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The harmonic classification scheme
OHG < OHP < OHB < OHD=0HC

was recently completed [1, 2] between Riemannian manifolds which do not carry
harmonic Green’s functions, or nonconstant harmonic functions which are posi-
tive, bounded, Dirichlet finite, or bounded Dirichlet finite, respectively. These
classes and inclusion relations were first investigated on Riemann surfaces and
then generalized to Riemannian manifolds of any dimension. An important class
which is meaningless for Riemann surfaces is the class Ogy;p of Riemannian
manifolds which do not admit nonconstant harmonic functions of finite L? norm.
An interesting question is: which classes Ogyx, with X=G, P, B, D or C, does
Oyp» contain, and which classes is it contained in? We shall show that Og;p
exhibits in this regard a new behavior, entirely different from that of the other
null classes: there are no inclusion relations whatever. Explicitly, if O¥ is the
complement of a given class O¥ of Riemannian N-manifolds, then the classes

%.0N\O0%x, OFroNOFx, O¥oNO¥x, O¥1sN\O¥x

are all nonvoid for every 1=p=<oo, N=2 and X=G, P, B, D, C (except for the
triviality~that for p=oo the classes O¥.»N\O¥x are void for X=B, D, C, and the
classes O¥.»pNOFx void for X=G, P, B).

1. We shall make use of a well-known characterization of L?. Let p=1,
g=1 be real numbers with p~*+q¢'=1.

If he HL? for some 1<p=co, then
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Conversely, 1f this inequality 1s true for a harmonic h and some 1<p=oco, then
he HL?,

The sufficiency is trivial: If there exists an h=HL?, then by Holder’s
inequality, |[(h, @)| Zllalllel,=Kl¢ll, for 1=p=<oco and all p= L% Conversely, if
[(h, )| =K|pl, for all p=L? then for 1=¢<co there exists a function ke L?
such that (h, ¢)=(k, @) for all pe L. From (h—k, ¢)=0 it follows that [A],<co.

2. TFirst we exclude both the HL? and HX functions.
THEOREM 1. O¥:oNO¥x#0 for 1=p=oco, N=2, and X=G, P, B, D, C.
Proof. Consider the ‘beam’

T:|x|<c0, |y, | =7, =1, -, N—1,

with the pair of opposite faces y;== and y,=—= identified by a parallel trans-

lation perpendicular to the =x-axis, for every i. Endow T with the Euclidean

metric ds’=dx?+3>¥7'dy}. For the Laplace-Beltrami operator 4=dd+dd and a

function h, of x only, the equation 4dh,=—h{=0 gives the harmonic functions

hy=ax+b. The harmonic measure w. of {x=c} on {0=x=c} with ¢>0 is x/c,

and w,—0 as c—oco. The analogue is true for ¢<0, and therefore T 0¥ O¥x.
For a trial solution of the general equation 4A=0 take

N—-1
h:f(x)zl;{ g(y:) .
Then
N—-1 N—-1
dh=—(f"Tg.+f S gl Tl 2:)
1=1 1=1 k#1
N-1
_— n £-1 "ey—=1Y\__
=—h(f"f+ S ele)=0.

Each term in () depends on one variable only and is therefore constant. The

eigenvalues n;=0 give the equation g;/=—nlg, and the eigenfunctions

8i1=C0S N Yo, Zp=sin 1.y, .

We shall use the notation
N—1
n:(nl! Ty nN—l); 0:((): "',0), 772= Zlnzy 7]%0-
Given a function j from n to {1, 2}, set
N—1
anzggzj(ni) .

Then f,G,, is harmonic if f, satisfies f7 =7°f,, that is, f,=e*’*. It is readily
seen that an arbitrary harmonic function A on T has an expansion
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h=h,+ é}o 3 (ay 67"+ by,e )G,
n 7
on {|x|=c}, hence on {|x|=c} and a fortiori on 7.
Suppose he HL?, 1f some a,;#0, take a continuous function p,(x)=0 with

supp p,C(0, 1) and j:podx=l. For a number >0 set p,(x)=p,(x—1t) and ¢,=
0:Gr,. Then

1 x -nx
(h, 90»):CL (ay;e"+by e ") p,dx.
Here and later ¢ is a constant, not always the same. As {—co,

t+1
(h, SDz)Nce"”j‘ p.dx=ce™,
t
whereas, for 1<p=oo,
t+1 1
ledo=c({, otdz)e=001),

and for p=1, |¢ll;=const.<co. Thus relation (1) gives a contradiction for »t>0,
that is, for all >0. We conclude that a,;=0 for all n#0. An analogous argu-
ment using (<0 and f——oco gives b,;=0 for all n#0. Therefore h=h, For
1=p=co, we have [hl,=oou nless a=b=0. We have proved that every he HL?
reduces to zero, hence T€Oyy».

3. Next we exclude the HL? functions only.
THEOREM 2. O¥.pN\O¥x#0 for 1=p<oco, N=2, and X=G, P, B, D, C.

Note that for p=oo, O¥,p=O0%¥z, and the classes OZmeéﬁx and trivially
nonvoid if X=G, P, void if X=B, D, C.

Proof. Consider the manifold

T: |x|<11 |J’z|§7f, l:]-y "'1N'—1’
with the metric

dst=2dx? 4+ T I:Z_):dyg ,
where A=A4(x) is in C®% The identification of the opposite faces y;=x and y;,=—r=
by pairs is henceforth tacitly understood. The equation
Ahy(x)=—2"4 222 *h5)' =0
gives again h,=ax+b. Since
Dx)=c| _lll'zlzdx<oo ,

we have xe HC, hence T=O0¥,cO¥x for all X.
Let G,, be as in No. 2. Then A=f,(x)G,, is harmonic if
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dh=—2(f1G, — T S G )=
fn ny zglnlfn nJ Oy
ie.,

y 22 2&\1]\7;1)

n =7 fn-

First we consider the case N>2 and choose
_N-1
A=(1—x%) V73,

Then
A=x7 =7fn.

To solve this differential equation, set

Fn=0-2Pt,(),  GE —q—an,

A simple computation yields
fr= (2 (a1,
r=(-x E (1),
and our equation is transformed into

ta (2)=(1+7")tu(2).

It is satisfied by #,=¢*Y"*”* and in view of
_1 1+x
z=- log iz’

we obtain the solutions
—~TFE)

1

=14 ) F0) (30
fnz=(1+x)%(l‘“/m) (1_x)%(1+~’77/2) )

For k=1, 2, the function f,,G,, is harmonic, and an arbitray harmonic function
h can be written

h= % ; ; anjkfnan] ’

where the summation with respect to #n now includes n=0=(0, ---, 0).

Suppose A HL?. If some a,;#0, take numbers 0<a< <1 and a continuous
function 0,=0 with supp p,C(a, 8). For a number 0<t<1 set p,(x)=p,((1—x)/t),
0, =p,Gn;. Now supp p,C(1—p¢, 1—at), and as t—0,

2NV~

—a e _ 2D
(h, poreef 1= 0T ey

1—at
which, by virtue of L_ﬁc 0:dx=0(t), gives
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AT

(hr SDt)NC
On the other hand, if p>1, then

loda~e(f "ot dx)T=o(re HE),

In view of 1—g~'=p"?, relation (1) gives a contradiction for

(- B 1) < (vTEp-D,

i.e., for every »=0. We infer that all a,,,=0. If p=1, then [¢.ll;=const. <o
and we have a contradiction for

- v - ZED- 1o,

hence again for every »=0.
If some a,;, is #0, we choose p,=p,((x+1)/t) and obtain the same estimates

as above for |(h, ¢,)| and ||¢,|, as t—0. Thus all a,;,=0, hence h=0, and T€Oxp
for N>2.

For N=2 choose
A=1—x3"",

In the conformal metric ds=A2|dx| the harmonic functions are the same as in
the Euclidean metric, and we obtain as in No. 2,

h:h0+ 2 Z (an]enz"l‘bnje_nI)Gn; 3
nFE0 g

where now 7 stands for n,. Suppose he HL?. If a,;e"+b,;e""+0 for some n>0,
then for p,(x)=p,((1—x)/t), ¢,=p,G,,, t—0, we have

1—at
(hy po=cf__ (an,e"*+bye™)p1—2%)"dx

~cit j' ptdx—czt'
whereas, for 1<p<oo,
lolo=c(f_ p11—x") dx)T=0(T).
In view of —1<—g¢™, relation (1) gives a contradiction, and we conclude that
Qn;¢"+by;e7"=0 for all n>0. An analogous reasoning by means of p,(x)=
po((x+1)/8), 10, gives a,;e"+b,;e"=0. As a consequence, @,;=b,;=0 for all
n>0, that is, A=h, Since

||h0|'p:<jjl |ax+b| p(l—‘x2)_2dx)1’+::oo
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unless a=b=0, we obtain A=0, hence T€O%.r for 1<p<oo.

The conclusion remains true for p=1, since |¢;|.=const. <oo, and the con-
tradiction is for n>0 such that {7*>0(1), hence again a,;=b,;=0 for all n>0.
The reasoning for n=0 is the same as before.

The proof of Theorem 2 is herewith complete.

4. Next we exclude the HX functions only.

THEOREM 3. O¥.pN\O¥x#0 for 1<p<oo, N=2, and X=G, P, B, D, C.

For p=co, O¥.»N\O¥y is trivially void for X=G, P, B, nonvoid for X=D, C.
Proof. Take the manifold

T:|x|<oo, |y1.]§ﬂy 1:1y "‘,N_].,
with the metric

2 N-—
dst=22dx*+ AT 3 dy?,
1=1
where A=2A(x) is in C®. As in No. 3, hy(x)=ax+b, and we conclude as in No. 2
that Te O¥C O0%x.
Choose A=e¢~**, Then for 1<p<co
oo 1
lady=c(f__| 2177 dx)7 <oo,

and the theorem follows.

5. It is obvious that O¥,pN\O¥x#0 for 1=<p=<oco, N=2, and X=G, P, B, D, C.
In fact, on the space

T: Ix|<1y |y1|§ﬂ, 1:17“';N—1’

with the Euclidean metric, the function x belongs to HL?N\HX.
We combine our results:

THEOREM 4. The classes
YoM O%x, O%meéng 5§L1’ﬂ0§x, 5%1,1’/\61133’

are all nonvoid for 1=p<oco, N=2, and X=G, P, B, D,C. The same 1s true for
p=o0, except that trinally the classes O pN\O¥x are vord for X=B, D, C, and
the classes OfpN\Ogxx vord for X=G, P, B.

REFERENCES

[1] D. Hapa-L. Sar1o-C. WANG, N-manifolds carrying bounded but no Dirichlet
finite harmonic functions, Nagoya Math. J. (to appear).

[2] Y.K. KwoN, Bounded harmonic but no Dirichlet-finite harmonic, Bull. Amer.
Math. Soc., 79 (1973), 491-492.





