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Let V, be an n-dimensional submanifold of an m-dimensional Riemannian
manifold 7, and C be a unit normal vector field of V, in V,. If the second
fundamental tensor in the normal direction C is proportional to the first funda-
mental tensor of the submanifold V,, then V, is said to be umbilical with respect
to the normal direction C. Let N be a subbundle of the normal bundle of V, in
Vm. If the submanifold V,, is umbilical with respect to every normal direction in
N, then V, is said to be umbilical with respect to N. If the covariant derivative
of every unit normal direction in N has no component in the complementary
normal subbundle N* orthogonal to N, then the subbundle N is said to be parallel.
If there exists, in N, a unit normal direction C such that the covariant derivative
of C has nonzero component in the subbundle N* everywhere, the subbundle is
said to be non-parallel.

In this paper, we shall study submanifolds of a space form which are umbi-
lical with respect to a non-parallel normal subbundle.

§1. Preliminaries.

Let Vi be an m-dimensional Riemannian manifold of constant curvature ¢ with
the metric ds?’=g,.,d&"d&*, &, A, p, --- =1, 2,---,m, where {£*} is a local coordinate
system in V,. We denote by {z} the Christoffel symbols formed with g,; and by
K,.;* the Riemann-Christoffel curvature tensor of Vin:

(1) Kuy1‘=0(559p1—529v1)~

Let V., be an n-dimensional submanifold of V,, and the parametric equations
of V, be

& =&(n"),
where {"} is a local coordinate system in V, and, here and in the sequel, the in-

dices 4, i, j, k, -+ run over the range {1, 2, ---, n}.
We put
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(2) Bif =0, 6:=0/or

The fundamental metric tensor of V, is then given by
(3) g5i=9uBj B

We denote by {%} the Christoffel symbols formed with ¢;; and by F, the ope-
rator of covariant differentiation along V,. The van der Waerden-Bortolotti cova-
riant derivative of B;* is then given by

(4) V,Bf=0,Bs + { F )BJ“Bi‘—Bh‘{ ke }
YA 71

From (3) and (4) we see that /;B;" are orthogonal to the submanifold V,. We
choose m—n mutually orthogonal unit vectors C,” which are normal to V,. Then
we have

( 5 ) gﬂlBjﬂcyl =O’ gulczycyx =5z?h

where d,, are the Kronecker deltas and the indices z, y, z run over the range
{1, 2) B m_n}°
The equations of Gauss are then given by

(6) V;Bi" =h;"C,",

where %;,° are the second fundamental tensors of V, in the normal direction C,".
The equations of Weingarten are given by

(7) VCy=— hyyB* +1,,°C,",

where hjy=h;Y¢" and [,,°=—[,,Y are the third fundamental tensors. The mean
curvature vector of V, is given by

1 .
R — *
H e V;Bs".

Since the curvature tensor of V, is of the form (1), the equations of Gauss
are given by

(8) K1 =c(0%g js — 85 s) + i 2h i — " ohi ™,

the equations of Codazzi by

(9) Vihji® —Vihu,™ + Ly h ¥ — 1% hi? =0,
or
(10) thjh'y_thkhy—lkyzhjhz+l]yzhkhz=0,

and the egnations of Ricci by

(11) Vkljyx - lekyz - hm‘rlljty + /’lj;‘t}lkty + l/.;z‘tl]yz - Z]z‘tlkyt =0.
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If there exist, on the submanifold V,, two functions «, 8 and a unit vector
field #; such that

(12) hyi® =g i+ B jub;

for a fixed x, then V, is said to be quasi-umbilical with respect to the normal
direction C,". In particular, if a=0 identically, then V, is said to be cylindrical
with respect to C,*, if =0 identically, then V, is said to be umbilical with respect
to C.*, and if a=p=0 identically, then V, is said to be geodesic with respect to
C,". If N is a normal subbundle, i.e., if N is a subbundle of the normal bundle,
and the submanifold V, is umbilical with respect to every normal direction in N,
then V, is said to be wmbilical with respect to the normal subbundle N.

For a given normal subbundle N of V,, if the covariant derivative of every
unit normal direction in N has no component in the complementary normal sub-
bundle N* orthogonal to N, then the subbundle N is said to be parallel. If there
exists, in N, a unit normal direction C such that the covariant derivative of C
has nonzero component everywhere in the complementary normal subbundle N*
orthogonal to N, then the subbundle N is said to be non-parallel.

Let C and D be two unit normal directions of V, in V.. If the covariant
derivative of C has no normal component excep: in the normal direction D, then
C is said to be quasi-parallel with respect to D.

For a normal subbundle N of V, in V,, the dimension of the fibres of N is
called the dimension of the subbundle N.

§2. Lemmas.
In this section, we prove the following lemmas.

LeMMA 1. Let N be a normal subbundle of V, in V. If N is non-parallel,
then the complementary normal subbundle N* orthogonal to N is also non-parallel.

Proof. Suppose that N is non-parallel, then there exists a unit normal direc-
tion C in N such that the covariant derivative of C has non-zero component in N*.
We choose unit normal C,* in such a way that we have

C =C", Gy, -+, Ca"€eN, Caitfy o, Cun" €N,

where ¢ denotes the dimension of the normal subbundle N. Then we have, put-
ting y=1 in (7),

(13) V]Cl';: _h]tlBi"i'ljluCu‘ +ljlrc'r‘;

where
l J lrcr‘ B3 0)

and here and in the sequel the indices #, », w run over the range {1, 2, -+, @} and
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the indices 7, s, f run over the range {¢+1, a+2, ---, m—n}.
Since /;,"C,*x0, we have /;,"=0 for some fixed 7. We put, for that j,

lj],rCr‘
14 Dr=-17r
(14 17C/]

where |/;,"C,*| denotes the length of /;"C,*. Then D* is a unit normal direction
in Nt. From g¢,,C/"D*=0, we find

(15) 9u(ViC) D+ 9,,C (VD7) =0,
or, using (13),
(16) 9GP D= —|1;7Cr| =0.

This implies that the normal subbundle N* is also non-parallel.

LemMmA 2. Let N be a normal subbundle of Vi in V. If N is pavallel, then
the complementary normal subbundle N+ orthogonal to N is also parallel.

This lemma follows immediately from Lemma 1.

LemMA 3. Let N be a non-parallel normal subbundle of Vi, in Vu of dimen-
sion m—n—1. If the submanifold V, is umbilical with respect to N, then the sub-
manifold V, is quasi-umbilical with respect to the normal direction in N*.

Proof. Since N is a non-parallel normal subbundle of dimension m—n—1, the
subbundle N* is, by Lemma 1, also non-parallel and of dimension one. If we
choose C,* in such a way that C,-,"=D" with D* as the unit normal direction in
N+, then by the umbilicity of V, with respect to N, we have

(17) /zﬁ“=a“gﬁ
for some functions a* and
(18) Lim—n®=1"

do not vanish simultaneously.
Under these assumptions, (6) becomes

19) ViBif =a%g;;Cy" + kD",

where kj;;=k;™ ™ and (7) becomes

(20) ViCo* = —awB,* +1jn"Cu* + 10D,
where ay=a® and

(21) lp=lp™ "= —lpm_ "= —1,",
and

(22) V;D*= —k B +1,Cy.
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Equations (9) of Codazzi beeome

(23) (Tra™)g js— (Vi) grs + Lo a®g ji— Lo 0grs+ bk ji — LR =0
and ‘
(24) kaﬁ—V;kki—lk"augji-Fl,“augm=0.

Equations (11) of Ricci becomes

(25) Vlcljvu - lekvu+ lkwu ]vw - ljwulk'uw— lkul]v + ljulkvz
and
(26) Vil — Vil %+ Lol ,* — 1 3*l? = 0.

Since Cn-,"=D" is non-parallel, without loss of generality, we can assume that
27 L'=1%0.

Putting
(28) Vet +lpo'a’ = a,
we have, from (23),

argji— i+ ji— Likri=0.

Consequently, in exactly the same way as in the proof of Theorem 1 of [1],
we can conclude that

(29) k=297 pdi,,
where

t _bit
(30) A= —“,—1 p=tp, =22 hk‘ :

This proves the lemma.

LEMMA 4. Let N be a non-parallel normal subbundle of V, in Vu of dimen-
sion m—n—1. If the submanifold V, is geodesic with respect to N, then the sub-
manifold V, is cylindrical with respect to the normal direction of N*. Consequently,
the submanifold V, is of constant curvature c. In particular, if V. is complete
and V,, is euclidean, then V, is a cylinder.

Proof. Since V, is geodesic with respect to N, by (28), we have a;=0. Thus,
by Lemma 3, we see that V,, is quasi-umbilical with respect to the normal direc-
tion N* satisying (29). This implies that V, is cylindrical with respect to the
normal direction of N*. In particular, by equations (8) of Gauss, we see that V,
and V, has the same constant curvature ¢. Hence if V, is complete and V,, is
complete and V,, is euclidean, then V, is a cylinder.

LEMMA 5. Let Cu-n"=D" be a non-parallel unit normal direction of Vy in Va
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and N be the (m—n—1)-dimensional normal subbundle gemevated by C.", G, -,
Coni®. If the submanifold V., is umbilical with respect to N, then all of the third
Sfuidametal tensors 1, are proportional. In particular, if 1,'=0, then we have

31) =07}
for some functions v*®, where [,*=I[,n_»".

Proof. By Lemma 3, we see that the submanifold V, is quasi-umbilical with
respect to Cn—,"=D" and if we assume that /,=/,'=0, then the second fundamental
tensor kj; is given by

kji=2g i+ plsls,
and consequently, this conclusion may be written as
kji =Zlgji+/lll,ll,,1.
Thus, if /,2 never vanishes, then we have
Rji=2%q 5+ 12,22,
and consequently,
(A =2%)gs= — M 2R
Thus
(32) =0, =0,

for some function »2. This implies that all the third fundamental tensors /,* are
proportional and proves the lemma.

From Lemma 5, we have immediately the following

ProposITION 1. Let D° be a non-parallel unit normal divection of V, in Vn
and N be the (m—n—1)-dimensional normal subbundle orthogonal to D*. If the sub-
manifold V. is umbilical with respect to N, then the normal direction D" is quasi-
parallel with respect to a normal direction in N.

LEMMA 6. Under the hypothesis of Lemma 5, we have
33) Vil;—Vilx=0.

Proof. Putting #=1 in equation (26), we find

(34) Vidj—Vile 4+ lio'l? — 15" 1 =0,
that is,
(35) Vil — Vil — Lol P+ 1700 =0.

By substituting (31) of Lemma 5 into (35), we obtain (33).
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LEMMA 7. Under the hypothesis of Lemma 5, we have

lglt' - l‘l;“a'u
12

where Ax=Vid, p="Vip, v is a function and 2 and p are given by (29).

(36) )ule,= 9ji— (/ljli + pil;) +21’lj11.y

Proof. Substituting (29) into (24) and applying Lemma 6, we find
(37) e i — Ag0ki+ picd s — pibils + pl s (Vi) — pli(Vils) — Lifatug ji 1  augien =0,
from which, by transvecting /¥,

g gi— Afhe A pdlils — peslPl+ pl (V)
39 — plB (Vi) — (o) g i+ L aud, = 0.
Equation (38) shows that plj/, is of the form

(39) wVilv=pgji+aili+aqi,,

where
lzlt - l‘lt“a u
=

nV;l, being symmetric by Lemma 6. Substituting (39) into (37), we find

(40) (Ae—ple— L an)g ji— (A3 —Dli— L ) gri+ (padj— pile+ quls— g8l =0,
from which we obtain

(41) =Dl + oy

and

(42) i+, =1,

r being a function. Thus, by (39) and (42), we obtain the lemma.

§3. Locus of (n—1)-spheres.

THEOREM 1. Let V, be an n-dimensional submanifold of a euclidean m-space
E.. and N be an (m—n—1)-dimensional normal subbundle of the normal bundle of
Vo in En. If the subbundle N is non-parallel and the submanifold V, is umbilical
with respect to N, then V., is a locus of (n—1)-spheres, where an (n—1)-sphere
means a hyperspheve or a hyperplane of a euclidean n-space.

Proof. Let D* denote the unit normal direction in the complementary normal
subbundle N* orthogonal to N. Then D is non-parallel. Thus the formulas in
§1 and §2 hold. By Lemma 6, the distribution /;dp*=0 is integrable. We re-
present one of the integral submanifolds V,_, by
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="
and put
0 1
n—n o h -9 R~ Jh
Bl'=dy", 0 Tk N ll ,
gev =978 By*
and

VeBy"=HuN",

V.By* denoting the van der Waerden-Bortolotti covariant differentiation of By
along V,-: and H, the second fundamental tensor of V,.,. Here and in the
sequel, the indices b, ¢, d run over the range {1, 2, ---, n—1}. From

lf,Bb1'=0
and Lemma 7, we have
pPHy=Bges

with g=2a/'—{l*a,. Thus, on the open subset U={peV,; p=0 at p}, we have
V.By =V, (By'Bi*)=HpN'B;* + B By'(V; Bi*)

=a"gaCu’ + ’ﬁ_sgch"
v

where N*=N:B;*. This shows that V,-, is totally umbilical in E, and hence the
closure U of U is a locus of (#—1)-spheres. On the open subset V,—U, we have
¢=0. Hence every component of Va.—U is contained either in a hypersphere or
in a hyperplane of a linear (n+1)-subspace of E,. Thus, the subset V,—U is also
a locus of (n—1)-spheres. This completes the proof of the theorem.
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