f1), ..., ¥ (fm), it is easy to check that

\/ (min je AGY(f)) = A" log M <1ogM>K/<2K—1>

n n

is an optimal rate of model-selection aggregation of M real-valued functions fi, ..., fys w.r.t. the
hinge loss. In both cases, the aggregate with exponential weights, as well as ERM and AERM,
attains these optimal rates and the CAEW aggregate attains the optimal rate if « > 1. Applica-
tions and learning properties of the AEW procedure can be found in Lecué [20,21] (in particular,
adaptive SVM classifiers are constructed by aggregating only (logn)?> SVM estimators). In The-
orem 1, the AEW procedure satisfies an exact oracle inequality with an optimal residual term
whereas in Lecué [21] and Lecué [20] the oracle inequalities satisfied by the AEW procedure
are not exact (there is a multiplying factor greater than 1 in front of the bias term) and in Lecué
[21], the residual is not optimal. In Lecué [20], it is proved that for any finite set F of functions
f1,..., f; with values in [—1, 1] and any € > 0, there exists an absolute constant C(¢) > 0 such
that, for C the convex hull of F,

IOgM k/(2k—1)
) . (13)

E[A(fAEY) —A*] < (1 + e)r}pircl(A(f) — A*)+ C(e)( ~
€l

This oracle inequality is good enough for several applications (see the examples in Lecué [20]).
Nevertheless, (13) can be easily deduced from Theorem 1 using Lemma 3 and may be inefficient
for constructing adaptive estimators with exact constants (because of the factor greater than 1
in front of minscc(A(f) — A™)). Moreover, oracle inequalities with a factor greater than 1 in
front of the oracle min scc(A(f) — A*) do not characterize the real behavior of the technique of
aggregation which we are using. For instance, for any strictly convex loss ¢, the ERM procedure
satisfies (cf. Chesneau and Lecué [12])

logM

(14)
n

E[A(tﬁ)(fn(ERM)) _ A(¢)*] <(l+e¢) ;m‘g(A(tﬁ)(f) _ A(¢)*) + C(e)
€

But, it has been recently proven, in Lecué [22], that the ERM procedure cannot mimic the oracle
faster than /(log M) /n, whereas, for strictly convex losses, the CAEW procedure can mimic the
oracle at the rate (log M)/n (cf. Juditsky et al. [19]). Thus, for strictly convex losses, it is better
to use the aggregation procedure with exponential weights than ERM (or even penalized ERM
procedures (cf. Lecué [22])) to mimic the oracle. Non-exact oracle inequalities of the form (14)
cannot tell us which procedure is better to use since both ERM and CAEW procedures satisfy
this inequality.

It is interesting to note that the rate of aggregation (11) depends on both the class F and 7
through the term min ¢ A(f) — A*. This is different from the regression problem (cf. Tsybakov
[33]), where the optimal aggregation rates depend only on M and n. Three cases can be consid-
ered, where M(F, ) denotes min scc(A(f) — A*) and M may depend on n (i.e., for function
classes F depending on n):
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1. If M(F,m) < a(@)"/(z’“”, for an absolute constant @ > 0, then the hinge risk of our
aggregates attains min scc A(f) — A* with the rate (lmgTM)"/(z"_l), which can be log M /n
inthe case k =1;

2. Ifa(@)’(/(z"_l) < M(F, ) < b for some constants a, b > 0, then our aggregates mim-
ic the best prediction rule in C with a rate slower than (Wf—lM)" /2e=1) put faster than
((log M) /n)'/%;

3. f M(F,m)>a >0, where a > 0 is a constant, then the rate of aggregation is ,/ logT, as
in the case of no margin assumption.

We can explain this behavior by the fact that not only «, but also minsc¢c A(f) — A*, measures
the difficulty of classification. For instance, in the extreme case where minsec A(f) — A* =0,

which means that C contains the Bayes rule, we have the fastest rate (@)" /@x=1) 1n the worst
cases, which are realized when « tends to oo or min sec(A(f) — A*) > a > 0, where a > 0 is an

absolute constant, the optimal rate of aggregation is the slow rate ,/ lo%l M.

4. Optimal rates of MS-aggregation for the excess risk

We now provide oracle inequalities and lower bounds for the excess Bayes risk. First, we can
deduce, from Theorem 1 and 2, ‘almost optimal rates of aggregation’ for the excess Bayes risk
achieved by the AEW aggregate. Second, using the ERM aggregate, we obtain optimal rates of
model selection aggregation for the excess Bayes risk.

Using inequality (3), we can derive, from Theorem 1, an oracle inequality for the excess Bayes
risk. The lower bound is obtained using the same proof as in Theorem 2.

Corollary 1. Let 7 ={f1,..., fu} be a finite set of prediction rules for an integer M > 3 and
k > 1. We assume that 7 satisfies MA (k). Denote by fn either the ERM, the AERM or the AEW
aggregate. For any number a > 0 and any integer n, f, then satisfies

E[R(f) = R <2(1+a) min (R(f)~R)
S (15)

IOgM k/(2k—1)
S

+ [C + (CZK/a)l/(ZK])]<

where C = 32(6V 537cVv 16(2c+1/3)). The CAEW aggregate satisfies the same inequality with
C=326vVv537cv16Q2c+1/3)2V 2k — 1)/(k — 1) when « > 1. For k = 1, the CAEW
aggregate satisfies (15), where we need to multiply the residual by logn.

Moreover, there exists a finite set of prediction rules F = {f1,..., fu} such that, for any
classifier f,, there exists a probability measure w on X x {—1, 1} satisfying MA(k), such that,
foranyn>1,a >0,

Kk/QK—1)
EIR() ~ K12 20+ @) min(R(f) ~ R") + cm)(l"gM ) ,
€
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where C(a) > 0 is a constant depending only on a.

Jog M\ </ <=1
(3%

is an almost optimal rate of MS-aggregation for the excess risk and the AEW aggregate achieves
this rate. The word “almost” is used here because min yc #(R(f) — R*) is multiplied by a con-
stant greater than 1. Oracle inequality (15) is not exact since the minimal excess risk over F is
multiplied by the constant 2(1 + a) > 1. This is not the case when using the ERM aggregate, as
explained in the following theorem.

Due to Corollary 1,

Theorem 3. Let k > 1. We assume that w satisfies MA (k). We denote by F = {f1,..., fu} a
set of prediction rules. The ERM aggregate over F satisfies, for any integer n > 1,

F(ERM)) _ p - _ p*
E[R(f;") = R*] < min(R(f) — R")

1 R — Rk 1loe M los M k/(2k—1)
+C(\/mmfef( (f) — R)/x log +(og ) )

n n

where C =32(6 Vv 537¢co v 16(2co + 1/3)) and cq is the constant appearing in MA (k).

Using Lemma 3, we can deduce the results of Herbei and Wegkamp [17] from Theorem 3.
Oracle inequalities under MA (k) have already been stated in Massart [27] (cf. Boucheron et al.
[7]), but the remainder term obtained is worse than the one obtained in Theorem 3.

According to Definition 1, combining Theorem 3 and the following theorem, the rate

\/ min e (R() — R logM__ <logM>K/(2"_l)
n n

is an optimal rate of MS-aggregation w.r.t. the excess Bayes risk. The ERM aggregate achieves
this rate.

Theorem 4 (Lower bound). Let M > 3 and n be two integers such that 2logy M <n and k > 1.
Assume that X is infinite. There exists an absolute constant C > 0 and a set of prediction rules
F ={f1...., fu} such that for any procedure f, with values in R, there exists a probability
measure v satisfying MA(k), for which

E[R(f») — R*] = erei;(Rm — R¥)

i R — Rk loe M loe M k/(2k—1)
+C<\/(mmfef (f) — R*)1/x log +<og ) )

n n
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where C = co*(4e)~1272=D/Ck=D(10g2)=%/C=D and ¢q is the constant appearing in
MA (k).

5. Proofs

Proof of Proposition 1. Since, for any function f from X to {—1, 1}, we have 2(R(f) — R*) =
A(f) — A*, it follows that MA (k) is implied by MAH(x).

Assume that MA (k) holds. We first explore the case ¥ > 1, where MA(«) implies that there
exists a constant ¢; > 0 such that P(|2n(X) — 1| <) < c1t/® = for any t > 0 (cf. Boucheron
et al. [7]). Let f be a function from X" to [—1, 1]. We have, for any 7 > 0,

A(f) = A =E20(X) = 1] f O = f* O]
> 1E[| £ (X) = f*COIL 20011
> 1Bl £ (X) = f*XON = 2P(12n(X) — 1] <1))
= 1L (X) = f* X = 2eq2V/<7Y),

For tg = ((k — 1)/Qec1x)'E[| f(X) — f*(X)|]"!, we obtain

A(f) = A* = ((c = 1)/ Q1)) e TIBL £ (X) — FHXOI.

For the case x = 1, MA(1) implies that there exists & > 0 such that |2n(X) — 1| > h a.s.
Indeed, if for any N € N* (the set of all positive integers), there exists Ay € A (the o -algebra on
X) such that PX(Ay) > 0 and |2n(x) — 1] < N}, Vx € Ay, then, for

—f*(x), ifx e Ay,
f*(x), otherwise,

fN(x)={

we obtain R(fy) — R* <2PX(Ay)/N and E[| fy(X) — f*(X)|] =2PX(Ay), and there is no
constant ¢y > 0 such that PX(Ay) < C()PX(AN)/N for all N € N*. So, assumption MA(1) does
not hold if no /& > 0 satisfies |2(X) — 1| > & a.s. Thus, for any f from & to [—1, 1], we have
A(f) — A* =E[12n(X) — U f(X) — £ XN = hE[ f(X) — f*(XOI]. U

Proof of Theorem 1. We start with a general result which says that if ¢ is a convex loss, then
the aggregation procedures with the weights w"™ (f), f € F, introduced in (4) satisfy

~ ~ logM ~ ~
AP (L) = AP (FE) + == and AP ([A50) < AP ([FD). - 16)
Indeed, take ¢ to be a convex loss. We have ¢(an(X)) < Zfef w™ (e (Y f(X)), thus

AP (F) < Y w™(HAP (f).
feF
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Any f e F satisfies
AL = AP () 47" g™ (H)) —tog(u (1)),

thus, by averaging this equality over the w™ (f) and using Y,z w™ (f) ]og(%) -
K(wlu) > 0, where K (w|u) denotes the Kullback—Leibler divergence between the weight-
s w= (wh( f)) reF and the uniform weights u = (1/M) rc 7, we obtain the first inequality
of (16). Using the convexity of ¢, we obtain a similar result for the AERM aggregate.

Let fn be either the ERM, the AERM or the AEW aggregate for the class F ={fi,..., fu}-
In all cases, we have, according to (16),

~ . logM
Ap(fy) < min A, (fi) + . (17
i=1 M n

.....

Lete > 0. We consider D ={f € C: A(f) > Ac +2¢}, where A¢ défminfec A(f).Letx > 0.
If

A(f) = A" = (A (f) — A (™)) €
sup =
feD A(f)—A*+x Ac— A*¥+2e+x

then, for any f € D, we have

€A — AT +) _

An(f)_An(f )EA(f)_A _Ac—A*+2€+x_

A — A" + e,

because A(f) — A* > Ac — A* + 2¢. Hence,

P[qfi&f) (An(f) = An(f)) < Ac — A* + e] (18)
<P[Su AU = A = (An(f) = AnF*) _ ¢ ]
= A(f) — A* +x A — A" +2etx)

According to (8), for f' € {f1,..., fm} such that A(f’) =min;—; __ p A(f;), we have A¢c =
infrec A(f) =infre(y,. i) A(f) = A(f'). According to (17), we have

logM
L., n

. logM
SAn(f)+——.

Thus, if we assume that A( fn) > Ac + 2¢, then, by definition, we have f,, € D and thus there
exists f € D such that A, (f) — Ap(f*) < Ap(f)) — Ap(f*) + (log M) /n. According to (18),
we have

P[A(fy) > Ac + 2€]

< IP[ inf An(f) — An(f*) < An(f)) — An(f*) + mM}
feD

n
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=< P[;E%An(f) - An(f*) <Ac-— A* +€]

+P[An(f/) — Ap(f*) = Ag — A* +e— 1°gM}

n

<]P’|:sup A(f) — A" — (A () — An () - € j|
“ Lrec A(f)—A*+x Ac— A*+2e¢+x

logM
|

+]P)|:An(f/) _An(f*) EAC _A*+€ -

If we assume that

A(f) = A" — (A, (f) — A (f%) €
sup > ,
feC A(f) —A*+x Ac — A*+2e+x

then there exists f = ijzl w; fj € C (where w; > 0and ) w; = 1) such that

A(f) — A" — (Ap(f) — Au(f7)) - €
A(f) — A* +x Ac— A* +2e+x

The linearity of the hinge loss on [—1, 1] leads to
A(f) — A* = (An(f) — Au(f*)
A(f)—A*+x
YL wiACS) = A% = (An(f)) = An(F)]
Y wilA(f) — A* +x]

and, according to Lemma 2, we have

A(fj) — A = (Au(f)) — An(f7)) - €
j=l,. M A(fj) — A*+x Ac — A* +2e+x’

We now use the relative concentration inequality of Lemma 5 to obtain

G. Lecué

IP’[ A(fj) — A" — (An(fj) — An(f7)) € }
max >
j=loo M A(fj)) — A*+x Ac — A* +2€ +x
8c(Ac — A* 4 2€ + x)2x /¥ n(ex)?
SM(1+ n(ex)? )eXp<_8c(Ac — A* 4 2e +x)2x‘/’<>

16(Ac — A* +2 3
cmli+ (Ac +2¢ +x) exp( — nex ‘
3nex 16(Ac — A* 4+ 2¢€ + x)
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Using Proposition 1 and Lemma 4 to upper bound the variance term and applying Bernstein’s
inequality, we get

, " " log M
P[An(f)_An(f)ZAC_A +€— :|

n

—ex (_ n(e — (log M)/n)? )
=P\ T4c(Ac — A9 1 (8/3)(c — (log M)/n)

for any € > (log M)/n. We take x = A¢c — A* + 2¢, then, for any (log M)/n < € < 1, we have

P(A(fu) > Ac + 2¢)

n(e —log M/n)? )
<exp|—
4c(Ac — A% + (8/3)(e — (log M) /n)
32c(Ac — A* +2e)l/¥ ne?
M1 _
+ ( + ne? P\ T30c(Ap — AF +20) 1/

a1 2 e 3
3ne )P\ T3 )

Thus, for 2(log M)/n < u < 1, we have

1

E[A(fy) — Ac] < 2u + 2/ [T1(e) + M(T2(€) + T3(6)) ] de, (19)
u/2
where
n(e — (log M) /n)?
Ti(e) = eXP<— 7 >
4c((Ag — A%)/2)Vk + (8/3)(e — (log M) /n)
64c(Ag — A* + 2¢)1/x 2/kpe?

Tr(e) = <1+ 2k pe? >exp<_64C(AC —A*+2€)1/K>

and

Ty() - 16 3ne
€)= — Jexp| —— ).
. ane ) P\ 16
Set A1 = min(32~', (2148¢)~!, (64(2¢ 4+ 1/3))~1), where the constant ¢ > 0 appears in
MAH(«k). Consider separately the following cases, (C1) and (C2).

(C1) The case A¢c — A* > (logM/(ﬁln))"/QK_l). Denote by w(M) the solution of p =
3M exp(—u). We have (logM)/2 < u(M) <log M. Take u such that (nﬂ1u2)/(Ac —
A*)!/® = 1 (M). Using the definitions of case (C1) and (M), we get u < Ac — A*.
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Moreover, u > 4(log M) /n, thus

1 (Ac—A")/2 n(€/2)2
/ Ti(e)de < / exp(— 1 )de
u/2 w2 (4c+4/3)(Ac — A*)1/x

1 n(e/2)?
+ exp| ————~—- | de.
(Ac—A%))2 (8c +4/3)el/x

Using Lemma 1 and the inequality u < A¢ — A*, we obtain

1 oA/
64(2 1/3)(A A
/T](e)des (2c+1/3)(Ac )
u/2 nu
(20)
nu?
x exp| — .
( 64(2c +1/3)(Ac — A*)”")
We have 128c(A¢ — A* +u) < nu?. Thus, using Lemma 1, we get
1 (Ac—A*)/2 ne2
/ Tr(e)de < 2/ exp(——l> de
/2 /2 64c(Ac — A¥)l/x
1 ne2—1/x
+2f exp(— >de 21)
(Ac—A%)/2 128¢
2148¢(Ac — A%)1/x nu?
= exp| — .
nu 2148c(Ap — A*)l/k
We have u > 32(3n)_1, SO
1
64 3
/ T3(e)de < —exp(—ﬂ>
u/2 3n 64

(22)

_ 64(Ac — A*)1/x 3nu?
= P\ 6acag —aniic )

3nu

From (20), (21), (22) and (19), we obtain

s (Ac — AM)V/x nPiu

The definitions of u leads to E[A(f,) — Ac] <4,/ W.

(C2) The case Ac — A* < (log M/(B1n))</?*~D_ We now choose u such that nfu®—D/x =
u(M), where B = min(3(32(6¢ + )~ L, (256¢)71, 3/64). Using the definition of case
(C2) and wu(M), we get u > A¢c — A*. Using Lemma 1 and u > 4(logM)/n, u >
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2(32¢/n)*/@*=D and u > 32/(3n), respectively, we obtain

! 32(6¢c + 1 3nu?~1/x
u

P = Bpul-lx 32(6c+ 1)
(23)
/1 To(e) de < 128¢ nu?~ 1/«
76 J—
2= e P\ T g,
and
/1 Ty de < 64 3nu?=1/x o4
€ € —)— €X _ .
u/2 3 = 3pul-lk P 64

From (23), (24) and (19), we obtain

exp(—nfu>~D/%)

E[A(f,) — Ac] <2 M
[A(fa) — Acl <2u+6 T

The definition of u yields E[A(f,) — A¢c] < 4(1‘35712”)K/<2K—1>.

Finally, we obtain

los M Kk/(2k—1) los M Kk/(2k—1)
( £ ) , ifAc—A*§< £ ) ,
~ npz npy
E[A(fn) — Acl <4
(Ac — A¥)/klogM .
, otherwise.
npi

For the CAEW aggregate, it suffices to upper bound the sums by integrals in the following in-
equality to get the result:

n

E[A(JFH(CAEW)) _ A*] < EZE[A( ~k(AEW)) _ A*]

n
k=1

n

1
<minA(f) — A"+ C{\/(Ac — A*)l/k 10gM<—
feC n

)

1< 1
K/Q2—=1) —
+ (log M) n};wm_l)}. .

e

k=1

Proof of Theorem 2. Let a be a positive number, F be a finite set of M real-valued
functions and f1, ..., fi be M prediction rules (which will be carefully chosen in what fol-
lows). Using (8), taking F = {fi,..., fu} and assuming that f* € {fi,..., fu}, we ob-
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tain

inf E[A(f,) — A*]— (1 i A(f) — A*
1}1} :;17%( [A(fn) 1—( +a)feg(}111{/1(.7:)( f) ))

. (25)
> inf sup E[A(fn) — A™],
Fa neP
kf*e{fi .. fu}

where Conv(F) is the set made of all convex combinations of elements in F. Let N be
an integer such that 2N=1 < M. xy,...,xy be N distinct points of X and w be a posi-
tive number satisfying (N — 1)w < 1. Denote by P¥ the probability measure on X such
that PX({x;}) = w, for j =1,...,N — 1, and PX({xy}) =1 — (N — D)w. We consid-

er the cube Q = {—1,1}V~!. Let 0 < h < 1. For all 0 = (01,...,0n_1) € Q we consid-
er
_Jd+ojh)/2, ifx=x1,...,xN_1,
n”(x)_{l, if x =xpn.

For all o € Q, we denote by 7, the probability measure on X' x {—1, 1} having PX for marginal
on X and 7, for conditional probability function.

Assume that k > 1. We have P(|2n,(X) — 1| <t) = (N — )wl,<, for any 0 <t < 1. Thus,
if we assume that (N — Dw < AY® =D _then P(|2n5(X) — 1| <) <t/®=D forall0 <t < 1.
Thus, according to Tsybakov [34], 7, belongs to P.

We denote by p the Hamming distance on 2. Let o, 0’ € 2 be such that p(o, ¢") = 1. Denote
by H the Hellinger distance. Since H*(x&", n&") = 2(1 — (1 — H* (75, 51)/2)") and

N-1
H2 (1, 0 = w Y (310 () = 100 ) 4 (1= 10 () = /1= 1))
j=1

= 2w(1 —+v1 - hz),

the Hellinger distance between the measures 7&" and JTf?" satisfies
H* @8 78" =2(1— (1 —w(l —v1-h2))").

Take w and h such that w(1 — /1 —h2) <n~'. Then, H*(n&", 75" <p=2(1—e"") <2
for any integer n.

Leto € Q2 and f,, be an estimator with values in [—1, 1] (according to (12), we consider only
estimators in [—1, 1]). Using MA(k), we have, conditionally on the observations D, and for
T =To,

N K
A(f) = A* 2 (cEx, [/ (X) = fXXON) >(cw>"<2 Fnlxj) = ) :



Aggregation of classifiers 1017

Taking here the expectations, we find E, [A(f,,) — A*] = (cw)Eg, [(Z?]:_ll |fn (xj) —a;D"].
Using Jensen’s inequality and Lemma 6, we obtain

. ; * K N —1\"
inf sup (Ex, [A(fy) — A*]) = (cw) ( o ) . (26)
fn 0€Q ©

Now take w = (nh?)~!, N = [log M /log2] and h = (n~'[log M/log2])* /=D Re-
place w and N in (26) by these values. Thus, from (25), there exist fi,..., fyr (the first
2N=1 are sign(2n, — 1) for o € Q and any choice is allowed for the remaining M — 2V—1)
such that, for any procedure f,, there exists a probability measure 7 satisfying MA(x), such
that E[A(f,) — A*] — (1 + a)minj=;__m(A(fj) — A*) > co(l‘)gTM)K/(ZK*U, where Cy =
CK(46)_12_2K(K_1)/(2K_1)(IOg2)_K/(2K_1).

Moreover, according to Lemma 3, we have

a1}1€ircl(A(f)—A*)+ 5

n

C() <10gM)K/(2K1)

i _ Ax\1/k
Em\/(mmfecf‘(f) A¥) logM.

n

Thus,

A * . « Co (logM K/ —1)
EIA(f) ~ A%] 2 min(A() — A )+7< . )

Ac — A9k log M
+\/2—1a1/KCo\/(c ) MlogM

n

For k = 1, we take h = 1/2. Then, |2n,(X) — 1| > 1/2 a.s., so 1y, eMA(1). It then suffices to
take w =4/n and N = [log M /log2] to obtain the result.

Proof of Corollary 1. The result follows from Theorems 1 and 2. Using inequality (3), Lemma
3 and the fact that for any prediction rule f, we have A(f) — A* =2(R(f) — R*), for any a > 0,
with t = a(A¢ — A*) and v = (C?(log M) /n)*</ =D q=1/C=1) e obtain the result. O

Proof of Theorem 3. Denote by f, the ERM aggregate over F. Let € > 0. Denote by F, the set
{f € F:R(f) > Rr +2¢}, where Rp =minscr R(f).
Letx > 0. If

g R() = R* = (Ra(f) = Ru(f)) _ €
feF R(f) — R* +x ~ Rr—R*+2¢
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then the same argument as in Theorem 1 yields R, (f) — R,(f*) > R — R*+ ¢ forany f € F.
So, we have

P[ nf Ra(f) = Ra(f") < R = R"+ e}

<P[Su R(f) = R* = (Ra(f) = Ra (/™) _ € ]
=Lk R(H) — R +x Rp— R +2e+x]

We consider f’ € F such that min 7 R(f) = R(f"). If R(f,) > Ry + 2, then f, € Fe, so
there exists g € F¢ such that R,(g) < R,(f’). Hence, using the same argument as in Theorem 1,
we obtain

7 R(f) = R* = (Ra(f) = Ra (™)) €
P n 2e] <P =
[R(fn) > Rr+2¢] < |:;1€1p]: R() —R* fx >R.7:—R*+26+xi|

+]P)[Rn(f/) - Rn(f*) > Ry — R* +€].

We complete the proof by using Lemma 5, the fact that for any f from X to {—1, 1}, we have
2(R(f) — R*) = A(f) — A*, and the same arguments as those developed at the end of the proof
of Theorem 1. (Il

Proof of Theorem 4. Using the same argument as the one used in the beginning of the proof of
Theorem 2, we have, for all prediction rules f1,..., fi and a > 0,

sup inf sup <E[R(fn) —R*]—(1+a) min (R(gj) - R*))
81s8M fn mePy j=L..M
>inf  sup  E[R(f) — R*].
fn wePy
frelfioe., fu}

Consider the set of probability measures {75, 0 € 2} introduced in the proof of Theorem 2.
Assume that k¥ > 1. Since for any o € 2 and any classifier f;,, we have, by using MA («),

N-1 K
Er, [R(fn) = R*] = (cow)*Ex, [(Z | fu(x)) — 0 |> }
j=1
using Jensen’s inequality and Lemma 6, we obtain

inf sup (Ex, [R(fx) — R*1) > ( )K<N__1)K
fa UEIS)Z o o = eow 4e? -

By taking w = (nh*)~!, N = [log M/log2] and h = (n~'[log M /log2])*~D/@<=1 there
exist f1,..., fm (the first 281 are sign(2n, — 1) for o € Q2 and any choice is allowed for the
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remaining M — 2V ~1) such that for any procedure f,, there exists a probability measure 7 satis-

where Cy = co (4e) 1272 (k=1)/Qk—1) (log2)™* /@<=1) Moreover, according to Lemma 3, we
have

Cor / Toa M\ /2=
amin<R(f)—R*>+—°<°g )
feF 2 n

: _ Rx\1/
- Jaticya | Wz RO~ oz,
n

The case k = 1 is treated in the same way as in the proof of Theorem 2.

Lemma 1. Let o > 1 and a, b > 0. An integration by parts yields

“+0o0 e —ba®
/ exp(—bt*)dr < M.
g aba®—1
Lemma 2. Let by, ..., by be M positive numbers and ay, . .., ay some numbers. We have
M
Zj:l aj aj
=M < ~max b_ .
D j=ibj =l MAD;
O
Proof.
M @ Mo M
J _
Y, 5r) = Lbrg =T
j=1 j=1 j=1
O

Lemma 3. Let v,t > 0 and k > 1. The concavity of the logarithm yields

t4v> $1/(20) @ =1)/ i)

Lemma 4. Let f be a function from X to [—1, 1] and 7w a probability measure on X x {—1, 1}
satisfying MA (k) for some k > 1. Denote by V the symbol of variance. We have

V(Y (0 — £500) = e(A() — A7)
and

V(Lyro<o — Lyfo<o) < c(R(f) — R)'.
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Lemma 5. Let F ={f1,..., fu} be a finite set of functions from X to [—1, 1]. Assume that &
satisfies MA (k) for some k > 1. We have, for any positive numbers t, x and any integer n,

8cx1/x n(rx)? 16 3ntx
P V4 t|<M(|1 - 1+ — — ,
[.r?ea% = ]— (( +n<tx>2>e"p< 8cx1/K>+( +3nrx)exp( 16 ))

A=A (H=(AUfN=A(f*)
A( X :

where the constant ¢ > 0 appears in MAH (k) and Z,(f) =

Proof. For any integer j, consider the set 7; = {f € F: jx < A(f) — A* < (j + 1)x}. Using
Bernstein’s inequality, Proposition 1 and Lemma 4 to upper bound the variance term, we obtain

P[?nea})gzx(f) > t]
+00
SJX:(:)P[%&% Zx(f)>ti|
+00
< Zp[ﬁa}(.A(f) — A (f) = (A(f*) — Au(f) > 1(j + 1))6}
Jj=0 !

+00 nlt(j + Dx]?
< MZCXP<_4C((]' + Dx)Ve 4+ (8/3)t(j + 1)x>

+00 2 2-1/k
nx)*(j+1) . 3ntx
= M( exp(— 8cx1/x > +exp<—(] +D 16 ))

<M nt2x2-1/x n 3ntx
exp| —— exp| —
= P 8¢ P\" 16
+00 22— 1/ 3nt
—{—M/ exp SRV +exp| — Y0 du.
1 8c 16

Lemma 1 leads to the result.

Lemma 6. Let {P,/w € Q} be a set of probability measures on a measurable space (X, A),
indexed by the cube Q2 = {0, 1}"* . Denote by E, the expectation under P, and by p the Hamming
distance on Q. Assume that

Vo,0' € Q/p(w,0)=1,  H*(Py, Py)<a<2,
Then,

m 2

m o
inf max[E w,—wil|>—(1-=] .
Hel0, 11" weQ ‘”[Z| J J|]_ 4( 2)

j=1
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O

Proof. Obviously, we can replace infy¢[g 1» by (1/2)infye(o, 1y since for all w € {0, 1} and
w € [0, 1], there exists w € {0, 1} (e.g., the projection of w on to {0, 1}) such that | — w| >
(1/2)|w — w|. We then use Theorem 2.10 of Tsybakov [33], page 103. O
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