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A recursive online algorithm for the
estimation of time-varying ARCH parameters
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In this paper we propose a recursive online algorithm for estimating the parameters of a time-varying ARCH
process. The estimation is done by updating the estimator at time point t — 1 with observations about the
time point ¢ to yield an estimator of the parameter at time point ¢. The sampling properties of this estimator
are studied in a non-stationary context — in particular, asymptotic normality and an expression for the bias
due to non-stationarity are established. By running two recursive online algorithms in parallel with different
step sizes and taking a linear combination of the estimators, the rate of convergence can be improved for
parameter curves from Holder classes of order between 1 and 2.
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1. Introduction

The class of autoregressive conditional heteroscedastic (ARCH) processes can be generalized
to include non-stationary processes, by including models with parameters which are time-
dependent. More precisely, {X; y} is called a time-varying ARCH (tvARCH) process of order p
if it satisfies the representation

p
t t
Xi,N=Z01 N, Ut%N =a0(ﬁ> + E a; <ﬁ>X12j,N’ (H
j=1

where {Z;} are independent, identically distributed random variables with E(Zy) = 0 and
E(Zg) = 1. This class of tvARCH processes was investigated in Dahlhaus and Subba Rao [4]. It
was shown that it can locally be approximated by a stationary process; we summarize the details
below. Furthermore, a local quasi-likelihood method was proposed to estimate the parameters of
the tvARCH(p) model.

A potential application of the tvARCH process is to model long financial time series. The
modelling of financial data using non-stationary time series models has recently attracted con-
siderable attention. A justification for using such models can be found, for example, in Mikosch
and Staricd [9,10]. However, given that financial time series are often sampled at high frequency,
evaluating the likelihood as each observation comes online can be computationally expensive.
Thus an ‘online’ method, which uses the previous estimate of the parameters at time point ¢ — 1
and the observation at time point ¢ to estimate the parameter at time point ¢ would be ideal and
cost-effective. There exists a huge literature on recursive algorithms, mainly in the context of
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linear systems (cf. Ljung and Soéderstrom [8]; Solo [12,13]) or neural networks (cf. White [15];
Chen and White [2]). For a general overview, see also Kushner and Yin [7]. Motivated by the
least mean squares algorithm in Moulines ef al. [11] for time-varying autoregressive processes,
we consider in this paper the following recursive online algorithm for tvARCH models:

XN

Y R t=(p+1)""’N1 (2)
%1513

n A 2 AT
a, y=a, y+MX;y—a,_ yXi-1,N}

with XtT_LN =(1, X%_I’N,...,th_p’N), X v =1+ Zle Xf_j’N and initial conditions
a PN = (0, ...,0). This algorithm is linear in the estimators, despite the nonlinearity of the
tvARCH process. We call the stochastic algorithm defined in (2) the ARCH normalized recur-
sive estimation (ANRE) algorithm. Let g(u)T = (ap(u), ...,ap(u)); then Qt,  is regarded as an
estimator of a(z/N) or of a(u) if |[t/N —u| < 1/N.

In this paper we will prove the consistency and asymptotic normality of this recursive estima-
tor. Furthermore, we will discuss the improvements of the estimator obtained by combining two
estimates from (2) with different A. Unlike in most other work in the area of recursive estimation
the properties of the estimator are proved under the assumption that the true process is a process
with time-varying coefficients, that is, a non-stationary process. The rescaling of the coefficients
in (1) to the unit interval corresponds to the ‘infill asymptotics’ in nonparametric regression:
as N — oo the system does not describe the asymptotic behaviour of the system in a physical
sense, but is meant as a meaningful asymptotics to approximate, for example, the distribution of
estimates based on a finite sample size. A similar approach was used in Moulines et al. [11] for
time-varying autoregressive models. A more detailed discussion of the relevance of this approach
and the relation to non-rescaled processes can be found in Section 3.

In fact the ANRE algorithm resembles the NLMS algorithm investigated in Moulines
et al. [11]. Rewriting (2), we have

. AR C AR X2y Xioin
=\l A——F——— |4yt rA——.
[Xr—1,n17 [Xt—1,n 17

3)

We can see from (3) that the convergence of the ANRE algorithm relies on showing some type
of exponential decay of the past. In this paper we will show that for any p > 0,

k p
1
E H(I — Aith—i—l,NXl—l;i_l,N> <K -1  forsomes>0, (4)
Pl | —i—1 N7
where | - || denotes the spectral norm and [];_, A; = Ao - - - A,. Roughly speaking, this means

we have, on average, exponential decay of the past. Similar properties are often established in the
control literature and referred to as persistence of excitation of the stochastic matrix (see, for ex-

ample, Guo [5]; Aguech et al. [1]), which in our case is the matrix (1 — mé\,’,_lwz\{] N
t—1, 1 ’

Persistence of excitation guarantees convergence of the algorithm, which we will use to prove
the asymptotic properties of g, -

In Section 2 we state all results on the asymptotic behaviour of @, y including consistency,
asymptotic normality and rate efficiency. Furthermore, we suggest a modified algorithm based
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on two parallel algorithms. In Section 3 we discuss practical implications. Sections 4 and 5
contain the proofs, which in large part are based on the perturbation technique. Some technical
methods have been gathered in the Appendix. We note that some of results in the Appendix are
of independent interest, as they deal with the probabilistic properties of ARCH and tvARCH
processes and their vector representations.

2. The ANRE algorithm

We first review some properties of the tvARCH process. Dahlhaus and Subba Rao [4] and
Subba Rao [14] have shown that the tvARCH process can be locally approximated by a sta-
tionary ARCH process. Let u be fixed and

p
X(w)=Z&w), o)’ =aow)+ Y ajwX,_;w)?, )
j=1

where {Z;} are independent, identically distributed random variables with E(Zjy) = 0 and
E(Z3) = 1. We also set X;(u)" = (1, X, (w)?, ..., X;—p41(u)?). In Lemma 4.1 we show that
X, (u)? can be regarded as the stationary approximation of X t2  around the time points 1 /N ~ u.

Assumption 2.1. Let {X; v} and {X;(u)} be sequences of stochastic processes which satisfy
(1) and (5) respectively.

(i) Forsomer € [1,00), there exists n > 0 such that {E(Z(z)r)}l/’ SuPu{Z;):] ajw)}<1l-—n.
(i1) There exists 0 < p1 < pp < 00 such that, for all u € (0, 1], p1 < ao(u) < pz.
(iii) There exists B € (0, 1] and a constant K such that for u, v € (0, 1],

laj() —aj()| < Klu—vl®  forj=0,...,p.

(iv) Let Yo(u) = ao(u)Zg and Y (u) = {ao(u) + Yy aj)Y,—jw)}Z7 (t =1,..., p). De-
fine Y ,u) = (1, Y1(u), ..., Y,(w)" and (u) =E(Y )Y ,(w)"). Then there exists a
constant C such that inf, Aypin{Z @)} > C.

Remark 2.1. 1tis clear that X («) is a positive semi-definite matrix, hence its smallest eigenvalue
is greater than or equal to zero. It can be shown that if p /E(Zf)]/ 2 < 1 and sup, ap(u) > 0, then
Amin(Z@)) > (1 — p/E(ZHY?) Jag(u)@P+D/(P+D However, this condition is only sufficient
and lower bounds can be obtained under much weaker conditions.

We now investigate the asymptotic properties of the ANRE algorithm. We assume that A — 0
and AN — oo as N — co. We mention explicitly that A does not depend on ¢, that is, we are con-
sidering the fixed-step-size case. The assumption A — 0 is possible in the triangle array frame-
work of our model and the resulting assertions (e.g., Theorem 2.2) are meant as an approximation
of the corresponding finite sample size distributions and not as the limit in any physical sense.



392 R. Dahlhaus and S. Subba Rao

The following results are based on a representation proved at the end of Section 4.3. The
difference Q,O, N — a(up) is dominated by two terms, that is,

ét(),N _Q(MO) = Eto(“O) +Rt0,N(uO) + 0p(8N)v (6)
where
1 N 1
8N:<W+W“+W)’ @
to—p—1
Liyo) =Y MI = AF (o)} Myy—x (o), ®)
k=0
Pl to—k
Ron(o)= Y K{I—?»F(uo)}k<{/\/lzo—k< ON )—Mm—k(uo)}
k=0
F to—k
+ F(up) Q( N )-Q(uo) )
with
X,_1 () Xo () Xo(u) ™
—(z2-1 2 Y and F =E<7> 9
M) =(Z; — Doy (u) RO an () o)l &)

We note that £, (up) and Ry, v (1o) play two different roles. Ly, (o) is the weighted sum of the
stationary random variables { X (uo)};, which locally approximate the tvARCH process {X; n};,
whereas R, v (1) is the (stochastic) bias due to non-stationarity; if the tyARCH process were
stationary this term would be zero. It is clear from the above that the magnitude of Ry, n (140)
depends on the regularity of the time-varying parameters a (), for example, the Holder class that
a(u) belongs to. By using (6) we are able to obtain a bound for the mean squared error of Qm, N-
Let | - | denote the Euclidean norm of a vector.

Theorem 2.1. Suppose Assumption 2.1 holds withr > 4 and ug > 0. Then if lug —to/N| < 1/N,
we have

1
N 2,
E{la,, v —a(o)|"} = 0()& + W) (10)
where . — 0as N — oo and NA > (logN)H’s, with some & > 0.

The proof can be found at the end of Section 4.2. Theorem 2.1 implies Qto’ N f) a(up).
The stochastic term Ly, (4o) is the sum of martingale differences, which allows us to obtain
the following central limit theorem, whose proof is at the end of Section 4.3.

Theorem 2.2. Suppose Assumption 2.1 holds with r > 4 and ug > 0. Let Ry, v (uo) be defined
asin (8). If |to)/N —uo| < 1/N
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(i) and A >> N=4/GP+D apd ) > N=2P, then
22l — ao)) — 27 PRy v (o) B N (O, B(u)):; (11)
(i) and A > N~2B/@F+D) then
24,y — atuo)} 3 N (O, T (uo)), (12)
where .. — 0 as N — oo and N1 > (log N)1+5,f0r some € > 0, with

o1 (W) * X W) X )
| X0}

E(u)=%F(u)‘IIE< ) pa=E(Z) — 1. (13)

Until now we have assumed a(u) € Lip(8), where g < 1. Let f (u) denote the derivative of
the vector or matrix f(-) with respect to u. Suppose 0 < 8/ <1 and a(u) € Lip(8’); then we
say a(u) € Lip(1 + 8). We now show that an exact expression for the bias can be obtained if
a(u) € Lip(1 + B’) and B’ > 0. We make the following assumptions.

Assumption 2.2. Let {X; n} be a sequence of stochastic processes which satisfies Assumption 2.1
and |a;(u) — a; ()| < Klu — v|/3/ (i=0,..., p)forsome B > 0.

Under this assumption we show in Lemma 5.3 that

N 1 1. 1
E{Qto,N —a(uo)} = _mF(MO) a(up) + O(W> (14)
We note that typically it is not possible to obtain an exact expression for the bias of parameter es-
timates of an ARCH process. By using the expression above for the bias we obtain the following
theorem, whose proof is at the end of Section 5. Let tr(-) denote the trace of the matrix.

Theorem 2.3. Suppose Assumption 2.2 holds withr > 4 and ug > 0. Then if |to/N —uo| < 1/N,
we have

Eld,, v — a(o)l* = Atr{Z (uo)} + |F (o)™ @(uo)|*

1
(N1)?

1 A2 1 s
* 0{ WOFF TN T (N2 } )

and if A is such that \=Y2 /(N2)"HF" = 0, then
1

5 F o)™ o) 2 N, B (up)). (16)

A-_l/z(éto,N —Q(MO)) +)"—1/2

where A — 0 as N — oo and AN > (log N)'*¢, for some & > 0.
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Let || f || g be the bounded Lipschitz norm and

chiy=1r0= (.fo(-),~--,fp+1(-))’12 [0, 11> RO flg <L,

a7
p+1

supi,-(u) <1-6,0<p; <inf fy(u) < pr <o0y.
o= !

In Dahlhaus and Subba Rao [3] we derived the following minimax risk for estimators a, y of
a(uo):

min max  Ela, y —a(uo)|* = KN~2/@HD, (18)
4y NEO (X1 N XN N) aut0)€CY (L) ’

Comparing this bound with (10), it is straightforward to show that the ANRE algorithm attains
the optimal rate if a(-) € Lip(v) with v < 1 (with A = N~2"/(042V)) Tt is a different story when
1 <v <2.Ifa(-) € Lip(1 + B’), B’ > 0, the mean squared error of the ANRE estimator in (15)
becomes minimal for A ~ N~2/3 with minimum rate E@to’N —a(ug)|> = O(N~2/3). However,
in (18) the minimax rate in this case is N~2(1+8)/(1+2(1+8") \which is smaller than N ~2/3. We
now present a recursive method which attains the optimal rate.

Remark 2.2 Bias correction, rate optimality. The idea here is to achieve a bias correction and
the optimal rate by running two ANRE algorithms with different step sizes A1 and X, in parallel.
Let Qt’ y (A1) and Qt, y(A2) be the ANRE algorithms with step size A1 and A, respectively, and
assume that A; > A,. By using (14) for i = 1, 2, we have

E{d, y )} = aluo) — ——F(uo)  auo) + 0( (19)

1
(Nap)!HF )
Since a(ug) — (N)\i)*lF(uo)_IQ(uo) ~ a(ug — (NA) T Fug)™), we heuristically estimate
a(up — (N)Li)_l F(up)~Y) instead of a(up) by the algorithm. By using two different A; we can
find a linear combination of the corresponding estimates such that we ‘extrapolate’ the two values
a(ug) — (Nki)_lF(uo)_IQ(uo) (i=1,2)toa(up). Formally, let 0 < w < 1, A, = wA| and

NA;

v A wo,
a, n(w)= _wgto,N()‘l) - mQtOsN(AQ)'

1 —
If |70/ N — ug| < 1/N, then by using (19) we have

v 1
E{a,, y(w)}=a(uo) + O(W>

By using Propostion 4.3 we have

1
v 2 _
Eld,, y — a(uo)* = 0<x - 7(1“)2(%,)),
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and choosing A = const. x N~(+28 N/G+28) gives the optimal rate. There remains the problem
of choosing A (and w). It is obvious that A should be chosen adaptively to the degree of non-
stationarity. That is, A should be large if the characteristics of the process are changing more
rapidly. However, a more specific suggestion would require more investigations — both theoreti-
cally and by simulation.

The above method cannot be extended to higher-order derivatives, since the other remainders
are of a lower order (NA) 2 (see (15) and the proof of Theorem 2.3).

Finally, we mention that choosing A, < w1 will lead to an estimator of a(uo + A) with some
A > 0 (with rate as above). This could be the basis for the prediction of volatility of tvARCH
processes. O

3. Practical implications

Suppose that we observe data from a (non-rescaled) tvARCH process in discrete time

X, = Z,0, _ao(t)—I—ZaJ(t)Xt i teZ. (20)
j=1

In order to estimate a(r) we use the estimator @, as given in (2) (with all subscripts N dropped).
An approximation for the distribution of the estimator is given by Theorem 2.2. Theorem 2.2(ii)
can be used directly since it is completely formulated without N. The matrices F'(uo) and X (u0)
depend on the unknown stationary approximation X;(uq) of the process at ug = 9/ N, that is,
at time fy in non-rescaled time. Since this approximation is unknown we may instead use the
process itself in a small neighbourhood of 7y, that is, we may estimate, for example, F (1) by

m—1 vT
1 Xlo—JXto—j

- i
m j=0 |Xt()—j|]
with m small and X,” | = (1, X |,..., X2 »)- An estimator which fits the recursive algorithm
better is

to—p

X
[1— (1 —a)o=pPFl~ Zm A)J .
IXzO ,I

In the same way we can estimate X (#() which altogether leads, for example, to an approximate
confidence interval for g,. In a similar way Theorem 2.2(i) can be used.

The situation is more difficult with Theorems 2.1 and 2.3, since here the results depend (at first
sight) on N. Suppose that we have parameter functions a;(-) and some N > to with a;(to/N) =
aj(tp) (i.e. the original function has been rescaled to the unit interval). Consider Theorem 2.3
with the functions a; (). The bias in (14) and (15) contains the term

1. 1 N) — 1)/N
_aj(u) Naj(tO/ ) 161/]157(1‘0 )/N)

N =a;(t) —aj(to—1),
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which again is independent of N. To avoid confusion we mention that N -1 j(ug) of course
depends on N once the function a;(-) has been fixed (as in the asymptotic approach of this
paper) but it does not depend on N when it is used to approximate the function a; (¢) since then
the function a; () is a different one for each N. In the spirit of the remarks above we would, for
example, use the expression

lo—p
[1— (1 =2 P71 "0 = 1) la;(to) — aj(to — j)]

j=0

as an estimator of N‘lézj(uo) in (14) and (15).

These considerations also demonstrate the need for the asymptotic approach of this paper.
While it is not possible to set down a meaningful asymptotic theory for the model (20) and to
derive, for example, a central limit theorem for the estimator &,, the approach of the present
paper for the rescaled model (1) leads to such results. This is achieved by the ‘infill asymptotics’
where more and more data become available for each local structure (e.g. about time ug) as
N — o00. The results can then be used also for approximations in the model (20) — for example,
for confidence intervals.

4. Proofs

4.1. Some preliminary results

In the next lemma we give a bound for the approximation error between XZ y and X ()%, The
proofs of these results and further details can be found in Dahlhaus and Subba Rao [4]; see also
Subba Rao [14].

Lemma 4.1. Suppose Assumption 2.1 holds with some r > 1. Let {X; n} and {X;(u)} be defined
as in (1) and (5). Then we have:

o {X; (u)z}t is a stationary ergodic process. Furthermore, there exists a stochastic process
{Vi.n}i and a stationary ergodic process {W;}; with sup, yE(|V; n|") < oo and
E(W;|") < o0, such that

1 t P
X7y — X ()| < WV”’”’N_” Wi, 1)
1 X (u)? — X, (0)?] < lu—v|PW,. (22)

(i) sup, y E(X}y) < 00 and sup, E(X,(u)*") < oc.

We now define the derivative process by (X tz(u)} ¢, which is almost surely the derivative of the
squared ARCH process {X,(u)?}; (i.e., X?(u) = (X, (u)*/du)!).
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Lemma 4.2. Suppose Assumption 2.2 holds with some r > 1. Then the derivative process
{X tz(u)}l is a well-defined stationary ergodic process which satisfies the representation

14
X7 () = ido(u) + Y laj) X7 ;) + ;)X j(u)Z]}Z,Z
j=1
and

1X2(u) — X2()| < lu— vlf W, (23)

where W; is the same as in Lemma 4.1. Almost surely all paths of {X;(u)?*}, belong to Lip(1)
and we have the Taylor series expansion

6
— )R, v,
N) oy

where |R; N1 < (Vi,n + W;). Furthermore, supy Xt2,N < W;, sup, Xt(u)2 < W; and
sup,, |5(t2(u)| < W; with bounded norms sup, E(lf(tz(u)V) < oo and sup, yE(|R;, n|") < 00.

2 2 ! ) !
Xt’Nth(u) + (N —u)X, (u) + (‘N —u

t—1°
since a Volterra expansion gives X tz  in terms of {th}, and the ARCH equations give th in

Let F; =0 (Z7,Z7_,...). We have F; = (X} y, X7 | y...) = o (Xi ()%, X1 (w)?, ..),

terms of {X t2 ~ - We now consider the mixing properties of functions of the processes {X; n};
and {&; (u)};. The proof of the proposition below can be found in Section A.1.

Proposition 4.1. Suppose Assumption 2.1 holds with r = 1. Let {X; n} and {X;(u)} be defined
as in (1) and (5), respectively. Then there exists a (1 —n) < p < 1 such that for any ¢ € Lip(1),

|E[¢ (X M| Fi—i] — Elp (X i)]1]; < Kp* (1 + X kw0, (24)
Bl (X, ()| Fi—k] — Bl (X, @], < Kp* (141X @)y). (25)
Bl (X M) Fi—k]|, < K1+ o5 X —i w105 (26)

if j,k >0 then
B¢ (X 81 Fi—k] — Elp (X W Fr—i— 1|, < KpF (1 X—in 1 + 1 X —i—jon 1) 27
and if Assumption 2.1 holds with some r > 1 then for 1 < q <r we have
E(X N1 Fi—k) < K1 Xk N1, (28)
where the constant K is independent of t, k, j and N.

The corollary below follows by using (24) and (25).
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Corollary 4.1. Suppose Assumption 2.1 holds. Let {X, n} and {X;(u)} be defined as in
(1) and (5) respectively, and ¢ € Lip(1). Then {¢p(X; n)} and {¢(X;(u))} are Ly-mixingales
of size —o0

4.2. The pertubation technique

In this section we use the pertubation technique, introduced in Aguech et al. [1], to show con-
sistency of the ANRE estimator. To analyse the algorithm we compare it with a similar one
driven by the true parameters where X; y has been replaced by the stationary process X;(u). Let
Sn () =a, y —au),

Xi—in 2 X1 (u)
My =(Z% =)ol y ——=, M, () = (2% = 1)o; (u) , (29)
PN N X N ’ A EN T
XonXy X, )X (u) "
Fy=—="N, Fu)=~"—"""7— (30)
ST ’ 1% ()2
and F(u) be defined as in (9). The ‘true algorithm’ is
X,_
a(u) =a(u) + MXw)* - g(u)TXH(u)}L(”)2 — AM, (). 31)
[ Xt—1 ()]

An advantage of the specific form of the random matrices F; y is that |F; y|1 < (p + 1)2. This
upper bound will make some of the analysis easier to handle.
By subtracting (31) from (2) we obtain

S nvw) = — AFi—,N)8i—1,n () + AB; n (1) + AM; (), (32)

where
Byw () = My — M)} + Fr_i.y {g(%) - g(u)}. (33)

We note that (32) can also be considered as a recursive algorithm, thus we call (32) the error
algorithm. There are two terms driving the error algorithm: the bias B; y (1) and the stochastic
term M, (u). Because the error algorithm is linear with respect to the estimators we can separate
;N (1) in terms of the bias and the stochastic terms:

8i.v () = 82y () + 8y () + 8y (),
where
8Pnw) = (I = AFi oy N8P y) + 2B y@), 85y w) =0, (34)
S ) = (I — AF—1 N8,y () + AM, (), )y w) =0, (35)

8Ky ) = = AFo )88 @), R yw) =—a(u). (36)
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We have for y € {B, M, R},

t—p—1 (k-1
5y =Y {]‘[(I—AF”LM}D,{,(,N(»{), 37)

k=0 Ui=0

where Dy (u) = B n (), DYy () =AM, (w), DFy () =0if t > p and DR () = —a(w).

For (Sf n (@) to converge, it is clear that the random product ]_[l’;(l)(l — AF;_j_1,n) must decay.
Technically this is one of the main results. It is stated in the following theorem.

Theorem 4.1. Suppose Assumption 2.1 holds with r = 4 and N is sufficiently large. Then for all
g>1land (p+1) <t <N there exists M > 0, § > 0 such that

- q
E ﬁ(z _ AX’_i_l’NX’T‘igl’N> < M exp{—8Ak). 38)
ie0 |Xi—i—1,n 7
Under Assumption 2.1 and by using the proposition above, there exists a § > 0 with
(EI3S N1 < M exp(—8ht), (39)
forl <g<randt=p+1,..., N. Therefore this term decays exponentially and, as we shall

see below, is of lower order than é‘tB (@) and 5 v @).
We now study the stochastic bias at to with |t0 / N —up| < 1/N.Itis straightforward to see that

65N (u) = 511,’16 (u) + 5,2”16 () + 52’5 (u), where
1,B _ 1,B
8 v ) = = AF—1,n)8, 2 @) +A{M; v — Mi )},

87w ) = (I = AF_1 3875 () + AF (1) {g(%) —a(u) } (40)

8w w) = (I = AF_y )85 ) + A(Fogy — F(u)){g(%) —g(u)},

=0, 8> ﬁ, =0 and 5 = 0. In order to obtain asymptotic expressions for the expectation

p N
of each component 8: N, (Stz I;\], 8[20 ﬁ, and 8M n We use the pertubation technique proposed by

Aguech et al. [1]. For x = M (1, B), (2, B), 0we can decompose the stochastic and bias terms as
follows:

8. (0) = S N(uo) +J, N(Mo) + Hy y (o), 41
where
T o) = (I = AF o) I}y (o) + Gy,
J,)f}g(uo) (I—KF(MO)) P IN(uo) MFi_1,n — F(uo)}J, 1N(Mo) (42)

H n(uo) = (I — AF—1 N)H | y(uo) = MFr—1 N — F(uo)}th_’l,N(uo),
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with, for t < 1,

Gy =AM, (uo), G,p = MMiy — M (uo)l,

G>E = F(uo) [g(%) —g(u)} G = (Fioyn — F(%))[Q(%) —g(u)}.

Furthermore, J[fjlv (o) = ];]2\, (uo) = H, \(uo) = 0. Equation (41) can easily be derived by
taking the sum on both sides of the three equations in (42). In the proposition below we will
show that J N(uo) is the principal term in the expansion of 8 N(uo) that is, with 8 N(uo) ~

Jm: N(uo). Substltutmg (43) into (42) gives

(43)

to—p—1
TP gy = 37 AT = AF o)V (Miy—in — Mig—i (o)),
k=0
to—p—1 X
18wy = {1—)»F(M0)}kF(uo){ <T>—Q(uo)}, (44)
k=1

to—p—1
—k
IS )= 3 I = AF o)} (Fri— 1N—F<uo>){ ( = >—g(uo)}.

k=1

In the proof below we require the following definition

p—1
Diy=) [Viein+Wiil,  fort>p, (45)
i=0

where V; y and W; are defined as in Lemma 4.1.

Proposition 4.2. Suppose Assumption 2.1 holds with r > 4, and let 5 N(uo) tgll\?) 1(uo),
T2 wo), 123 o). be defined as in (34) and (44). Then for |t0/N —uo| < 1/N and

AN > (log N)'*¢, for some & > 0, we have

. r r 1
@ (B wo) + 15 wo)|) =0<W>’ (46)

i G o) = o+ 2
. N (NM2E 7 (NWP )

(1 3)1 (2 B)l 12 1 Vi
(ii1) (E|8t0 n (o) — (uo) — (u )| ) = <W+W+)\>- 47)
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Proof. We first prove (i). Let us consider J[f)l’,f)’l (uo). By using (105) we have

B
}Dt,N-

Therefore, by substituting the above bound into thl”]\l,g)’l (up) and by using (99), we have

Moy — M czenl Lo (2Y 4|
M N — t(u0)|l_|t+|W+ N +N—M0

B[P @wo)| )"

1/r

to—p—1
K
<=5 > M= 1+ pf + kP Y(EZG + 1) " ElDy-r-1.81)""
N k=0

Now by using Lemma 4.1(i) we have that sup, y |D; n|" < 0o. Furthermore, from Lemma C.3
in Moulines et al. [11] we have

N
2(1 — kP <a71-P, (48)
k=1

By using the above we obtain

(LB, \ry1/r U2 el L 1
(Eln " @o)]") < K sup(E| Dy x1")"" (BIZ5 +117) (Nk)ﬁ_o((m)ﬂ . (49)

We now bound (E|th)%}5)’l(uo)|r)l/r. Since a(u) € Lip(B), by using (99) and (48) we have

(E|J(2'B)’1( )|r)1/r<C10§1A(1_6A)k ﬁ ﬂ—O # (50)
PTG = N) T T\aNE)

=1

Thus (49) and (50) give the bound (46), which completes the proof of (i).
To prove (ii), we now bound (E|th)3’/5)’l (uo)|")Y/". We first observe that th)%}f)’l
written as

(ug) can be

3,B),1
ISP o) = Ly w + Iy .

where

to—p—1

—k

Iy, N = E {1 - )»F(uo)}k(Fz—k—LN - Fz—k—l(uo)){z<toN ) —Q(uo)}
k=1

to—p—1

—k

Hon =3 I = RF o) (Fii(uo) - F(uo)){g(“) - ) - Q(uo)}~
k=1
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Using the same proof as for Jlf)l”,f)’l(uo), it is straightforward to show that (IE|I,O,N|’)1/’ =
O((NA\)72P). In order to bound Iy, . let Fi(ug) = Fx(ug) — F(uo) and ¢(x) = xx ' /|x|?,
where x = (1, x1, ..., xp); then ¢ (x) € Lip(1) and F; y = ¢(&; n). Since ¢ € Lip(1), by using
Corollary 4.1 we have that F;(ug) — F (ug) can be written as the sum of martingale differences
Fi(ug) — F(ug) = Zfzio m;(£), where m;(€) isa (p + 1) x (p + 1) matrix defined by m;(£) =
{(E(F; N Fi—¢) —E(F; | Fi—e—1)}. By using (27) we have (E|m,(£)|"/?)*/" < K p®. Substituting
the above into Bi’f\, we have

oo tg—p—1 fo — k
Hon=Yb > x{l—AF(uo)}kmm_k_lw){g( v >—£(Mo)}~
k=0

=0

We note that ||{/ — AF(uo)}k I<K({- A(S)k (see (99)). Furthermore, if 1] < 1, then E{m;, (£) x
my, (0)} = E{m;, (O)E(@my, (€)|F,—¢)} = 0, therefore {m;(£)}; is a sequence of martingale differ-
ences. Since thz_’fli 18 deterministic we can use Burkholder’s inequality (cf. Hall and Heyde

[6], Theorem 12.2) to obtain
r) 1/r

~

to—p—1 —k
D - xF(uo)}kmm_k_m{g( o ) ’ —Q(uo)j}

k=0 J

o0
L, NV < mz<E

=0

£=0 k=0

K <& 04172 _ A2
g(m)ﬁgp,\ _0<(NA)/3 : 1)

00 to—p—1 K \P
SKAZ{2r > (1—)\3)2k(E|{mk(E)}ij|r)2/r(ﬁ) }

Thus we have proved (ii).
We now prove (iii). By using (41) we have

1,B),1 2,B),1 2\2
(E[82 y o) — I o) — 330 o) |[72) "

3
= (Bl o) 5+ (E 2T o)
i=1

r/2> 2/r

r/2\ 2/r 1
) +0 (W + exp{—,\sro}>.

3
i,B
+ <E ZH;)” 2 (o)
i=l1
J(i,B),2

We have bounded the first term of the above; to bound the rest we partition Z?:l w.N  Into
four terms:

3
(i,B),2 B 1,B 2,B 3,B
YIS =AD BN BN+ BN (52)
i=1

fo,
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where
1o—p—1
Apx=— 2 MI = F o) [Fyktn = Fytm1 ()] x <Zl(l = N>
k=0
and, for y € {1,2, 3},
fo—p—1
BB == 3 Al = AF@o)H Fyie1 (o) — Fa) I D] (o).
k=0

We first bound Ag ~-By using (49)—(51) and (107) we have

r/2 2/r o~

By using (109) and (110) we have

to—p—1to—p—k—1

DY W= AF o)yt Fiy k1 (o)

(E|BZO N|r/2)2/r — <]E
k=0 i=0

X My —k—i—1,N — My—k—i—1(u0)}

r/2> 2/r

Using a similar proof to the above to bound (IE|J 3. f) } N o)l )1/ we can show that

||B,O BIE = = O(AY2(N1)~P). By using (51) it is stralghtforward to show that ||Bt0 BIE =
O(NM™2F + AV2(NA)~P). Substituting the above bounds for (E|Af;’ |"/2)2/r
EIBy 1T, BIBLS YT and (EI B 5 1/%)2/" into (52), we obtain

< KA.

2\2
(B[ o) + 00 o) + I o)) = 08w, (53

Finally, we prove (iii) by bounding, for y =1, 2, 3, ||Htf){’}\§)(u0)||2E. By using Hoélder’s in-
equality, (53), Theorem 4.1 and that {F; x} are bounded random matrices, we have

1,B 2,B 3,B 27172
(E|H" @o) + HED o) + HEW wo)|*)
to—p—1
Sy A(IE
k=0

k=1
(1‘[(1 - AFtO_l-,N)>
J(1.B).2 (2,B),2 G.B).2 1 (r/2\2/"
x (E[UF-k-1.v = Fuo {007 o) + I o)+ 70817 ) 7%)

2r/(r4)) (r—4)/2r

i=0
—k—1,N to—k—1,N

1 12
_K(W—FW—I—X). (54)
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Since (E|J,"w" o))/ < E[J" 3 (uo)"?)?/", by substituting (53) and (54) into (52) we
have

B (1,B),1 @B, 12172 _ 1 Vi
(E|8t0,N(M0) —Jn @) —=J 7y (u0)| ) = O(W + W ).

and we obtain (47). O

In the following lemma we show that 5[/(‘;{ ~ (o) is dominated by th/l}vl (uo), where
to—p—1
k
ISy = > A = AF o) My (uo). (55)
k=0

We observe that thi[}\} (uo) and Ly (up) (defined in (8)) are the same.

Proposition 4.3. Suppose Assumption 2.1 holds with r > 4. Let 82}’{ ~ (o) and th/{}\} (uo) be de-

fined as in (35) and (55). Then for |to/N —ug| < 1/N and AN > (log N for some € > 0, we
have

BTN o)) = 0(Va), (56)
)

1/2
(EI8Y y (o) — Iy o)) ? = 0<x * NP

(57)
Proof. Since each component of the vector sequence { M, (1)} is a martingale difference, we
can use the Burkholder inequality componentwise and (99) to obtain (56). Since 511(‘)’1 ~@o) —

IM o) = 1M (o) + HM\ (), to prove (57) we bound J,'37(u) and HM, (uo). By using

the same arguments given in Proposition 4.2 we also have

M,2 r r \/X
(]E|Jt0,1v (o))" < K<)» + W)

Finally, we obtain a bound for Htg’{ ~(@o). By using Holder’s inequality, Theorem 4.1 and

(Ell Fig—k—1,8 — Fuo)"/*)*" < 2(p + 1)* we have
VA

(E|Hzg/{N(”0)|2)l/2 =< K<)» + (N—)\)ﬁ)

Thus we have shown (57). O
. .. . 1,B),1 2.B),1
By using Propositions 4.2 and 4.3 we have established that JIO, N (o), Jto’ v (uo) and

Jtﬁ/{}\} (uo) are the principle terms in @ 10.N — a(uo). More precisely, we have shown that

~ 1,B),1 2,B),1 R 1
ay, y — a(uo) = I o) + I3 o) + I o) + RY. (58)

where (E|R§\}) 1)1/2 = 0(8y) (8 is defined in (7)). By using (58), we show below that an upper
bound for the mean squared error can immediately be obtained.
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Proof of Theorem 2.1. By substituting the bounds for (E|J\""" (uo) + I3 (uo)1»)!/?

and (]E|th/{1’\} (uo)|2)1/2 (in Propositions 4.2 and 4.3) into (58) we have E(@O,N — c_z(uo)|2) =

O((AN)~P + A1/2 4 55)2. Thus we have (10). O

4.3. Proof of Theorem 2.2

We can see from Propositions 4.2 and 4.3 that th)l",\l,})’l(uo) + thl’,f)’z(uo) and thw}\} (ug) are

leading terms in the expansion of &, x. For this reason, to prove Theorem 2.2 we need only
consider these terms. Now considering the bias, we observe that

T o) + 1230 (o) = Ry v (0) + RYY, (59)
where have replaced M; y by M;(t/N), leading to the remainder
to—p—1

to—k
RY = Z A1 —kF(uo)}k{Mto—k!N _M"’_k< 0N >}
k=0

By using (21) we have (]ElR/(\%) ")/ < K/NP, forall t, N. Therefore under Assumption 2.1 with
r>2,if AN > (log N)!*¢ for some & > 0, we have, by substituting (59) into (58),

ay, y — aluo) = Liy(wo) + Rig.n (o) + RY (60)

where (IElRI((?)|2)1/ 2 = 0(8y). In the proposition below we show the asymptotic normality of
L4, (o), which we use together with (60) to obtain the asymptotic normality of & fo.N -

Proposition 4.4. Suppose Assumption 2.1 holds with r = 1 and, for some & > 0, E(ZSJ”S) < 00.
Let Ly, (o) and X(u) be defined as in (8) and (13), respectively. If |to/N — ug|l < 1/N, then we
have

2712 L (o) B N0, T (uo)), 61)
where A — 0 as N — oo and AN > (logN)Hg,for some ¢ > 0.

Proof. Since Ly, (uo) is the weighted sum of martingale differences the result follows from the
martingale central limit theorem and the Cramér—Wold device. It is straightforward to check the
conditional Lindeberg condition, so we omit the details. We simply note that by using (100) we
obtain the limit of the conditional variance of £;,(uo):

to—p—1 T
Xig—k—1(u0) Xyy—k—1(u0) ' P
pa Y AT = AF o)y or, i (ug)* = D S S(ue). (62)
k=0 [ X —k—1(u0)l]

O
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Proof of Theorem 2.2. It follows from (60) that
Ve, = a@uo)y =27V PRy v (o) + ATV Ly (o) + 0, (A128y).

Therefore, if A > N~*/4F+D and A > N2 then 1=1/2/(N1)*# — 0 and A~1/2/NP — 0
respectively, and we have

AV a, = a(uo)y = ATVPRy v (o) + ATV Li (uo) + 0p(1).

By using the above and Proposition 4.4 we obtain (11). Finally, since |[Ry, n(mo)li =
O, ((NW)7P),if A >> N=28/@BFD then A~1V/2R, v (o) % 0 and we have (12). O

5. An asymptotic expression for the bias under
additional regularity

Under additional assumptions on the smoothness of the parameters a (), we obtain in this section
an exact expression for the bias, which we then use to prove Theorem 2.3.

In the section above we showed that 55,1\/ ~ Ry, N (uo). Since M, (u) is a function on X, (w)?
whose derivative exists, the derivative of M, (1) also exists and is given by

M, () = (ZF — DIF—1(wau) + Fr—1(w)a @)}, (63)
where
Foi) =Y, Y, ) +Y,_ )Y, @), (64)
with
Yo W= — X )
BT TR,
PR 1 ) 0
[P > LG BRI ! X7

L+ Y7 Xy L+ 37 X w)?

X, p()? X7,

It is interesting to note that, like {M, ()}, {M;w)}; is a sequence of vector martingale
differences. We will use M;(u) to refine the approximation R, n (o) and show Ry, n (o) ~
Rio,n (uo), where

to—1

- —k :
Rip.n o) =Y A(1 — )»F(uo))<loT - uo> {Mig—r (o) + F(uo)a(uo)}. (65)
k=0

We use this to obtain Theorem 2.3.
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Lemma 5.1. Suppose Assumption 2.2 holds with some r > 2. Then we have
Mo @) = M1 < Klu—vl?' |22 + 1L, (66)

where L, = {1 + ZIIZ:I Wi }2, with (E(L,)"/?)?/" < oo, and almost surely

M, (0) = M, () + (0 — ) M () +  — v)' 7P R (u, v), (67)
where |R; (u, v)| < L;.
Proof. By using (63), a(u) € Lip(1 + ') and the fact that | F,_; (u)|; < (p + 1)* we have
M) — M ()1

= KIZ} + 1| 1Fm1) = Foa )l
1 Frm1 @) = Fmi @)+ sup | oy @l — vl . (68)

In order to bound (68), we consider F; (1) and its derivatives. We see that | F; _;(u) — F;_1 (v)|1 <
K|u — v|L;, thus bounding the first term on the right-hand side of (68). To obtain the other
bounds we use (64) Now by using (22) and Lemma 4.2 we have that sup, |Ft 1w <KL;
and |Fr—1 () — F_1(v)|1 < KL2|u — v|#. Altogether this verifies (66). By using the Cauchy—
Schwartz inequality we have that (E(L,)"/?)*" < co.

Finally, we prove (68). Since L; is a well-defined random variable almost surely all the paths
of M,(u) € Lip(1 + B'). Therefore, there exists a set A/ such that P(N) = 0, and for every
w € N we can make a Taylor expansion of M, (u, w) about w and obtain (67). O

Lemma 5.2. Suppose Assumption 2.2 holds with r > 2. Then if [to/N — uo| < 1/N we have
Rig.n (0) = Ry n () + R, (69)
where E(IRY )Y/ = 0(1/(N2)H).

Proof. To obtain the result we find the Taylor expansion of a((t — k)/N) and M;_¢((t —k)/N)
about ug, and substitute this into Ry, y. Using Lemma 5.1, we obtain the desired result. U

In the next lemma we consider the mean and variance of the bias and stochastic terms
Ry, N (o) and L4, (up), which we use to obtain an asymptotic expression for the bias. We will
use the following results. Since infy, Amin (F (1)) > C > 0 (see (97)), we have

t—1
ZA{I —AFWFw) — 1, (70)

k=0
1 1
C (NZA ) ’ ( )

t—1 k 2
> oI —,\F(u)}Zk(ﬁ)
k=0
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ifA—0,tA— o0 ast — o0.

Lemma 5.3. Suppose Assumption 2.2 holds with r > 4. Let Ry, n(u0), Ly, (o) and X (u) be
defined as in (8) and (13), respectively. Then if |to/N — ug| < 1/N we have

1 .
E(Rip.n (u0) = == F (o)™ a(w) + O <W) (72)
1 1
var(Ry, v (o)) = 0<m + N)’ (73)
E(Lyy(u0)) =0 and  var(Ly, (1)) = A (o) + o(). (74)

Proof. Since {0 M (u#)/0u} are martingale differences, by applying (69) to (70) we have (72).
We now show (73). By using (71), sup,, |0a(u)/du| < oo and sup,, | F; (u)| < (p+ 1)2, we have

var{R,n (u0)}

to—p—1 & \2
=us ) AZ{I—AFwo)}”‘(N)

k=0
. 1
x var{Fy, 1 (uo)a(uo) + Fry—x—1(uo)a(uo)} + 0<m)
oL
B (NZA N2)'

It is straightforward to show (74) using (100).
Finally, since £;,(uo) is the sum of martingale differences, (L, (o)) = 0. O

From the above lemma it immediately follows that

1 ) 1 1
Rig. N (t0) = =~ F(1g) ™ a(uo) + 0,,{ o T Nan } (75)

and (NA)Ry, v (uo) iz) —F (uo) " 'a(ugp). We now use this prove Theorem 2.3.

Proof of Theorem 2.3. By substituting (75) into (60) (with 8 = 1) we have

, -1 .
i,y — a(ug) = ~—F (o)~ a(uo) + Liy (o) + SyRY, (76)

where (IE|R](3)|2)1/2 < 0o and

1 1 1 1
[
Sy = VT + TN + eyt N
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By using the above and var(Ly, (ug)) = AX (up) we have

Ela,, y —a(o)l* = Atr{Z(uo)} + |F (o) a(uo)* + O([(NM) ™+ VA + 8y ]8y).

(N1)?

which gives (15). In order to prove (16) we use (76) and Proposition 4.4. We first note that if
A~1/2 /(N2 — 0, then by using (76) we have

12 il 1. _
2Va, y —aluo)y+ 4 I/ZWF(u()) Ya(uo) = 2712 L1y (uo) + 0p(1).

Therefore by using Proposition 4.4 we have (16). t

Appendix
A.1. Mixingale properties of ¢ (X; n)

Our object in this section is to prove Proposition 4.1. We do this by using the random vector
representation of the tvARCH process {X; y};. Let

0 0 0 0 0 0 0
0 aw)Z? axw)Z? asw)Z? ... ap_1(WZ? a,(u)Z?
0 1 0 0 0 0

aw=[0 0 e N R
0 0 0 0 1 0

b, w' = (1,a0(u)Zt2, Q; 1)- By using the definition of the tvARCH process given in (1) we

have that the tvARCH vectors {X; y}; satisfy the representation

t t
XN ZAt(ﬁ>Xt—1,N +Q’(ﬁ>' (78)

Equation (78) looks like a vector autoregressive process; the difference is that A,(¢/N) is a ran-
dom matrix. However, similar to the vector autoregressive case, it can be shown that the product
H/tczo Ay (k/N) decays exponentially. It is this property which we use to prove Proposition 4.1.
. i—1 . . i—1
Let An(t, j) ={[T/Zg Ari (¢ = )/N)}, AGu, 1, ) = {[T/Zg Ar—i @)}, An(1,0) = I 11 and
A(u,t,0) = I,1. By expanding (78) we have

k—1

o
Xow = AN DXy + Y An(, Db, (Tj) (79)
j=0
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Suppose A is a n x m dimensional random matrix, with (7, j)th element A;;, and define the
n x m dimensional matrix [A], where [A], = {(E|A;’j|)1/q; i=1,...,n,j=1,...,m}. Now by
using Proposition 2.1 in Subba Rao [14] and Corollary A.2 below, we have

ILAN (01l < Kp*  and  |[[AGu, 1, k)14 < Kp*. (80)

Proof of Proposition 4.1. We first prove (24). Let Cy (¢, k) := Z]]‘;(l) An(t, j)ét_j((t —J)/N),
that is,

XN = AN )Xk N +CN (2, k), (1)
with Ay (2, k),Cn(t,k) €0 (Zs, ..., Zi—k+1) and X;_g v € Fr—k. In particular, we have
Ef¢Cn (. k) Fi—i)} =E{p (Cn (1, k))}. (82)
Furthermore, by using Minkowski’s inequality it can be shown that
(EAN @ )X v |11 Fe-0} 9 < KITAN @ 01y Xion -

The Lipschitz continuity of ¢ and (79) now imply |¢ (X; n) —¢(Cn (¢, k)| <K | AN (t, k) X—k N |
Therefore, by using the above we obtain

|E{¢ (X M) Fr—i)} — E{ (X))}
= |Er—{¢(X.n) — ¢ Cn (. ) Fi—)} — E{¢(Xin) — dCn(t. 5N},
< K(ILAN @, 11 X—i v 1+ E(LAN @ 1 X v 1))
< K{ILAN @ OV Xk vl +ENLAN @O n 1))
<Kp*(1+ XNl (83)

since E|X;_¢ n|1 is uniformly bounded, thus giving (24). The proof of (25) is the same as the
proof above, so we omit details. Inequality (26) follows from (24) with the triangular inequality.
To prove (27) we use (81). Since

E{p(Cn(t, k) Fr—k} =E{op(Cn (., k)} =E{d (Cn @, DI Fr—r—j},
we obtain, as in (83),
’E{¢(Xz,1v)|fsz} - E{¢(Xt,N)|~7:tfk7j}’1
< KE{[AN(, 1 X v 11 F i} + E{[ANE DT Xk N1 Fr—k—j}
< Kp"(1X—kn |1 + [ Xi—en]1),

which gives (27).
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To prove (28) we will use (83). We first note that by using Minkowski’s inequality and the
equivalence of norms, there exists a constant K independent of A; y such that

(E(X N Fr—)}4 < (EAN @ DXy 171 Fr—i)} T+ {E(Cn (1, k)| Fr—)} V9.
Now by using {E(| Ay (¢, k) Xk n 19| Fr—i)}/4 < Kp*|Xi—x n]1 and

k—1

q 1/q ; t__] L
[EICx (1. b)I?|Fi—] SKZ[AN(z,J)]q[Q,_,-( - )] =1
j=0 4
we have
k K \*
E{12 w7 Fi—i} < {K,O [ X—k, N1+ m} <KX _nl,
hence we obtain (28). [l

‘We use the corollary below to prove Lemma A.7 at the end of Section A.3.

Corollary A.1. Suppose Assumption 2.1 holds with r = qo and E(quo) <oo.Let f, g:RPH
RPHDXPHD pe Lipschitz continuous functions, such that for all positive x € RPT | £ (x)]aps <
Ip11 and |g(x)|abs <Ipy1, wherelpy1isa (p+1) x (p+1) matrix with one in all the elements,
and |Algps = (|A; jl: i, j=1,..., p+1). Then for g < qo we have

[E(E{(Z2 1 — DF (Ko )8 (X ()| Fr—i—s)}
~E{(Z% 1 — DF Xion)g (X)) ]
< K{E(Z§) + 3! (BIX ke jn DT + BIX i j @) D)/7) (84)
and
[E(B{(Z 4y — Df (Xi—k () g (X ()| Fy—p—j}
~E((Z%4y1 — D (X @)g (X @))}) 7]
< K{E(Z§) + 3o/ (EIX k- j @)D + It (w)|)'9), (85)

for j, k>0, where p is suchthat 1 —n < p < 1.

Proof. We give the proof of (84) only; that of (85) is the same. We use the notation introduced
in the proof of Proposition 4.1 and let C(u,t,k) = Z];;(l) Alu, t, j)ét_j (u), that is, X;(u) =
A(uvt7k+])‘)(l—k—/(u) +C(M, tvk+.])
We use (82). Since | f(x)]abs < Ip+1 and |g(x)[abs < I,+1 we have
(Z] i = D(f Xi—en)g(Xi @) — fCn(t — k. ))g(Clu,t.k+ j)))]

<1ZF e A HANC =k DXk jnh + AW, Gk + DX k@), (86)
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Since A(u,t, k — 1), (Zzz—k 4+ 1)A;—,—1(u) and A(u,t — k, j) are independent matrices and by
using (80), we have

EN(ZE it + DAt k+ D
<E[[AQ@, t,k = DI IIIZE jyg + DA @11 ITA@, t — &, D]
<KE(Z] .+ DL (87)

Considering the conditional expectation of (86), by using (87) and |E,_;_; {(th_kJrl —DAN(G—
k, NX—k—jn} < Kpl|Xi—k—j N1, we have

[E[(Z] 141 — D{f Xk n)g(Xi @) — fCn(t =k, j)gClu,t.k+ )} Fisi]|
< Kp/|X 4 jNNE(Z] 4+ D+ KB(Z 4+ DM Xyl
< KE(Z§ + Dp! (X k- jvh + 1 Xk j @)

Using similar arguments, we obtain the bound

(E|E[(Z2 .1 — D{f (Xt n)g(X @) — FCn (T —k, g€, t,k+ N[

< KEZ§+ Dp! (BUX—k—j v DY + E1 Xk @)DV,

leading to the result. ]

A.2. Persistence of excitation

As we mentioned in Section 1, a crucial component in the analysis of many stochastic, recursive
algorithms is to establish persistence of excitation of the transition random matrix in the algo-
rithm: in our case this implies showing Theorem 4.1. Intuitively, it is clear that the verification
of this result depends on showing that the smallest eigenvalue of the conditional expectation of
of the semi-positive definite matrix A, NXITN /XN ||% is bounded away from zero. In particular
this is one of the major conditions given in Moulines et al. ([11], Theorem 16), where conditions
were given under which persistence of excitation can be established. In fact in this section we
verify the conditions in Moulines et al. ([11], Theorem 16) to prove Theorem 4.1.
Suppose X is a random variable and define E;(X) = E(X|F;).

Lemma A.1. Suppose that Assumption 2.1 holds with r = 2. Then we have
Jmin (B ) X, ) T | Fr}) > € (88)
and, for N large enough,
Amin LY N Xy [ Fr i) > % (89)

for k> (p 4+ 1), where C is a finite constant independent of t, N and u.
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Proof. We will prove (89); the proof of (88) is similar. We partition &}, NX v s

XXy = A1+ A, (90)

where Ay and A are positive definite matrices, A; € 0(Z,, ..., Z;—p) and A, € F;. This im-
plies Amin{]E,_k(X,,NXtTN)} > Amin{E(A1)}, if Kk > p + 1, which allows us to obtain a uniform

lower bound for Amin{E;— (X}, NX:,TN)}‘ To facilitate this we represent X; y in terms of martin-
gale vectors. By using (1) we have

14
X2N_ao< >+Za,( > v+ (ZE= Do}y

and
t
Xy =@<N)X,_1,N+(z,2— Doy D, o1
where D is a (p + 1)-dimensional vector with D; =01ifi %2 and D, =1, and
1 0 0 0 0 0
aow) ar(w) axw) ... ap1(w) apu)
0 1 0 0 0
Ow=1 o 0 1 ... 0 0
0 0 0 1 0

With p + 1 iterations of (91)

X,’Nzé(th_i—l)atz_i’N{n <_])}D+{lﬁ < .>}Xt_,,_1,N.

Let juy = E(Z2 — )%, O, 5 (i) = [T;2p ©((t — j)/N) and B; x(i) = O, n()DD O, n(i) .
Since {(Z[2 — 1)03 )¢ are martingale differences, we have

E(X, v X,y [ Fi—k)

P
=pa Y Eii(o); \)ONGDDTO, (i)'
i=0
+ O NP+ DE (X p v X, )On(p+ DT fork=p+1.  (92)

Since the matrices above are non-negative definite, we have that

P
Aanin (B N Xy 1 Fi-0)) = mind 14 Y B k(0] x)Bin () } 93)
i=0
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We now refine 114 Zf:o E;—x (0[47

; ;) B N (i) to obtain Aj. By using (79) we have

p .
. t—
XN = E Ay, J)Q;_j (T]> +ANE P+ DX 1N,
Jj=0

Therefore, by using (1) and th_l.,N = (X N)i+1, we have

1L , t—J 1
ol in= 72 Z{AN(I, Db, <T)}'+1 + ZT{AN(I, p+ DX painlivi
]

=i j=0 1—i
=H;—iN() + Gi—i N (), (94)
where H;_; n(t) €0 (Z;—i, ..., Zi—p) and G,_; N (t) € F;—;. Since H;_; y(¢) and G;_; n(t) are

positive this implies, with (93),
Amin {E(Xe, v X,y [ Fr—0)} = Amin{ Pr.v ),

where

p
Py =ps ) E(H _in®DB N G).
i=0

To bound this we define the corresponding terms for the stationary approximation X, (). We set

P
P(u)=pa Yy E(Hi(u,)*)Bu,i),
i=0

where

1 p
i, 1) = —3— ) LA 1 by ()i

t—i j=0

and B(u,i) = Ow)'DDT(Ow))T. A close inspection of the above calculation steps reveals
that

P(u)=E{Y,w)Y ,w)")

with Y » (u) from Assumption 2.1(iv). Therefore,

Amm{P%)} > inf hanin P0)} = C.
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Since {a;(-)}; is B-Lipschitz, we have, fori =0,..., p— 1,

2
K
'E(Ht_i(%,t> ) ~E(H—in @) = 45
1
B n (D) B(t ) K
1) — —, 1 S —.
"N N = e

Therefore || P,y — P(t/N)|| < |P,.y — P(t/N)|; < K/NP, which leads to

)‘min{Pt,N} = )\min{P(%> + I:Pt’N — P<%):|}

t t K
> o ()} =[P #(5)] 2~ 7
and therefore to
T K
Amin (B{X N X, §1Fi—k,n}) > C — N 95)
Thus for N large enough we have (89). (]

Lemma A.2. Suppose that Assumption 2.1 holds with r = 4. Then, for k > p + 1, we have for
N large enough,

X Nl C
Aanin (E{N—J(Ek}) > —— (96)
|XI,N|1 |thk,N|1
and
X)X )T
poun (B TN ) o ©7)
1, 0)]2

where C is a constant independent of t, N and u.

Proof. We first prove (96). By definition,

X, XT TX 2
Amin{E,_k<L’*2’V)}= inf Et_k<£ "N> .
| N |2 lx|=1 [ vl

Since

-
X NN T
x XnlX N

"X N = x
' EAE
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and SUP |y |=1 |§TXI,N |1 < |X: n|1, we obtain by using Cauchy’s inequality and (28),

XTXt,N
| X w1

T 24172

X,

<AE (22N (KX g v
| X w1 ’

24y1/2
Bk (x" X n)? < {Et_k< ) } (B (x "X w1 X v 1) ?

Therefore by using the above and Lemma A.1 for large N, we obtain

k(fxt,N>2> ce B TX N C
t— - - )
! [Xwlt ) "=t B XD K]

lx|=

where C is a positive constant, thus giving (96).
To prove (97), we use (88) to obtain

E(X )X (1) 1) = B oo(X ()X, () 1) > C,

and using the arguments above we have

X)X ()" C
| X ()3 E(X—k@)|})

By Lemma 4.1 sup, E(]X; (u)|‘1‘) < 00, which leads to (97). O

Corollary A.2. Suppose Assumption 2.1 holds with r = 4. Let F(u) be defined as in (9). Then
there exist C and A1 such that, for all . € [0, A1] and u € (0, 1], we have

Amaxct] — AF )} < 1—AC. (98)

There exist a 0 < § < C and K such that, for all k,

(T — AF @)} < K (1 —28)~. (99)
Furthermore,
t—1
ZA{I —AF @) — TP, (100)
k=0

where . — 0 and At — o0 as t — o0.

Proof. Inequality (98) follows directly from (97). Furthermore, since (I — A F (u#)) is symmetric
matrix, we have ||[{I — AF u)}¥|| < |(I — AF @))||¥ < (1 — A8)F, that is, (99).
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We now prove (100). We have

t—1
WY = AF@* =1 — (I = aF@)*} {1 — (1 - 2Fw)™}.

k=0

Since Amin{F (1)} > C, for some C > 0, we have |{I —AF (u)}*|; < ||{I—AF(u)}2’|||Ip+1| —0
as A — 0, At — oo and t — oo. Furthermore, A{I — (I — AF(u))z}_1 — %F(u)_l. Together

these give (100). [l
Lemma A.3. Suppose that Assumption 2.1 holds with r = 4. For a sufficiently large N and for
every R > 0, there exist an so > p + 1 and C1 such that, forall s > soandt =1,...,N — s, we
have

t+s—1 T
X N X
E{Mm( 3 —”\ﬂ)} > CiI(1X N1 < R),

2
k=t |Xk,N |1
where I denotes the identity function.

Proof. The result can be proved using the methods given in Moulines ef al. ([11], Lemma 19).
We outline the proof. By using Amin(A) > Amin(B) — ||A — B]| (see Moulines et al. [11],
Lemma 19), we have

E, Hi_:l A Y
t min — 5
—~ %N

t+s—1 X X
kNt N
> A E
Z mm{ t( |XkN|2 >}

We now evaluate an upper bound for the second term above. Let

Z XNy E(‘Xk’NXkTN)
v\ '

k=

Xn&,! Xen&,
Apy = k,N_E( k,N>‘

| X 1T | XN 1T
Then
t+s—1 2 t+s—1 2 ptl or4s—1
> Awn| <E Z Aen| <D0 D EBi((Aky. Wi (Akn)ij).  (101)
k=t

i,j=1ky, ko=t
and we require a bound on IE; ((Ag, n)i, j (Axy,n)i, j)- For ki = ko = k we obtain with (28),

Ed(Akn)i ) <2E | X nIT < KIA NIT (102)
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Now let k1 # kp. Let ¢(x) = £T£/|£|2, where x = (1, x1,...,x)). Since ¢ € Lip(1), by us-
ing (27) we have, for k| < k,

(XN X i) (XN X i
Er, (B i) = [, (M) _E’(M>'

2 2
| Xy, N 11 | Xk, W11

< Kp* M (E, (1% n11) + 1 X w11 (103)

By using (28), (102) and (103) we have

B {(Ary,N)i, j Diy, N, j T < B {Ex, (Aky,N)i, j (Diy,N)i )
< |Ee{(Aky,N)i, j Bky (Bky,n)i,
< (B (Ary N7 3 P By (Ary )i )7} 2
< Kp 712 NI < KPR NI (104)

Substituting (104) into (101), we obtain [E; || Z,t{:fl Ak N ||2 =Ks|X: n |4, where K is a constant
independent of s. Therefore, by using this and (96), we have, for N sufficiently large

t4s—1 T
XN N Cs —4 412
]Er{)hmin<kZ_; W 27|XI,N|1 _K{S|Xt,N|1}/ .

Therefore for any R > 0,

t+s—1 T

Xe.n & 1/2

E/ { Amin RN ) b sV~ KRDI( X v < R).
k:l‘ |Xk,N|1 R

Now choose sp and a corresponding C; such that

172
S
C = %(CSOI/Z _KRY» >0.

Then it is clear that if s > s¢ then we have
t+s—1 X v X T 12
k,N k’N S 1/2 2
E ) Ami —5 | (= 57 (Cs/" = KRHI(X; N1 =R)
: ‘“‘“( 2 Tl )} R
> Cil(JX N = R),
thus giving the result. ]
Proof of Theorem 4.1. We prove the result by verifying the conditions in Moulines et al.

([11], Theorem 16); see also Dahlhaus and Subba Rao [3]. Let ¢; := |X; N1, VI := | n]1
and A; :=Fn = A, NX,TN /1, N|%. We now show that conditions (a)—(d) in Moulines et al.
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([11], Theorem 16) are satisfied. Let k > p+ 1 and 1 <s < N — k. Then by using (26) we have
E(Viys|Fr) < K1+ p°|X; n|1). Therefore for any Ry and s > 0, we have

K
E(Vigs|Fr) < {K,OS + R—11(|X1,N|1 > Rl)}|Xt,N|1 + KI(|X N1 < Ry).
Thus we have
N K N
E(VigslF) < | Kp* + R I( X N1 > RO N1+ K (0" + DI(X N1 < RDIX N1

By choosing an appropriate R; we can find an s such that, for all s > 51, we have Kp® +
K/R; < 1 and thus condition (a) is satisfied. Condition (b) directly follows from Lemma A.3.
Letl, 1 bea(p+1)x (p+1) matrix where (I,41);; =1for1 <i, j < (p+1).Since | F; | =
XJTNXI,N”XI,M% =1, for A < 1, we have A|| F; y|| < 1, hence condition (c) is satisfied. Finally,
by using the above forany ¢ > 1 and ¢t € {N — p, ..., t}, we have

r+s
S RN FNIYF) <ki(p+ D

I=t

Therefore condition (d) is satisfied and Theorem 4.1 follows from Moulines et al. ([11], Theo-
rem 16). ([l

A.3. The lower-order terms in the pertubation expansion

In this section we will prove the auxillary results required in Section 4.2, where we showed that
the second-order terms in the pertubation expansion were a of lower order than the principle
terms. The analysis of Jtz ?v is based on partitioning it into two terms,

X2 _ 4x X
Jion = AN T B N

similar to the partition in (52). A;)’N is the weighted sum of { Fy_y — Fy(u)}, whereas ij)’N is the
weighted sum of the differences between the stationary approximation Fy (1) and E(Fo(up)),
that is, of Fi(uo) = Fi(uo) — F (o). In this section we evaluate bounds for these two terms. We
require the following lemma.

Lemma A.4. Suppose Assumption 2.1 holds with some r > 1. Let M, y and M;(u) be defined
as in (29) and let D; y be defined as in (45). Then we have

XNy XwXxwT
X N 13 | X )3

+ Rin(u) (105)

and

My =M )+ 1+ ZHR n ),
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where

B p B 1 b
+ N +W i N-

Further, for g < qq there exists a constant K independent of t, N and u such that

B B
(E|R, n ()| < K(‘% - u‘ + (”—“) ) (106)

t
[Ri,n ()] < (‘ﬁ —u

N

Proof. The proof uses (21) and the method given in Dahlhaus and Subba Rao ([4], Lemma A.4).
O

We now give a bound for a general A7 .
Lemma A.S. Suppose Assumption 2.1 holds with r = qo and let {G; N} be a random process

which satisfies sup, y ||Gt,;\/||g0 < 00. Let F; n, F;(u) and F (u) be defined as in (30) and (9),
respectively. Then if |to/N —ug| < 1/N and g < qo we have
q/2> 2/q

E|G, n|DY4, 107
GNP ff]},’( |G, N1 (107)

Z (1 - ?»F(Mo))k(Fto—k—l,N — Fry—k—1(10))Gry—k,N

=<

where K is a finite constant.
Proof. By using (99) and (105) we obtain the result. O

In order to bound E|B; |9 we need a Burkhdlder type inequality (using Minkowski’s in-
equality is not sufficient). This inequality is embedded in the following lemma which is a gen-
eralization of Proposition B.3 in Moulines ef al. [11]. It can be proved by adapting the proof in
Moulines et al. [11]; see also Dahlhaus and Subba Rao [3].

Lemma A.6. Suppose {M;} and {F;} are random matrices and F is a positive definite, deter-
ministic matrix, with Amin(F) > 8, for some § > 0. Let F; = o (Fy, My, Fy—1, M;_1, ...). Assume,
for some q > 2, the following:

(1) {F;} are identically distributed with mean zero.
(ii) E(Mt|-7:t—l) =0.
(iii) (E[E(F|F)|*)/2 < Kp'~*
(iv) (E|E(M; Fy|Fi) — E(M; Fo)|)'V1 < Kp* % ifk <s <t.
(v) sup, (E|M,|?1)!/CD < oo and (E|F,|>1)"/?9) < 0.



A recursive online algorithm for the estimation of time-varying ARCH parameters 421

<E

where K is a finite constant.

Then we have

t
(I — AP My

>

—1t—p—k—2
k= i=0

1
q /q< K 108
f— AI’

(=2

We now apply the lemma above to the particular example of the ANRE algorithm.

Lemma A.7. Suppose Assumption 2.1 holds for r > 4. Let {F;(u)}, {M; N} and {M; ()} be
defined as in (29) and F;(u) = Fy(u) — E(F;(u)). Then

to—p—1t9—p—k—2 i r/2\ 2/r K
(E 1; ; {I = AF ) Fy_—1 () Myy—k—i—1.n ) = (09
and
to—p—119—p—k—2 i r/2\ 2/r K
(E ]; ; {1 = AF @)} Fy—g—1 () Mg —g—i—1 (u) ) =— (10

Proof. We prove (109); the proof of (110) is the same. We verify the conditions in Lemma A.6,
then (109) immediately follows. By using (97) we have that Anin{F (1)} > 8, for some § > 0.
Let M; := M; N, F; = Fi(w), F:=F) and F; =0 (Z;, Z;_1,...). It is clear from the defi-
nition that the {F;(u)}; have zero mean and are identically distributed; also E(M,(u)|F;—1) =
Op+1xp+1. By using (24) we have

1/r < Kpt—k

- 1

(E[EE @IFo|")"" = (B[EF w|F) —EEw@)])
thus condition (iii) is satisfied. Since M; y = (ZzZ — 1)U,%NXI—1,N/|Xt—1,N|%’ and F; <,
and atz’NX,_LN/|X,_1,NI% <1I,41, by using Corollary A.1 and sup,,N(]E|X,,N|’/2)2/’ < 00, We
can show that condition (iv) is satisfied. Moreover, F; n is a bounded random matrix, hence all
its moments exist. Finally, since sup, y [M; nl; < K(Z,2 +1)" and E(Z(z)r) < 00, we have, for
allk <s <t < N, that sup, y(E|M; y|") < 00, leading to condition (v). Thus all the conditions
of Lemma A.6 are satisfied and we obtain (109). (I
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