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BOUNDARY POINTS OF RIEMANN SURFACES

Dedicated to Professor Yύsaku KOMATU on his 60th Birthday

BY ZENJIRO KURAMOCHI

THEOREM 11}. Let R&Og be a Riemann surface and let p be a singular
point relative to Martin topology (i.e. p is minimal and sup K(z,p) <oo). Then
G^OAB for a domain G such that CG is thin at p.

Analogous theorems1-* are obtained relative to Af-Martin topology.

THEOREM 22). Let G be an end (domain G of R with compact relative bound-
ary dG) of R^Og. Let p be an ideal boundary component of G. Let f(t): t<=G
be an analytic function. If \f(t)\^M<oo in G, then f(t)-*a limit as t-»p, f(G)
is a covering surface over the w-plane of a finite number N sheets and the har-
monic dimension of p is <LN.

THEOREM 2/3). Let p be a one in Theorem 2. Let F be a completely thin set
at p. If G—F is represented as a covering surface of N number of sheets, the
harmonic dimention of p^N.

These theorems mean a singular point p (or boundary component of harmonic
dimension oo) is so much complicated as G—F^OAB (or OAF) and the complicacy
of p (or p) is not disturbed by extracting a small set F from G, where F is thin
at p (or F is completely thin at p) and OAF means a class of Riemann surface
R on which there exists no non constant analytic function f(t) such that f(R)
is at most a finite number of sheets. From these points of view we propose the
following

PROBLEM 1. About Theorem 1, is there a non singular point p such that
v(p)—F^OAB? In other words, is the existence of a singular point necessary
for V(P)—FGOAB? where v(p) is a neighbourhood of p and F is thin at p.

PROBLEM 2. About Theorem 2 and 2'', is it true that there exists a boundary
point p, instead of p such that G—F^OAB? where F is thin at p.

But these problems are difficult and in this paper we can only show examples
as follows: Example 1. There exists a point p of a Riemann surface
such that v(p)^OAB. Example 2 and 3. There exists a boundary point p of
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ANALYTIC FUNCTIONS 63

such that v(p)—F(=OADF or OABF, where F is a small set in a sense and OADF(OABF)
means a class of Riemann surface on which there exists no non constant Dnchlet
bounded {bounded) analytic function such that f(R) is a covering surface of a
finite number of sheets. Clearly OABFdOADF. Example 4. There exists a non
singular point p of a Riemann surface &Og such that v(p)—F(=OABF, where F
is a small set. At first we shall construct an example using P. J. Myrberg's
idea4).

EXAMPLE 1. Let $ 0 be a unit disc: \z\<l with slits / „ : n=l, 2, ••• and
/ £ : r c = l , 2 , - , i = l , 2 , - as follow

z=0} ,

where I>α 1 >α 2 | 0 and A ^

U={

n i

aτgz~(l+-^+ - +ψ

w h e r e a2n+2>bn!l>bnι2 ••• 1 0 , Σ ( & Λ > t ) 2 " = ° ° for a n y n a n d

β 2n+2)=0, w h e r e R2(a2n+1, a2n+2)={a2n+2<^ \z\ ^a2n+1}. L e t %n : n ^ l b e a leaf of

the whole ^-plane with slits Σ / m + Σ ί ! Connect § 0 with §?n:n=l, 2, — cross-

wise on Σ ί ί so that endpoints of U are branch points of order 1. Connect
t = l

So, Si, ••• , 9?n on /„ : n = l , 2, ••• so that endpoints of Jn are branch points of order
n. Then we have a Riemann surface Sft over the z-plane with compact relative
boundary d$ϊ={\z\=l of ??0}. It is evident 31 has only one boundary component
p. Let R(a2n+1, a2n+2) be the part of f?0+δiH +l?τι over /?,(α2n+i, ^ + 2 ) . Then
R(a2n+i, a2n+2) is a ring domain with two boundary components over \z\=a2n+1

and 1̂ 1=̂ 271+2 with module = ^ 1 1 log n

2n+1 and R(a2n+i, β2n+2) separates t>
ft~rl α 2 +00

from 391. By Σ mod R(a2n+lf a2n+2)=oo 9fi is an end of another Riemann surface

G θ g and p is of harmonic dimensionδ )=l. Therefore there exists only one
Martin point p on p. Clearly p is minimal. Let Cn be the boundary component
lying over \z\=a2n+2 of R(a2n+1, a2n+2) and let Gn be the domain of 91 divided
by Cn such that Gn is a neighbourhood of p. Put Sfln=Sίl—Gn. Then ίfίn is an

(ft+1) sheeted covering surface and SR^Σ^n Let v(p) be a neighbourhood of

p relative to Martin topology. Then there exists a number n0 such that v(p)Z)
9fi—9ftno. Assume there exists a bounded analytic function f(t) :t^v(p). Let

An={0<\z\<r, Θhn<argz<θt,n} : r=a2no+2fθhn

Let ^» be the part of &)+&> over An. Map

i,n\2n

— ) onto^S = {0<|ζ|<l,0<ar»ζ<ff}. Then/ί
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Λ . Let ζJn be the surface consisting of two leaves (which are the same

as Anfζ) connected crosswise on ΣζIί. Then Δn and ζJn are conformally equi-

valent. Hence f(t) in Δn is transformed to f(s) in ζJn. Let s± and s2 be two

points in ζJn such that Si=£s2 (except branch points) with proj. s ^ p r o j . s 2 =ζ.

Then (/(Si)-/(s2))2 is a bounded analytic function g(ζ) and #(ζ)=0 at Σ*S./

Let G(ζ, 6S.y) be a Green's function of Ai. Then by brief computation G(ζ, &£,/)
^ ( ζ X ^ Γ : Λ(Q>0. Hence * ( O = 0 by ΣG(ζ, &£.,)=oo, whence /&)=/&) and

/(0=/(*) : <z=proj. ί in J n . By identity theorem f(t1)=f(t2) so far as /(O and
/(£2) can be continued analytically, where proj. ί ^ p r o j . t2. We denote by fn(

z)
71=0,1,2,— the branch of fit) in Qfn. Then fQ(z)=fn(z) in 4̂W for any n and

/o(^) is analytic in {0< \z\ <r} — Σ Λ On the other hand, § n has no branch
71

points for \z\ >a2n+i and fn(z) is analytic in a neighbourhood of Jm : m<n. Hence

fo(z)(=fn(z)) is analytic on Σ/n and /0(z) is analytic in 0 < | z | <β 2n 0+i— r a n d i n

\z\>a4no+1 (by putting/o(2r)=/2no(2r)). Thus /0(z) is analytic in 0 < | z | ^ o o . This
implies /(2r)=const. and v(p)^OAB.

REMARK 1. By the method of the proof we see at once following. Let F be
a closed set in 91 such that Fr\^,Jn=0 and proj. (31—F) covers the z-plane except
a set ^NAB, then v(p)—F<=OAB, where NAB means a class of set F such that

REMARK 2. Suppose F contains branch points on z=bnμ : n—1, 2, —, i =
1,2,3, —, Then we cannot prove v(p)—F^OAB, however thinly F may be distri-
buted. On the other hand, we shall show examples of a point p such that there
exists no analytic functions of some class in v(p)—F, if F is small in a sense.
We proved

LEMMA 16). Let G be a ring domain with radial slits st such that dG—

Σ . Λ = { | * l = l } , Λ = { l * l = e x ρ 3 K } and st is a radial slit in l^\z\^

exp^tt and st may touch Γx+Γz. Let U(z) be a harmonic function in G with
continuous value. Then

By the same method we have at once

LEMMA Γ. Let G be a circular trapezoid K | > ε | < ^ , Θ1<^xgz<θ2 with a
finite number of radial slits. Then

LEMMA 2. Let G be a rectangle with vertices — a, a, a+ihf —a+ih and U(z)
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be H.M. (harmonic measure) of vertical sides. Then for any 0<δ<a and for
any ε>0, there exists an h such that

U(z)<ε for |Re<r|<α-<5.

Proof. Let Gs be a rectangle with vertices, s+δ, s+δ+ih, s—δ+ih, s—δ.
Then GsdG: \s\<a—δ. Let Us(z) be H.M. of vertical sides of Gs. Then U(z)
^Us(z). Now m a χ [ / s ( ^ « ( / ι ^ H a s / ι - O 7 ) . Hence

Rez=s

U{z) <a(h,δ),
|Rezi<α-<5

and we have Lemma 2.

LEMMA 3. Let Gn be a domain with dGn=Γ1+Γ2+ΣiI
ίn: Γ1={\z\=l}f Γ 2 =

{|z|=exp(3R+α)}. / i = { a r g z = ^ - , ^ | s | ^ + β } : α>0, 3tt>0. Let J* be an

arc on Γ2: / ^ { - ξ ^ - ^ a r g ^ 2 7 r ( * + ί ) , |* |=e* + *}. Mα£ Gn ̂  ζ=/»(*) onto α

domain Gi so that /V-»Γf = { |ζ |=l}, /̂ ->αn arc on | ζ | = ^ ' anίί /*—>a

s/zY={arg ζ=^~~f e ^ ' g | ζ | ^ β ^ ' } , w /ẑ rβ ^ and ^ ar^ swxϊâ /β constants.

Let n—>oo. T/ien 3Jί̂  —»2ft anύί fn(z)—>z. Let Un(z) be a harmonic function in Gn,
continuous on G ^ + Λ + A + Σ ^ ' such that Un(z)=Q on Σΐf and D(Un(z))^L

Then there exists a number n0 such that

f Un(z)2dθ^2m for n^n0.

Proof. Let ωn(z) be a harmonic function in Gn such that ωn(2')=0 on

Γlt ωn(z) = l on Σfi and J-ωn(z)=0 on ΣΛ' Then

fn(z)=exp (γn(^n

where γn=^π/) ^ » ( ^ s , ωn(z) is the conjugate of ωn(z) and Wή —γn>

Consider ωn(z) in a circular trapezoid=| <arg^<—π^

Since ωn(z)>0 and α)n(z)=l on arg z=—^- and — v̂ +v ̂  there exists a
/2 n

number n' by Lemma 2 such that α>n(2r) l̂—ε on | z | = ^ + ε for n^n x for any

given ε>0. Hence by the maximum principle ωn(z)^(l—ε) SnlJ on 1< |2r|

On the other hand, clearly α > n ( z ) g ^ M _ i n l < | ^ | < ^ whence

ξ ^ and ω,(z)-> l o ^ z l as n-oo. Since α)n(2r)=O on Γlt ωn(z)^

implies - ^ w ( g ) - ^ - ( l o | l z | ) on Γ , , ^ - ^ , /„(*)->* and /Λz)-!
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on Γx uniformly as n—>oo. Consider Un(z) in the ζ-plane. Then by for Lemma 1

D(Un{z))=D{Un(fΛz))) ΞSw- f Un(f-\z)Ydθ.

By /nθ?)—»1 and 33ΐ̂  —>5Dt as n—>oo, ί/̂ r̂̂  ^xzsίs α number n0 such that

^jUn(z)*d0 for w^n0.

LEMMA 4. Let Gn be a domain with dGn=-Γ++Γ+'Σ(-tt++Ifi: -Γ=
t l

{\z\=e-*}, +Γ={\z\=ea}, -U=
δa N _

e 6 ^\z\^ea>. Let Un(z) be a harmonic function in Gn continuous on Gn such
that Un(z)=0 on Σ(+/»+-#) and D(Un(z))^L Then for any ε>0 there exists
a number n0 such that

I grad £/„(*) |<ε in {e"^<\z\<e^} .

We call such Gn a ring with deviation ε.

Proof. Let Gc={e-C<\z\<ec} : 4 ^ c ^ - ^ . Let Ge(z, z0) be a Green's

function of Gc. Since grad -χirGc(z, z0) is finite and continuous relative to z, z0
ZQ on

and c for e 2 fg \zo\ ̂  e 2, z^dGc and -q— ̂ c ^ - ^ - , there exists a const. M such

that

"̂  δ

grad^—G(z, z0) gM. Let ^=min and consider Un(z) in

<\z\<ea(-^-<-^—δ<a\ Then by Lemma 3, there exists a number w0

such that

(U(e^~δ+ίθ

J
2πM2e

^ + δ + ί θBy Schwarz's inequality f | U(e

^ 5̂ -. Consider Un(z) in
Me~*~

Igrad t/ nωi^^-J r £/„(?) 1

for z<^Ga_, where

< |

grad

r, similarly ί
— J _p

δ}. Then

-Γc={\z\=e~c} , +Γc={\z\=ec}:
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LEMMA 5. Let Gn be the domain in Lemma 4 with n^n0. Let Gn be the
same leaf as Gn (with _/,*++/£) of Gn. We identify each side of -Ii(+I£) on Gn

with the same side of -I£(+I£) of Gn. Then we have^ a Riemann surface Gn of
planar character with connectivity 2n0—1. Let f(t): t^Gn be an analytic function in

Gn with D(f(t))^-j~. Then J ^ p - <2V2ε in the part of Gn over e~*~<\z\ <e~%~.

We call such Gn a ring surface with deviation 2V2ε.

Proof. Let t and t be points in Gn and Gn respectively such that pro}. t=
pro'} J=z. Let i=x+iy and t=x+iy. Put for simplicity U(ί)=U(z), V(i)=V(z):
ί e ό , U(t)=U(z), V(t)=V(z): ί eG. Then by C. R. equality

UX=VV, Uy=-Vx, ϋx=-Vyj Uy=Vx. (1)

4
We have by Lemma

Now D(U(z))=D(V(z))^-j-, D(U(z)-Ό(z))Sl and U(z)-O(z)=0 on

Ux-Ox\<ε, \Vy-Vy\<ε. (2)

By (1) and (2)

<2V2ε for

Let D be a domain and let F be a compact set in D. Let ω(F,z,D)
be H.M. of F, i.e. ω(F,z,D)=0 on 3D, = 1 on F we defind Cap (F) by

f Jj-ω(F,z,D)ds/2π and denote it by γ(F). Then it is clear γ(F)=0 if and

only if F is a set of logarithmic capacity zero.

LEMMA 6. 1) (An upper bound for Dirichlet bounded harmonic functions).
Let D be a domain of finite connectivity and let F be a compact set in the interior
of a compact set AdD. Let H(z) be a harmonic function in D—F such that
H(z)=0 on dD and D(H(z))^l. Then \H(z)\^C(z)Vγ(FT in D-A, where C{z)
is a constant depending only on A, D and z.

2) Let Do be a compact set in D—A. Let Fn be a sequence of compact sets
such that Fn(zA and γ(Fn) | 0. Let U(z) and Un(z) be a harmonic functions in
D and D—Fn respectively such that U(z)=Un(z) on dD, D(U(z))^l and D(Un(z))
^ 1 . Then

grad ί/n(z)—>grad U(z) in Do uniformly as n—>oo .

3) Let F* be a compact set in D with γ(F*)=0. Then for any ε>0 and
for any compact set Do in D—F* we can find a compact set FZDF* such that

I grad ί/(2)-grad UF(z)\<ε on Do

where U(z) is a harmonic function in (2) and UF(z) is a harmonic function in
D-F such that U(z)=UF(z) on dD and D(UF(z))^l.
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Proof of 1) Let Fm be a decreasing sequence of compact sets such that
Fm i F, Fm(ZA°, the conncetivity of D—Fm is finite, every point of dFm is regular
with respect to Dirichlet problem in D—Fm and H(z) is continuous on dFm. Let

ω(z)= ω(F™z>D) a n d ω(z) be the conjugate of ω(z). Put ζ(z)=exp (ω(z)+iω(z))
J\Γ )J\ )

=reiθ. Then ζ(z) maps D-Fm onto a ring J? c ={l<lζ |<exρ ( Λ v )} with

a finite number of radial slits. Consider H(ζ)=H(ζ(z)) in i?c. Then by Lemma
1 and Schwarz's inequality

ί
lζl=exρ(l/r(-Fm))

Let Vm(z) be a harmonic function in D—Fm such that Vm(z)=\H(z)\ on 9Fm,
^ ( ^ = 0 on dD. Then since |#O) | is subharmonic Vm(z)^Vm+1(z) and |if(z)|

). f -5— Vm(z)ω(z)ds={ Vm(z)-χ—ω(z)ds, let ds=rdθ and dn=dr on
J dFm, CM JdFm OU

- H e n c e

ί - | -F m (^rfs^ V2πγ(Fm) .
J dD Oil

We can find a compact set A'Z^A with dist (9̂ 4/, A)>0. By Harnack's theorem

there exists a constant K depending on A', z, D such that Vm(t)^

whence Vm(t)^^ψ)-ω(A',t,D) on 9,4'. Hence by f 4-Vm(t)ds^

t, D)ds we have ^ ( ^ ) ^ ^ ( ^ / j - Let m-oo. Then

c o n s t a n t

g l . By (1) |i/n(e)|

in D-Λ. Let A* be a closed domain in Z>-4 such that D$Z)D0,
dist(dD$,D0)>0. Let G(z,q) be a Green's function of D%. Then since there

exists a constant M<oo such that grad-g—G(z, #)<M: q^D0, z^dDf. Now

max |i/n(z)|-*0 uniformly as n->oo. We have Igrad U(z)—grad Z7n^)| ̂
*

>-»0 as n—>oo. 3) is obtained at once.

Let Gn be a ̂ surface in Lemma 5 with n^nQ. Suppose a sufficiently small
closed set F in Gn. Then we see by Lemma 6 the property of Gn does not
change so much by extracting F from Gn.

a, β-thin set. Let F be a closed set in Gn in Lemma 5 with deviation 2V2ε.
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If we can find a closed Jordan curve Γ in Gn—F (and in Gn—F) such that proj Γ

separates \z\=e~a from \z\—ea, length of Γ^ae a and df(t)
at

<βε for any
/v 1

analytic function f(t) in Gn—F with D(F(t))^-τ-, we call F an α, /3-thin set in
4fc

EXAMPLE 2. Let

I>α 1 >α 2 , - | 0 and jtlog-^^^oo. (3)
71 " 2 7 1 + 2

Let Jn be a slit: Jn={&τgz—π, ain+2^\z\^ain+1) : n—1,2,3,•••. Let

l>^>δί>ό 2 >6L •" 10, l i m ^ J ^ - = l , (30

Σ { α 2 n + 2 ^ \z\ <a2n+1}ίλ±{b'n<\z\ ^bn} = 0 .
n n

Let _/„* and +ί | are slits: n = l , 2 , 3 , •••, ι=l,2,- ,j{n) as follow:

where the number j(n) of slits .Ii (or +/„*) is so large that we can obtain a ring
surface Gn (from two leaves by identifying slits of the leaves) with deviation
cn over {b'nS\z\-^bn}, where

Let g be a unit circle \z\<l with slits Σ Λ + Σ Σ ( - ί ί + + β ) and § be the same
n n i

leaf as 3?. We identify Σ 7 r i + Σ Σ ( - 4 ί + + 4 0 of 8 and #. Then we have a

Riemann surface § with compact relative boundary d% consisting of two com-
ponents over 1*1=1 and has one ideal boundary component p. The part of %
over {β2n+i< M <β2τi+2} is a ring with two boundary components of module

=-9- log ^ 2 n + 1 separating p from 3g. Hence by (3) § is an end of another

Riemann surface ^Og and p is of harmonic dimension 1. There exists only one
Martin point p on p. Let v(p) be a neighbourhood. Then dz (^) is compact.

PROPOSITION. Let Fx be set of radial slits in § such that F1r\'ΣGn=0.
n ^

1) Let F2 be a closed set in § such that F2 is a, β-thin set in every Gn and
v(p)—F2 is connected.
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2) Let Un(z) be a harmonic function in ^—F1—F2 or %—F1=F2 over

2, bn<\z\<l} such that Un(z)=Q on \z\=l and Un(z)=l on \z\=bn

and Un(z) has M.D.I. {minimal Dirichlet integral). Then D(Un(z))^ r ^ ~ θ :

γ>0 for any θx and θ2 and Vn (if F2=0, D(Un(z))= \ g \ ) .

If F2 is so thinly distributed in § that F2 may satisfy condition 1) and 2),

Proof. Assume w=f(t): t^v{p)—F1—F2 is non const and D(f(t))<oo and
f{v{p)—F1—F2) is an L number of sheets over the w-plane. We can suppose

without loss of generality D(f(f))^—τ-. By condition 2) there exists a Jordan

curve Γn in τ$Γ\Gn such that \f.' <βcn on Γn and length of Γn<abn. Hence

we can find a subsequence {n'} of {n} such that f(Γn>)—*w0 as n'^co. By
choosing suitable vι{p)av{p) we can suppose dvι{p)r\{^—F1—F2) has an arc λ
such that dist(/(Λ), w o )=d o >0, proj λ is contained in Θ1^θ2—{θ1<zxgz<θ2) and
proj λ is connecting ea+iθl with ea>+iθ2. Let λΔΓn, be the part of ^—F1—F2 over

θlΔθ2 bounded by λ, Flf F2, Γr

n and two segments a r g ^ ^ and θ2, where Γ'n. is
the part of Γn, lying over ^ ^ 2 . Let Un(z) be a harmonic function in λΔΓn,
such that Un{z)—Q on λ, Un,(z)=l on Γ'n. and C/Λ.(ίr) has M.D.I (has minimal
Dirichlet integral among all functions with the same value as Un,(z) on λ+Γ'n,).
Then by the Dirichlet principle and by condition 2)

(4)

where U'n,(z) is a harmonic function in ^—F1—F2 over {%'< \z\ <1,
such that UUz)=0 on | z | = l , ^ ' ( ^ ) = 1 on \z\=Vn. and £/;,(^) has M.D.I.

Consider f(Γn,). Then by t^βcn>, diameter of f{Γn)^2πbn,cn,aβ. Since
dt

diameter (wo+f(Γnl))-+0 as n'—>oo, we can find a number n0 and a point pn>:

n'^n0 in /(TV) such that \pn'-wQ\<-^-\ dQ<l, {\w-pnl\<4πbn,cn,aβ}Z)f(Γn,)

and \\w—pn,\>-^-^Z)f(λ) for n'^n^ Let Vn'(w) be a continuous function in

the w-plane such that Vn.(w)=l in \w—pn,\<4πbn,cn,aβ, Vn>(w) is harmonic in

{iπbnlcn,aβ<\w-pnl\<4f\ and =0 in \w-pn.\^4*-. Then /^(^(w;))^! on

jΓn' and = 0 on λ and

D(f'\Vn.(w)))£ ^ . (5)

IOQ =
s Aπbήcήaβ

Clearly D(Un.(z))^D(Vn(f-\w))). By lim-£f-£^c^, Πm - τ ^ - = l we have by
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(4) and (5) a contradiction. Hence v{p)—Fι—F2^OADF.

L E M M A 7. Let T be a circular trapezoid with radial slits I*: i = l , 2, •••, n—1

TL

Map T onto a circular trapezoid Tζ with slits by ζ=fn(z) so that {0<argz<θ,

z\=<?Λ+a}=A1->{argζ=θ, O^lζlge8""}. ti-an arc on | ζ | =e*n : z=l, 3, •••, n - L

4 circular arc J*={— ^ Ξ a r g ^ ^ ^ |—»α radial slit in Tζ connecting | ζ | =

^ : i=l,2,3, , n-2. ^

{argζ=0, O ^ | ζ | ^ β n}, ẑ /ier̂  Wn is a suitable const. Let n->oo. Then 5D%->9JI
fn(z)-+z. Let Un(z) be a harmonic function in T such that Un(z)=0 on

for n ^

Proof. Let ωn(z) be a harmonic function in T — Σ ί ί such that <tfn(2)=0 on

| z | = l , -^—ωn(2)=0 on Λ + Λ + Σ / * , ωn(z) = l on Σ ί ί Then

ΛW=exp (7 Λ(ωn(zn)+zωn(2:))),

/r 9where Jn—Θ -~r-ωn{z)ds and ω ^ ) is the conjugate of ωn(z). Consider
z | = l

n(z) in {θ<arg^<-|-, em<\z\ < ^ + a } . Then a>n(z) = l on

{argz=0, e a Λ <|z |<e a R + β }. By putting ωn(f)=ωn(z), ωn(z)

can be continued harmonically into |— — < a r g £ < — , em<\z\<em+a}, where z

is the symmetric point of z with respect to 0=argz. Hence by Lemma 2, for
any ε>0, there exists a number n0 such that ωn(z)>l—ε on \z\=em+ε in T for
n>n0. Clearly for the same number ωn(z)>l—ε on \z\=em+ε in T. Hence we
have Lemma 7 similarly as Lemma 3.

In the following we investigate the behaviour of a ring (or a rectangle) as
its module Wt—»0. Let 0<&<l. The upper half plane: Im-ε>0 is mapped onto
a rectangle {-K<Reζ<K, 0<Imζ<A:/} by

dt

so that — ί - , - 1 , 1, -\—>-K+iK', -K, K, K+ιKf respectively, where K and Kr

ί 1 ήf r1 ήt

aL K/=\ - Jί/2---Ί k2
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We denote the above rectangle in the ^-plane by R(K, K', η). Since we investigate

the case k is near to 1, we put k—1—ε2 and suppose k

of R(K, K', rj) depends mostly on ε. We shall prove

-. Then the properties

LEMMA 8. 1) Put k=l—ε2 (>-§-)• Then K and K' are given as follows

o

V(2-δ)(l-k-kδ)

-2

l o g

u i

V2(l+k)k
log

1+VF

2) the H. M. of vertical sides of R(K, K', rj). Then

3) On the behaviour of the mapping η(z). Let e V
r (l)={Im2r>0, \z— l | < ε } .

Then the image of eV(ΐ) falls in {\η—K\<L}, where

and -τsr-*c<-cί—A Z —
a s for any δ/—>0. Hence there exists a const, ε*

that the inverse image of the subrectangle R(-~-f K', ηλ does not touch eV(l) +

£V(-1) for ε<ε*.

4) Map R(K, K', η) by ζ = — onto a rectangle R(l, J^-, ζ ) . Then

^-, Jg-, ζ) . Let ί/(ζ) be a harmonic function in R(l, -^-, ζ)-ψ, K',
such that \U(Q\f=LM on the vertical sides and ί/(ζ)=0 on the horizontal sides.
Then

Igrad U(ζ)\^MKCε in R(-±-, Jj?-, η) for ε<ε* : C = ^ ^ - .

By noting Kε—>0 as ε—>0, we see for any given γ>0 there exists a const. ε0 such

that |grad U(ζ)\<γ in R(±, Jjjr-, ζ) for ε<ε0.

Proof of 1)
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Jo Λ/(l-t2)(l-kΨ) =Jo

ANALYTIC FUNCTIONS

dt

73

va-t)a-kt)

+ V(2-δ)(l+k-kδ)

Now by (Vkδ + Vl—kδ-\~k)<l, we have

dt

- ^ log (VW+ Vl+kδ-k)^ \ log

Hence

+•
- 2

On the other hand,

log

•log-

_+£) Jo v α - n α -

Vi-£_
1+V&

Put £=l-ε 2 . Then

lQg 1 J ~/τr =ι°g £~ι°g (!+ ̂  )z=l°g "4

Hence we have (6). Clearly -%-^K'^
2Vl-ε 2

Proof of 2) Map the upper half z-plane by ξ=i

KΊ

. Thus we have 1).

i _

to \ξ\<L Then

VF

by the mapping η—>z-*ξ, V~~~2 >z~~Ύb—>^~^ an<^ t n e vertical sides of

R(K,Kf

9rj) are mapped onto arcs on | ? | = 1 with length —4tan"1 , , ̂  =

dt

. Hence we have 2).

3) Let ze VXQ. Then z=l+reiθ, r<ε. Since J '

does not depend on the integration path, we can suppose it is a straight con-
necting 1 with l+reiθ. We estimate the integration. Let t=l+reie. Then

' ^ V 2 - r ^ V 2 - ε and | V l + ^ ί | ^

Now \{l-t)(l-kt)\=r\{l-kreiθ-k)\^r\l-k-kr\ and \l-k-kr\^l-k-kr or

k—1 according as r^—r— or r^—r—. Hence by —r—— -._ 2 we have
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dr
' o Vreίθ(l-k-kreiθ)

ΐ~ dr
Vr(l-kr-

-tan
1-ε5 — r l - ε 2

Thus
1

V(2-e)(2-2e)A?

= L : r < ε .

The same fact occurs for Fe(—1). By (6) we have

^ 9— /̂ y ^ 7>0 as ε—>0 .

Hence we have 3).

Proof of 4). The mapping z-^η^ζ is denoted by ζ=f(z), where ζ—~τ^-

Then by 3) there exists a const, ε* such that ^(-Q-> ~̂ ~> ζ) is mapped onto a

domain G in {Im £>0} such that G does not touch Vε(l)+Vε(—1) for ε<ε*. In

the following we suppose ε<ε*<-^-. A harmonic function U(ζ) in R{1, -TF-, ζ)

is transformed to U(z) such that U(z)=Q on | l m ^ = 0 , — o o < R e z < — τ - |

{ lm^=0,-^^Re^<oo} and | ^ ) | ^ M on _/++/, where _/=

^ R e ^ l } and +/={lm 2τ=0, l ^ R e ^ ^ ^ } . Then

= ^ r ί - U(t)K(z,t)dt,

where

and grad K(z, 0 =

We estimate grad /Cfo ί) for ί e + / and . Put t=l+e' and 2r= . Then
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by ίe+/,

have

By (8) (x-ί

^-g-= 1 — e 2 and r>ε for ^ G G . Hence by ε<ε*<-j- and ε<r we

(8)

/ 2 ^r 2 -2rs / ^-^-: *<=+/, zeG and

2 '

We have also

and

(9)

(10)

(11)

For ίe_7 we have the same estimation for zeG. Hence by (9), (10), (11) we
have

dξ
gτad K(z,t)

ξ
IT dt

M -ArVl-z* Vl-k2z2Kdt

2M(2+r)

Whence grad t/(ζ)^ : r ^ l and grad : rg l . Thus

Now by (6) Kε-+0 as ε->0. Hence for any ?">0 there exists εo<ε* such that

I grad t/(ζ)|<r in J?(-g-, "X". C) for ε<ε 0 .

LEMMA 9. Lei /? 6e α rectangle {-Θ^Re ζ^θ, O^Im ζ^250ΐ(9}. Lei F^Ci^)

ύe α slit: 0<δ<-k- as follow

i=l, 2, , n - l .

Sίί ={Re C = - ^ - - ^ O Îm ζ ^ ( - | - -

denote this rectangle with the slits by R(θ, Έtθ, δ, n). Let R' be a rectangle
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in R(θ,3Stθ,δ,n) such that —g-^Rerg^-, - ^ ^ g l m ζ^-^jp-. Then for any

given ε>0, there exist numbers Wl,n,δ such that

|grad£/(ζ)|<ε in R',

for any harmonic function U(ζ) in R(θ,*Blθ,δ,n) such that \U(ζ)\^l, ί/(ζ)=0

Proof. At first we determine 2ft. By 4) of lemma 8, for any ε>0 there
exists a number 2ft (this is equivalent to the existence of k—1—ε2) such that

|grad£/(ζ)|<ε in R(^~, ~2~y = {~~~3-=Re £=~3~> ~~2~ = I m ^=~2—1 a n y

harmonic function U(ζ) in R(θ, —?>—) — | — # ^ R e ζ^θ, ^-ή—^Imζrg—g—j

vanishing on the horizontal sides and | ί / ( ζ ) | ^ l on vertical sides. Fix 2ft and
denote it by 2ft0. Secondly we determine δ. Let G(ζ,p) be a Green's function

of R\θ,—ψ~\ Then there exists a const. M such that | grad -g—G(ζ, p) | rg M

for ζ^dRfβ, -^—J and p^R\-^-t \ ) = {—q~^R^ ζ^-^~> — τ ~ ^ I m ζ^—Z~}

A rectangle with vertical slits is mapped by z—e^ onto a circular trapezoid
with circular slits. Hence Lemma V is applicable to a rectangle. Let R§=

{-Θ^Reζ^θ, O ^ I m ζ ^ - ^ - } with vertical slits {L

δU}. Let d0 be the number

and fix it, where

δ°-~ϊ6MΨ' ( 1 2 )

Let Un(ζ) be a harmonic function in Rδ such that D(Un(ζ))^l vanishing on

{L

δIi}. Then by Lemma 7 lim D(Un(ζ))^-^( r_ m U(Q2dθ. Hence there exists
n O0 J i m ζ>-~~2~

a number n0 such that

J U*(ζ)dθS2δo= s

£^θ for n^w0. (13)
I m ζ= S}Q

Fix such n0. Then such numbers 2ft0, δ0, n0 are required numbers. Similar fact

occurs in |—θ<Reζ<θ, —^—^Imζ^22ft^|. Let ί/(ζ) be a harmonic function

in R(Θ,%ROΘ, δo,no) satisfying the condition of Lemma 9. Put ί/i(ζ) =

ί, ζ)ύ?5, where G(ί, ζ) is a Green's

function of R(θ, — | — ) , -̂  and 5 are vertical and horizontal sides. Then | U^ζ) \

rgl on A and - 0 on B. Hence |grad ί / ^ Q K y in fl(-|-, ^ - ) . By Schwarz's
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inequality t/2(ζ) satisfies by (13) j \U2{ζ)\dθ<-^- and Igrad ί / 2 ( ζ ) | < - | - in

R(-Q-,—i—)=•{—o-=Rβζ^—j—,—-A—rglm ζ^—-r— V. Thus I grad £7(ζ) | <ε in

R\ ~Ύ~> A J ^ o r a n y harmonic function ί/(ζ) in R(θ, %Γcoθ, δ0, n0) satisfying the

condition of Lemma 9.
Strong surface with exception δ and deviation ε. Let R be the same leaf of

R(θ,moθ,δo,no) of Lemma 9. Identify {?/„'+Sίί} of £ and R(θ, Wcoθ, 50> n0).

Then we have a surface i?. As case of Lemma 5

— j —

: proj.

-g~,—j—) in Lemma 9 for any analytic function /( ί) : t^R with |/(0l^-o~

and D{f{t))^—r-. Let / be an integer and put # = - f - and let 9Γc0, δ0, n0 be num-

bers in Lemma 9 corresponding to θ. Let _/* and +P (z=l, 2,3, •••, lnQ) in

^, w, g

Let i? T F ={α^|w; |^α^ ( ) }-Σ(-/ i + + / ί ) and let R be the same leaf as Rw.

Identify {_/*++/*}. Then we have a surface Rw. Let yl(/?1( Θ2)Γ\RW be the part

of ^ over Θ1<axgw<θί. Then ^4(
/Jiol> 2joθ+2noθ \ R w i g m a p p e d c o n .

\ nn Un /

formally onto R(θ, 9Jί0, δ0, w0) in Lemma 9 by w=α£

Hence we have at once

a) Let i and j 2 be integers such that J2—Ji^n0. Then since

n° where j0 is an integer.

On f) 9-; f)
^ ^ 2

>> S 2V?« in

over

with

b) Let 5=-^

for and /(ί) which is analytic in

2Θ

and

Then in over

for any f(t) in A(θlfθ2)r\Rw for Θ2-Θ{^iδ with |/(ί)l<4-»

In fact, Θ2-Θ1^iδ^2θ+—. We can find θλ^θ[<θ^θ2 such that O^Θ2-Θ1
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^-ττ> ° = ^ ί ~ ^ i = ~ ^ and θ[= Jl , 0£=-^_, where j\ and j2 are integers.

Now j2—Ji^n0, hence by a) in

over ae^<\w\<ae^\ Now A^-hf, Mβ.Lψ)^A{βl+δ,βt-S) by

¥ we have
b).

In general, let R be a ring surface consisting of two leaves obtained by

identifying radial slits over a<\w\aem. If -τrf(t) <ε over ™ ~™

9i+δ, θ2-δ)Γ\R for any analytic function f(t) in Λ(θlt Θ2)Γ\R with \f(t) \<~\

and D(f(t))f^—τ-: Θ2—θ1>Aδ1 we call R a strong surface with exception δ and

deviation ε. In fact the surface Rw discussed above is a strong surface with

exception —ό~H and deviation 2V2ε.

α, β-thin set. Let G be a strong surface with exception δ and with deviation
ε over a<\z\ < α Λ Let F be a closed set in G. We say F is α, β-thin set in
G, if F is so thinly distributed that there exists a Jordan curve Γ in G—F and
G—F such that 1) projΓ separates \z\=a from \z\=ae^f 2) length of Γ<^aa.

3) </3ε on Γ π ^ G ( ^ i + ^ θ2—δ) for any analytic function /(ί) in (G—F)

r\Aό(θlf θ2): Θ^Θ^Aδ with 1/(01 ^"4" a n d ^ ( / ( 0 ) ^ - ^ , where ^ ( ^ , θ2) means
the part of G over θtS^gz^θ2.

EXAMPLE 3. Let ί / = | z | < l and I>α 1 >α 2 | 0 and

Σlog-^=oo. (14)

Let Λ = { a r g z = ; r , α 2 r ι + 2 ^ | z | ^ α 2 n + 1 } be a slit and R(a2n+2, a2n+1)={a2n+2^ \z\ ^

α 2 n + 1 } . Let l > 6 ί > & 1 > 6 a > & 2 ••• i 0 Gn be a ring ftn^|z|^% with slits ^Σ JJ(»)
t = l

such that we can construct a strong surface Gn with exception δ=— with

deviation cn, where lim ^ff71 = oo, ΈRψn, %)nΣ^(β2n+2, «2n+i)=0 and
n=co lOg ί/w n n

as life-1- <15>
Let 3 be a unit circle wtih slits Σ Λ + Σ Σ /̂ w) and |? be the same leaf as g.

Identify Jn+In of § and §. Then we have a Riemann surface %. Evidently §
has one boundary component p. The part of § over R(a2n+1, a2n+2) is a ring
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l a
with module =-«- log 2 n + 1 and separates 9$ from p, hence g is an end of

^ α 2n+2

another Riemann surface ^Og and J) is of harmonic dimension = 1 and there
exists only one Martin point p over p.

a) Let Fi be a set of radial slits in §—Σ,Gn.

b) F2r\Gn is an a, β-thin set for n = l , 2, •••.

c) Let A(θuθ2)={θ1<argz<θ2}. Let A\θuθ2,b'n){or &) be the part of 9?
over Λ(Θ1,Θ2) bounded by 1*1=1, \z\~b'ni argz—θi and zxgz—θ2. Let Un(z) be
a harmonic function in A%{θ1,θ2,b

f

n) — F1 — F2 such that Un(z)=0 on \z\=l, = 1
on \z\—bf

n and has M.D.I. Then

^ f f i (16)
d) v(p)r\A\θliθ2,b)-F1-F2 is connected for Θ2>θi. If Fλ and F2 satisfy

the above conditions, then the part of {v{p)—F1—F2) over A{Θ1,Θ2)^OABF for any
Θ2>θλ.

Proof. Assume there exists a non const, analytic fuuction f(t) in the part
v(p)—F1—F2 over A(θuθ2). Then f{t) is a finite number of sheets covering.

sup|/(01 <°° implies D(f(t))<co. Hence we can suppose |/(0l <~o~> D(f(t))^-j-.

Let ft0 be the number such that 4dn o< θ*~θl . Let θ[= 3θl^θz, θ'2=
 d l + ^ 2 .

Then θλ<θ[<θ'^<θ2. Let (v(P)-F1-F2)nA(θ/

uθ2') be the part of v(p)-F1-F2

over A(θ'uθ'2). The existence of f(f) in (v(p)-F1-F2)nA(θ1,θ2) implies there
d

exists a Jordan curve Γ^ such that 4-/(0 cn on Γn in

and length of Γn<abn. Let %n be the part of ^Γ\(v(P)-F1-F2) over ;4(0ί, ^ )
bounded by dv(p), Fly F2arg z=θ'u argz=θ'2 and J 7 ^ Let Un(z) be a harmonic
function in 8?n such that £/„(*)=0 on 3v(ί), = 1 on .Γn. Then as case of example
2 we have

On the other hand by condition c) D(Un(z))}>0(—\ \—). This is a contradiction
\ —log υn /

by lim ]

Q g ^ - — o o . Hence we have the conclusion.

EXAMPLE 4. Let - i - < α 1 < α 2 , ΐ 1 with Σ l o g ]Zn2n+1 =o° L e t G* b e a

ring {6»^|*|g%} with slits Σ Ijw such that

1 = 1

1) -\-<bn<b'n<bn+1<b'n+1»-]l and Σ ^ ^ k l ^ W π Σ K . + i ^ k l ^ ^ ^
= 0 .

~ 1
2) Gn is a strong surface with exception δn=—— and deviation εn : lim ε n =0.
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3) con(z) ^ — , where (on(z) is a harmonic function in Gn such that

on Gn and =0 on Σ/$ (w) (this condition is easily satisfied by Lemma

8. 2) for sufficiently many slits). Let $ be a unit circle with slits /j (w) (n=l,

2,3, - , i=l, 2, - , j(n)). Let § be the same leaf as fϊ. Identify /J(n) of g and §.

Then we have a Riemann surface § over | z \ < 1 with one boundary component

on 1*1=1. The part of over Gn(bn,b'n) is an strong surface. At first we in-

vestigate the structure of the boundary. Then

1) §f has no singular point relative to N-Marhn and Martin topology.
2) There exsits only one point on eiθ relative to N-Martin topology.

Proof of 1) Let §?' be the part of § over 1> \z\ >-^-. Then § ' has relative

boundary dfy on M = - g - . We suppose TV-Martin topology is defined on %'.

Let JnfX={i-±^\z\<l, ^ - ^ a r g ^ 2 7 r ( z

n

+ 1 ) : ι=0,l,~ ,n-l}. Let G be a

domain in § ' and let ω(G,t): ί e g 7 be capacitary potential, i.e. ω(G,t) is the
harmonic function in %'—G such that ω{G, t)=Q on d%', =1 on G and has M. D. I.

Let U{z) be a harmonic function in | - Q - < k l <l}—Λn,ι such that £7(2)=1 on

J n > ι , = 0 on | z | = 1 and U(z) has M.D.I. Then

) ^ - * log (diameter of Δn,%) | Q

π log-j-

Let £/'(*) be a harmonic function in {-g-< 1*1 < l } — Σ 4 , ι such that £/'(*)=1

on Δnμ, = 0 on | * | =-y- and has M.D.I. Then D(U\z))^D(U(z)) and J^U'iz^O

on Σ/»,t Put Uf(f)=Uf(z) (*=ρrojί) in ff-^f,t, where if,t is the part of §?'

over Jn > 1. Then U\t) is harmonic in %'—j|,ιβ Hence D(ω(Δ*9%, t))^2D(U\z)) j 0

as n^oo. This implies ω(Jfμ, t)^>0 as n^oo. Assume there exists a singular

point ί relative to A/'-Martin topology. Then ω(p, t)=Umω(vm(p), t)>0. Where

vJίP) is a neighbourhood of p relative to A/'-Martin topology. Let t0 be a point
and let n0 be a number such than

t}<-=—ω(ϋ t) for 7 — 1 9 ••• n Γ17Ί

Now Έco(J%0}ir\vm(p),t)^ω(vm(p),t)^ω(p,t), where we suppose proj vm(p)(Z

(\z\>l——). Since ω(j|0,iΓ\vm(p), t) | as m-^oo, there exists at least one

^Io,to such that ω(Jfoμor\vm(P), tQ)^—ω(p, t0) for any m. Let m->oo. Then
Aί0
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lim ω(Jnθ)lor\vm(p), f)=aω(p, t) by Γ\Vm(P)r\Δn^<Z.p. On the other hand,
m=oo

limω(dnθflor\vm(p), t)>0 implies sup (limw(JnOilor\vm(p), t))=l and α = l , whence
m m

-Q-o)(pft0)^lίmω(Jnotor\vm(p),t0)—ω(pft0) by (17). This is a contradiction.

Hence there exsits no singular point relative to JV-Martin topology. Assume
there exists a singular point p relative to Martin topology. Then lim w(vm(p), t)

m

=w(p, ί)>0, where vm(p) is a neighbourhood of p relative to Martin topology
and w(G, t) is H. M. of G i. e. is the least positive superharmonic function in § '
larger than 1 on G. Now w(Jf0yl0, t)^ω(Jf0tl0f t). Hence we can prove similarly
as case of ω(p, z) that there exists no singular point relative to Martin topology.

Proof of 2) To prove 2) we use following three facts.
a) Let t and / be points in f? and § such that proj t1=pro] t2=z. Let U(f)

be a harmonic function in § ' such that \U(t)\<M. Then | U(t)—U(ί)\->0 as

In fact, consider U(t)-U{ί) over bn<\z\<b'n. Then \U(t)-U(t)\^2Mωn(z).
Hence by the maximum principle | U{t) — U{t)\ <2Mxmax (εn, εn+1) over \/bnb

f

n

^ | a | ^ V^+i^+1 and we have a).
b) Let U{t) be a harmonic function in g/ such that U{t) has M. D. I. among

all harmonic functions with the same value as U(z) on 9§7 over §7. Let G be
a domain in §7. Then sup |£/(ί)|^suρ |ί/(0|.

Because let {§̂ } be an exhaustion of § 7 such that 9^Z)3g/ for any n and
f&ΐg'. Let ί/n(ί) be a harmonic function in §& such that Un(t)=U(t) on Sg'

and -^-Un(t)=0 on S^-Sg7. Then Un{t)->U(t). Clearly for ί/n(ί), by the

maximum principle sup |ί7 r e(ί)|^ sup|C/(ί)|. Hence we have b).

c) Let ί/(ί) be a harmonic function in § x with D(U(t))<oo. Then there
exists a curve / \ : n=l, 2, ••• consisting of two components: Γn=Γn

Jrfn in such
that ΓnCQf7, Λ c δ 7 , proj Γn=proj fn, proj Γ n π Σ / l = 0 , proj fn separates

n,ι

1 ~ Λ

2r=e^ from M =-q-, proj Γn-^eiθ as n->oo and I I grad ί/(ί) | dί->0 as n->co.
6 J ί'n

Proof. We suppose eiθ=l. Map ί/ (unit circle with slits /„*) by f=log2r in

the l-plane. Then z=l-^ξ=0, /J(n)->α horizontal slits ξPjW). Let J i^ jo^lm | ^ / ,

^ - ^ - | , where 1=1. Let η—g(ξ) be a one to one mapping from

to {O^l^l^/, -y-^arg97^-^-} such that

(r=lmξ, θ=arg ξ) in Δly (r=—Reξ, θ=argξ) in

and (r=—lmξ, θ=argξ) in ΔZi where reiθ=η=g(ξ).
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We see by computation η=g(ξ) is a quasiconformal mapping with maximal

dilation quotient =K<Z 3 + ^ . Let RJ(a2n+1, a2n+2)=J1r\(—\oga2n+2^lm ζ^

—log a2n+1)} + Δ2 r\ {log a2n+1 ^ Re ξ ^ log a2n+2} + Δz r\ {log a2n+2 ^ Im ξ ^ log α27l+1}.
Then £(£) maps ΛJ(α2n+i, ̂ n+2) onto a semiring Rv(a2n+1, a2n+2)= {—log a2n+1<L

^—logα2n+2, -y-^arg^^^-} . We remark */J(n) contained in

(27i+i» β2n+2)-> a circular slit 7/J (w) in Rv(d2n+lf a2n+2) and there is no slit in
A2r\RΔ(a2n+1, a2n+2). Hence Rv(a2n+1, a2n+2) has only circular slits. Let RJ(a2n+1,
<hn+2) be the same leaf as RJ(a2n+1, a2n+^. Identify eίί of RJ(a2n+1, a2n+2) and
^J(^2n+i, #271+2)- Then we have a surface RΔ(a2n+1, a2n+2). We construct a surface
Rv(a2n+i, a2n+2) from Rv(a2n+1, a2n+2) similarly. Then η—g{ξ) continued to a
quasiconformal mapping from RJ(a2n+i, #2̂ +2) to Rv(a2n+1, a2n+2) with the same
maximal dilatation quotient except on Σ ί ί Consider the function U(t):t(=%'.
z=ρro]t. Then U(τ])=U(exp(g~1(7]))) is not harmonic in vR(a2n+1, a2n+2) but a
Dirichlet bounded function and

( ( 5 ) ) (
71 R\a2n+1> a2n+z) R\a2n+l> β2n+

Put 9 ? = r ^ and L(r) = , where Cr={\η\=r} is contained in

ΈvR(a2n+i, 0*271+2) and composed of two components, C(r) does not intersect
except a set of r of measure zero. By Schwarz's inequality

C L' (r)

where λn is an interval —{—logα2n+2, — log a2n+1}. By Σ l o g f
n V l u g u,2n+2 .

2 log Ί — 2n+1 — oo, we see there exists a sequence {rn} such that Crr) does not
n 1 # 2 n + 2

touch {/,*} and L(rn)—0 as n^oo. Let Γn=g'\Crn). Then clearly proj Γ n — z = l .
Hence -Γw is a required curve.

Let U(t) be a harmonic function in § 7 such that £/(ί) has M. D. I. among all
harmonic functions with the same value as U{t) on 9§'. Then by a), b) and c)
U(t) has a limit as proj ί-*2r=l. Hence there exists only one Λf-Martin point
over eiθ. Let £ be the Λf-Martin point over eiθ. Then since there exists only
one point p over eiθ, άist(eiθ

9 ρrojdvn(p))>0 for any vn(p)={t: Martin distance
1 Ί ~

(t,P)<—^rc Let Ft be a set of radial slits in the part of gj over Σ#(β2n+i,
β2n+2). Now the part of § ' over 6n<|2r|<6» is an strong surface with δn, εn.
Let F 2 be a closed set in %' such that i^2 is an a, /3-thin set in the part of f?7

over R(bn, b'n) ( n = l f 2 , •••) and 2) D{JJ{z))>γ{θ%-θ^: γ>0 where i7(z) is a
/I \

harmonic function in S/π(^-o~< 1̂ 1 <1, θ1<?iVgz<θ2J—F1—F2 such that U(z)=0
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on 1*1= -o-, U(z)=l on \z\=l and U(z) has M.D.I. Then we have as ex-

ample 3 following

PROPOSITION.
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