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ON INTEGRAL INEQUALITIES IN RIEMANNIAN
MANIFOLDS ADMITTING A ONE-PARAMETER
CONFORMAL TRANSFORMATION GROUP
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1. Introduction.

Let B be a connected (C>-) differentiable Riemannian manifold of dimension
n and gj;, V. Ki;", Kj and K, respectively, the components of the metric
tensor field, the operator of covariant differentiation with respect to the Levi-
Civita connection, the curvature tensor field, the Ricci tensor field and the scalar
curvature field, here and hereafter the indices a, b, ¢, -, 1,7, k, -- run over the
range 1,2, -+, n. We shall denote g’ , by I'? and the Laplace-Beltrami operator
by 4. Throughout this paper, we assume that Riemannian manifolds are con-

nected and differentiable and functions are also differentiable.
An infinitesimal transformation <V* is said to be conformal if it satisfies

(1.1) -[gji:V]CVi+ViCV]:2pgji

for some function p on B, where £ denotes the operator of Lie derivation with
respect to V" and V,=g,,V% The p satisfies

(1.2) o=V e,

If p in (1.1) is a constant, the transformation is said to be homothetic, and if
0=0, the transformation is called to be isometric. Hereafter we shall denote
the gradient of p by p;=F,p.

We now put

(1.3) Gji:Kj"—*{%gji
and
(1.4) Zosin=Kn Do (
. kjin— Brjin n(n—1) gkhgji_gjhgkt)~
Then we have
(1.5) G;87=0, Zpj*=Gjy
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2
(1.6) G,.icfizKﬁKﬂ—_f_fn_
and
Jin_: qorgin__ . oK%
(L.7) Zy s =Ky jin K+ h_—ﬂ(%l——l).

In 1969, K. Yano [3] proved

THEOREM A. If a compact orentable Riemannian manifold B with constant
scalar curvature field K and of dimension n>2 admits an infinitesimal non-
isometric conformal transformation V*: Lg;;=2pg;;, p+#0, then

K3 2 2
(1.8) n(n—1) j;sKﬁp’p dv<K j%p dv,
where d<V is the volume element of B, equality holding 1f and only 1f B is iso-

metric to a sphere.

The purpose of the present paper is to prove the following theorems and
corollary.

THEOREM 1.1. If a compact orientable Riemannian manifold B with constant
scalar curvature field K and of dimension n>2 admits an infinitesimal non-
1sometric conformal transformation <V : £g;,=2pg;;, p+0, then

(1.9) fmjfd(a GjiGji+,Bijinijih)dCV
éLnZ_l—&f;s‘ozd(aGfiGﬂ"'.BZkﬁnZ”m)dCV
for any nonnegative constants a and B not both zero, equality holding if and only

1f B 1s isometric to a sphere.

THEOREM 1.2. If a compact orientable Riemanman manifold B with constant
scalar curvature field K and of dimension n>2 -admits an infinitessmal non-
isometric conformal transformation <V*: Lg;=2pg;;, p#0, then for any non-
negative constants a and B not both zero and.for any constant k such that k=—4n,

(1.10) j;s_f_['(aniGﬁ_'_‘Bijithjih)dCV
+kf_p"aG Gl +BZusn 2 M)AV 20,

equality holding if and only if B is isometric to a sphere.

THEOREM 1.3. If a compact orientable Riemannian manifold B with constant
scalar curvature field K and of dimension n>2 admits an infinitesimal non-
isometric conformal transformation V. £g;;=2pg;, p+0, then for any non-
negative constants a and 8 not bath zero and for any constant k such that k=—4n,
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(1.11) (@n(n—2)a-+8np) | Hipprdy
on | k 2B
=—[(GZr ety I ot
+(n-tk) [ oM@k K BE i KM M)Ay

equality holding if and only 1f B is isometric to a sphere.

COROLLARY. Under the same assumption as in Theorem 1.3, we have

e K

(1.12) n j‘%Kﬂp’p dCV§—n_l—Lsp2dCV,
K® ,

(1.13) =T f$p2dCV§—nj‘5sKﬁpfp d<y

(e " win
+ (n—1)a+28 .fa;p (@K K7 4B K jun KAV
and
(1.14) j;K”p]pdeV
—‘4—‘ Je ICkjin
S e zp P KK PR K ey

in each of (1.12), (1.13) and (1.14), equality holding if an only if B is isometric
to a sphere.

Inequality (1.12) is nothing else than Theorem A, and so both Theorems 1.2
and 1.3 are generalizations of Theorem A, because, as will be seen in the proof:
of Theorem 1.3 in section 4, inequalities (1.10) and (1.11) are equivalent.

Here we state the following two important remarks.

REMARK 1. By using Lemma. 2.1 which will be.proved in section 2, we can
easily prove that any infinitesimal homothetic transformation of a compact
orientable Riemannian manifold is necessarily an infinitesimal isometric trans-
formation.

REMARK 2. K. Yano [2] proved that if a compact orientable Riemannian
manifold with constant scalar curvature field K and of dimension n=2 admits
an infinitesimal nonisometric conformal transformation then K is necessarily a
positive constant.

2. Preliminaries

In a Riemannian manifold B, for an infinitesimal conformal transformation
yr: £g;; =208, we have [1]
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(2.1) LEjin=—8guV ;008 e 0i—F 1 p1)851
+7, 00)81i+20 K jin »
(2.2) LK;=—n—=2,0,—Apgj;
and
(2.3) LK=—2(n—1)dp—2pK.
Thus, for ¥ with constant scalar curvature field K,
(2.4) Ap=—71:{—1—p
and
25) 796G, ="227 K=0.
We have, from (1.3) and (1.4),
(2.6) £G=—(n—2)(7, 0~ dpg;)
and
@7 LZyjin=—8nV ;0i+8V 1 00—V 1 0n) 25+ ; 00)81
+%Ap(gkngﬁ—gmgkz)Jerka
respectively.
By straightforward calculations, we have, from (2.6) and (2.7), respectively.
(2.8) (LG)G'=—(n=2)F"p"G ;i
and
(2.9) (L Zyjin) ZH " =—4V ' 0"G ;i +2pZ4 jin ZH™
On the other hand, we have
(2.10) LGH=(LGyy)g g —4pG7¢
and
(2.11) LZNN=(L Zyopa) " g7 g g —8p Z M,

Therefore, we have
(212) (LCNG=(LE )G 140G G
and

(2’13) (‘Eijih)Zkiih:(-Eijih)ijm"SPijithjih .
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Thus, from (2.8) and (2.12),

(2.14) L(G;;GN=—2n—-2)V? "G ;;—4pG ;;G"*
and similarly, from (2.9) and (2.13),
(2.15) -C(ijithjih):—S(Vjpi)Gji—4kajithjih .

LEMMA 2.1. If a compact orientable Remannian manifold B of dimension n
admits an infinitesimal conformal transformation V™ : _Lg;; =208, then

_ 1
(2.16) j;spfdcv_———ﬁ— j%.c fdcy
for any function f on B.

Proof. Since p:%V <V we have, by using Green’s theorem,

&V,,(fcva)dcvzj%.zfdcwnj%pqu;:o

which gives (2.16).

LEMMA 2.2. If a compact orientable Riemannian manifold B with constant
scalar curvature field K and of dimension n admits an infinitesimal conformal
transformation V™. Lg;=2pg;;, then

(2.17) f P(7709Gudy=— | Gup'0'dV .
Proof. By using Green’s theorem, we have
[ TG p)dv=] (77G,)p'pdev
+L$Gﬁ(mpf)pdcv+j%cjipfpldcvzo ,

which reduces to (2.17) by virtue of (2.5).

LEMMA 2.3. If a compact orientable Riemannian manifold B with constant
scalar curvature K and of dimension n admits an infinitesimal conformal trans-
formation V" £g;;=2pg;;, then

(2.18) LB.L’.L’(G,,G’ YAV =—2n(n—2) j£Gj1p 0 dV+4n j%p G,Gitdey
and

@19 | LL(Zn 2V =—8n | (G’ p'dV-+dn | O Zain 2

Proof. By using (2.14) and Lemmas 2.1 and 2.2, we have
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{ LLGCGdY=—n { PL(GGIde
=2n(n—2) P770"GudV +4n | N
=—2n(n—2) | Gy’ p'dV +4n jg 0°G;,Gidey

Similarly, (2,19) follows from (2.15) and Lemmas 2,1 and 2.2.

3. Lemmas.

In this section, we shall prove some lemmas which: will be used in the next.
section.

LEMMA 3.1. In a compact orientable Riemannian manifold B
(3.1) L;(V, APy =—| (dh) fdev=— j-ﬁ hdfdy

for any functions f and h on B.
Proof. This follows from
[P fPindv= @ f)Pndv+| fandev=0
B B B
and

| T )dy= { (TR )d+ { hd fdv=0.

LEMMA 3.2. If a compact arientable Riemannian manifold B admits an
infinitesimal conformal transformation <V*: Lg;,=2pg;;, then

PS5 Fe— i
(3.2) j$p Afdv= ZJ.%ppr fdy
for any function f on DB.
Proof. This follows from:
('t = N L ptdfdy =
j‘%Vl(p VifYdey Zf%ppr fdcv+j%p Afdv=0.
LEMMA 3.3 (K. Yano and S. Sawaki.[4]). If a Riemannian manifold B of

dimension n admits an infinitesimal conformal transformation V*: Lg;;=2p8:,
then

(3.3) ALf=LAf+2pdf—(n—2)p Vf

for any function f on:B.
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LEMMA 34. If a compact orientable Riemannian manifold B with constant
scalar curvature field K and of dimension n=2 admits an infinitesimal conformal
transformation V" : L£g;;=2pg;;, then

K n(n+2) ¢
f LL deV—I———z-—L p*dfdey

(3.4) f%.c.m fdv=——=

for any function f on B.

Proof. By using (2.4), Lemma 2.1, Lemmas 3.1, 3.2 and 3.3, we have

j rrd fdcv:—nj pLAfdy

B B
=—nf o(dLf~204f+(n=2)p. '} )dV
:_njﬂgpdffdcvwnj%pmwcv—n(n—z)j%ppiwfdcv

=—n (o)L fdev-+2nf pt4 fdey+ 12 [ ptasaey

_ nK n(n—2)
=15 Lgp.cdeV—Fan%p?AdeV—F 5 L;pzdqu/
_ K n(n+2)

LEMMA 3.5 (for instance, K. Yano [3]). If a compact orientable Riemannian
manifold B with constant scalar curvature field K and of dimension n>2 admits
an infinitesuimal nonisometric conformal transformation V*: Lg;;=2pg;, p+0,
then

(3.5) [ Grprordev=o0,

equality holding 1f and only 1f B 1s 1sometric to a sphere.

LEMMA 3.6. If a compact orientable Riemannian manifold B with constant
scalar curvature field K and of dimension n=2 admits an infinitesimal conformal
transformation V" L£g;;=2pg,; then

(3.6) { LLE KAy =—2n(n—2) { ip'ody
i 2nK?
KTt _ _ 2
+4nL}pZKnK dey—=2{ prdey
and
3.7) § LLEsan KAy =—8n | K,olpdy

+4n | O KKy



82 HITOSI HIRAMATU

Proof. By using (1.3), (1.6) and (2.18), we have
j (LLUGK A= j LLG Gy
—_— - nlpt 2 (it
2n(n 2)fgcﬂp o dCV+4n5‘%p G,Gldey
=——2n(n—2)_f (K--——K—g-.) ‘prdy
2 Jjt n ot p e
. K
dn [ o (Kol === )dy
=—2n(n—2) fg[{jipfpldCV—FZ(n—Z)ffj‘ pipdy
2K Kiday—4K ([ prdey
+4n5.%p LKdey—4 j%p y

But, from (2.4) and Lemma 3.1,

j%pipldc(/z—j‘%pdpdq/: nf_{l—j%pza’q/ .

Therefore we have (3.6). Similarly, from (1.3), (1.7) and (2.19), we can get (3.7).

4. Proofs of theorems.
We shall prove our theorems and corollary stated in section 1.

Proof of Theorem 1.1. Applying Lemma 3.4 to functions G;;G’* and Z; i, 2"
and using (2.18) and (2.19), we have

{ LL NG G+ BZ,in 2y

—PERL( A(aG GO 2 a2 )Y

K i ji
= oy | LL(@G G BZu 28 )dY

=[2n(n—2)a+8np] n—fff;sG,-ipJp‘dCV

__4nK
n—1 B

0 (aG;,GI'+BZ, ;i 2 )dy .

From our assumption, K>0 and Lemma 3.5, the right hand side of the above
relation is nonpositive, and consequently (1.9) holds. If the equality in (1.9)
holds, we must have

“.1) J%Gﬁp’p’dwzo
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and hence B is isometric to a sphere by virtue of Lemma 3.5. Conversely, if
B is isometric to a sphere, we have G,;,=0 and Z,;;,=0 and consequently the

equality holds in (1.9).
Proof of Theorem 1.2. From (2.18) and (2.19), we have

j o LLOC(GI A BZyn ZH ) dy
+k j% (G ,GI - BZ, jn ZH MY dy
=—[2n(n—2)a+8n8] Lstip’p’dCV
+(4dn+k) f NGOy FANALOLE S

from which, by using Lemma 3.5 and our assumption, we have (1.10). If the
equality in (1.10) holds, we must have (4.1) and consequently ¥ is isometric to
a sphere. Coversely, if ¥ is isometric to a sphere, we must have G,;=0 and

Z;in=0 and the equality in (1.10) holds.
Proof of Theorem 1.3. From (1.6), (1.7), (3.6) and (3.7), we have

j LL@G G B2, jn ZM M)Ay

+k J.%pz(anLGji—l— BZy in ZHMydey

- jﬁ_a,aaK,iKﬂJr BKu K*MYdy
+ka f% p2<KﬁK”——[%?—>dCV
+18 [ oK j,,zKW—W(%)dcu

=—[2n(n—2a-+8np] [ Kp'p'dv
+(4n-+k) j% 0K Ko BK 0 KH YAy
TG e ey o

Thus, we can easily see that (1.10) and (1.11) are equivalent, and consequently
the result follows from Theorem 1.2.

Proof of Corollary. If we put k=—4n,
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b —4na+8np
T (n—la-+28

_ —2r’a
(>—4n) and k_——(n—l)a—i—Zﬁ (>—4n)

in (1.11), then, from our assumption, we have (1.12), (1.13) and (1.14) respectively.
The last inequality (1.14) follows also from (1.12) and (1.13).

BIBLIOGRAPHY

[1] K. Yano, The theory of Lie derivatives and its applications, North-Holland,
Amsterdam, 1957.

[2] K. YanNo, On Riemannian manifolds with constant scalar curvature admitting
a conformal transformation group, Proc. Nat. Acad. Sci. U.S. A., 55 (1966),
472-476.

[3] K. Yano, Riemannian manifolds admitting a conformal transformation group,
Proc. Nat. Acad. Sci. U.S. A., 62 (1969), 314-319.

[47 K. YanNo AND S. SAwaKI, Riemannian manifolds admitting a conformal trans-
formation group, J. Differential Geometry, 2 (1968), 161-184.

DEPARTMENT OF MATHEMATICS,
FAcULTY OoF ENGINEERING,
KumaMoTOo UNIVERSITY





