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LINEAR COMBINATIONS OF HARMONIC QUASICONFORMAL

MAPPINGS CONVEX IN ONE DIRECTION

Yong Sun, Antti Rasila and Yue-Ping Jiang

Abstract

In this paper, we introduce a new class SHðk; g; fÞ of harmonic quasiconformal

mappings, where k A ½0; 1Þ, g A ½0; pÞ and f is an analytic function. Su‰cient conditions

for the linear combinations of mappings in such classes to be in a similar class, and

convex in a given direction, are established. In particular, we prove that the images of

linear combinations in this class, for special choices of g and f, are convex.

1. Introduction

A complex-valued function f defined in the open unit disk D ¼ fz A C :
jzj < 1g is called harmonic if f is twice continuously di¤erentiable and satisfies
Df ¼ 4fzz ¼ 0. Let H denote the class of all complex-valued harmonic functions
f in D normalized by the condition f ð0Þ ¼ fzð0Þ � 1 ¼ 0. Let SH be the sub-
class of H consisting of univalent and sense-preserving functions. Such func-
tions can be written in the form f ¼ hþ g, where

hðzÞ ¼ zþ
Xy
n¼2

anz
n and gðzÞ ¼

Xy
n¼1

bnz
nð1Þ

are analytic in D and the Jacobian Jf ðzÞ ¼ jh 0ðzÞj2 � jg 0ðzÞj2 > 0, or equivalently,
the analytic complex dilatation o ¼ g 0=h 0 of f satisfies joj < 1 in D. The
classical class S of analytic univalent and normalized functions in D is a subclass
of SH with gðzÞ1 0. The class of all functions f A SH with the additional
property that fzð0Þ ¼ 0 is denoted by S0

H . We refer to [6, 9, 10] for the basic
theory of harmonic mappings, and [2, 3, 5, 14, 16, 23] for some recent inves-
tigations on the topic.

If a univalent harmonic mapping f ¼ hþ g satisfies the condition

g 0ðzÞ
h 0ðzÞ

����
����a k < 1 ðz A DÞ;
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then f is called a harmonic K-quasiconformal mapping in D, where K ¼ 1þ k

1� k
.

Let SHðkÞ be the subclass of S0
H consisting of harmonic K-quasiconformal

mappings. Recently, several authors derived the conditions for univalent har-
monic mappings to be K-quasiconformal, see (for example) the works [1, 11, 12,
18] and the references therein.

A domain WHC is said to be convex in the direction g A ½0; pÞ, if for all
a A C, the set WV faþ teig : t A Rg is either connected or empty. In particular, a
domain is convex in the direction of the real (imaginary) axis if every line parallel
to the real (imaginary) axis has either an empty intersection or a connected
intersection with the domain. A function is said to be convex in the direction g
if it maps D univalently onto a domain convex in the direction g.

Let f1 ¼ h1 þ g1 and f2 ¼ h2 þ g2 be two univalent harmonic mappings in
D with respective dilatations o1 and o2. Then, the linear combination f of f1
and f2 is given by

f ¼ tf1 þ ð1� tÞ f2 ¼ ½th1 þ ð1� tÞh2� þ ½tg1 þ ð1� tÞg2�ð2Þ
¼ hþ g; ð0a ta 1Þ:

Even if f and g are convex analytic functions, Macgregor [15] has shown that
tf þ ð1� tÞg ð0a ta 1Þ need not be univalent. For results on the analytic linear
combination, see (for example) [4, 21]. For linear combinations of harmonic
functions, Dor¤ and Rolf [8] provided su‰cient conditions for the linear com-
bination f ¼ tf1 þ ð1� tÞ f2 to be univalent and convex in the direction of the
imaginary axis under the assumption that o1 ¼ o2. Furthermore, Wang et al.

[22] proved that the linear combination f ¼ tf1 þ ð1� tÞ f2 with hj þ gj ¼
z

1� z
ð j ¼ 1; 2Þ is univalent and convex in the direction of the real axis. Recently,
Kumar et al. [13] established that the linear combination f ¼ tf1 þ ð1� tÞ f2
with hj þ gj ¼

zð1� ajzÞ
1� z2

ð�1a aj a 1; j ¼ 1; 2Þ is univalent and convex in the

direction of the imaginary axis.
Let A be the subclass of S0

H consisting of analytic functions. For k A ½0; 1Þ,
g A ½0; pÞ and f A A, consider the following subclass SHðk; g; fÞ of SH defined by

SHðk; g; fÞ :¼ f f ¼ hþ g A SHðkÞ : h� e2igg ¼ fg:

For simplicity, we write SHðk; 0; fÞ ¼: S�
H ðk; fÞ and SH k;

p

2
; f

� �
¼: Sþ

H ðk; fÞ.

These subclasses of harmonic mappings were introduced in [17, 24] for specific
choices of g and f.

In this paper, we derive su‰cient conditions for the linear combinations
of harmonic quasiconformal mappings to be univalent and convex in a given
direction. In particular, we prove that the images of linear combinations in this
subclass, for special choices of g and f, are convex.
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2. Preliminary results

The proofs of our main results are based on the following lemmas.

Lemma 1 (see [6]). A sense-preserving harmonic function f ¼ hþ g in D is a
univalent mapping of D onto a domain convex in the direction of the real (resp.
imaginary) axis if and only if h� g (resp. hþ g) is an analytic univalent mapping
of D onto a domain convex in the direction of the real (resp. imaginary) axis.

It is clear that Lemma 1 of Clunie and Sheil-Small can easily be generalized
to a domain convex in the direction g.

Lemma 2. A sense-preserving harmonic function f ¼ hþ g in D is a univalent
mapping of D onto a domain convex in the direction g if and only if h� e2igg is an
analytic univalent mapping of D onto a domain convex in the direction g.

Lemma 3 (see [19]). Let f be an analytic function in D with f ð0Þ ¼ 0 and
f 0ð0Þ0 0 and let

kðzÞ ¼ z

ð1þ zeiyÞð1þ ze�iyÞ ðy A RÞ:ð3Þ

If

< zf 0ðzÞ
kðzÞ

� �
> 0 ðz A DÞ;

then f is convex in the direction of the real axis.

Lemma 4 (see [20]). Let jðzÞ be a non-constant function regular in D. The
function jðzÞ maps D univalently onto a domain convex in the direction of imagi-
nary axis, if and only if there are numbers m and n, 0a m < 2p and 0a na p such
that

<ð�ieimð1� 2ze�im cos nþ z2e�2imÞj 0ðzÞÞb 0 ðz A DÞ:ð4Þ

Lemma 5. If fj A SHðk; g; fÞ ð j ¼ 1; 2Þ, then the dilatation o of the linear
combination f ¼ tf1 þ ð1� tÞ f2 ð0a ta 1Þ satisfies

joj ¼ tg 0
1 þ ð1� tÞg 0

2

th 0
1 þ ð1� tÞh 0

2

����
����a k < 1:

Proof. Since hj � e2iggj ¼ f and g 0
j ¼ ojh

0
j ð j ¼ 1; 2Þ, we get

h 0
j ¼

f 0

1� e2igoj

ð j ¼ 1; 2Þ:

We obtain a new harmonic mapping as follows

f ¼ tf1 þ ð1� tÞ f2 ¼ ½th1 þ ð1� tÞh2� þ ½tg1 þ ð1� tÞg2� ¼ hþ g;
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and the dilatation o ¼ g 0=h 0 satisfies the condition

joj ¼ tg 0
1 þ ð1� tÞg 0

2

th 0
1 þ ð1� tÞh 0

2

����
����¼

to1f
0

1� e2igo1
þ ð1� tÞo2f

0

1� e2igo2

tf 0

1� e2igo1
þ ð1� tÞf 0

1� e2igo2

��������

��������
ð5Þ

¼

to1

1� e2igo1
þ ð1� tÞo2

1� e2igo2

t

1� e2igo1
þ 1� t

1� e2igo2

��������

��������
:

From (5) it follows that joja k if and only if

k2 t

1� e2igo1
þ 1� t

1� e2igo2

����
����
2

� to1

1� e2igo1
þ ð1� tÞo2

1� e2igo2

����
����
2

b 0:

Let

oj ¼ rje
iyj ð0a rj a k < 1; yj A R; j ¼ 1; 2Þ

and

F :¼ 2tð1� tÞ
j1� e2igo1j2j1� e2igo2j2

b 0:

Then we have

k2 t

1� e2igo1
þ 1� t

1� e2igo2

����
����
2

� to1

1� e2igo1
þ ð1� tÞo2

1� e2igo2

����
����
2

¼ t2ðk2 � jo1j2Þ
j1� e2igo1j2

þ ð1� tÞ2ðk2 � jo2j2Þ
j1� e2igo2j2

þ 2tð1� tÞ< k2 � o1o2

ð1� e2igo1Þð1� e�2igo2Þ

� �

b
2tð1� tÞ

j1� e2igo1j2j1� e2igo2j2
<ððk2 � o1o2Þð1� e�2igo1Þð1� e2igo2ÞÞ

¼ Fððk2 � r21r
2
2Þ þ r1ðr22 � k2Þ cosð2gþ y1Þ

þ r2ðr21 � k2Þ cosð2gþ y2Þ þ r1r2ðk2 � 1Þ cosðy2 � y1ÞÞ

bFððk2 � r21r
2
2Þ � r1ðk2 � r22Þ � r2ðk2 � r21Þ � r1r2ð1� k2ÞÞ

¼ Fðk2 � r1r2Þð1� r1Þð1� r2Þb 0:

The proof of Lemma 5 is thus completed. 9
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Obviously, we may generalize Lemma 5 as follows.

Lemma 6. If fj A SHðk; g; fÞ ð j ¼ 1; 2; . . . ; nÞ, then the dilatation o of the
linear combination f ¼ t1 f1 þ t2 f2 þ � � � þ tn fn satisfies

joj ¼ t1g
0
1 þ t2g

0
2 þ � � � þ tng

0
n

t1h
0
1 þ t2h

0
2 þ � � � þ tnh 0

n

����
����a k < 1;

where 0a tj a 1 and t1 þ t2 þ � � � þ tn ¼ 1.

3. Main results

We begin by presenting su‰cient conditions for the linear combinations for
the class SHðk; g; fÞ to preserve certain properties of mappings.

Theorem 1. Let fj ¼ hj þ gj A SHðk; g; fÞ ð j ¼ 1; 2Þ. If f is convex in the
direction g, then f ¼ tf1 þ ð1� tÞ f2 A SHðk; g; fÞ ð0a ta 1Þ, and it is convex in
the direction g.

Proof. In view of Lemma 5, we know that the dilatation o of f ¼ tf1 þ
ð1� tÞ f2 satisfies joja k. Since hj � e2iggj ¼ f ð j ¼ 1; 2Þ, we have

h� e2igg ¼ ½th1 þ ð1� tÞh2� � e2ig½tg1 þ ð1� tÞg2�

¼ tðh1 � e2igg1Þ þ ð1� tÞðh2 � e2igg2Þ ¼ f;

which is convex in the direction g by the assumption. Thus, from Lemma 2, we
see that f A SHðk; g; fÞ and convex in the direction g. 9

In view of Theorem 1 and Lemma 6, we have the following result.

Corollary 1. Let fj ¼ hj þ gj A SHðk; g; fÞ ð j ¼ 1; 2; . . . ; nÞ. If f is convex

in the direction g, then f ¼
Pn

j¼1 tj fj A SHðk; g; fÞ ð0a tj a 1;
Pn

j¼1 tj ¼ 1Þ, and it
is convex in the direction g.

Remark 1. If we set n ¼ 2, g ¼ 0 and f ¼ z

1� z
in Corollary 1, then it

reduces to the result of Wang et al. [22, Theorem 3].

By making use of Theorem 1, we can obtain some interesting results for
specific choices of g and f.

Corollary 2. Let fj ¼ hj þ gj A SHðk; g; fÞ ð j ¼ 1; 2Þ, where

fðzÞ ¼
ð z

0

eig dz

ð1þ zeiyÞð1þ ze�iyÞ ðy A RÞ:ð6Þ

Then f ¼ tf1 þ ð1� tÞ f2 ASHðk; g; fÞ ð0a ta1Þ, and it is convex in the direction g.
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Proof. By setting kðzÞ by (3), we find that

< ze�igðh 0 � e2igg 0Þ
kðzÞ

� �
¼ < ze�ig

kðzÞ ½tðh
0
1 � e2igg 0

1Þ þ ð1� tÞðh 0
2 � e2igg 0

2Þ�
� �

¼ t � < ze�igf 0ðzÞ
kðzÞ

� �
þ ð1� tÞ � < ze�igf 0ðzÞ

kðzÞ

� �

¼ tþ ð1� tÞ ¼ 1 > 0:

Therefore, by Lemma 3, we see that e�igðh� e2iggÞ is convex in the direction
of the real axis, and hence the function h� e2igg is convex in the direction g.
Furthermore, by Lemma 2 and Lemma 5, we deduce that f A SHðk; g; fÞ and
convex in the direction g. 9

Corollary 3. Suppose that a A ½�1; 1�, y A ð0; pÞ and A;Bb 0, Aþ B0 0.
Let fj ¼ hj þ gj A Sþ

H ðk; fÞ ð j ¼ 1; 2Þ, where

f ¼ A � zð1� azÞ
1� z2

þ B � 1

2i sin y
log

1þ zeiy

1þ ze�iy

� �
;ð7Þ

then f ¼ tf1 þ ð1� tÞ f2 A Sþ
H ðk; fÞ ð0a ta 1Þ, and it is convex in the direction of

the imaginary axis.

Proof. By taking m ¼ n ¼ p

2
in (4), we find that

<ðð1� z2Þf 0ðzÞÞ ¼ A � < 1� 2azþ z2

1� z2

� �
þ B � < 1� z2

ð1þ zeiyÞð1þ ze�iyÞ

� �

¼ A � ð1� jzj2Þð1� 2a<ðzÞ þ jzj2Þ
j1� z2j2

þ B � ð1� jzj2Þð1þ 2 cos y<ðzÞ þ jzj2Þ
j1þ zeiyj2 � j1þ ze�iyj2

> 0:

Therefore, by Lemma 4, f is convex in the direction of the imaginary axis, and

hence by Theorem 1 with g ¼ p

2
, we see that f A Sþ

H ðk; fÞ and f is convex in the

direction of the imaginary axis. 9

Remark 2. The main results of Kumar et al. [13] reduce to special cases of
Corollary 3.

Since the function defined by (8) is convex in the direction of the real axis
(see [7]), we can obtain the following result.

371linear combinations of harmonic quasiconformal mappings



Corollary 4. Suppose that A;Bb 0, Aþ B0 0 and c A ½�2; 2�. Let fj ¼
hj þ gj A S�

H ðk; fÞ ð j ¼ 1; 2Þ, where

f ¼ A � log 1þ z

1� z

� �
þ B � z

1þ czþ z2
;ð8Þ

then f ¼ tf1 þ ð1� tÞ f2 A S�
H ðk; fÞ ð0a ta 1Þ, and it is convex in the direction of

the real axis.

Theorem 2. Let f1 ¼ h1 þ g1 A SHðk; g; fÞ and f2 ¼ h2 þ g2 A SHðk; g;cÞ.
Suppose that

<ðk2h 0
1h

0
2 � g 0

1g
0
2Þb 0

and tfþ ð1� tÞc is convex in the direction g, then f ¼ tf1 þ ð1� tÞ f2 A SHðkÞ
ð0a ta 1Þ, and it is convex in the direction g.

Proof. For g 0
j ¼ ojh

0
j satisfy the conditions jojja k < 1 ð j ¼ 1; 2Þ, we have

joj ¼ tg 0
1 þ ð1� tÞg 0

2

th 0
1 þ ð1� tÞh 0

2

����
����¼ to1h

0
1 þ ð1� tÞo2h

0
2

th 0
1 þ ð1� tÞh 0

2

����
����:ð9Þ

By assumption, it follows that

k2jth 0
1 þ ð1� tÞh 0

2j
2 � jto1h

0
1 þ ð1� tÞo2h

0
2j

2ð10Þ

¼ t2jh 0
1j

2ðk2 � jo1j2Þ þ ð1� tÞ2jh 0
2j

2ðk2 � jo2j2Þ

þ 2tð1� tÞ � <ððk2 � o1o2Þh 0
1h

0
2Þ

b 2tð1� tÞ � <ðk2h 0
1h

0
2 � g 0

1g
0
2Þb 0:

Hence joja k < 1. Since h1 � e2igg1 ¼ f and h2 � e2igg2 ¼ c, we have

h� e2igg ¼ ½th1 þ ð1� tÞh2� � e2ig½tg1 þ ð1� tÞg2�

¼ tðh1 � e2igg1Þ þ ð1� tÞðh2 � e2igg2Þ ¼ tfþ ð1� tÞc;

which is convex in the direction g by the assumption. Thus, from Lemma 2, we
know that f A SHðkÞ and is convex in the direction g. 9

Theorem 3. Let

f1 ¼ h1 þ g1 A SHðk; g; fÞ and f2 ¼ h2 þ g2 A SH k; gþ p

2
; f

� �
;

where

fðzÞ ¼
ð z

0

eig dz

ð1þ zeiyÞð1þ ze�iyÞ ðy A RÞ:ð11Þ
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Suppose that

<ðk2h 0
1h

0
2 � g 0

1g
0
2Þb 0;

then f ¼ tf1 þ ð1� tÞ f2 A SHðkÞ ð0a ta 1Þ and convex in the direction g.

Proof. Making use of the similar arguments as in the proof of Theorem 2,
in view of (9) and (10), we obtain that the dilatation o of f ¼ tf1 þ ð1� tÞ f2
satisfies joja k < 1.

Now we show that f is convex in the direction g. Note that

h 0
2 � e2igg 0

2 ¼ ðh 0
2 þ e2igg 0

2Þ
h 0
2 � e2igg 0

2

h 0
2 þ e2igg 0

2

� �
¼ f 0ðzÞ 1� e2igo2

1þ e2igo2

� �
¼ f 0ðzÞpðzÞ;

where

pðzÞ ¼ 1� e2igo2

1þ e2igo2

satisfies <ðpðzÞÞ > 0. By setting kðzÞ by (3), we find that

< ze�igðh 0 � e2igg 0Þ
kðzÞ

� �
¼ < ze�ig

kðzÞ ½tðh
0
1 � e2igg 0

1Þ þ ð1� tÞðh 0
2 � e2igg 0

2Þ�
� �

¼ t � < ze�igf 0ðzÞ
kðzÞ

� �
þ ð1� tÞ � < ze�igf 0ðzÞpðzÞ

kðzÞ

� �

¼ tþ ð1� tÞ<ðpðzÞÞ > 0:

Therefore, by Lemma 3, we see that e�igðh� e2iggÞ is convex in the direction of
the real axis, and hence the function h� e2igg is convex in the direction g.
Furthermore, by Lemma 2 and Lemma 5, we conclude that f A SHðkÞ, and it is
convex in the direction g. 9

Next, we prove the convexity of the linear combinations f ¼ tf1 þ ð1� tÞ f2
for the classes S�

H ðk; fÞ and Sþ
H ðk; fÞ for special f.

Theorem 4. Let fj ¼ hj þ gj A S�
H ðk; fÞ ð j ¼ 1; 2Þ, where

fðzÞ ¼ 1

2
log

1þ z

1� z

� �
ðz A DÞ:

Then f ¼ tf1 þ ð1� tÞ f2 A S�
H ðk; fÞ ð0a ta 1Þ, and f ðDÞ is convex.

Proof. In view of Corollary 4, we have f ¼ hþ g A S�
H ðk; fÞ, then by

Lemma 2 the set f ðDÞ will be convex if and only if the analytic functions
h� e2iyg are univalent and convex in the direction y for all y, 0a y < p. To
show the latter, it is su‰cient to show that the functions Fy ¼ ie�iyðh� e2iygÞ are
univalent and convex in the direction of the imaginary axis.
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Note that

h 0ðzÞ � g 0ðzÞ ¼ ½th 0
1ðzÞ þ ð1� tÞh 0

2ðzÞ� � ½tg 0
1ðzÞ þ ð1� tÞg 0

2ðzÞ�
¼ tðh 0

1ðzÞ � g 0
1ðzÞÞ þ ð1� tÞðh 0

2ðzÞ � g 0
2ðzÞÞ

¼ 1

1� z2
:

Taking m ¼ n ¼ p=2 in (4), we have

<ðð1� z2ÞF 0
yðzÞÞ ¼ �=ðe�iy½h 0ðzÞ � e2iyg 0ðzÞ�ð1� z2ÞÞ

¼ �=ð½e�iyh 0ðzÞ � eiyg 0ðzÞ�ð1� z2ÞÞ

¼ �=ð ðh 0ðzÞ � g 0ðzÞÞ cos y� iðh 0ðzÞ þ g 0ðzÞÞ sin y½ �ð1� z2ÞÞ

¼ �= cos y� i sin y
h 0ðzÞ þ g 0ðzÞ
h 0ðzÞ � g 0ðzÞ

� �

¼ <ðpðzÞÞ sin yb 0;

where

pðzÞ ¼ h 0ðzÞ þ g 0ðzÞ
h 0ðzÞ � g 0ðzÞ

satisfies <ðpðzÞÞ > 0. Thus by Lemma 4, we see that the function Fy is univalent
and convex in the direction of the imaginary axis. 9

In view of Theorem 4 and Lemma 6, we have the following result.

Corollary 5. Let fj ¼ hj þ gj A S�
H ðk; fÞ ð j ¼ 1; 2; . . . ; nÞ, where

fðzÞ ¼ 1

2
log

1þ z

1� z

� �
ðz A DÞ:

Then f ¼
Pn

j¼1 tj fj A S�
H ðk; fÞ ð0a tj a 1;

Pn
j¼1 tj ¼ 1Þ, and f ðDÞ is convex.

By similarly applying the method as in the proof of Theorem 4, we can
easily get the following result for the class Sþ

H ðk; fÞ for special f.

Theorem 5. Let fj ¼ hj þ gj A Sþ
H ðk; fÞ ð j ¼ 1; 2Þ, where

fðzÞ ¼ z

1� z
ðz A DÞ:

Then f ¼ tf1 þ ð1� tÞ f2 A Sþ
H ðk; fÞ ð0a ta 1Þ, and f ðDÞ is convex.

Proof. By Corollary 3 with A ¼ 1, B ¼ 0 and a ¼ �1, we have f ¼ hþ g A
Sþ

H ðk; fÞ. In order to prove that f ðDÞ is convex, by Lemma 2, it su‰ces to
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show that the analytic function h� e2iyg is convex in the direction y for every
y A ½0; pÞ. The function h� e2iyg is convex in the direction y if and only if
Fy ¼ ie�iyðh� e2iygÞ is convex in the direction of the imaginary axis.

Note that

h 0ðzÞ þ g 0ðzÞ ¼ ½th 0
1ðzÞ þ ð1� tÞh 0

2ðzÞ� þ ½tg 0
1ðzÞ þ ð1� tÞg 0

2ðzÞ�
¼ tðh 0

1ðzÞ þ g 0
1ðzÞÞ þ ð1� tÞðh 0

2ðzÞ þ g 0
2ðzÞÞ

¼ 1

ð1� zÞ2
:

For y A ½0; p=2Þ, taking m ¼ n ¼ 0 in (4), we have

<ð�iF 0
yðzÞð1� zÞ2Þ ¼ <ðe�iy½h 0ðzÞ � e2iyg 0ðzÞ�ð1� zÞ2Þ

¼ <ð½e�iyh 0ðzÞ � eiyg 0ðzÞ�ð1� zÞ2Þ

¼ <ð½ðh 0ðzÞ � g 0ðzÞÞ cos y� iðh 0ðzÞ þ g 0ðzÞÞ sin y�ð1� zÞ2Þ

¼ < h 0ðzÞ � g 0ðzÞ
h 0ðzÞ þ g 0ðzÞ cos y� i sin y

� �

¼ <ðpðzÞÞ cos yb 0;

where

pðzÞ ¼ h 0ðzÞ � g 0ðzÞ
h 0ðzÞ þ g 0ðzÞ

satisfies <ðpðzÞÞ > 0. Therefore, by Lemma 4, the function Fy is convex in the
direction of the imaginary axis for y A ½0; p=2Þ. The same conclusion can be
drawn for the function Fy with y A ½p=2; pÞ if we apply Lemma 4 with m ¼ n ¼ p.
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In view of Theorem 5 and Lemma 6, we have the following result.

Corollary 6. Let fj ¼ hj þ gj A Sþ
H ðk; fÞ ð j ¼ 1; 2; . . . ; nÞ with

fðzÞ ¼ z

1� z
ðz A DÞ:

Then f ¼
Pn

j¼1 tj fj A Sþ
H ðk; fÞ ð0a tj a 1;

Pn
j¼1 tj ¼ 1Þ, and f ðDÞ is convex.
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