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Abstract

We consider the initial value problem to a model system for water waves. The
model system is the Euler-Lagrange equations for an approximate Lagrangian which is
derived from Luke’s Lagrangian for water waves by approximating the velocity potential
in the Lagrangian. The model are nonlinear dispersive equations and the hypersurface
t = 0 is characteristic for the model equations. Therefore, the initial data have to be
restricted in an infinite dimensional manifold in order to the existence of the solution.
Under this necessary condition and a sign condition, which corresponds to a generalized
Rayleigh-Taylor sign condition for water waves, on the initial data, we show that the
initial value problem is solvable locally in time in Sobolev spaces.

1. Introduction

In this paper we consider the initial value problem to a model system for
water waves. The water wave problem is mathematically formulated as a free
boundary problem for an irrotational flow of an inviscid and incompressible fluid
under the gravitational field. The basic equations for water waves are compli-
cated due to the nonlinearity of the equations together with the presence of an
unknown free surface. Therefore, until now many approximate equations have
been proposed and analyzed to understand natural phenomena for water waves.
Famous examples of such approximate equations are the shallow water equations
[1, 8], the Green—Naghdi equations [10, 11], Boussinesq type equations [5], the
Korteweg—de Vries equation [18], the Kadomtsev—Petviashvili equation [14], the
Benjamin—-Bona—Mahony equation [22, 4], the Camassa—Holm equation [9, 6],
the Benjamin—Ono equation [3, 21], and so on. All of them are derived from the
water wave problem under a shallowness assumption of the water waves, which
means that the mean depth of the water is sufficiently small compared to the
typical wavelength of the water surface.
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On the other hand, in coastal engineering some model equations were
derived without using any shallowness assumption of the water waves. It is well-
known that the water wave problem has a variational structure. In fact, J. C.
Luke [20] gave a Lagrangian in terms of the velocity potential and the surface
variation, and showed that the corresponding Euler—Lagrange equations are
the basic equations for water waves. M. Isobe [12] derived model equations for
water waves without any shallowness assumption, and then T. Kakinuma [15]
extended the model equations for a multi-phase problem for water waves. See
also M. Isobe [13] and T. Kakinuma [16, 17]. The model equations are the
Euler-Lagrange equations to an approximate Lagrangian, which is obtained by
approximating the velocity potential in Luke’s Lagrangian. One of the models
has the form

1
n+Vv- (sto +§H3V¢l - H2¢1Vb) =0,
1

H*n,+V - (3H3V¢O + %HSVqﬁl — ;H“(/ﬁlVb)

1 4
(1.1) + H>Vb - V§° +§H4Vb V¢! —§H3(1 +|vb|H)p' =0,
1 1
b+ H) +gn+5 V") + 5 H V'
+ H*V¢? - V¢! —2H$'Vb - V' — 2H3$'Vb - V!
+2H*(1+|Vb]*)(4')* =0,
where # =n(x,t) is the surface elevation, b = bh(x) represents the bottom

topography, ¢° = ¢0(x, 1) and I ¢l(x7 t) are related to the velocity potential
® = O(x,z,t) of the water by the approximate formula

(1.2) D(x,z,1) = ¢°(x,1) + (z = b(x))*¢" (x, 1)
and H = H(x,t) is the depth of water and is given by
H(x,t) =h+n(x,t) — b(x).

Here, g is the gravitational constant and / is the mean depth of the water.
Both of them are assumed to be given positive constants. ¢ is the time, x =
(x1,x2,...,x,) € R" is the horizontal spatial coordinates, and z is the vertical
spatial coordinate. In this paper we will show a unique solvability of the initial
value problem for the model system (1.1) under the initial conditions

(1.3) (n.4°.4") = (n5.40.4y) at 1=0.

We will explain fundamental properties of the model system (1.1).
First, (5,4°,¢"') = 0 is the solution of (1.1), which corresponds to the still water
with flat water surface. In the case of the flat bottom b(x) =0, the lin-
earized equations of the model system (1.1) around this trivial solution have
the form
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3
n AP+ A =0,

1.4 n’ 4
44 miag gt - dag o,

¢ + 1) +gn = 0.

This system has a non-trivial solution of the form #(x,?) = 5,e!¢*~*) if and
only if the wave vector ¢ € R" and the angular frequency w e C satisfy the
relation

(L.5) (6h2|E* + 15)w* — ghlé]*(h[é]* +15) =0,

which is the linear dispersion relation of the model system (1.1). The phase
speed of the wave is given by

w R2|E* + 15
—:i*/ hy | ————— .
14 I 6h2|E)* + 15

Therefore, the model system (1.1) is classified into the dispersive equations. In
Section 2 we will compare this dispersion relation to those of well-known model
equations. Then, the model system (1.1) turns out to be precise approximate
equations for water waves in the shallow water regime, at least, in the linear level.
Secondly, the model system (1.1) is written in the matrix form as

L0 0\ /n
H> 0 0 pr ¢° | + {spatial derivatives} = 0.
0 1 H? ¢!

Since the coefficient matrix always has the zero eigenvalue, the hypersurface
t = 0 in the space-time R" x R is characteristic for the model system (1.1), so that
the initial value problem (1.1) and (1.3) is not solvable in general. In fact, if
the problem has a solution (7,4’ ¢'), then by eliminating the time derivative #,
from the first two equations in (1.1) we see that the solution has to satisfy the
relation

(1.6) H?V. <HV¢° +%H3V¢1 — H2¢1Vb>
1 3 0 1 5 1 1 4 41

+ H*Vb-V¢§° +%H4Vb Vgl — §H3(1 + |VbH)g".

Therefore, as a necessary condition the initial date (;70,¢8 ,qﬁé) and the bottom
topography b have to satisfy the relation (1.6) for the existence of the solution.

Thirdly, the corresponding total energy of the motion for the model system
(1.1) is given by
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h4n(x,1)
7 B0y {j V(@ 0) + (= = b)) (. ) dz

b(x)
+g(n(x, t))z} dx,

where Vy = (V,0:). In fact, we can see that the energy function E(7) is
a conserved quantity in time for any smooth solution (77,¢", ¢') of the model
system (1.1) (see Lemma 5.1). Under a physically reasonable condition on the
water surface # and the bottom b we have an equivalence

E(1) ~ LH{WW(X’ O + V! (x, O + (4" (x.0)* + (n(x, 1)} dx.

Therefore, it is natural to work in the class #, V¢"e C([0,T]; H") and
¢! e C([0, T); H™), where H” = W™2(R") is the standard L> Sobolev space
of order m on R". We note that the water wave problem has a conserved
energy

h+n(x,1)
Eww(1) ;:’E’J {J Vx®(x,z,0)* dz + g(n(x, z))z} dx,
R | Jo(x)

where p is the constant density of the water. This is a sum of the kinetic and the

potential energies. The energy function (1.7) is obtained by this energy function

Eyy with the velocity potential @ replaced by the approximate one (1.2).
Finally, it is well known that the well-posedness of the initial value problem

for the full water wave problem may be broken unless a generalized Rayleigh—

. . 0 . .
Taylor sign condition —% > ¢p > 0 on the water surface is satisfied, where p

is the pressure and N is the unit outward normal on the water surface (see, for
example, [2]). S. Wu [23, 24] showed that this condition always holds for any
smooth non-self-intersecting surface in the case of infinite depth. In the case
with variable bottom, D. Lannes [19] gave a relation between this condition and
the bottom topography. However, as far as the authors know, no example of
the bottom topography is given for which the sign condition does not hold. We
note that the sign condition is equivalent to —d.p > ¢y > 0 because the pressure p
is constant on the water surface. By using Bernoulli’s law

1 1
(1.8) ‘Dz+§|VXCD|2+;(P—P0)JFQ(Z—h) =0

and the approximate formula (1.2), the sign condition can be written in term of
our unknowns (77,¢0,¢1) and b as a(x,t) > ¢y > 0, where

(1.9) a:=g+2H} +2H\VP'|* + 2HVS® - V' —2¢'Vh - V¢°
— 6H?¢'Vb - V¢ +4H(1 + |Vb*)(4")*.
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1
In fact, we have —;@ng—k@z(b,—kvxﬁzd)-vxd):a on z="h+n(x,1). In

this paper, we assume that this sign condition is satisfied at the initial time
t=0.
Now, we are ready to give our main result in this paper.

THEOREM 1.1. Let g, h, ¢y, My be positive constants and m an integer such
n
that m > §—|— 1. There exists a time T > 0 such that if the initial data (1, ¢8,¢5)

and b satisfy the relation (1.6) and

w10 {1l & 780+ 5+ Pl = M
h+ny(x) = b(x) = co, a(x,0)>cy for xeR",

then the initial value problem (1.1) and (1.3) has a unique solution (i7,¢°,¢")
satisfying
n, V¢’ e C([0, T, H™), ¢' e C([0, T); H™).

Remark 1.1. (1) If we impose an additional condition ¢ € H”*!, then the
solution satisfies an additional regularity ¢° e C([0, T]); H"*).

(2) In the sign condition a(x,0) > ¢y > 0 we have the quantity ¢, (x,0) which
should be written in terms of the initial data. Although the hypersurface t =0
is characteristic for the system (1.1), we can express ¢, (x,0) in terms of the initial
data and b. For details, we refer to Remark 3.1 in Section 3.

The contents of this paper are as follows. In Section 2 we sketch the
derivation of the model system (1.1) and discuss an accuracy of the approxi-
mation. In Section 3 we transform the model system (1.1) to a system of
equations for which the hypersurface 7= 0 is noncharacteristic by using the
necessary condition (1.6). In Section 4 we construct the solution of the initial
value problem to the transformed equations by using a standard parabolic
regularization. In Section 5 we show that the solution constructed in Section
4 is the solution of the model system (1.1) if the initial data satisfy the necessary
condition (1.6).

NoraTioN. We denote by W™?(R") the L? Sobolev space of order m
on R"”. The norms of the Lebesgue space L?(R") and the Sobolev space
H™ = W™2(R") are denoted by ||, and |||, respectively. The L? norm
and inner product are simply denoted by || - || and (-,-), respectively. 2(X;Y)
is the set of all polynomials in X = (X1,...,X},) and Y = (Y1,...,Y;,) which

. Y .
are homogeneous of degree 2 in Y. D"u= {(E) ul o :m} is the set of

all partial derivatives of u of order m in x. [P,Q] = PO — QP denotes the
commutator.
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2. The model system

Here, we will sketch the derivation of the model system (1.1) for water
waves. As mentioned in the introduction L. C. Luke [20] showed that the water
wave problem has a variational structure by giving a Lagrangian in terms of @
and . His Lagrangian has the form

h+n(x,1)

2(@.1) = |

(@520 + 39200 + 0~ 1))
b(x)

and the action function is

n

s@n=| | 2@ ar

fo
where Q is an appropriate region in R”. In view of Bernoulli’s law (1.8) this
Lagrangian is essentially the integral of the pressure p in the vertical direction
of the water region. L. C. Luke showed that the corresponding Euler—Lagrange
equation is exactly the basic equations for water waves. M. Isobe [12] and
T. Kakinuma [15] approximated the velocity potential in Luke’s Lagrangian
as

K

(I)(xv Z, t) = Z‘{Ik(z b)¢k(x, t),

k=0

where {¥;} is an appropriate function system, and derived an approximate
Lagrangian for (7,¢4° ¢',...,4%). Their model equations are the correspond-
ing Euler—Lagrange equations. If we approximate ® by ¢° a function indepen-
dent of the vertical spatial variable z, then Luke’s Lagrangian is approximate
by

L) = (824 5 90R ) b) + 30007 — (b= B
The corresponding Euler—Lagrange equations are the shallow water equations
7+ V- ((h+ 5= b)V4’) =0,
¢ JF%IWOI2 +g1=0.

If we approximate @ by the formula (1.2) in Luke’s Lagrangian, then the corre-
sponding Euler—Lagrange equations are the model system (1.1). In fact, by the
variations with respect to ¢0, ¢1, and 7, we obtain the first, the second, and the
third equations in (1.1), respectively.

Remark 2.1. (1) If we adopt the approximation of the velocity potential
D(x,z,1) = ¢°(x, 1) + (2 = b(x))"$' (x, 1)
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with a constant p > 0 in place of the approximation (1.2), then we have slightly
different equations than (1.1). However, basic properties of the equations are
the same as those of (1.2) and similar existence theorem as Theorem 1.1 holds.

(2) D. Clamond and D. Dutykh [7] derived several model equations for
water waves. The models are also Euler—Lagrange equations for approximate
Lagrangians which are derived from Luke’s Lagrangian for water waves by
adding as many variables as possible in order to include the effects of the
compressibility of the fluid and of the vorticity of the flow. Therefore, the
models are essentially different from the model (1.1).

Next, we will compare the dispersion relation (1.5) to those of well-known
model equations. The linear dispersion relations of the shallow water (SW)
equations, the Korteweg—de Vries (KdV) equation, the Benjamin—Bona—Mahony
(BBM) equation, the Green—Naghdi (GN) equations, and the full water wave
(WW) equations are given by

(W) w?—ghle =0,

(KAV) o~ V/ghe + ¢ /ghie = 0,
(BBM) i(l + éhzéz)w —/gh¢ =0,
©ON) (13RI o — ghlef ~o

(WW)  ? — g|¢| tanh(h|&]) = 0,

so that the corresponding phase speeds csw, cxav, CBaM, Con, and ¢y are given

Vah
by csw = 2Vgh, cxar () = £v/gh(1 —%hzfz), cepm (&) = iﬁghzgz’ con(é) =
6
gh g tanh(h|&]) .
+,/—————, and ¢ &) = +4y/————"=, respectively. On the other

hand, the phase speed ¢;x of the model due to Isobe and Kakinuma (IK) is given
by

] + Lh2Ef
1+2n2E*

We note that as & — 0 all of them converge to csy and that a Taylor approx-
imation of cppp (&), con (&), cix (&), and cpw (&) coincides with cgyp(£). More-
over, cppy (&) is the [0/2] Padé approximant of ¢y (&), (con(€))? is the [0/2]
Padé approximant of (cy (€))%, and (¢ix(¢))* is the [2/2] Padé approximant of
(cWW(é))2 . Therefore, among them ¢k (&) is the best approximation of cyy (&)
in the shallow water regime /|¢| « 1. In fact, we have the following Taylor
expansions
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con(&) = £/ (1= LU + 5 (16D — o2, 616D ) + 01D

c/K(é)=i\/g71< — L) + o (ke - logoo(hfn) O((hE)"),
whereas
con(&) = /g (1 ( Ly (h|é|)4>+0((hlél)6)~

Once we admit higher order derivative terms in the approximate equations, we
may obtain good model equations whose dispersion relation is as precise as the
model (1.1). However, higher order derivative terms are troublesome in a nu-
merical computation. The model (1.1) contains only up to second order deriva-
tive terms. This is an advantage of the model.

Finally, we will give one more remark on the consistency of the linearized
equations (1.4) with the full water wave equations in the shallow water approx-
imation. As was shown by J. Boussinesq [5], in the case of the flat bottom the
velocity potential @ can be expanded in a Taylor series with respect to the
vertical spatial variable as

n

®_ 2
(I)(xv Z t) = Z (2]’!)' (_A)n¢0(xa t)v

n=0

where ¢, is the trace of the velocity potential @ on the bottom. In view of our
approximation (1.2), one might expect that the unknown functions ¢° and ¢' are

related with ¢, by ¢0 ¢y and I ——A¢O and that the relation ¢' = ;Agﬁo
holds. However it 1s not true and the solutlon (n,¢°¢") of (1.4) does not satisfy
this relation ¢' = A¢ but the relation
(2.1) 1+ ¢M:_1A¢

' 10 2777

which comes from the linearized version of the relation (1.6). Therefore, the
relation ¢' = —1A¢° is satisfied approximately as /2¢' =1 (h|¢|)*¢° + O((h]¢])*)
in the shallow water regime /|| « 1, where = denotes the Fourier transform in
the horizontal spatial variables x. Moreover, in view of our approximation (1.2)
again, the trace of the velocity potential @ on the water surface should be given
by

(2.2) B(x,1) = ¢ (x, 1) + h2p' (x, 1)

in terms of our variables ¢° and ¢'. It follows from (2.1) and (2.2) that ¢° and
¢! can be expressed in terms of ¢ as
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0 _ 2., - 1)

¢ _<1—§h A) (1+Eh A>¢,
—1

¢1——;<1—§h2A) Ag,

so that the first two equations can be transformed into

25\ 1
h(1—=Zh*A) (1—-—h*A)Ap=0.
nen(1=5a) (1)
Therefore, if (5,¢4° ¢') is a solution of (1.4) and if ¢ is defined by (2.2), then
(n,¢) satisfies
{ﬁ, ~ [¢] tanh(hl])g = O(<|(RIZ])"),

¢, +9gn=0.
This means that (7, ¢) satisfies the linearized water wave equations up to order
||(h|¢])”. Since the shallow water equations and the Green—Naghdi equations
are approximations up to order |&|(h|Z])? and |E|(h|¢])°, respectively, the model
(1.1) due to Isobe and Kakinuma is in fact fit in the shallow water theory, at
least, in the linear level.

These considerations motivate us to give a mathematically rigorous justifi-
cation of the model (1.1). We postpone this subject in the future research.

3. Transformation of the system

Our basic idea to solve the initial value problem (1.1) and (1.3) is to trans-
form the model system (1.1) into a system of equations by using the relation (1.6)
for which the hypersurface ¢ = 0 is noncharacteristic and the initial value problem
is well-posed in Sobolev spaces.

We introduce second order differential operators Li; = Li(H,b), L =
Li,(H,b), and Ly = Ly (H,b) depending on the depth of the water H and
the bottom topography b by

Ly’ ==V (HW"),
Lipy':=-V- (%H3V¢l —HzlPlVb)a
3.1
( ) L22l//l = _V. (%HSVl//l _%H4lplvb> _ %H4Vb . lel
+§H3(l+|Vb|2)1p1.

Then, we see that L;; and Ly, are symmetric in L*>(R”) and the adjoint operator
L}, of L, is given by

1
Ly’ =-V. <3H3V1p0) — H?>Vbh-Wy°.
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Therefore, the model system (1.1) and the relation (1.6) can be written as

n,— Li1¢" — Ling' =0,

(3.2) H?j, — Liyg? — Log' =0,
¢+ H*$ + FL =0

and

(3.3) H*(Li1¢° + Liag") = L,4" + Lng',

respectively, where
1 1
(34)  Fi=gn+3 V9L +5 HAV' P+ H2VY" - V!

—2H$'Vb - V' — 2H3$'Vb - V' + 2H?(1 + |Vb|*) ()%

Differentiating (3.3) with respect to ¢ and using the first equation in (3.2) to
eliminate #, we obtain
(3.5) (HLn — Ly)¢; — (Lo — H’Lio)g, = B,

t

where

1
Fy = —F3V - <HV¢° +3HVg! - H2¢1Vb),

(3:6) Fy:=2H*A¢° + %H“Aqﬁl —2HVb -V¢§°

—4HVb V' — 2H3$'Ab + 4H2(1 + |Vb|P)p'.

We also introduce second order differential operator Ly = Lo(H,b) and L =
Ll(Ha b) by

(3.7) Loy":= (L, — H 2L  + (H 2Ly — L) (H 2Y°)

8 4 4
==V (HVY ) + H! (3(1 +|Vb|*) +2Vb - VH+§|VH|2
4 1
— — HAH — ~HAb |y°
15 2 b)w

and
(38) L' = (H’Lu — L) (H*Y') + (Lo — H* L)y

_ 8 5 1
= -5V WY

4 4 4 1
+H? (5(1 +|va|?) +2Vb~VH—§|VH|2 —gHAH—EHAb)%
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respectively. Lo and L; are also symmetric in L?(R") and are related each other
by

(3.9) H>Lo(H*') = Liy".
It follows from the third equation in (3.2) that ¢ = —H (4" + Fi) and ¢ =
—H?§! — F|. Plugging these into (3.5) we obtain

(3.10) { Log) + (H 2Ly, — Lp)(H2F) = H 2P,

Lig! + (H*Ly — L}y)F) = —F».

These should be evolution equations for unknowns ¢° and ¢'.

Remark 3.1.  As mentioned in Remark 1.1 (2) we have to express ¢, (x,0) in
terms of the initial data and b. Such an expression is given by

(3.11) ¢, (-,0) = =L (Fy + (H* L1y — L)) F1)| -

The invertibility of the operator L; will be proved later. See Lemmas 3.1
and 3.2.

Now, we are going to determine the principal parts of the left-hand sides of
the equations in (3.10). It is easy to see that

(H Ly — L)y

_ 2 3 2 4 2 1 )
(3.12) = H'AY — H°Vb V¢+(3H(1+|Vb| ) =5 HAb )y,

2
(H?Ly — L)y = — 5H3Alp + H?*Vb - Vs

and that
(3.13) AF, = a1An +u- VAP + H*u - VA$' + F,
where
ay = g+ 2H3\V$ > + 2HVP® - Vp! — 24'Vb - V¢°
(3.14) —6H2$'Vb - V¢! +4H(1 + Vb)) (4>,
u:=Vey'+ H>Vg' —2H¢' Vb,
and Fy is a collection of lower order terms, more precisely,

(3.15) Fy € ?(H,Db,D*b,D*b, Dyj; ¢', D$, D*§),

where ¢ = (¢0,¢1). Here, we note that u is the horizontal velocity on the water
surface. In fact, in view of (1.2) we have (V®)(x,h+#n(x,1),t) =u(x,t). On
the other hand, it follows from the relation (1.6) that
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(3.16) %HAqﬁO +1—25H3A¢1 =Vb-V¢' + H*Vb - V¢!
1 2 4 2 1
+ (3 H?Ab = H(1+ (V0] )",

which expresses A¢’ in terms of A¢' with lower order terms and vice versa. By
(3.12), (3.13), and (3.16), we can rewrite equations in (3.10) as

Pog) — 4V - (H(u-V)V§) + V- (Hay — 2F)Vn) = G,
Pig) — gv (Hu-V)V¢') =V - (H?a; Vi) = Gy,

where

(.07)  Po= Po(Hb) = S Lo(H,B), P = Py(H,B) =3 Ly (H. D),

and Gy and G; are collections of lower order terms, more precisely,
(3.18) Go, G1 € Z(H,H™", Db, D*b, Db, Dy; ¢', D¢, D*¢).

Next, we will derive appropriate evolution equation for z, which together
with the above evolution equations for ¢ = (¢0,¢1) should have a good sym-
metry. The first equation in (1.1) can be written as

1

n,+u-VH + HA¢® +§H3A¢1 — H?V - (¢'Vb) =0,
which together with (3.16) implies that
(3.19) 9, +9u- Vi — HAY" + H3A$' = Gs,
where G, is a collection of lower order terms, more precisely,
(3.20) Gy :=9H>V - (¢'Vb)

1 4

- 15{% Vo' + H>Vb - V¢' + (EHZAb —3H(+ |Vb|2))¢1}.
Now, we have derived reduced equations

Pog; — 4V - (H(u-V)V¢") + V- ((Hay — 2F1)Vr)) = Go,

4

(3.21) P14 -<V (H>(u-V)V¢') =V (H’a\Vi) = Gy,

9, +9u -V — HA" + H3A$' = G,
for which the following initial conditions are imposed.

(3.22) (,6°,6") = (5,45, 45) at t=0.
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The hypersurface ¢ = 0 is noncharacteristic for the reduced system (3.21). In
fact, the second order differential operators Py and P; are positive in L?(R") as
shown in the following lemma.

Lemma 3.1. Suppose that 0 < cy < H(x) <c¢, and Vbe L*(R"). There
exists a positive constant C = C(cy,c1) depending only on ¢y and ¢ such that
we have

(P y%) = ' IWOlIZ, (Pt yt) = R

Proof. In view of (3.17) it is sufficient to show the estimates for the
operators Ly and L;. By direct calculation we have

b(x)

et (x) 0 2,1 2
(323) I:= JR“ J [Vx (" (x,8) + (z — b(x))"Y (x,1))|" dz p dx
= J {H|w0|2 —|—§H3V¢° V! +%H5\VW|2 —2HY'Vb - Wy°
.
— HY'Vb - V! +%H3(1 + |Vb|2)(n//1)2} dx

= (L’ + Loy YO) + (Liy + Loy ' 4.

On the other hand, we rewrite this integral as

0

H(x)
e 1= {j (Vi (x) = 220" () VA() + 2299 (5

+ 422 (Y (x)2) dz} dx

= | HIOOP (VP - ) d,

where ~ represents an equivalence of these integrals. Therefore, there exists a
positive constant C = C(¢y) such that
(L + Loy 9°) + (L + Loy 1) = CTHIVUO + 112+ V1)
By the definitions (3.7) and (3.8) of the operators Ly and L; we see that
(Loy”¥°) = (Lun® + Lia(=H "), 9°) + (L + Loo(—H Y°), (=H *y"))
> C (VO + 11 + (IVHO)1%)
= CH IV + e Ivl1)
and that
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(L' ') = (Lu(=H) + Loy, (= HA ) + (L(-HA ') + Loy ')

= CHIVEPVY DI+ 1+ Ve ))

= CH (WP + V),

which give the desired estimates. O

By this lemma, the explicit expressions (3.7) and (3.8) of the operators Lo
and L;, the standard elliptic estimates, and the definition (3.17) of the operator
Py and P;, we can easily obtain the following lemma.

Lemma 3.2. Let h, ¢y, M be positive constants and m an integer such that

m > g—&— 1. There exists a positive constant C = C(h,co, M) such that if y and b

satisfy

171l + 161t ey < M,
co < H(x)=h+n(x)—b(x) for xeR",

then for 1 <k <m we have

125 Sl + 1Py fllie < ClS N

4. Construction of the solution to the reduced system

In this section we will construct the solution to the initial value problem for
the reduced system (3.21) and (3.22) derived in the previous section by a standard
parabolic regularization of the equations, that is,

Po(¢ — eAg") — 4V - (H(u-V)V@") + V- (Ha, — 2F,)Vy) = Gy,
@4.1)  { Pi(g) —erg") — %v (H>(u-V)Ve') =V - (H3a1Vn) = Gy,
9(n, — eAn) + u - Vi — HAY" + H3A¢' = G,

where ¢ >0 is a small regularized parameter. We impose the same initial
conditions.

(42) (7/7¢0a¢1) = (770a¢87¢(1)) at t=0.

We rewrite the regularized system (4.1) as
9 = eAg" = P! {Go + 4V - (H(u-V)V§") = V- ((Har = 2F1)Vn)},
4
4.3) {4 —ehg = PH{GI +2 Ve (H (- V)VH!) + V- (H3a1w)},

1
n, — eAn = 5{62 —9u- Vi + HAP® — H3Ag'},
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and the right-hand sides of these equations can be regarded as lower order terms
thank of (3.4), (3.14), (3.18), (3.20), and Lemma 3.2. Therefore, we can show
the following lemma.

LemMmA 4.1.  Let g, h, ¢y, My be positive constants and m an integer such that

m > g—&— 1. Suppose that the initial data (7, ¢8 , ¢5) and b satisfy the conditions in

(1.10), then for any & > 0 there exists a maximal existence time T, > 0 such that
the initial value problem (4.1)—(4.2) has a unique solution (n¢,¢"*,¢"*) satisfying

n°,Ve*i e C([0,T,); H™), ¢"* e C([0,T,); H" ).

We are going to derive uniform estimates of the solution (ns,qﬁo’g,qﬁl’e) with
respect to the regularized parameter ¢ > 0 for a time interval [0, 7] independent
of ¢. The following lemma gives a relation of the solution, which corresponds
to the third equation in model system (1.1) (equivalently (3.2)). For simplicity of
notation we write (7,¢° ¢') in place of (5%,¢%% ¢"%) in the following.

Lemma 4.2. The solution (n,¢°,¢") obtained in Lemma 4.1 satisfies the

relation
¢, — eA’ + H* (9 — eA') + F1 =0,

where Fy is defined by (3.4).

Proof. In view of the derivation of the first two equations in (3.21) from
(3.10), we rewrite the first two equations in (4.1) as

Lo(¢) — eA¢") + (H 2Ly — Lip)(H 2Fy) = H 2P,
Li(¢, —eAp") + (H*Lyy — L)) Fy = —F>.

By the relation (3.9) of Ly, and L; the second equation in (4.4) is rewritten as

Lo(H*(¢, — eA@")) + (Lyy — H 2L} Fy = —H *F>.

(4.4)

Adding this and the first equation in (4.4) we obtain
Lo(¢) — eAg® + H* (9} — eAp") + F1) = 0.

Since the operator L is invertible, the above equation gives the desired relation.
O

Concerning the generalized Rayleigh—Taylor sign condition, a regularized
version of the function a defined by (1.9) is given by

(4.5) a®:=g+2H(p! —eAp') + 2H? VP!> + 2HV - Vo' — 24'Vb - V"
—6H*$'Vb - Vo' +4H(1 + |Vb|?)(4)),

where we have
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(4.6) ¢! —eAp' = —L7Y(F, + (H*Lyy — L},)Fy)

=L (F2 - §H3AF1 + H?Vb - VF1> ,

which comes from the second equation in (4.4) and (3.12). Therefore, in view of
Remark 3.1 we see that a*(x,0) = a(x,0) so that by the assumption (1.10) we
have

4.7 a®(x,0) = ¢y for xeR".

Moreover, by the definition (3.14) of the function ¢; and Lemma 4.2 it holds
that

(4.8) {al +2H(§y —eAP') = o,

Hay — 2F; —2(4) — eA¢°) = Ha®.
Therefore, by the definition (3.17) of Py and P; and the explicit expressions (3.7)
and (3.8) of Ly and L;, we rewrite (4.1) as

—4V - (HV(¢) — eA¢")) — 4V - (H(u - V)V¢") + V - (Ha*Vn) = G,
(49) {3V (HV(g! —eAg") — 2V - (H(u-V)VY) ~ V- (H'aVi) = Gy,
9, — eAn) + 9u - Vg — HAP" + H3A$' = G»,

where Gy and G, are collections of lower order terms, although they contain the
time derivatives. More precisely,

Go = Go+2Vn- V(4 — eAp”) + H! (10(1 +|Vb|*) +15Vb - VH

+6|VH|* — ZHAb) (" — eAg®),
(4.10)

Gy == Gy +2Vy-V(H*(¢| — eAp")) + H? (2(1 +|Vb|*) +3Vb-VH

—2|VH|* + %HA[)) (¢! — eAp').

The following lemma gives a uniform estimate of the solution.

Lemma 4.3.  There exist a time T > 0 and a constant C > 0 independent of ¢
such that the solution (n°,¢°) obtained in Lemma 4.1 satisfies the uniform estimate

(4.11) oiltlgT(Hns(t)an + VP ()l + 16 (D)lls1)

T
+sj0 7)oy + IVE" () Ly + 197D 15sn) de < C

for 0 <e<l.
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Proof. Once again we simply write (5, ¢°, ¢') in place of (5%, ¢*?,¢"%). By
(1.10), (3.4), (3.6), (3.12), (4.5), Lemma 3.2, and the Sobolev imbedding theorem,
there exists a constant Cy = Co(g, h, co, Mp) > 0 such that

(4.12) ¢ < H(x,0) < Cy, ¢ <a’(x,0)<C for xeR"
Now, we assume that
2 2 2
sup_([|n(1)[l, + V9" @)1l + 16" (D) 1551)
0<1<T

T
(4.13) +8L () s + 1V (@)1 + 16 (Dl]512) de < €,

co/2 < H(x,t) <2Cy, c¢o/2 <a’(x,t) <2Cy for 0<r<T,xeR",

where the constant C and the time 7 will be defined later. Here and in what

follows, positive constants depending on g, h, m, ¢y, M, are denoted by the same

symbol Cj and positive constants depending also on C are denoted by Cj.
Let o be a multi-index such that 1 < || <m. Applying the differential

o

0 . . . ,
operator 0% = §> to the equations in (4.9) and writing {* := 9%y, YO = 0%¢°,

and y'* := 0%p!, we obtain

—4V - (HVY**) + 4eA(HAY"™) — 4V - (H (u - V)VY"*) + V - (Ha®V(*) = GE,
—gV- (H>Vy,™") +§8A(H5AW’“) —%V- (H(u-V)Vy"*)

—- V- (Ha'V{*) = Gy,
9at¢* — 9eV - (a*V(*) + 9atu - V(* =V - (Ha* V") + V- (H?a*Vy'*) = Gz,

where
Gy = "Gy + V- {4e(VH)A*¢° + 4]0, HIV (4 — eAg”)
+4[0% H(u-V)|Vg° — [0%, Ha*|Vn},
G := 3Gy + V- {4eH*(VH)AO" ¢! +i[6°‘,H5]V(¢} —eAgh)
(4.14) 5

+%[a“,H5(u -V)|V¢' — [0%, H3a]Vy},

G = a*{0°Gy — 9[0*,u - V] + [0%, H|A¢" — [0, H?|Ag'}
— 9eVa® - Vo'y — V(Ha®) - Vo*¢® + V(H?a®) - Vo*p'.

The corresponding energy function E*(¢) and the dissipation function F*(f) are
defined by

E*(1) = 9T, ) + A(HVYO* V) 4 S (VY 2, 99 ),

F“(l) = 9(08VC“,VC“) +4(HA¢O“,A¢0“) +%(H5A¢]’“,Alp]’a),
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which are equivalent to ||C (O))* + IVy*(0)||* and [|[VE*(0)||> + ||AW*(2)]|%, respec-
tively, with y* = (y** ¢"*). 1In fact, we easily see that

d .
g B0 +eF (1) = 2G5 +9(a; + V- (a'w)){*, %)
+ (2G5, Y*%) + (4(H, + V- (Hu)) Vi, V™)

4
+ (2Gf‘,xp1*“) + <(4H4H, +§V- (H%))VW*“,W/L“)
< Co(lag|,, + [Hi|,, + V- (a°u)|, + |V - (Hu)l,

IV (Hw))E* (1) + 20 G + 201G, GOl 17,

By (3.18) and (3.20) we have ||(Go, Gi)ll,,,.—; + |G2]l,,, < Ci, which together with
(4.3) and Lemma 3.2 implies that ||¢, — eAd||,, + ||, — eAyl|,,_; < C1. Particu-
larly, we get jOT(||¢,H,i +lnI72_) dt < Ci (1 + T), where ¢ = (¢°,¢"). Tt follows
from (4.6) that

(¢ —eAg"), = (=Li'2, +Lr1[at,L1]Lfl>(Fz - §H3AF1 + H?Vb - VF1>,

so that by Lemma 3.2 Jwe obtain fo () — eAgh),
(4.5) we obtain fo | az||?

l|l;,_y dt < Ci. Therefore, by
dt < C;. By the Sobolev imbedding theorem we get

m—1

d . . .
EE‘ (2) +§Fa(t) < Ci(1+ |lai(t )||m L+ \|77,(Z)||m,1). Integrating this with re-
spect to ¢ yields that E*(7) += fo 7) dt < Cy + Ci(t + /7). For the lowest

order terms, it is easy to see that H17||m_1 VB, g + 18], < Co+ Ci(t+ 7).
To summarize, we have obtained the estimates

1), + 1V (Ol + 16" (D)7
+ 8J0(||'7(T)||§1+1 IV @llnis + 14" ()]5,12) de < Co+ Cil(r+ V),
|H (x,t) — H(x,0)| + |a*(x, 1) — a®(x,0)| < Ci(t+ /1) for xeR".

Now, we define the constant C by C = 2Cj, and then the time 7 sufficiently
small so that C;(7 ++/T) « 1. Then, we see that (4.13) holds. The proof is
complete. O

Once we obtain this kind of uniform estimates, we can pass to the limit
¢— 40 in the regularized problem (4.1)-(4.2) and obtain the following
lemma.

LEMMA 4.4. Let g, h, ¢y, My be positive constants and m an integer such that

m > g—&— 1. There exists a time T >0 such that if the initial data (n,, 43, dy) and
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b satisfy the conditions in (1.10), then the initial value problem (3.21)—(3.22) has a
unique solution (1, ¢°,¢") satisfying

n, V¢’ e C([0,T; H™), ¢'eC((0,T];H™™).

5. Proof of the main theorem

Now, we are going to show that the solution to the transformed problem
(3.21)—(3.22) is the solution of the model system (1.1) and (1.3) if the initial data
satisfy the necessary condition (1.6). Let (5,4°,¢') be the solution of (3.21)—
(3.22) obtained in Lemma 4.4 and define functions R;, Ry, R; by the left-hand
sides of the equations in (1.1) (equivalently (3.2)), that is,

Ry :=n,— L1¢" — L»g',
(5.1) Ry := H?y, — Li5¢" — Lyng',
R3 = ¢?+H2¢,1 +F1.

It is sufficient to show that (R;,R,,R;) =0. We also define a function R4
by

(5.2) Ry := H*(L11¢° + Liag") — (L1,¢" + Lyg").

Then, the necessary condition (1.6) is equivalent to R4 =0. It is easy to see
that

(5.3) Ry= —H’R| + R;.

We will drive partial differential equations for R;, Ry, R3, R4 by using the fact
that (17,¢°,¢') is the solution of the transformed equations (3.21). To this end,
we follow essentially the calculation in the derivation of (3.21). Differentiating
(5.2) with respect to ¢ and using the first equation in (5.1) to eliminate 7, we
obtain

(5.4) (H?Lyy — L)@ — (L — H*L12)¢! = F> + Ry + F3Ry,

which corresponds to (3.5). Tt follows from the third equation in (5.1) that ¢, =
—H2($?+ Fi — Rs) and ¢° = —H?p! — F; + R;. Plugging these into (5.4) we
obtain

Lo#Y + (H 2Ly — Lip)(H2Fy)
(5.5) =H?F, + (H *Ly — Lio)(H *Rs) + H *(Ra; + F3Ry),
Lip} + (H?Ly — L}y)Fy = —F> + (H*Ly; — L},) Ry — (R4 + F3Ry),

which corresponds to (3.10). It follows from the first equation in (5.1) and (5.2)
that

(5.6) 9, +9u -V — HAY" + H3A$' = Gy + 9R, + 15H %Ry,
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which corresponds to (3.19). By using the fact that (n,qﬁo,(/ﬁl) is the solution
of the transformed equations (3.21) and the identities in (5.5) and (5.6), we
obtain

(H 2Ly — Li2)(HR3) + H (R4 + F3Ry) =0,
(57) (H2L11 — LTZ)R3 - (R4z + F3Rl) = Oa
9R; + 1SH 2R, = 0.

It follows from the first two equations that LoR3; = 0, which implies that R; =0
due to the invertibility of Ly. Thus, by the first two equations again, we obtain
Ry, + F3R; =0, which together with the third equation yields that

%R4 = §H*2F3R4,

that is, R4 satisfies this linear homogeneous ordinary differential equation in ¢.
Therefore, by the uniqueness of the solution to this simple equation we see that
R4|,_o = 0 implies R4 = 0 for all z. This means that the manifold defined by the
relation (1.6) in a phase space of (7, ¢0,¢1) is invariant under the time evolution
by the transformed equations (3.21). Now, by the third equation in (5.7) and
(5.3) we obtain R; = Ry =0. Therefore, we have shown that (,¢°, ¢') is the
solution of the model system (1.1) and (1.3).

Finally, we will show the conservation of the energy.

LemMa 5.1. Let (7,¢°,¢") be a smooth solution of the model system (1.1)
(equivalently (3.2)). Then, the energy function E(t) defined by (1.7) is a conserved
quantity.

Proof. In view of the definition (1.7) and the identity (3.23) we see that

d X
G B0 = (Lnd" + Log,¢)) + (Lixg" + Lo 6)) + (Fi,m,) = 0,
where we used that fact that L;; and Ly are symmetric in L*(R"). O
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