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A REMARK ON ANALYTIC MAPPINGS BETWEEN TWO
ULTRAHYPERELLIPTIC SURFACES

BY HIDEO MUTO AND KIYOSHI NΠNO

1. Let R and 5 be two ultrahyperelliptic surfaces defined by two equations
y2=G(z) and u2=g(w), respectively, where G and g are two entire functions each
of which has no zero other than an infinite number of simple zeros. Let SβΛ

and tys be the projection maps: (z, y)-+z and (w, u)-*w, respectively. Let ψ be
a non-trivial analytic mapping of R into S. Then h(z)~ϊβs

Όφ°^RK^) is a single-
valued regular function of z in M<oo [8]. This entire function h(z) is called
the projection of the analytic mapping φ. We denote by 2ϊ(i?, S) the family of
non-trivial analytic mappings of R into 5 and by Φ(R, S) the family of projec-
tions of analytic mappings belonging to 2ϊ(i?, S). Let ξ>p(R, S) be the subfamily
of $(R, S) consisting of polynomials and &T(R, S) the subfamily of ©(/?, 5)
consisting of transcendental entire functions.

Let P(R) and P(S) be the Picard constants of R and S, respectively (cf.
Ozawa [6]).

In [5] one of the authors has obtained

THEOREM A. Let R and S be two ultrahyperelliptic surfaces with P(R)=
P(S)=4. // €>(#, S)Φ0, then £(/?, S)=&P(R, S) or ©(/?, S)=©Γ(Λ, S). Further
if ξ)P(R, S)Φ&, then ξ>P(R, S) consists of polynomials of the same degree and the
same modulus of the leading coefficients.

In this paper we shall consider the structure of €>Γ(i?, S) and ξ>P(R, S).
Our result is the following:

THEOREM. Let R and S be two ultrahyperelliptic surfaces with P(R)=P(S)=4.
Then the fallowings hold.

(I) If &τ(R,S)Φ0, then ξ>τ(R, S) consists of transcendental entire functions
of the same order, the same type and the same class.

(II) If$P(R,S)Φ0 and p{z) and q(z) are elements of $P(R, S), then either
(i) there exist a root of unity μ and a constant k such that p(z)=μq(z)+k or (ii)
there exist constants k, I and m such that q{z)=r(z)2+k and p{z)={r{z)Jrl)2jrm,
where r{z) is a polynomial.
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2. The notions of order, type and class of a meromorphic function are
found in Hayman [3, pp. 16-18]. We shall say that the category of a mero-
morphic function f(z) is larger than that of a meromorphic function g(z) if
the order of f(z) is larger than that of g(z) or if the orders are equal and
non-zero finite and further the type of f(z) is larger than that of g(z) or if the
both are of minimal type and further f(z) is of divergence class and g(z) is of
convergence class.

In the first place we shall prove the following:

LEMMA. Let f(z) and g(z) be two entire functions. If the category of f(z)
is larger than that of g(z), then for any non-constant entire function h(z)

Proof It follows from Pόlya [8] (cf. [3, p. 51]) that

T(r,hog) ^ 31ogM(M(r,g), Λ)
T(r,hof)= logM(CM(f/4,/), A) '

where C is a positive constant. We know from Hadamard's three-circle theorem
that log M(r, h) is an increasing convex function of log r, so that log M(r, h)/\og r
is finally increasing. Hence (2.1) follows from

( 2 ' 2 ) M l o g

Now, we shall prove (2.2) when the category of f(z) is larger tha«n that of
g(z).

In the case that the order of f(z) is larger than that of g(z) (2.1) follows
from Theorem 5 in Gross-Yang [2].

Suppose that the orders are equal to λ (0<Λ< + °o) and f(z) is of maximal
type and g(z) is of mean type or of minimal type, that is,

m log M(r,f)=

=co

Then for arbitrary large K(> A), there is a sequence {rn} of positive, increasing
and unbounded numbers such that

and
rϊi

and so
\ogMXjj) _ < y log M(rn, g)^ logM(r/4,7) = ^ logM(rn/4,/T = T r

Hence we obtain (2.2) since K is arbitrary.
A similar argument shows that (2.2) is true when f(z) is of mean type and
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g(z) is of minimal type.
Next suppose that f(z) is of divergence class and g(z) is of convergence

class, that is,

ΓJogMfe/i^oo a n d f-JogMn^i
j r o r J r o r -

Then we have
> r log

log M(r, g)
l i m _ _ _ ^ _ _ ^ l i m _ _ ^ _
^ log Mr/4,/) =τ^ Γ rJogM(s/4,/l

which gives (2.2).
Thus the proof of our Lemma is complete.

3. Proof of Theorem. Let R and 5 be two ultrahyperelliptic surfaces with
P(R)=P(S)—4: defined by the equations y2=G(z) and u2—g(w), respectively.
Then by a result in Ozawa [7], we get

F(z)2G(z)=(emz)-a)(eH^-β), aβ(a-β)^0, #(0)=0,

where F(z) is a suitable entire function and H(z) is a non-constant entire func-
tion and

f(w)2g(w)=(eL(w)-γ)(eL™-δ), γδ(γ-δ)Φθ, L(0)=0,

where fiw) is a suitable entire function and L{w) is a non-constant entire
function.

In the first place we shall prove (I). Now suppose, to the contrary, that
there are two entire functions hλ(z) and h2(z) belonging to €>Γ(^, S) and the
category of h2(z) is larger than that of hλ(z). Then it follows from our Lemma
that

On the other hand Hiromi-Ozawa [4] implies that for each ht{z) belonging to
$τ(R, 5), one of two equations

(3.2) H(z)=Lohi(z)-Lohi(0) and H(z)=-Lohι(z)+Lohί(0)

is valid. Hence we get

T(r, Loh^Ur, Loh2)+O(l),

which contradicts (3.1). Hence all entire functions belonging to &τ(R, 5) are
of the same category. This completes the proof of (I).

Next we shall prove (II). By Theorem A, for certain μ with \μ\ =1, α, bv cJt

we have
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(3.3) 0 ( * ) = V0 ( )

(3.4) p(z)=μazn+VΣcjz>.

The statement (II) of Theorem holds if L(z) is a linear polynomial. So in the
following lines we may assume that L(z) is not a linear polynomial.

By (3.3) and (3.4), we get, about infinity,

By (3.2) we get

(3.5) L(p(z))=6L(q(z))+C,

where C and ε are constants satisfying e = l or —1.
As in the proof of the Lemma 2 in [1] we have

(3.6) φ^μz+e+ Σ Akz<n-*yn

or

(3.7) φ=μz+vz1/2+e+dz~1/2+ Σ Akz
Cn~kyn.

k>Zn/2

We shall prove (3.6) and (3.7). (3.6) and (3.7) are certainly true if n^2, so we
assume that n>2.

Suppose that Ak. is the first non-zero coefficient in S(z) and that kf<n and
kfΦn/2. Then we can see that for large R and any z with \z\=R, one of the
determinations of <p(z) satisfies \ψ{z)\ ^R—fcR1/n, where tc (0<Λ;<1) is a constant,
which is independent of R, since n>2. We take a large R. Suppose that zx

is a point where \L(z)\ takes its maximum on \z\=R. Let z2=φ(z1) be a point
such that \z2 \ ^R-κR1/n. Then

(3.8) MiR-KR1'*, L)^ I L(z2) \ - |

^\L(z1)\-\C\=M(R,L)-\C\.

Hence M(R, L)^K1R+K2i where Kλ and K2 are constants. By this fact and
(3.8) we can see that L(z) must be a constant. It contradicts our assumption.

It remains to discuss the case when n—2k is even, Ak=vΦθ and

(3.9) φ=μz+vz1/2+ Σ Aiz<2k-»/2k .

We have to show that Aj=0 for k<j<2k and 2k<j<3k. Suppose that άzs/2k is
the first non-zero and non-constant term in the sum in the right-hand side of
(3.9). Then as in [1, pp. 73-74], for large R and any z with \z\=R there exists
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a point zx such that φ{z1)=φ{z) and \zλ\ ^R—fcR~a-Ό/2k

} where tc ( 0 < ^ < l ) is a

constant, which is independent of R. By this fact

Thus, as above, we have M(R, L ) ^ ^ i ? 1 + α - υ / 2 A j + ^ 2 , where K, and K2 are con-
stants. Hence L(z) must be a linear polynomial. It contradicts our assumption.

If (3.6) holds, then we have the case (i) by (3.5), as in [1, p. 74]. If (3.7)
holds, then we get

where μ, v, e and d are constants. Since L(z) is not linear, there is an un-
bounded increasing sequence {Rn} such that M(Rn—l, L)+K^M{Rn, L) for any
constant K. Hence we have μ=l by (3.5), as in [1, pp. 72-73]. Put p(z)—q(z)—e

=vr(z). Then r(z) is a polynomial and satisfies r(q~1(z))—z1/2-\-(d/v)z~1/2j

Γ •••.
Thus r(q-\z)f=z+2{d/v)+O(z-lln). Hence r(z)2=q(z)+2(d/i>). So we get q(z)=

r(z)2jrk and p(z)=(r(z)J

Γl)
2-{-m) where k, I and m are constants. This completes

the proof of (II).
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