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ON THE EIGHTH COEFFICIENT OF UNIVALENT FUNCTIONS, II
By Mitsuru OzawA AND YosHIHISA KuBoTA

0. Let f(2) be a normalized regular function univalent in the unit circle |z| <1
F@=z+ 3] a.z"
n=2

For the eighth coefficient @s several authors had proved its local maximality at
the Koebe function z/(1—2z)? [1], [4], [6]. One of the authors had improved the
method in [4] to a great extent in [6]. Obrock [5] and Schiffer [8] proved a general
result independently, which can be formulated in the present case in the following
manner: If @, @; and @, are real, then Ra:=8 with equality holding only for
z/(L—2)% In [7] we have given the following fact: If «, is real non-negative, then
Ras=8 with equality holding only for z/(1—z)%

In this paper we shall prove the following theorem:

THEOREM. If a;—3ai4 and ai,—3a.as/2+543[8 ave real and \arg a.|==l7, then
Ras=8. Equality occurs only for the Koebe function z|(1—z)

By the well known rotation this theorem implies the result due to Obrock and
Schiffer as a simple corollary. Our original motivation in [7] and in this paper lies
to investigate the status of the general a@s problem. So the theorems are only
byproducts of our original intention. We believe at the present time that the status
became almost clear.

Section 1 is devoted to several preparatory lemmas and inequalities from which
we start. Section 2 to 9 are concerned with the case 1=Re.=2. The main
part in this paper consists of sections 2, 4, 6 and 8. Section 10 is concerned with
the case 0=Ra,=1. Sections 3, 5, 7, 9 and 10 are rather trivial parts and easy to
handle.

1. We make use of the same notations as in [4]. By our assumption ¢’ =7"=0
and [2'[p|=tan (z/7).

First we shall give here several lemmas, which will be used later on.

LemMA 1. 11(2+12"2)+9(p? + ¢'2) + 7(62+£'2) + 59+ 3y + 2/ 2 =4 — 22

Proof. This is a simple consequence of the area theorem for f(1/z2)~1/2
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1 1 1
LemMa 2. g+ <2p— = p)yg(z—p)52+ o5 B2+ p

Proof. By Grunsky’s inequality
|l)1]x§+6b13x1x3+3b33x§| é le |2+3|.’D312-

Here we take x,=1/3 and put x;=8. Taking the real part
— _1__ 1 3 _ _1__ ’2 2 l 2
7 21>y+—1§p 4px +28y + fPp= 3 +2p7,

which is just the desired result.

LEmMA 3. —%— o <7; + % py)

4 1 16 2 5 2
L 6 - —hH2 2__ " A2 —_Ah2 —_ 2 —_—
A (Y B R 3<7/+61>y>
1 3 3 16 1 1
202, /4 2 opare, Y 2,0 1 _ —_——
+ 2p%x"%y 4xy+2px77 7= ( p)x 6 2’4 48;0
Proof. By Golusin’s inequality we have

|b1121+ bs13| 2+ 3| b1y + bssws| 2= | 1|2+ 3 25| %

Here we put z,=8p/3, x;s=2/3. Then by a simple rearrangement of terms we have
the desired result.

Grunsky’s inequality with m=7, .=y, 2s=0/3, xs=p[5, 2:=1/7, 22=24=12=0,
y'=7"=0 leads us to the following inequality

2 2 2 2 2 2 _Zl 7___1_ 7___]_'_ 352
maS§T+—5—p +'§_6 +-’L‘)"+447p 80? 12P6

5 11 7 1
(22t (g2 —p-2y )+ (#0028 )

9

+ (12— 520+ 20 =20 Yyt (-5 0o+ g

| =
Cbln—-

+

2 9
(%p@ )yn+ 5 byé+Ant+ Syp+ —-g—ﬁys

+ __p52) 12+<_ 2—;)“172'—6)-1’,6,_ —g—px'go'—zx’r’— _%xlysl
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13 1 23 1 29 5
+ ("' —é"p3+ 7P5)x’2y+<— —4—?24- 75) 77——15:0'2{-’——~x (0

_2_1 /2 _§g 1 /3/ 53 74 7 131 3’4 — 27 76
by, 8-70?/7)+ &'+ spx y+8 4p 4Px-

Now we put

_ 9 _5 . _3 _ 3. .
6——81>+Ay Sx, r—8p+pr+C77 715.2:,

where A, B and C are constants to be fixed in later parts. Then we have

ERag_U+{<11238 %A—%B)pu%zapw—g—Aﬁ
(-5 LI A+38>p3 r 6Bt Aa +<ig§ = A)p:c"‘]y
+{( >p4+~cz>3 (—%Jrsc)pzxw—ﬁcm'ué—iw}n
+{( = 2——2—A— —Z—B>p3+232p2+ 2 g

(A) +( fg A+—45—B)p }

+ (__230— - A=2B——-C) p+4BCp+(~ 489+%A+%C)x'2]w

+ (-—cz 2c>p+202}77 +<i —A- ZB>py5+(4 2Cye+3—2A)ep

5 %) PP+ (—A2—2AC+2A)y%Y

{
|
(3 aoaans Las
(st
(

1 2 __ 331 3 /2 2 /2 25 /)
+6a 48P 1z l” +_1"’ T9%% 2561”’4
7 3
+ ——j)2+2x’2> & — —z—px’go’—Zx'z"—(A—I— —2—>x’y$’,
___2__ i 2y 27 7__ LR 62 25 3y A
Us—+5 07 4481’ sop 41’ 1.1z 8PP

This is our starting inequality. U is represented as the following polynomial of z
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g 3L 8L . 1L . 83 , 2201

I Bk dnp

4 8 8 YTt T30 "
133 25 7 9 25 1\,
""(FSJF%JMO)” +<112+64-12+'%>”’

2. Case 1=p=2, #2/p><1/40 and y=0. In this case we put A=1, B=5/4,C=1
in (A). Then we have

673 15 5

129
= _ 87— 2,.,./2 2 4
mag_—_U—!—( 192p T — pxx -7 + 128px >y

5
5 iy N1 —_— A2
A T AN

63 11
4y Y 3. 2.2 12 T 04

+<64p Pz sz 3prx Ter® >7/

Mooy 250 2 T _D ., _25_
+< 48 15+ —3 bz 2) 2+( p*+5p z’ >w;

8 2
+< R4 ) +Py€+27/$+2/s0——?y —y’7

3 _ Y pa 331 /2 2./2 25 't — ﬁg’_ /4) 72
+< p 8152 szt f’ + 96 7 T e 277 )®

+<— 147*?2-[-2x’z>x/5'— —;i—px’go’—Zx’z" — —g—x’y{-".

Let % be a constant, to be fixed later, such that 3p?—Ax’2=0. Applying Lemma
3 to (3p*/64—Np*x'?/64) (p+13py[6) and Lemma 2 to (3p*x/4) (7;+5py/4) we have

2 1 P 5. 2 400 15 09
2 1% 118\ 1 ,
+(m 30 6412 3216 256)1’ 41’ 10420+

5 ﬁ_ 8_1_52 ._?_[_ _iA (ﬁ__l__) ’2
+‘<m’2‘+192)1’ s Pt 1P~ 5 6 Aoz

1 ],
+-1_2_§QI }36 Y

b

1 75 2 __ &_i 12 72,
+{<649I+a>1> 6p+<64 64%)30 }H

851 . o [ 2 21\,
+[ 3812 “" 2P+T+<32-12% 324)1’

% oz 3

Q{x/‘l .
Ty T1s 7]?/
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9 5. 25\, 33 3, o™\,
oo (=R oot (- oot gru )

3
+pyé+2nE+yp— 7?@/3— Yy

1 7N, 1. 1\. 2 2
Jr[(3.2-48QI 3248>p 24"4 (8%“'6>ps"Z§1’2"?%1’

1.1

__2191_5_

1 671 3../2 2../2 72 5

+(—64_8%I 6424>p + p T %tp + oy
Y167\, . A 20

+<32-16 32-16)1"” t. 50

_1_7 2 12 //___7_ ’or 1 5 S a
—I—( 4p+2x )xé‘ prgo 22't 711/&.
We apply the following trivial inequality

2AXY=|AlaX?+|Al’Y?, o'=1la, a>0

to the term
1 ,
o7 PA0+2p-+17) 2y,

Then we have
Ras=8— % {160 (346 +144a)xz+(2659+192a) 2% — (3383.5+92a) *
+(1845.954-20a)x* — (479.07542) %}
5 83 15 63 1 )
+{<3—84% 192)1’3 PR s"lp (64 ’13“")”2

1 ],

i‘ ﬁ 2 11 3 12 72
+{(64%t+ 64)*” 6p+<64 64a1)x 'x )

- —LH - 3p4+(212.75— i) P (300+ ) P49 p—64
96 « o

/2 74
®) 4(90.75—6.25%) pxw—sal—;— —2.25&[“37]2,2
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/2
—I—{2731)2—480p+(300——15‘2[)x’2}yp+(99p—192—9%—%)772
—96py5—192y$—96y50]

“5516[ { (44375~ 0.0625%) £°+ 180 4"+ (16 — 5.3334%0) ' +-50 1°

121.3333% p + 42[%

+(41.9375—0.1875%) p*x'%* — 432 p*x'* — 5.3334N pa’'? — 252"*

76
+ (31.3125—0.1875%) pa’* — 0.0625% xT '
1 (408 p* —192") &' +336 px'¢'+192x'ff]— % Pyt —yty— %xyé

Case i) 18=p=2.
We start from (B) with A=45, a=1/2. We remark the following facts:
14

391 3_E2 ‘1_5 —_ 5___117 /2 —— x /2, l5_3/2
(384 DI Y W +128 p)””sp”’”éo’

and by Lemma 1

15 ‘
- Ry = oy = Sl e

x’2n<—1—85—P —6p— ﬂ ;cf2> < <_ _1_851,2—{—6p-|— —%xW)«/ 4‘;31’2 z'?

= % (—70.182p%-224.5824 p+4-72.52142"%) 2",

3 s 2 [4=p% , 179042
| V=53 y7153p\/ 7= :

Making use of these remarks we have

Ras=8— —-(160 —418z+2755x%—3429.52°4-1855.95x* —480.075°)

1 /2 4
96{( 4p*+204.75p* — 340 p*+9 p—64 —190.5 pa’>— 13 J; 25— )yz
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(273 2 — 480 p— 375"y + (99  — 209.904 — 405%—2-)1;2—96.0216— 1926 —96ygo]

1
_ %{<1.625p5+180 4 224,003 -+ 120,183, 9L 735 416 5-+ 180 %_

+33.5p%2"2—432 p*x'* — 240.003 p2'2 — 97 52222+ 22.875 px'* — 2.813 -%6—) '

+(408p*—1922'%) 2’ &’ —6.91&2+4-336 pa’ ¢’ +192x" ¢’

Applying Lemma 1 to —145.22/96 we have

1

_gé_R’

& 1
Ras=8— —9—6—P(x)—-— %Q

P(x)=14.8—381.72+27552% — 3429.52°+1855.952* — 480.075z°,

Q= (—4p4+204.75p3—340 9 p+44.9—190.5px'2—135“’”7'2 ~101.25 “;” )yz

/2
(273 52— 480 p— 3750/ Yy + <99 —28.404—405 ””7) .

—96 py& —19275 +254.1£% — 96y - 326.7¢%,

R= (1.625 p°+180p* —224.003 p*+120.182 p*4-735.416 p+-36.3+ 180 71)——

/6
+33.5p°2"2 — 432 p%x'*— 240.003 p’* — 97522+ 22.875 pa'* — 2.813 %) '

+-(408 p? —192x'?)x' &' 4-247.19¢"2+ 336 pa’ ¢’ +326.7¢'2+1922' ' 4-399.3¢"2.

It is easy to prove that P’(x) is monotone increasing for 0=x=0.2 and P’(0.08)
<0, P’(0.081)>0. Let 2 be the root of P’(x)=0, 0.08<2<0.081. Construct N(x)
=5P(z)—xP’(x). Then N(x) is monotone decreasing for 0=x=0.1. Further

N(0.081)>0. Hence N(x)>0 for 0=x=0.081. Especially N(2)>0, which implies

P()>0. Therefore P(x)>0 for 0=x=0.2.
Next we prove the positive definiteness of Q. Since

7.06y> —96yp+-326.7¢*=0,

we may consider @*=Q—(7.06y*>—9%6yp+326.7¢%). We make the symmetric matrix
associated with @Q*:
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—4p'4-204.75 p* — 340 p*+9 p+37.84 136.5p*—240p—187.52" —48p

x/Z x/d
—190.5p2/2 —135 -~ — —101.25
bz b »
/2
136.5p2—240 p — 187.52" 99p—28.404—405-“%— —9
—48p —96 254.1

Its principal diagonal minor determinants are
254.1,

xIZ

: )—(—96)2,

254.1(99 H—98.404— 405

—100623.6 p°+481949.6256 p*4-5760763.8021 p* —10968778.908 p*4-803998.1484 p
—621841.990176+ 411642 p°x"* —12856380.075 p?x’24-14456263.4442 pz’*

xlz xl4

—43222412"*—1675616.706 5 +8124212.25x"* - 1663887.4605 »

/
xl'l 6

+13892017.5— +10419688.125%.

All of them are positive for 1.8= p=2, 2'%/p*=<1/40. This implies the non-negativity
of Q* there. Thus @ is positive definite there.
We prove the positive definiteness of R. Since

23.0922+192x'7" 4-399.37"2 =0,

we may consider R*=R—(23.092'24+1922'z"4399.3:'%). We make the symmetric
matrix associated with R*:

1.625 p54-180 p* —224.003 p*+120.182 p*4-735.416 p 204p*—962"* 168p

+13.214-180 % +33.5 %22 — 432 p*x">—240.003 px'*

le

—97.522x"2+ 22.875 pa’* —2.813 %

204 p*—96x"* 247.19 0
168p 0 326.7
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Its principal diagonal minor determinants are
326.7,
247.19-326.7,
131230.081125 p°4-940307.94 p* — 18089804.222919 p°* +2728843.969086 p*

--59389970.055768 p--1066799.61333 4-14536255.14 —})— +-2705358.5955 p*x"*
—22090826.736 p*x’*—19381915.790919 pa’2 — 7875581.520906 2"

76
+4-1847315.757375 pa’* — 3010867.2x"* — 227169.365049 3:7_ .

All of them are positive for 1.8=p=2, 2'?/p*<1/40. Thus R is positive definite

there.
Therefore we have Ras=8 for 1.8=p=2, 2'2/p*=1/40 and y=0. Equality occurs
only for p=2, that is, for the Koebe function.

Case ii) 1.7=p=18.

In this case we start from (B) with =39, «=1/2. We remark the following
facts:

361, 15 oy 13 5 93 2 _@_ x""),z 5 e —

and by Lemma 1

5 25 ., 9.286
_2p3x/2y___ _.Z' yE/_ 32p3 yslz_ 32173 «/4 I—" g 2< 96 §
57 12\ /2, — ﬂ 2| _‘rﬁ /2) 4'—172 /2
<32 6p——x >x 0§( 321) F6p+ 35 ¢ £
= L(—80.5752 P2+271.4112 p+74.92082"2)z'2,

96

8 2 =5 ,_ 22906 ,

Making use of these remarks and applying Lemma 1 to the term —160x/96—52.52x*
/96 we have
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1 1

w9 %k

xz
Rty =8 o P(z) ~
P(z) = — 430,52+ 2768.137— 3429.5+1855.952° — 480.0754",
/2 J4
Q= <—4p4+204.75 5 —340p*—30.39 p-+134.78— 153 m/ﬂ—lﬂ—%— —87.75“7)y2
. N 12
+(273 p*— 480 p— 285" 2)yy -+ (33.35 $+116.394—351 ”7);72 — 96 pye—1927¢

+(463.82—91.91 p)&* — 96y +(596.34—118.17 p)¢?,

R= (2 1°+180p*—192.003 p*-+130.575 p*4-547.457 p-+-66.26 156 -]15—

W6
+34.625 p°x'2 — 432 p2x’? —208.003 px’? — 99.921 22+ 24 pa’* — 2.438 _.zp_) x'®

+(408 p2—1922"%)a’ &’ +(454.534 — 91.91 p)&’2 4336 pa’ ¢’ +(596.34 — 118.17 p)¢"*

+192x'7" - (728.86 —144.43 p)r"2.

P(x) is monotone increasing for 0.2=2=0.3 and P(0.2)>0. Hence P(x)>0 for
02=2=0.3.

Since (2.6+1.9 p)y>—96yp+(596.34—118.17 p)*=0 for 1.7< p=1.8 we may consider
Q*=Q—(2.6+1.9p)y*+9%6yp—(596.34—118.17p)¢>. We make the symmetric matrix
associated with @*:

— 4 -204.75p° — 340 52— 32,29 p 136.5*— 240 p— 142,517 —48p
+132.18—153 2" —117 i:— —87.75 ”;'4

136.5°— 240 p— 142,522 33.35p-+116.394 —351 —“;i —9%
—48p -9 463.82—91.91p

We can prove the positive definiteness of this matrix for 1.7=p=1.8, 2'%/p*=1/40
by taking its principal diagonal minor determinants. Thus @ is positive definite
for 1.7=p=1.8, z'%[p*=1/40.

Since (8.428-6.259 p)x’2+192x' 7' +(728.86 —144.43 p)c’*=0 for 1.7=p=1.8 we may
consider R*=R—(8.428+46.259p)x’2—192x'¢" —(728.86 — 144.43p)’>. We make the
symmetric matrix associated with R*:
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2p°+180p*—192.003 p*4-130.575p%+-541.198p 204 p*—962"* 168p

+57.832+156 % +34.625p°2"*— 432 p*x"

/6
—208.003 px’'2—99.9212"2 424 p’* —2.438 -'—%—

204 p*—96x"* 454.534—9191p 0
168p 0 596.34—118.17p

By an easy calculation we can prove the positive definiteness of this matrix for
1.7=p=18, 2'?/p*=<1/40. Thus R is positive definite there.
Therefore we have Ras<8 for 1.7=p=1.8, z'?/p*=<1/40, y=0.

Case iii) 1.5=p=1.7.

In this case we start from (B) with =29, a=1/2. We remark the following
facts:

11 /4
(284153 T e 5 > 293P0,

and by Lemma 1

—2. ggps /2y_ ixysl EIZ «/4—172 E/2< 11 59 5

?

= 46881>3 ver= 4688173

13 19 N\, ). [
(pr-60— 150 )orn=(— g r+60+ G5 o)y T a

== ( —92.3052 p*+340.8192 p+67.45382"%) "%,

3 - 32592
__py3 ,yv< 25_5\/4 p < 772.

Making use of these remarks and applying Lemma 1 to the term —160x/96
—201.082%/96 we have

Ras=8— P(x) g%R,

P(x)=—579.08+2805.27x — 3429.5z%+1855.952" — 480.075,

/12 xs
Q:(—4p4+204.75p3—340p2—141.s1p+357.62—90.5px'2—87 3; —65.25 ”; )y""
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/2
+(273 p*— 480 p—135"2)yy+(— 152.35 p+478.108 — 261 %)yz— 96 pys — 19252
+(983.78 — 351.89 )&% — 96y o+ (1264.86 — 452.43 )¢,

R= (2.625 p°+180 p* —138.669 p° +142.305 p* 4 227.576 p+140.54 4116 -—zl—)—

/6
+36.5p*x"2— 432 p*x'® —154.669 px'* — 92.454%"*+25.875 px’* — 1.813 a; )x’ 2

+(408p°—1922"%)2’&" +(972.19—351.89 p)&’2+ 336 pa’ ¢’
+(1264.86 —452.43 p)p’2+1924" " +(1545.94 — 552.97 p)<'2.

P(x) is monotone increasing for 0.3=x=0.5 and P(0.3)>>0. Hence P(x)>0 for 0.3=x
=0.5.

Since (4.9p—3.4)y*—%6yp+(1264.86 —452.43p)p*=0 for 1.5=p=1.7, we may con-
sider Q*=Q—(4.9p—3.4)y*+%6yp—(1264.86—452.43p)p%. We make the symmetric
matrix associated with @*:

—4p*+204.75 p° — 340 p*—146.71 p4-361.02 136.5p*—240p—67.52"* —48p

/2 /4
—90.5p2/2—87-2— —65.25-2_
bz » ?
/2
136.5p% — 240 p—67.52'> —152.35p+478.108—261—§— —96
—48p —96 983.78—351.89p

It is easy to prove that this matrix is positive definite for 1.5=p=1.7, 2'?/p>=1/40.
Hence Q is positive definite there.

Since (16.166 p—11.385)x"2+192x'7’ +(1545.94—552.97 p)z’?=0 for 1.5=p=1.7, we
may consider R*=R—(16.166p—11.385)x'2—1922'7’ —(1545.94—552.97 p)’%.. We make
the symmetric matrix associated with R*:

2.625p°+180 p* —138.669 p* 4-142.305 p* 204 p*— 96> 168p
+211.41p+4-151.925+116 % + 36.5p°%"

—432p2x't—154.669 pa'* —92.4542'*

x/ﬁ

b
204 p*—962"% 972.19—351.89p 0
168 0 1264.86 —452.43p

+25.875pa’*— 1.813
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It is easy to prove that this matrix is positive definite for 1.5=p=1.7, 2’?/p*=1/40.
Hence R is positive definite there.
Therefore we have Ras<8 for 1.5=<p=1.7, z'2[p*<1/40, y=0.

Case iv) 1.3=p=1.5.

In this case we start from (B) with =60, «=1/2. We remark the following
facts:

233 15 , _5_177 p, 15 x’4>,2__8_3,2<

125 . _ 125 4—p g 31445

5
3.0/2,, ! << 12 72
1’ Vg V= g v S g %

_]:ﬁ 2 __ 162 /2 /2, ( 135 2 ’2) 4 pz
(64 P=6p— o )x 7=(— o P60t
= 616— (—137.6595 p2+391.5648 p-+172.32932'2) "2,

_33_2<22<_2_ 4—p? 43.2
Spy Y= szmwab ——g——n: 960

2

Making use of these remarks and applying Lemma 1 to the term —160z/96—393.22
/96 we have

22 1 1
Ras=8— -QEP(:IJ)—- -%-Q— —ggR,

P(x)=—771.24-2853.3x—3429.52*+1855.95x° —480.752",

’2 /4
Q= <—4p4+204.75p3~340p2—285.9p+ 645.8—284.25 p2’*—180 :ET —135 :; )y2

/2
(273 p* — 480 p— 60022y + (— 392.5 p-+947.8 — 540 ’”T> 72 —96 pyé
— 19276+ (1656.2—688.1 p)>— 9670+ (2129.4— 884.7 p)¢?,

R= (0.6875 $°+-180 p* —304.004 p*4-187.659 p*+790.133 p+236.6 240 —]1)—

/6
+30.687 p*x’* — 432 p*2"* — 320.004 pz'> —197.332'24-20.062 p"* — 3.75 :; >x'2

1 (408 p*—192 /%) 7'¢’ -+ (1618.755 — 688.1 p)&’ + 336 pa’ ¢’
+(2129.4—884.7 p)¢’* + 19227’ +(2602.6 — 10813 p)<"2.
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P(z) is monotone increasing for 0.5=x=0.7 and P(0.5)>0. Hence P(z)>0 for
05=2=0.7.

Since (5.7 p—5)y*—96yp+(2129.4—884.7 p)p*=0 for 1.3=<p=1.5, we may consider
Q*=Q—(5.7p—5)y*+%6yp—(2129.4—884.7p)p*>. We make the symmetric matrix as-
sociated with Q*:

—4p*+-204.75° — 340 > — 291.6 p-650.8 136.55% — 240 p— 300" —48p
/2 14
—284.25p22—180 X —135 -~
pa » ?
12
136.5 p%— 240 p— 30022 —392.5p+947.8—540x7 —9%
—48p —9 1656.2—688.15

It is easy to prove that this matrix is positive definite for 1.3=p=1.5, 2'?/p*=1/40.
Hence Q is positive definite there.

Since (18.923p—16.899)2'2+1922'" 4+ (2602.6 —1081.3p)r’?=0 for 1.3=p=1.5, we
may consider R*=R—(18.923p—16.899)x'2—192z'7" —(2602.6—1081.3p)’2. We make
the symmetric matrix associated with R*:

0.6875p°+180 p* —304.004 p*+187.659 p* 204p*—96 z"* 168p
+771.21 p+253.499+240 —})— +-30.687 p*2’®
—432 p*»’*—320.004 pz'*—197.332"*

xl 6

+20.062 px’*—3.75 >

204 p*—962"2 1618.755—688.1p 0
168p 0 2129.4—884.7p

It is easy to prove that this matrix is positive definite for 1.3=<p=1.5, 2’?/p>=1/40.
Hence R is positive definite there.

Therefore we have Ras<8 for 1.3=p=1.5, z'?/p*=1/40, y=0.

Case v) 1=p=13.

In this case we start from (B) with A=60, a=1/2. We remark the following
facts:

_22.3_£2 _i_ﬂ /2 Eﬂ) /2, _§_3/2
(1921’ g P55 g P 5 » @*y+ p'a"y =0,

_ 8 ’2, _i 1, &t 125 ’o 125 4—p% ., 93.75 ’o
—5—1”01/ zxyéél%p3y§-‘ §128p3 3 &= 9% &%,
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<163;5 ptp 10 169 ,2)17,277%( 135 5 e 180 169 ,2> J4 i

L
9%

=

(—156.8565 p*+446.1696 p+196.36112'2)z"2,

_8 e 2 2 /4-p ,_64,
Sﬁy Y= 3p?m_3p —3 T=7957"

Making use of these remarks and applying Lemma 1 to the term —160x/96
—4282%/96 we have

x? 1 1
§Ras§8— %P(.’D)— '§§Q—~ %'R,
P(ir)= — 806 + 28622 — 34295 + 1855.95° — 480,075,
/2 /4
0= (-4 P4+ 204,75 5° — 340 p— 312 p+ 698 — 284.25 ' — “'; J; )gf

x/2
)v2—9615y€ —1929¢

(273 — 480 p—ﬁOOx’z)yr;-|—<— 4

+(1778—T49 p)E— 96y + (2286 — 963 p)o?,

R= <0.6875 £54+180 p* —304.004 p* +206.856 2726828 p-+ 254240 -115—

/6
+30.687 p°2’'2 —432 p*2'* —320.004 pz’% — 221.361 224 20.062 pa’* — 3.75 ; ) z'?

+ (408 p* —1922"2)’ & 4 (1684.25 — 749 p)&’2 336 pa’ ¢’ + (2286 — 963 p)¢’
+1922/¢/ + (2794~ 1177 p)c'2.

P’(z) is monotone decreasing for 0.7=zx=1 and P’(0.7)>0, P’(1)<0. Further P(0.7)
>0, P(1)>0. Hence P(x)>0 for 0.7=x=1.

Since (4.6p—2.8)y*—96yp+(2286 —963p)p*=0 for 1=p=13, we may consider
Q*=Q—(4.6p—2.8)y-+96yp— (2286 —963 p)p>. We make the symmetric matrix as-
sociated with @*:

—4p*+204.75 p* — 340 p*— 316.6 p+700.8 136.5p*—240 p— 3002 —48p
/4

/72
—284.95 pa’2—1802— —135 -2
e ? »

/2

136.5 p*— 240 p— 30022 —436+1014—540 ”;

—96

—48p —96 1778 —-749p
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It is easy to prove that this matrix is positive definite for 1=p=1.3, z'2/p*=1/40.
Hence @ is positive definite there.

Since (15.24p—9.53)2'2-+192z""+(2794—1177 p)z'?=0 for 1= p=1.3, we may con-
sider R¥*=R—(15.24p—9.53)x'2—192x'c' — (2794 —1177p)r’%2. We make the symmetric
matrix associated with R*:

0.6875 p°+180 p* — 304.004 p*+206.856 p* 204 p*—962"* 168p
+4-711.588 p4-263.534-240 —;; +-30.687 p°x’*

—432 p*x’?—320.004 p2'2 — 221.3612"*

/6

1-20.062p2"4 — 3.75 ”;

204 p*— 962" 1684.25—749 p 0
168 p 0 2286 —963p

It is easy to prove that this matrix is positive definite for 1=p=1.3, 2’%/p?=1/40.
Hence R is positive definite there.
Therefore we have Ras<8 for 1= p=1.3, 2’?/p*=1/40, y=0.

3. Case 1=p=2, 2'?/p?=<1/40 and y=0. In this case we put A=1/2, B=3/2,
C=1 in (A).
Applying the trivial inequality 2AXY =<|A|X?+4|A|Y? and Lemma 1

413 5 R o ,, 151 372 2 /z_i 1_ /4) ’
( Ea s 2p+1921’ — = g ok og pal Jy—2a'yé
= — U (4137~ 8644160 5~ 30244345650+ 160a2— 447 p'*+ 384" + 384"
= — ol (U137 — 864"~ 214.86 p*+219.5— 3025’ + 3456 p'0’* + 489,147 — 447 p'*)
=0

for 1=p=2, 2'?3[p*=1/40, y=0. Then we have
33 11
éRag_U+<—~p4+—~p3 55 b — 6+ 6—430’4)77
— 127 3 2 L_EE /2) 2 —_ 2 — /2 <_ 3 2
(= Tt b B = e b ) (=30 +6p— o+ (— 2+ 2)

1
© +py&+29E+ 2yp— Tyzv
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113 5 __ 9 4 __%5 2 331 3../2 i 2.2 25 /2 83 74 /2
+<64-12 APyl T g P b g e e b >”

+(_ 14—7P2+2$/2>x’5'—-—;—Px'gp'—z.r’r'.
Case i) 5=0. By Lemma 2
7 1 2 1
RS RIS T R R Y2
=T g bt g g p
whence we have

_is_ 4 _3_. 3 53_3. 22 72 11 /4>
( 64P+2ﬁ+321>30 6px +a$ 7

A

3 , 60 3
{ (ap4_ §172‘7/./2) + (Tp3x_3pxx/2) }7]

&L_ﬂﬁ __3__5__1_54 3__87 5../2 __8_24/2
=61162 " rg P T igl T P g P g P

—_ _731_1)3x12+ %p2w12_4p‘x12+ %pgx,4— %pzx/4'

By Lemma 1

- %xé - 1%%5 (22 + ">+ 3y + 557+ T+ T8+ 902+ 90+ 112"2),

Making use of these inequalities and (C) we have

2 1 1
Ras=8— % Po()= <55 Qo= 5 o,

Py(x)=649.5—963.52+6012*—195.675z° + 33.1752* —2.1956 2%,
o =(254 p* — 432 p? +474.54-210 pa'%)y® + (288 p* — 576 p 384z %)y,
+(72 p+-625.5)5% — 96 py& +1144.5¢2 —1929£ — 192y + 1471.5¢%,
Ry=(18.5p5+82.5p*+72p*—22p*+ 384 p+163.5+14.375p°x'*
—288 p2x’?— 252"+ 31.125 px'*)x’?
+(408 p2 —1922' %2’ &’ +1144.56'2 4336 pz’ ¢’ +1471.5¢'2+1922' " +-1798.5¢"2,

Py(x) is monotone decreasing for 0=z=1 and Py1)>0. Hence Py(z)>0 for

0=x=1.
Q, is positive definite for 1=p=2, x’?/p*<1/40. Indeed we have
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6.3y —192y¢p+1471.5¢02=0,
29.47% —1929¢ 4-314£2 =0,

2.8 p*y*—96 py&+830.562=0
and

(254 p° —434.8 p*+468.2+ 210 px'2)y? + (288 p* — 576 p+ 384" %)yn+ (72 p+596.1)7* =0

for 1=p=2, 2’?/p*=<1/40. This implies the positive definiteness of @, for 1=p=2,
2% p2=1/40.
R, is positive definite for 1=p=2, 2'%/p*<1/40. Indeed we have

5.13x"%+1922'z" +1798.5¢2 =0,

19.2p%x"2+336 pa’ ¢’ +1471.5¢/2=0
and

(18.5p5+82.5p* +72p*—41.2 p*+ 384 p+158.37 +14.375 p°x'2 — 288 p2x’2 — 2522
+31.125 pa’ )"+ (408 p* — 1922"%)2’¢’ +1144.5¢"* =0

for 1=p=2, »?/p*=<1/40, which imply the desired result.
Thus we have Ras=8 in the present case with equality holding only for p=2.

Case ii) »=0. Applying Lemma 1
33 11 1
4 34 2../2 ’2 —y
( p+ p sz 6px +64x)n A

3 1 11 3
2072 3. 2t .o Tt a2 o2
{( zp ) (4px 3 pu 4y>+64:c S panly

( z'%— pz>x’277< % (6.972p*—12.782"%)x"%

By Lemma 1
- .%4(;.1_ =- 1866 (.:vz+x"2+3y2+5772+7$2+7E’2+9502+9g0'2+112"2).

Making use of these inequalities and (C) we have

1
%

Py(x)=1158 — 2222+ 1726 — 687.32° + 141552 — 12.042°,
= (254 p° — 432 p* + 542+ 210 pa*)y? + (288 — 576 p+ 384 2y
+(T2+T738)7? —96 py€ — 192 + 13026 — 192y +1674¢?,

Ra SS—EZ—P(x)——l—Q - —R
8= 96 11 96 ! 1
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R,=(—14.125p° 4216 p* +43.028 p* +-186 +-41.375 p*x'2 — 432 p?x"?
—12.22x%431.125 px’*)x’'* + (408 p* — 1922'%)2’&" + 130262 + 336 px’ ¢’
+1674¢"*+1922'7" +20467"2.

P,(z) is monotone decreasing for 0=x=1 and Pi(1)>0. Hence Pi(x)>0 for
O0=x=1.

Since @,=Q, for 1=p=2, 2?[p*=1/40, Q, is positive definite for 1=p=<2, 2'2/p*
=1/40.

R, is positive definite for 1=p=2, 2'?/p*=<1/40. Indeed we have
4.6 +1922't" +20467'* =0,

16.9p%x"2 4336 px’ ¢’ + 1674¢"2 =0
and

(—14.125p°+216p* +26.128p*+ 181.4 + 41.375px'? — 432 p2x'2 — 12.22"
431125 pa"*) 22+ (408 p2 —1922"%)x’¢’ + 1302872 =0

for 1=p=2, 2'?/p*=<1/40, which imply the desired result.
Thus we have Ra;=8 in the present case with equality holding only for p=2.

4. Case 1=p, 1/40=x"?/p*=1/20 and y=0. In this case we put A=1, B=5/4,
C=3/5 in (A). Then we have

Ras=<U+ (— —33}—4p5+ ~}—g—#aw %ph %S—pax'?‘— —14215290:0’2—~%x’2+ %px"‘)y
+<—%P"+ 29—015390— —%p%’z* 1—58px'2+%1—w">77
+<— “Z—;—p% %p@ %— -g—px'z)y2+ (~%p2+3p— —282x’2>'yp
+ (% P+ %)7]2+Py5+15é7]$+w— —g—ﬁys— -;—yzv

113 5___2_ 4_& 2 331 3,02 _2_ 2,12 _22 12 __ 83 I4> r2
+(64-12p AR A I TR A A T TR L

17, e\ orer— L s i 0s s D 4o
+(_417+2$ )-Z’{" szgo 2z't zxyg.

Let % and B be constants, to be fixed later, such that 3p*—Nx"2=0 and 9p*—Bx"?
=0. Applying Lemma 3 to (3p*/64—Np*x'%/64)(y+13py[6) and Lemma 2 to (9p°x/20
—B pax'?20)(n+3py/2) we have
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2,1, 2,19 19 49 6<19 3@..)7
Ran= -t gpt 5 PP g ' T 5 ' 33 + 445~ %.35)?

__?3_5 &4__1_3 2(5 __:i_ 83)3/2(
+{ a0 TPt 61’ R R Ty LA TR

5 63 1 %A o
72 2 __ Y /2 / —_—
>p2 Ty m’” 6 +<64 16”)1’ 18 l”

1 __1__ _ 9 _18 _1_1____1 2 2
+ (HQI_ %0 2 3‘20‘)752 < B _>1’+<64 64%[>x lx 7
_ 8L, _2 2 (2_5 _@> ny X 2% _32_90_}
S TR 2“’+3Jr 38d X382 )P Y 3g 5 Ts T [V
3 29\ 327 I o
O + —§2—p2+3p+< %——g~>x2}y7/+<8oop+ +35 p)

14 3 1
FoYE+ o nEtyp— Y = v

1 13 221 si_ﬂ4<i_-1__L>s
+‘<32-4891 5.48 O s;es-so)‘*“r<z423 40>p+ g2~ 505 )?

L _15_ 2__<_2_ i > A 1 (__1 i 671 ) 3../2
+(:«:o‘28 48)‘1’ o " 150)P 91 5 e VT s 0 %6.16) 0"

__9_ 1 2../2 /2 W < 1 167 > /4

+<2 )p Pt g o (3 0 3pgs) 2
A 2°) ,,

9616 » }”

+ (— 14—7ﬁ2+ 2x’2>x'5’— —;—Px'go'—Zx’r’ - —g—x'yf'-

Case i) 19=p.

Since |a;]=2 we have p<1.98 in this case. Applying the trivial inequality
2AXY=|AlaX?+]|Ala’Y? a’=1/a, a>0 we have

_ B ey 2l 17 -~y s o
= 451;0 ap*(73°+20p—300)2" + 480 —oo— D73 % +20 p—300)y%

Hence from (D) we have
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Raz=8— é% {160+ (266 — 25.6a)x + (1244.2+275.2a) 2 — (2064.7

+314.4a)2° +(1224.954+120.8x)2* — (331.025 + 14.60) z° + 342°)}

. L[ 5. 3.8\, (3 -
{__M—"p (384% T 192>p +<20 >1’ ’

Lapere T (8 Ly,
R TR S +<64 16%)” T8 5 Y

1, 1 L (1 3.\ .l
+{<EZ§"‘“23% 320>" <0 )P+< 6—4%‘>xz}”

- % H ~ Byt (212.75— %) 2~ (300- %)—)p2+9p—64
(E) 12 14
+(90.75—6.25%) _2‘).70'2—3‘2{'707 -2.2591%_}y2

+{129 p2—288p+(348—-15’21)x’2}y7;+<—89.24 p—69.12—-9?l%—2) .
—96 pyE—268.877{-‘—96y¢:|
- %[{(—0.062591+5.223—2.7625) 25+ (194.4— 20%) pi + (16 —5.3333U + 19.28) p°

+(50—3.2%B) p*+(21.3334A +6.4B) p+4U —;—

+(41.9375—0.1875% — 1.2B) p*x"2 + (2.4B — 432) p*x'*— 5.3333U p’*

/6
— 2552 +(31.3125—0.1875%) pa"* —0.0625% 9; }x’z

3 1 5
+ (408 p* —192x'%)x’E" + 336 pa’ ¢’ + 19230’1’] -y Pyt — 5 yiy— < z'yE.
Here we put %=—70, =180, «=16. We remark the following facts:

(_ __g_ps_l_ _]:?)_O.pz 6781 ps IZ+ pz /2 517.%‘/2'-‘-2— 12+ .?14215 /4 __ 22 ‘,'; )

+ ~2—53-p3x'2y§0,

< 3239 , 72, 221 ,Z)x 77<(3239 72 221 ,2> 4__p2

—ap Pt F Pt 320 2" 5P 6
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= % (271.39581 p*—386.10432 p—92.587952'%) "2,

23 5 125 125 — 1.72
5 paty = 2 Fy = 368p° wh= 368 p° : 3152 &= 96 &
3 1 4— p O 49
_ —_— L —— 2 2
py 5 V= 75p vr 75p \/ :

Making use of these remarks and applying Lemma 1 to the term —160x/96 we have

1 1

22
Ras=8— ‘gé—P(x) — §6-Q"‘ '%‘R,

P(z)=—103.6+5647.42—7095.12% 4 3157.752° —564.625x* + 34x°,

12 14
Q=(—0.9125p*+212.5 p* —296.25 p*+9 p+ 56+ 528.25 px"2 +210 ”; : “; )y2

/72
+(129 42— 288 p+ 139822+ (—39.24p+130.39+630x7>>72
— 96 py& —268.876 +280£%— 96y + 36047,

R= (937.6125 p°—3405.6 p* +3845.331 p* —797.396 p* +44.766 p + 40— 280 —;——

/6
—160.938 """ +373.331 pa'* +67.587"* + 44437 o'+ 4375 >x’2

+ (408 p*—1924"%)x’&" + 278.286"2+ 336 pa’ ¢’ + 3609’2 + 192" + 44072,

P(x) is monotone increasing for 0.02=x=0.1 and P(0.02)>0. Hence P(x)>0 for
0.02=2=0.1.

Since 6.4y*—9%6yp+360p*=0 and 20. 95x’2+192x '4+44072=0 we consider Q*
=Q—6.4y*+96yp—360¢* and R*=R—20.952'2—192x'z'—440:’2. We can prove the
positive definiteness of the symmetric matrices of @Q* and R* for 1.9=p=1.98,
1/40=x"*/p*=<1/20 by taking their principal diagonal minor determinants. Hence @
and R are positive definite there.

Thus we have Ras<8 for 1.9=p=1.98, 1/40=42"%/p*=1/20, y=0.

Case ii) 1.7=p=1.9.
Applying the trivial inequality we have

_735__2__1_4 7_1,3_ﬂ2>___}__2 2 .
( mﬁ+401)+601‘> 30?0 )v= 2401.‘>(73p +20p—244)xy

L 736+ 20p— 244y +

=180 O —on— D132+ 20p—244)y".

48
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Hence from (D) we have
Rag=8— — {160 +(266 —70.40)x+ (1244.2 4+ 320c) 2> — (2064.7
+325.6a)x° +(1224.95+120.8a)x* — (331.025 + 14.6) ® + 34x°}
_ﬁi* 2<5 —_— 83 3../2 (3 5)2/2
+l 02T 5P 7R 405B 192)1’ g5 )P

_1__ o 5 o <63 1 ) » i .’L"G}
+g Yot — g a (gr — g %) P g (Y

1.1 1. 18 L 3.\
+[<75;?I~—23% 320>")z <1o58 5)“(@2‘5 >x}’”f

--1—[{ - ﬁ,z'f‘+ (212.75— i)p“’ (300— —zﬂ>1)2+9p 64
96 Sa a

72 74
+(90.75—6.25%) px'2—39l—'§—)— —2.25&[3”T ]yz

/12
(F)  +{129*—288 p+(348—15%)a"*}yy + (~39.24 H—69.12—9% i;—),f

—96 pg/&'—268.877§—96y50:|
- 516[{(4.0625%5.2?3-2.7625) 57+ (194.4—20%8) p* + (16— 5.3333%+ 19.28) p*

+(50—3.2B) £+ (2133340 + 6.48) p-+ 41 %
(41,9375 —0.1875% — 1.2%B) p°0"* + (24B — 432) pr"* — 5.33330 par’®

/6
—254/2+(31.3125—0.1875%) pa’* — 0.0625% —””1;— }x’2

+ (408 p2 —1922'%) 2’8" 4-336 pa’ ¢’ +1922' ]

1 5
- -g—ﬁya— 5V @YE

Here we put A= —30, B=180, a=4. We remark the following facts:

68, 88 3, o By 5, 183
(— ‘%‘ﬂ“f“igpz Ps 2+ P 5 bz 6 x'? 64 —px"
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s

309 . 72 101 ) e <3039 L2, 101N\ [T
( a0t p >” 1=\30 P 5P ¢ >\/ 52"

< 91—6 (42959304 5* — 651.38688 p— 71.3868%)"2,
2% 25 JTp,,_ 62

— 3 /2 1< r—/2< 12

S e Tyl STy RV Sl
31,2 092 |

gV T VIS g vrs g5 7

Using these remarks and applying Lemma 1 to the term —160x/96—248x%/96 we
have

z? 1 1
é}tas§8——g€]’(x)— %Q—- %R,

P(z)=—223.642586.20—3367.12*41708.152° — 389.425x* + 34%°,

/4
Q=<—3.65p4+211.75ps_287.8p2 177 p+ 428+ 278.25 pa" +907 6752 )yg

/2
+(129 p*— 288 p-+7982"2)yn + (—349.24  + 749.96+270 —"';—>02
—96 pyé — 268.87¢ + (1148 — 434 p)&* — 96y + (1476 — 558 p)?,

= (935.1125 °—3405.6 p* 4 3631.999 p* — 955.594 p* 4-1101.384 p+164 —120 Ti—

/6
—168.4375 "' +159.999 pa'* 146,386 + 36.987 pa’* + 1.875 >xlz

+(408 % —192x'%) 2" + (1141.8 — 434 p)&7% + 336 pa’ o’ + (1476 — 558 p)¢"*
+1922'7z" 4 (1804 —682 p)<"2.

P(x) is monotone increasing for 0.1=x=0.3 and P(0.1)>0. Hence P(x)>0 for
01=2=0.3.

Since (6.7p — T)y* — 96yp + (1476 — 558p)p* = 0 and (22.2p—23.4)x"*+192z'’
+(1804—682p)c?=0 for 1.7=p=19 we consider Q*=Q—(6.7p—"7)y*+96yp— (1476
—558p)p? and R*=R—(22.2p—23.4)x'*—1922'c' —(1804—682p)c’>. We can prove the
positive definiteness of the symmetric matrices of @Q* and R* for 1.7=p=1.9, 1/40
=a'?/p*=1/20 by taking their principal diagonal minor determinants. Hence @ and
R are positive definite there.
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Thus we have Ras<8 for 1.7=p=1.9, 1/40=2"?/p*=1/20, y=0.
Case iii) 14=p=1.7.

Applying the trivial inequality we have
W 2 L5 Y, 272 42
( 24015 + 4017 417 + 61) >y 24015 (73p*+20p+100)zy

(73420 p+100)z°+ —o— p*(73 p*+20 p+-100)7%.

2
=180 % 480

Hence from (D) we have

Ras=8— j%— {160+ (266 — 345.6a)x + (1244.2+595.2a)2* — (2064.7+ 394 4a) *

+(1224.95+4-120.8a)z* — (331.025+14.6a) ° + 342}

5 3 3 15 1 5
+{<?sﬂ‘“4—% 192)1’3< %‘7)1’”75%—6

6 1.\, o
+<€47 )px +128 p} v

FUY (L 18Y, (1L 8Nl
+{<6491 50 0 320)1’ < 5>p+<64 6491)9” }“’”

L H By <212.75 —i>p3 <3oo+ >p2+9p 64
96 S5a a
x/4
(9075 — 6.25%) par* — - }yz
/2
© {120 *— 288 p-+ (348 — 159"}y + (—39.24 5—69.12— 9% %) .

— 96 pyE —268.87¢ — 961,90]

- giﬁ[{(_0'06252“‘5-2%_2-7625)175+(194.4——2023)174+(16—5.3333?[+19.223) P

+(50—3.28) p* + (2133343 + 6.4B) p+4&[%
+(41.9375—0.1875% — 1.28) %>+ (2.AB — 432) p*’— 5.3333U pa®

’6
—255"%—(0.1875% —31.3125) px’* —0.0625U %— x'?
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(408 52— 192072)'" + 336 pa' o + 19230'7']

— _:_3_ 3 _ _]‘_ 2 _5_ (Y
gty 5V 5 TS
Here we put ¥=-25, B=40, a=1.1. We remark the following facts:

25 5 163 25 2

i, 3
< 3 2 _. p____6_ p 72 128 p > ,Zy'l‘ _]%psxlzyéo’

B AR AT
387 , 3 (387 43 7
( 602 T f’+ )x ”<<160p 51’“‘~ )‘[?”2

S (148 32936 p*—24.52992 p —82.4052'%)x'?,

125 125 4_p gz O 44

712 <
=567 ¥ =560 &

’

7 5
- Tapf‘:c Y= % Y8 =

_ 38 _l e 2 4—p , 1512
1’” 5“—751:1’” 75p\/ 7= 1"

Making use of these remarks and applying Lemma 1 to the term —160x/96
—329.2x%/96 we have

x? 1 1
Ras=8— —9’6*})(35') — .S_)—G—Q - %‘R,
P(z)=—403.36+1981.22: —2498.54% 4+ 1357.832° — 347.0852* + 34 2°,

’2 4
Q= (—13.28 £*4-209.11 p*~ 318,192 —237.9p+ 549.8+247px'2+75% +56.25 %) v

’2
+(129°— 288 p+7232"%) yy + (—450.74 D+952.37 4225 -‘%)772 —~96pyt
—268.876+(1432.2—576.1 p)2* — 96yo-+ (1841.4 — 740.7 p)¢?,

- (206.8 55— 605.65*+917.3325 p* — 226,33 p* — 335.106 p+ 204.6 — 100-;—

76
—1.375p*x"2— 336 p*x'+133.3325 px’2 + 57.40522"% + 36 px'* +1.5625 %) '

+(408% —192x'?) '8’ 4+ (1367.8 —576.1 p)&"*+ 336 pa’ o’
+(1841.4—740.7 p)g'* 4192 ¢’ +(2250.6 — 905.3 )2
P(z) is monotone increasing for 0.3=x=0.6 and P(0.3)>0. Hence P(x)>0 for
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0.3=x=0.6.

Since (5.8p—5.2)y*—96yp+(1841.4—740.7p)p* =0 and (19.3p — 17.6)2"% 4 192z'z’
+(2250.6 —905.3p)c"* =0 for 14=p=17 we consider Q*=Q—(5.8p—5.2)y*+ 6y
—(1841.4—740.7p)¢* and R*=R—(19.3p—17.6)x'*—192x'c’ —(2250.6—905.3p)'%. We
can prove the positive definiteness of the symmetric matrices of @* and R* for
14=p=1.7, 1/40=2"?/p*=<1/20 by taking their principal diagonal minor determinants.
Hence @ and R are positive definite there.

Thus we have Ras<8 for 1.4=p=1.7, 1/40=z"? p*=<1/20, y=0.

Case iv) 1=p=14.

In this case we start from (G) with A=0, B=60, «=1.1. We remark the
following facts:

7813322_@/2)/2 29 o 1

969 1), (969, 12, 7,
( e )”2’/<<3201’2 b5 2)\/

= —516— (225.17622 p* —178.46784 p—12.7809z"%) 2",

29 5 125 125 4—p = 51.8

P:‘x’zy— 5 ye = 3397 Y=

= - 5/2,
232 96

_§_ 3___l 2 2 2 _ = 4—?22 2.56 2
gy 5”—75py’7—75p\/ =56 7

Making use of these remarks and applying Lemma 1 to the term —160x/96
—490x2/96 we have

z? 1 1

P(x)= —564.16+2021.422 —2498.542* +1357.83z* — 347.085x* 4 34°,

Q=(—13.28*+209.11 p*—318.19 p*— 358.5 p+ 791 +90.752"2)y*
+(129 p*—288 p+ 348x'2)yn + (— 651.74 p+1353.32)5> — 96 py/&
—268.89& + (1995 —857.5p)&% — 96y + (2565 —1102.5 p)¢?,

R=(309.2375 p° —1005.6 p* + 1168 p* —367.177 p* +439.967 p+ 285

—30.063p°2'2 — 288 p2x’* —12.222'2 + 31.3125 pa'4)ar"?

+ (408 p2 —1922/2) 2"’ +(1943.2—857.5 p)&"2 4336 pa’ o’
+(2565—1102.5 p)¢"4-1922"7" +(3135—1347.5 p)z 2.
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P’(x) is monotone decreasing for 0.6=x=1 and P’(0.6)>0, P’(1)<0. Further
P0.6)>0, P(1)>0. Hence P(x)>0 for 0.6=zx=1.

Since (4.8p—3.2)y*— 96y¢p + (2565—1102.5p)p> =0 and (15.8p—10.6) 2’2 + 19227’
+(3135—-13475p)c*=0 for 1=p=14 we consider Q*=Q—(4.8p—3.2)y%+ %6y¢
—(2565—1102.5p)¢* and R*=R—(15.8p—10.6)z"* — 192z'c’ —(3135—1347.5p)z’2. We
can prove the positive definteness of the symmetric matrices of @* and R* for
1=p=14, 1/40=2"%/p*=1/20 by taking their principal diagonal minor determinants.
Hence @ and R are positive definite there.

Thus we have Ras<8 for 1=p=14, 1/40=2"?p*=1/20, y=0.

5. Case 1=p, 1/40=2"%/p?=1/20 and y=0. In this case we put A=1/2, B=3/2,

C=3/5 in (A).
Applying the trivial inequality 2AXY=|A|X2+|A|Y* and Lemma 1 we have
413 934 5 o A5l e gein 5,2313“> .
(- 30+ sme?+ T+ Tog s =90~ T o'+ g £y 2008
= — g (1347 —934p'—1605* —302°0"*+ 3456 5%+ 160a"*+ 384>~ 44Tpa’ + 3845")
=- 384 =L (413p°—934 p* —214.86 p2+219.44 — 302 /2 + 3456 p*a’? +489.145"*
—447 p')=0
for 1=p=1.98, 1/40=2"?/p?=1/20, y=0. Then we have

35 _&‘4 _9_ 3 _ 27 2/2__1_8_ r2 ﬂ )
MéU‘TQ?‘b“( 302 t10? "0l T PP g

1273 __2 l _ﬁ 12>2 _EZ Lg___g_ 12>
+< — P+ P+6—16p:c y+( 1O.i>+5p R X

3
(H) +(100 o+ 25)n T T
9 25 331 25 83
P——p 2 372 2.2 29 99 a2
+< SR R AT A TR TR 1’ + 96 %"~ 356 27 )”
7 2 12 7 7, 7 ’_7 7 7/
+< —p+2x E——-z—pxgo—2xf—2xy§.

Case i) »=0. By Lemma 1,

111 18 11 > 3
=2 g 3 20/ O porzy o 2 2
( 3202 Tl ~ 1601’ AR TR U

= (— 12044+ 1115~ BAptar’* ~1152pa/ + 5/ +64 165"~ 162" 0.
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By Lemma 2

77, 35 ., _9 ./ 1 13,1 . 3. 9, .
32007 Top V=162 <’7_§1’y>§_ g6l gl Tl T ert

Further by Lemma 1

— %xé__’;_Z_(x2+x/2+3y2+5v2+7$2+7 /2+9§02+9§0/2+11112)’
- 539%8 = -I—%?—x(xz+:L"2+3'y2+5772+7$2+7$’2+9¢2+9¢’2+111"2).

Making use of these inequalities and (H) we have

1 1

% %6

xz
%a3§8— “g‘g‘Po((L‘) —

Py(x) =1402.2 — 2801.32+ 201122 — 745.055° + 146.4257* — 137,
0 =(254.p° — 4322 —404.1 p+1017.2+210 pa’2)y? + (124.8 p* — 345.6 p+ 43222y
+(—739.74 p+1652.88)7% — 96 py& — 268.87% + (2410.8 —942.9 p)2?
—192y0-+(3099.6 —1212.3 )¢,
Ro=(—14.125p°4202.5p* + 50 p* — 134.7 p+ 344.4+ 41.375 p* "
— 432 p20'2 — 2522431125 pr’ )

+ (40892 —1925'%)5'&’ +(2410.8 — 942.9 p)&72 + 336 par’ s’
+(3099.6 —1212.3p)¢’?+ 192"’ +(3788.4 — 1481.7 p)< 2.

Py(x) is monotone decreasing for 0.02=x=1 and P,(1)>0. Hence Py(x)>0 for
0.02=2=1.
Q, is positive definite for 1=p=1.98, 1/40=<x"%/p*<1/20. Indeed we have

(8.77 p—3.88)y> — 192y +(3099.6 — 1212.3 p)? =0,
51.6152 —268.87¢ 435022 =0,
(—2.45p+457.71)y*— 96 py& +(2060.8 —942.9 p)£2=0
and
(254 p° — 432 p?—410.42 p+963.37 +-210 px'%)y*
+(124.8 p* — 345.6 p+-432x"*)yn+(—739.74 p+1601.27)p* =0
for 1=p=1.98, 1/40=2'%/p*<1/20. This implies the positive definiteness of Q, for
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1=p=1.98, 1/40=z"%p*<1/20.
R, is positive definite for 1=<p=1.98, 1/40=x'%/p*<1/20. Indeed we have

(7.18p—3.18)x"2+1922"7" +(3788.4 —1481.7 p)='2 =0,
(—23.29p+213.9)2"2+ 336 px’ ¢’ +(3099.6 —1212.3 p)p'2=0

and
(—14.125p5+202.5p* +50 p2 —118.59 p+133.68 +41.375 p*x'2 — 432 p?x'*

—252'2+31.125 pz'*)x'? + (408 p* — 1922'%) 2’6’ 4 (2410.8 — 942.9 p)&"2 =0

for 1=$=<1.98, 1/40=x"%/p*<1/20, which imply the desired result.
Thus we have Ras<8 in the present case.

Case ii) »=0. By Lemma 1

129 4 129 3 7 2../2 __ /2 11 /4)
< 320 T g0 "~ 1602 5 S 61 )1

A

__7 2 _EE.2
5o (540*+1152p—552"%)

= o (125405 1 267.702p ~12.782")"™
By Lemma 2
w5 P’ — e PV= —?3—153(71—21)0)
E%) V=33
27
—_— b . 5 3 4 /2
==l togl 61’ 1281””
Further by Lemma 1

6 C=""g5 (2?22 + 3y + 5+ TEE+ TE/ 2+ 99 + 992 + 11772),

3576 ,_ 894

96 &= 2(x® 42" 4 3y + 59 + TE2 4 7872+ 992 + 992+ 117'2),

Making use of these remarks and (H) we have

1

'9_6' Rly

x? 1
Ra,=8— '@H(x)— 'g'ng—

Py(x)=1290.9 —2651.6x +1973.52% — 746.925x° 4- 147.36252* ~ 132°,
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Q1 =(254° — 432 — 268.2 p+902.9 +210 p’%)y? + (124.8 p* — 345.6 p+ 432 )y
+(—513.24 p+1462.38)7%— 96 py& —268.87¢ + (2144.1 —625.8 p)e*
—192y0+(2756.7—804.6 )%,
Ry=(—14.125°+213.75 "+ 37.451 p*—357.102 p+306.3
+41.375p%2'2 — 432 pP— 12.222"2 + 31125 par' )"
+(408°— 19222’ +(2144.1 —625.8 p)£"2 +336 pa’ o’
+(2756.7—804.6 p)’2 + 1922”7 +(3369.3—983.4 )",

Py(z) is monotone decreasing for 0.02=x=1 and Pi(1)>0. Hence Pi(x)>0 for
0.02=z=1.

Since @,=2Q, for 1=p=1.98, 1/40=x"?/p*=<1/20, Q, is positive definite there.
Here Q, was defined in Case i) and was positive definite for 1=p=1.98, 1/40
=x'?p*=1/20.

R, is positive definite for 1=p=1.98, 1/40=<z'?/p*=<1/20. Indeed we have

(2.71p+1.16)x"*+1922'7' +(3369.3 —983.4 p)c'2 =0,
(—35.08 p+168.55)x"%+ 336 px’ " +(2756.7 —804.6 p)p'* =0
and (—14.125p°+213.75p* 4 37.451 p*—324.732 p+136.59 +41.375 p°x'* — 432 px"*
—12.222"2+31.125 pa’*) 2’2+ (408 p* —1922"%) &’ +(2144.1 - 625.8 p)&"* =0

for 1=p=1.98, 1/40=x"?/p*<1/20, which imply the desired result.
Thus we have Ras<8 in the present case.

6. Case 1=p, 1/20=2"?/p*=1/10 and y=0.
Case i) 1.9=p.

Since |a|=2 we have p<1.952 in this case. We start from (E) with A=-21,
B=90, a=15. We remark the following facts:

5 !._ 2 1243 3../2 2,02 /2_2 r2 1_1}_ m
<—§p3+ 3 '~ gy D A6 —pal = gt b
3 z’¢ 61 . ,, -
— 35 p>y+ 201)3: y=0,
_ 1509 2 _21 fll /z> 12, (1509 2_17_ _£ /2> 4"1’2 ’2
( 30 T 5 Pt )T =B P 5 P \/5’”
1

=

% (126.43911 p*—144.78912 p — 19.69065"%) "2,
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. 5 125 125

78
<< 12 <<
Y = o VS

4_p2 ’
3 §7= 965

3y Ly 2 00
¥ 51/77—75p’!/7]— 96 7%

Making use of these remarks and applying Lemma 1 to the term —160x/96
—1642%/96 we have

x* 1 1

P(z)=—242+5413.22—6780.72+3036.95x° — 550.025x* + 34,

/2 ’4
Q= (—0.981)“ +212.48 p*—296 p*>— 114 p+ 302 +165.75 p2'>+ 36 % +27 %)yz

/2
+(129p* —288 p+5282"%) yp + (—244.24 »+540.39+108 %>,72

— 96 py& — 268.87& -+ (854 — 287 p)&> — 96y + (1098 — 369 )¢,

= (465.9875 p°—1605.6 p* +1807.9996 p° — 364.4392 p*+423.7883 p+122 — 48 1

b

76
—~63.8125p%2"* —216 p%*+63.9996 par'* — 5.3094x'+ 33.5625 p’4 +- 0.75 %>x,2

+(408 p* —1922'%)a'&" +(846.2— 287 p)&'2 4336 p’ o'
+ (1098 —369 p)p’2 +192x"¢" + (1342 — 451 p)<’2.

P(x) is monotone increasing for 0.048=<x=0.1 and P(0.048)>0. Hence P(z)>0
for 0.048=x=0.1.

Since (5.9p—5.4)y*—9%6yp+(1098—369p)p*=0 and (19.5p—18)x"24-1922"c'+ (1342
—451p)7"2=0 for 1.9=p<1.952 we consider @*=Q — (5.9 —5.4)y>+96yp— (1098 — 369)¢>
and R*=R—(19.5p—18)2"2—1922'7" —(1342—451p)z’2. We can prove the positive
definiteness of the symmetric matrices of @* and R* for 1.9= p<1.952, 1/20=x"?/p*
=1/10 by taking their principal diagonal minor determinants. Hence @ and R are
positive definite there.

Thus we have Ras<8 for 1.9=p<1.952, 1/20=2"%/p*=<1/10, y=0.

Case ii) 1.7=p=19
We start from (F) with A=0, =90, a=4. We remark the following facts:

43 43 2 _ 1213 3,12 2 12___2 2 9_3_ /4) 109 872
( AR A TR A At v e 1001’ v=0,
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BRI 2) oo (1449 . 27 11 ,2> i
< a0 Pt Pt ”:<320 B Pt )N

= 9—16 (204.83064 p* —244.27008 p— 7.7748z"*)z"2,

109, . 5 625 _._ 625 [I=F,,_ 17.04
100 2% "“’y5~436p3y5—436p3 s

5,2,

0.92

— <
P?/ 5’!/77 75??/7)—— % 7%

Making use of these remarks and applying Lemma 1 to the term —160x/96
—248%%/96 we have

? 1 1

P(z)= —223.6+2586.22 —3367.12°+1708.152° — 380.4252:* + 342",
Q=(—3.65p"+211.75 p* —287.8 p> — 177 p+428+90.752"%)y*
+(129p* — 288 p-+- 3482 %)y +(— 349.24 p+749.96) 7 — 96 pyé
— 268,875+ (1148 — 434 p)E* — 96+ (1476 — 558 ),
R=(465.2375 p° —1605.6 p*+ 1744 p* — 442.83064 p*+ 758.27008 p+-164
—66.0625 p°"*— 216 p2x’® — 17.22522"*+ 313125 par’4)c"*
+(408 2 — 1922/%)2"&" 4 (1130.96 — 434 p)£">+ 336 par’s!
+(1476 — 558 p)"*+ 192" < + (1804 — 682 p)< 2.

P(z) is monotone increasing for 0.1=x=0.3 and P(0.1)>0. Hence P(z)>0 for
01=2=0.3.

Since (6.7p—7)y?*—96yp+ (1476 —558 p)p*=0 and (22.2p—23.4)2'24-1922'"+ (1804
—682p)c2=0 for 1.7=p=1.9 we consider Q*=Q—(6.7p—"7)y*+96yp— (1476 —558 p)p*
and R*=R—(22.2p—23.4)2">—192x'z' — (1804 —682p)c’2. We can prove the positive
definiteness of the symmetric matrices of @* and R* for 1.7= p=1.9, 1/20=x"%/p*
=1/10 by taking their principal diagonal minor determinants. Hence @ and R are
positive definite there.

Thus we have Raes<8 for 1.7=p=1.9, 1/20=2"%/p*=<1/10, y=0.

Case iii) 14=p=17

In this case we apply the same process as in the case 1.4=p=17, 1/40=xz'2/p*
=<1/20, y=0. Then we have
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1 1
%‘Q— _R)

xZ
96 L@ 96

96
where P(z), Q@ and R are the same as them in the case 1.4=p=1.7, 1/40=x"?p?
=1/20, y=0. It is not so difficult to prove the positive definiteness of @ and R
for 14=p=1.7, 1/20=2'?/p><1/10. Thus we have Ra;<8 in the present case.

§Ras§8—

Case iv) 1=p=14.

We apply the same process as in the case 1=p=1.4, 1/40=z"%/p*<1/20, y=0
and we have

1 1
'QEQ_—R:

xz
—gg P - %

§Ra3§8 %

Where P(z), Q and R are the same as them in the case 1=p=<1.4, 1/40=x"2/p*<1/20,
y=0. It is not so difficult to prove the positive definiteness of @ and R for 1=p
=1.4, 1/20=2"%/p*=<1/10. Thus we have Raz<8 in the present case.

7. Case 1=p, 1/20=x'?/p*<1/10 and y=0. In this case we put A=1/2, B=3/2,
C=3/5 in (A). Then we have

413 5 4 2 151 372 25 lz_i 12 29 I4>
2)Fi"éUJr( 3l Ty I+ 21’ Tog D' - g @ +128P

129 ‘ 3 2002 18 . _]-l /4>
+< 02t 10Zj 16015 R
1 35 13 . 18 9
3 R 909 4 2),2 2y Py T
+( 48p+ 15 TR )y +< 10? 1> 57 )yv
Y]
-I-( ) 2+1’>y$+ 5 7;$+2yso+—-6-y77
—_—— 5 2 331 3 /2 22 /2 14>
+< 1’4 B ezt t 1”” + 2561’
+(—-———1‘>2—|—2x’2> e —%px’go’—2x'f'-—2x'y$’.
Case i) 5=0. We remark the following facts:
413 5 1061 4 2 151 3 12 2../2 i /2 1 /4) !
( sed T g O T 21’ +qgg 2~V = g5 & g b7 |y 20"y =0,
129 L, b 18 )
( S0 T30l 160 e 2% 5 P® + 750 20 v'=0.

Further by Lemma 2
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wo w150 10
320 27 384”§32p<’7“9py)

1145 605 5 15
< == ey O g 9 sy 19 e
=" 13824 ? T ? ti6? T 1l

Making use of these remarks and applying Lemma 1 to the term —249.2x/96
—591.22%/96 we have, from (I)

1
9

Py(2)=1499.2 —2080.42+2119.052° — 774.32* -+ 149,52 — 12.042°,
Qo =(254° — 432 p*— 4434 p +1057.7+210 par’?)y*+ (124.8
—345.6 p+ 4323"2)yn-+(—805.24 p+1720.38);% — 96 py& —268.87¢

x? 1
%4358—%'})0(.%‘)— ‘9’6_Q0'_ RO;

+(2505.3—1034.6 p)£2 — 192y (3221.1—1330.2p)¢?,
o =(—14.125 55+ 204.75p* 4 50 p* — 147.8 p +357.9441.375 pix "2
—432 p25'2 — 2522+ 31.125 p'4)x "2
+(408* —1922'%)2"&” 4 (2505.3 — 1034.6 p)&"2 + 336 pa’ o’
+(3221.1-1330.2 )¢’ + 19227’ +(3936.9 —1625.8 ) 2.

Py(x) is monotone decreasing for 0.048=x=1 and P,(1)>0. Hence Py(x)>0 for
0.048=x=1.
@, is positive definite for 1=<p=1.952, 1/20=z'%/p*<1/10. Indeed we have

(11.56 p— 6.68)y* —192yp+(3221.1—1330.2 p)¢* =0,
60.227* —268.87¢ +-300% =0,
(—2.23 p+-51.68)y* —96py&+(2205.3 —1034.6 p)&2=0
and
(254 p® — 432 p* —452.73 p+1012.74-210 pz'%)y*
+(124.8 p—345.6 p+4322"2)yn+(—805.24 p+-1660.16)7* =0

for 1=p=1.952, 1/20=x'?/p*<1/10. This implies the positive definiteness of @, for
1=p=1.952, 1)20=x"% p>=1/10.
R, is positive definite for 1=<p=1.952, 1/20=2'%/p*=<1/10. Indeed we have

(9.46 p—5.47)x"2+192x" " +(3936.9—1625.8 p)c'2 =0,
(—21.22p+213.64)x"2+ 336 pz’ ¢’ +-(3221.1-1330.2 p)¢"* =0,
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(—14.125p°4-204.75p* + 50 p—136.04 p+149.73 -+ 41.375 p°z*
—432p%x'?— 252"+ 31.125 pa’*)x'2 - (408 p2 — 1922"%) 2" &’
+(2505.3—1034.6 p)&’2=0

for 1=p=1.952, 1/20=x"%/p*=<1/10, which imply the desired result.
Thus we have Ras<8 in the present case.

Case ii) =0, 1.6=p=1.952. We remark the following facts:

4135 9 .. iz 1513/2 2,./2 5/21_/4) rye!
( ag1 Ot gt gttt g ' -9 — g o g b Jy— 20Ty

=—2i7 <3828 1°—5184p*—1659.46+ 2194.4 % _ 447 px,z)m,z

1

= 9% (663.106 £~897.998" ~287.450 +380.125 — ~77.431 px'2> o

.__1@4 is 2002 18 s 1—1-’4
( 20?1 a0 P T +6430)77
= — o1~ (1344p°— 1728 p— 550"%)a"

- 320

1
9

=

(216.398 p*—278.225 p— 8.855x"2)x"2.
Making use of these remarks and applying Lemma 1 to the term —744x/96—560x2/96
we have, from (I)

z? 1 1
Ras=8— '9—6Px(w) - ‘%Ql— '9_6R1)

Py(x)=598— 208241726 — 687.34" -+ 141552 — 132°,
Q. =(254 p° — 432 p*— 420 p+ 1382+ 210 p"*)yy*-+ (124.8p*— 345.6 p
+ 43222+ (—T66.24 p-+2260.88)5> — 96 py& — 268.8¢
+(3262—980 9)&* — 192y + (4194 — 1260 p)¢?,

R,= <— 14.125p°+-216 p* —663.106 p° +731.6 p*+ 138.225 p+753.459

—380.125 52— +41.375p°x"2 — 432 p*'+77.431 pa'*—33.8552"2
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+31.125li>x’4)x’24—(4081172—19290’%'5’+(3262—-98011§)$’2

+336 2"+ (4194 — 1260 p)p"+ 192" "+ (5126 — 1540 p)= 2.

Py(x) is monotone decreasing for 0.048=<x=0.4 and Py(0.4)>0. Hence P(x)>0
for 0.048=x=0.4.

Since @,=Q, for 1.6=p=1.952, 1/20=x"?/p*<1/10, Q, is positive definite there.
Here @, was defined in Case i) and was positive definite for 1=p=1.952, 1/20
=x"% p*=1/10.

R, is positive definite for 1.6=p=1.952, 1/20=x"%/»*=<1/10. Indeed we have

(2.6p—0.69)x"2+-1922"¢' + (5126 — 1540 p)c "2 =0,
(—22.4p+4105.73)x"2+ 336 p’ " + (4194 — 1260 p)p"* =0

and

z'? (— 14.125p°+216 p* —663.106 p*+731.6 p?4-158.025 p+648.419
—380.125 jbl? +41.375p°x"* — 432 p2a'*4-77.431 px’2 — 33.855"*

+-31.125pz’ 4) +(408p2 —192 z'%)x' &’ (3262 — 980 p)&'2 =0

for 1.6=p=1.952, 1/20=x"%/p?*<1/10. This implies the desired result.
Thus we have Ra;<8 in the present case.

Case iii) 7=0, 1=p=1.6. We remark the following facts:

11_1_3_5 _9_2_4_4 _5_2 _];5_1_312_ 212__1.'2
(_3841"!_ gt gttt g e I e

+ %%Pw“ )y —2x"yg’ =0,

1 B O 18 1
("3201’+3201’ T A SV [

.___1]_. 2 — 12y /2
= 160 (27 p*+-576 p—27.52"%)x
1

% (12.549 p%+-267.702 p —12.78x"%)x"2.

=

Further by Lemma 2
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27 . 5 . 2T 3< 20
128133 V=15 \7 Wpy>

—_— 1141 6 ﬁ_ 3 169 5 _21_
== %eo06 2 T 612 T 2eas? T 512

A

p4x12'
Making use of these remarks and applying Lemma 1 to the term —572.6x/96
—292.88x%/96, from (I) we have

1

Rty =8— -2 Py(2) — — Que - R
as=—96 2T % 2 % 2)

Py(z)=1169.74—2428.762+1838.98% — 710.492 + 143532 — 1347,
o= (254 — 432 9 —219.66 p+852.77+210 pa’*)y?
+(124.8 % —345.6 p-+4322")yn-+ (—432.34 p-+ 1378.83)?
— 96 py€ — 268.876+(2027.13— 512,54 p)e* — 192y
+(2606.31 —658.98 p)?,
Ro=(—14.125 p°210.9375 p*+37.451 p* — 340.922 p-+289.59
+41.375 2’2 — 432 pP*— 12,2272+ 31.125 par’ )2

(408 p*—1922"%)a" €' +(2027.13 — 512,54 p)&"-+ 336 p’ ¢/
+(2606.31— 658.98 p)"*+ 19212 +(3185.49 — 805.42 ) 2.

Py(x) is monotone decreasing for 04=x=<1 and P,(1)=0. Hence Pu(x)=0 for
04=z=1.

Since @.=Q, for 1=p=1.6, 1/20=2"?/p*<1/10, Q. is positive definite there.
Here Q, was defined in Case i) and was positive definite for 1=p=1.952, 1/20
=x"?p*=1/10.

R, is positive definite for 1=<p=1.6, 1/20=<x"?/p*<1/10. Indeed we have

1.98p+1.9)2’24-1922""+(3185.49 —805.42 p)<'2 =0,
(—42.83p+115.09)2"%+ 336 px’ ¢’ +(2606.31 — 658.98 p)p'2 =0
and
(—14.125p°+210.9375 p*+37.451 p*—300.072p+172.6
+41.375p°x"2 — 432 p%x’'2 —12.222'2+-31.125 px’*)z"?
+(408 p* —192"%)x’ " +(2027.13 — 512.54 p)&'2 =0

for 1=p=1.6, 1/20=2"%/p*<1/10, which imply the desired result.
Thus we have Raey<8 in the present case.
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8. Case 1=p, 1/10=x"*/p*<tan®(z/7) and y=0. Itis evident that »<1.907 and
x'*[ $*<0.2379 in this case.

Case i) Case 1.8=<p<1.907.

We start from (D) with A=-21.2, B=37.8, and use the following trivial
inequality

73, 2, 13, 34
(-mﬁ +716p+10p3 15172)?/

1
=510 X737 +-20p—272)xy

_i>2(73 P*+20p—272)x% + XT3 p*+20p—272)y

= 80 2880

Then we have

Ra,=8— gg (160 —222+-3029.82% — 3984.7x%4-1949.752* — 418.6255° -+ 34°)

_ﬂ 3 _31 2 25716 3.2 2. .7 10.6 IZ__E_ 2
< zop—l—lop — %2 —1.83p%"2 — 6 Dz 6.:0

739 W 53 aff
R p)

359.9 , .
+<— o2 )x 7

/2

- —{ <—-2.4341‘)“—1—212.08173—-—290.94p2 + 9p—64+223.25 px"*+ 63.6'707

74
+-47.7 f;—) y24-(129 p* — 288 p+-6662"2)yn -+ <—— 39.24p—69.12

/2
+190.8 ﬁp—)nz — 96 py& —268.87¢ — 96ygo}

1

- -gﬂ (195-1225P5—561-615“+854.8259 2°—70.96*—210.349p

—84.8—117 +0.5525 p*x’? —341.28 p*x'?+113.065 px’* — 25x"%
+35.287 px'*+1.325 %)x’ 24 (408 p* —192x'2)x'&" + 336 px’ ¢’ 4192’

3 1 5
—gV Y- - TvE
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We remark the following facts:

31, 31, 25716 10.6 5
(“ 0l Tt~

Pa = 183ptat— == pa—

739 ., 53 &\ 33 . . _
359.9 7.3 2% ) (3 99 373 /2> - pz

= ?16_ (84.1951 p%—6.7374 p — 43.62982"2) "2,

125 125 /43 393
—_—— 3 —_—— ! < /2 ’2
102"~ 5 W = g5, S \/ =g

_p s 1, _ 2 0.72
VB YIS 75 VIS g1

Making use of these remarks and applying Lemma 1 to the term —160x/96
—272.82%/96 we have

z? 1 1
e P@D- 59— 5 R

Ras=8— 9%

P(x)=—254.8+3098x —3984.7x%+1949.75z° — 418.625x* + 345,

Q= <_2.434 212,08 5 —290.94 5° — 195.6 p-+ 465.2+ 223.25 p”*
x/Z x/4
+63.6 4477 T) ¥+ (120 4% — 288 p+ 66622y

/2
+ <—380.24 p+812.16+ 190.8%) 7 —96 pyé
— 268,876+ (1234.8 — 4774 5)&>— 96y + (1587.6 — 613.8 )%,
R= (195.1225 1°—561.6 p* +854.8250 p° — 155.1551 p* — 271.8116

+ 176.4——84.8—;— +0.5525 p°x"% —341.28 p*x'?

’6
+113.065 px’24-18.62982"%+ 35.287 px’* 4-1.325 J; )x’2

+ (408 p2 — 192 2%)a&’ 4 (1230.87 — 477.4p)&"2 + 336 pa’
+(1587.6 — 613.8 p)¢p’% + 1922’ +(1940.4—750.2 p) 2.
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P(z) is monotone increasing for 0.093=x=0.2 and P(0.093)>0. Hence P(x)>0 for
0.093=2=0.2.

Since (8.1p—9.8)y2—96yp+(1587.6—613.8p)p* =0 and (26.7p — 32.4)x’* + 19227’
+(1940.4—-750.2p)z"2=0 for 1.8=p<1.907 we consider Q*=Q— (8.1p—9.8)y%+96y¢p
—(1587.6—613.8p)p* and R*=R—(26.7p—32.4)z"*—192z'7" —(1940.4—750.2p)z'2. We
can prove the positive definiteness of the symmetric matrices of @* and R* for
1.8=p<1.907, 1/10=2"? $*<0.2379 by taking their principal diagonal minor determi-
nants. Hence @ and R are positive definite there.

Thus we have Ras<8 for 1.8= p<1.907, 1/10=x"?/p*=tan? (z/7), y=0.

Case ii) 1.7=p=18.

In this case we start from (F) with =0, B$=37.8, a=1. We remark the
following facts:

(~_§_gp3+_4:§_ 2 1]—5 33 pa /2 183p2x/2 2 64p l4>y+%p3x/2y§0’

= -9—16~ (86.766768 p2—8.142336 p—7.77482"%) "2,

5 5 5
3../2, ! << 12 <
ﬂw y——zwy«f =g V¥ =g

4—17 ’ 12
$2< 9 E

__p ool _ 2 ,_ 092

Making use of these remarks and applying Lemma 1 to the term —160x/96
—484x%/96 we have

Ras=8— P (x)— -g% R,

P(z)=—248.4+1685.22 — 2390.3x% + 1345.751° — 345.625x* + 347,

Q=(—14.6*+208.75p*—251.2 p* — 354 p+ 782 +90.75 p’ %)y
+ (1292 — 288 p 43482/ 2)yy+ (— 644.24 p+1339.96)7% — 268.875 — 96 py&
+(1974—847 p)&* — 96y + (2538 —1089 p)¢?,

R=(193.7975p°—561.6 p* 4 741.76 p* —157.7268 p*+129.0623 p+ 282

—3.4225 p*x'? —341.28 p2a’2 —17.2252x"2 + 31.3125 pa’4) "2

+(408 p2 —1922"%)x"¢’ +(1966.5— 847 p)&" + 336 pz' ¢’
+(2538—1089 p)¢"2+1922" 7" +(3102—1331 p)z'2.
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P(z) is monotone increasing for 0.2=<x=0.3 and P(0.2)>0. Hence P(x)>0 for
02=2=0.3.

Since (10.14p—13.88)y*—96y¢p+ (2538 —1089p)p? = 0 and (33.3p—45.6)z"2+192z'¢’
+(3102—1331p)c"2=0 for 1.7=p=1.8 we consider Q*=Q—(10.14p—13.88)y>+96y¢
—(2538—-1089p)¢? and R*=R—(33.3p—45.6)2'>—192z'c' —(3102—1331p)z’2. We can
prove the positive definiteness of the symmetric matrices of @* and R* for 1.7=p
=18, 1/10=x'%/p*=<0.2379 by taking their principal diagonal minor determinants.
Hence @ and R are positive definite there.

Thus we have Ras<8 for 1.7=p=1.8, 1/10=x'?/p?<tan? (z/7), y=0.

Case iii) 14=p=17.

In this case we start from (G) with =0, B=37.8, a=1.1. We remark the
following facts:

(_ 115.33 18355 — % + % pxm)x/zy n 1_57 Py =0,

3
613.8 1 613.8 u, 4_1,2
(— S g0, 18p+ L 2 ) ng( =S 0185 )
= —9% (117.628632 5" — 11.038464 p— 10,5402 12,
5 195 195 4_1, 133
— A3 12, / /2 /2 12

_i o Lo 2 o L16
Making use of these remarks and applying Lemma 1 to the term —160x/96
—329.22%/96 we have

8— - P)- %Q—-Q%R,
P(s)= —403.36-1981.220 — 2498 540*+ 1357.832° — 347.0852°+ 342,
Q=(—13.285+200.11 $°— 318.19 $* —237.9 p-+ 549.8+90.75 pa'*)y*
(120 5% — 288 p-+ 3482 )yp-(— 450.74 p+-952.37)7— 96 pyé
— 268,87+ (1432.2— 576.1 £)£*— 96yp+ (1841.4—740.7 ),
R=(193.7975 4% — 561.6 4+ 741.76 p* — 188.5887 5 170.6584 5

+-204.6 —3.4225 p*x’? — 341.28 p*a'? — 14.4598x'24-31.3125 pa'*)x"?

Ras=

+(408 p2—1922"%)x’&" + (1418.9 —576.1 p)&'24-336 px’ ¢’
+(1841.4—740.7 p)p'? +1922'c" +(2250.6 — 905.3 p)< "2
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P(z) is monotone increasing for 0.3=x=<0.6 and P(0.3)>0. Hence P(x)>0 for
0.3=2=0.6.

Since (5.8p—5.2)y*—96yp+(1841.4—740.7p)p* =0 and (19.3p — 17.6)z'% + 192z'<’
+(2250.6—905.3p)r'2=0 for 14=p=1.7 we consider @Q*=Q—(5.8p—5.2)y*+9%6y¢e
—(1841.4—740.7p)p* and R*=R—(19.3p—17.6)z'2—192z'c’ —(2250.6—905.3p)c"%. We
can prove the positive defineteness of the symmetric matrices of Q* and R* for
14=p=1.7, 1/10=2'?/p*<0.2379 by taking their principal diagonal minor determinants.
Hence @ and R are positive definite there.

Thus we have Ras<8 for 1.4=p =17, 1/10=2"? p*=tan? (z/7), y=0.

Case iv) 1=p=14.
We start from (G) with =0, B=37.8, a=1.1. We remark the following facts:

115'33 3 2 _5_ 63 ’2 /2, _§’_7_ 3..72,
<— 18 PP—1.83p*— 3 +6—4px >x v+ 101)3: y=0,

(_ 613.8

S B0, 18p+£x’2>x .

= 31— (142.634844 p*—13.385088 p— 12.7809x"%) "2,

_ﬂ 30 /2,, 5 ! < 125 12 125 4—172 12 40.6 72
10 2°%" Y — 5 oV = e Y 5§296p3‘/ =g

2 [A—p? ,_ 2.56
. S S T S 2
gV —FVIS R = 5N g TS5 T

Making use of these remarks and applying Lemma 1 to the term —160z/96—490x2/96
we have

x? 1 1
§Ra8§8-——9€P(x) - %-Q—%—R,

P(x)=—564.16+2021.425 — 2498542 + 1357.83z° — 347.0852* + 347,

Q=(—13.28"+209.11 p°— 318.19 $* — 358.5 p-+ 791 -+ 90.75 pur'2)y?
+(129* — 288 p+3482"%)yy + (— 651.74 p+1353.32)7% — 96 py& — 268.87¢
+(1995—857.5 )& — 96y + (2565 — 1102.5 p)¢o?,

R=(193.7975 p°—561.6 p* + 741.76 p* — 213.5949 p* + 132.805 p+285

—3.4225 p%'2 — 341.28 p*x’* — 12.2191 2’ + 31.3125 pz )"

+(408p° —1922%)2'¢’ + (1954.4 —857.5 p)E"2 + 336 pa’ o’
+(2565—1102.5p)¢"2 +1922"¢" + (3135 —1347.5 p)c 2.
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P’(x) is monotone decreasing for 0.6=zx=1 and P’(1)<0, P’(0.6)>0. Further
P1)>0, P(0.6)>0. Hence P(x)>0 for 0.6=z=1.

Since (4.8p—3.2)y*—96ye+(2565—1102.5p)p* =0 and (15.8p—10.6)x"% + 192z’
+(3135—1347.5p)c"2=0 for 1=p=1.4 we consider Q*=Q—(4.8p—3.2)y*+96 yp— (2565
—1102.5p)¢? and R*=R—(15.8p—10.6)x'2—192z'r' —(3135—1347.5p)r’2. We can prove
the positive definiteness of the symmetric matrices of Q* and R* for 1=p=14,
1/10=2"?/p*<0.2379 by taking their principal diagonal minor determinants. Hence
Q@ and R are positive definite there.

Thus we have Ra;<8 for 1=p=14, 1/10=x"?/p*=<tan? (z/7), y=0.

9. Case 1=p, 1/10=z"?/p*<tan® (z/7) and y=0. In this case we put A=1/2,

B=3/2, C=3/5 in (A).
Applying the trivial inequality 2AXY =|A|aX?+|Ala’Y?, o’ =1/a, >0 we have

413 Zoph g 2y 151 3,72 2,02 5 2 _lés_)_ )
( et p 12 TP Tog 22" — W' — g2t g pa” Ju
= L (1433.830°—175.392 5% — 512.48 — 447 pa'*) '%y

- 384

= % (179.23° —21.92 5 — 64,06 — 55.87 pas’)y?
+ 9_(];; (179.23 p* —21.92 p* — 64.06 — 55.87 px’?)z"*,
1
_2x'y§/§ry2+ 7;0/25/2’ T>0,
Making use of these remarks we have

ERas_<_8— - (744-[—972.70 —22222*+17264° —687.32* +141.552° —12.04x°)

129 4 3 2/2 8 12 1_1 ’4) ____3_2
+< B 01’ 1601’ B )t 5p v

- % [{(254—179.23a) p* — (432 —21.92a) p* — (16 — 64.06a + 967)

+(210+55.87a) pz'?}y* +(124.8 p* — 345.6 p+-432x"%)yy)

)]
1 (—66.24 p—69.12)7” — 96 py& —268.87E —192y¢]

179.23 ) o

916 H 1412545+ 2165 +504° + (41.375—
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—<432— 21.92 )pz n_ (25— E‘%) '2+<31 125+ 227 )p ]x’2

+ (408 p2 — 192222 &’ — %(i 2?62 4+336 pa’ o’ + 192x’r’].

CLase 1) 1.9=p.
If »=0, we have

__Esz_«; 9 3 __ 27 2/2_l8_ 2 1_1 /4) _3_2
< 3202 T10? " Te0 " T Y e )1t gV

1 _ __BE/2) /2
= 320 (596.187 p* — 58.464 p — 55x"%)x"2.

If »=0, by applying Lemma 1 we have

_2’24 is 2% 18 _1_1_ _i_z
( 3207 T10? 1601’ p‘”+64x)+207“’

/A . 2 _ _L 12\ ,r2
= 320< 13444+ 17285~ 176-+640 - + 550 >x

A

3—”— (596.187 $? — 58.464 p— 5517%)"2.

Hence we have

7 18 11 3
JEp———' S A3 2.0/2 /2 /4
< 302 T 10 2 5p T )”+20y’7

= —9% (89.43 52 —8.76 p— 8.252"2) + —— 96 a5 (89432 —8.76p—8.250/ "

Thus, from (J), we have

ERass8— - (7 4449722 — 22222% +1726x° — 68732 4+ 141.55x° — 12.042°)

- —1—6- {(254—179.23a) p* — (432 — 21.92a) p* — (16 — 64.06 +-967)

+(210+55.87a) pa’?}y +(124.8 p* — 345.6 p+ 4322y
—89.438*+(—66.24+8.765) p—69.12+8.258z"2)?

(K) —96 py& —268.87E —192y¢]
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1 179.23 >
44

T %

p3x/2

[{ 1412545+ 216 4 +50 1+ (41.375 _

_<432—— ivgz—+_8_9:4£\)p2x/2+ 8-76 px/2_<25_ 64.06 )x,z
« B B «

x'?+ (408 p2 —1922"%) '’

px/&i_l_ 8"25 x/4}

+ (31.125+ 556'[87 )

- —9776—.70’25'2 + 336 p2'¢" + 1922"<" ]
Here we put a=4/5, f=12/5, y=1/2. Applying Lemma 1 to the term -—744x/96
—9762%/96 we have

1

_.9_6.R’

z? 1
fRa:;éS— -56— P(x)— —QEQ

P(x)=182—19782 4 17262° —687.32° + 141.552* — 12.042°,

Q=(110.61p°—414.47 p*— 732 p+2009.24 +254.69p'2)y>

+(124.8 % —345.6 p+ 432" ?)yy+ (— 214.64 p* — 1265.22 p+3300.88 + 19.8z")n*

—96 py& —268.87& — (4718 — 1708 p)£2 — 192y¢ -+ (6066 — 2196 p)¢?,
R=(—14.125°4216 p* -+ 50 p> — 244 p + 674 — 182.67 p* 2’2 — 442.17 p*a"?

+3.59 "2 +55.072'2+100.96 pa’* +3.382"#) "
+(408 p* —1922"%) &’ + (4718 — 1708 p — 1922/%)&"2 + 336 pa’ !
+ (6066 —2196 p)'2 + 19227’ + (7414 — 2684 p)"2.

P(x) is monotone decreasing for 0.093=x=0.1 and P(0.1)>0. Hence P(x)>0

for 0.093=x=0.1.
Since for 1.9= »=1.907, 1/10=x"%/p*=0.2379

(6.38 p—7.25)y% —192y¢+ (6066 — 2196 p)¢* =0,
22.587%—268.87¢ +800£2=0,
(—1.35p+415.27)y2— 96 py& +(3918 — 1708 )& =0

and
(110.61 p* —414.47 p>—737.03 p+2001.22+ 254.69 px’?)y?

+(124.8 p* —345.6 p+ 4322"%)yn + (—214.64 p* —1265.22 p
+3278.3+19.82'%)7* =0,
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Q is positive definite there. Since for 1.9= p=1.907, 1/10=x"%/p*=0.2379
(5.23p—5.95)x'2+192x't" + (7414 — 2684 p)"2 =0,

(—12.86p+79.21)2"2+336 p’ ¢’ + (6066 — 2196 p)¢'> =0

and
(—14.125p5+216 p*+50 p* — 236.37 p+600.74 — 182.67 px'2
—442.17 p2x'2+ 3.59 px’? +55.072'24+100.96 px'* + 3.382"*) "2

+(408 p* —192x"%)a’&" + (4718 — 1708 p—1922'2)£"2 =0,

R is positive definite there.
Thus we have Ras<8 for 1.9=p, 1/10=x"2/ p?<tan? (x/7), y=0.

Case ii) 1.7=p=1.9.

We put a=3/4, =2, y=1/2 in (K). Applying Lemma 1 to the term —774x/96
—680x2/96 we have

1 1

"I}Z
mds§8— _96 P(x)— %*Q— —Q?R’

P(2)=478 — 2052 + 1726 — 687.32° +141.552* — 12,042,
Q=(119.57 p* — 415.56 p* — 510 p +1562.04 + 251.9 par’)y/?
+(124.8 p* — 345.6 p+ 4322"2)yy + (— 178.86 52 —898.72 p +2560.88+ 1652272
—96 pye —268.87¢+ (3682 — 1190 p)&° — 192y-+ (4734 — 1530 p)¢c?,
R=(—14.125°+216 p*+ 50 p* — 170 p-+ 526 — 198.8 p'> — 447.57 p*"
+4.38 pa'2 4 60.192'2+105.43 pa’* +4.122" )"
+(408° —1922%)&’ + (3682 — 1190 p—1922/2)672 + 336 p’ !
+(4734—1530 p)¢* + 1922 <’ + (5786 — 1870 p)r">.

P(zx) is monotone decreasing for 0.1=x=0.3 and P(0.3)>0. Hence P(z)>0 for
0.1=2=0.3.

It is not so difficult to prove the positive definiteness of @ and R for 1.7=<p=1.9,
1/10=x"%/ p*=0.2379.

Therefore we have Ras<8 in the present case.
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Case iii)) 14=p=1.7.

We put a=4/5, =3, y=1/2 in (K). Applying Lemma 1 to the term —744x/96
—37022/96 we have

1 1

%9 gk

x2

P(x)=T788—2129.52 417262 — 687.32° +141.552* —12.04z°,
Q=(110.61p° — 414.47 $*— 277.5 p -+ 1100.24 + 254.60 px"*)y?
+(124.8 9 — 345.6 p+ 432"y + (— 268.29 1* — 502.46 p+ 1785.88 4 24.750"2)72
— 06 py& — 268.87¢ + (2597 —647.5 p)&* — 192y -+ (3339 — 832.55)¢%,
R=(—14.125 5 +216 p* +50 p* —92.5p+ 371 — 182.67 p*x'> — 434.41 ">
+2.92 p® + 55072 +100.96 p’* +2.752"4)x"*
(408 p* — 1922"%)2&’ + (2597 — 647.5 p—1922/%)6"> + 336 par’ !
+(3339—832.5 )¢+ 192”7’ -+ (4081 — 1017.5 p)c "2,

P(x) is monotone decreasing for 0.3=x=0.6 and P(0.6)>0. Hence P(x)>0 for
0.3=2=0.6.

It is not so difficult to prove the positive definiteness of @ and R for 14=p
=17, 1/10=2"?/p*=<0.2379.

Therefore we have Raes<8 in the present case.

Case iv) 1=p=14.

In this case we put =1, y=1/2 in (J). Using the following inequality

____1_22 4 i?x__ﬂ Z’Z_E ’2 B_ I4> __3_ 2,
(- 302 + 08~ TP g P oty v
=17 (80432 876+ 50.7 825"
= - (80.435 876 p-+ 50.7—8.250"2)7

+ 1—11 (89.43 p* —8.76 +50.7—8.252%) "

and applying Lemma 1 to the term —744x/96—138x%/96 we have
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z? 1 1
ER(13§8— -ggP((l?)-——ggQ— '9—6R,

P(x)=1020 —2187.5z +17262% — 687.32° + 141.55¢ — 12.044°,
Q=(74.77 * —410.08 p*—103.5 p+ 765.06 + 265.87 par'2)y*
+(124.8p* —345.6 p+ 4322y (— 268.29 p* — 212.46 p+ 1053.78 + 24.75"2)*
—96 py& —268.87¢ + (1785 —241.5p)&2 — 192y +(2295—310.5 )%,
R=(—14.1251°+216 p*+50 p* — 34.5 p+ 255 — 137.86 p*x"* — 439,80 p*x*
+2.92 2" +22.162'2+86.99 par’t +2.755"4)z"*
+ (408 p2 —192"%)2"¢" + (1785 — 241.5 p— 1922"%)E"* + 336 pr’ s’
+(2295—310.5p)¢"* +192"¢’ -+ (2805—379.5 )2

P(z) is monotone decreasing for 0.6=zx=1 and P(1)>0. Hence P(z)>0 for
06=zx=1.

It is not so difficult to prove the positive definiteness of @ and R for 1=p=14,
1/10=2?/ p*=0.2379.

Therefore we have Ras;<8 in the present case.

10. Case 0=p=1. We divide this case into several subcases.

Case i) 0.8=p=1, 2'%/p*=1/20 and y=0.

In this case we start from (A) with A=1/2, B=3/2, C=3/2. Then we have

Ras=U(p)+ 614 » (77 + 1—:—%) + %Psx(ﬂ +py) + -59%?2(8 %)y

151, _5 149 )\, (8_12 11 2) .
+(192 + o8 £* ) vi\gg ' 90+ g =" )=

1 35

9 41 27
3 Y2y =YY 2,2 T p2 et e
+ 48p+2‘b+6 16x>y+< 81>+9P 8x>yry

3
+{ —3p )7; +1>y5+>7§+2yso—z?/ 7

25 g2 83 /4>
%6~ e )"

+

113 %, Bl .. 9.,
<6 T T

+ p2+2x’2> re’ —%px’ga’—Zx’r'—Zx’yS’.
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Now we remark the following facts:
U(p)=U(1)<1.101973,

3 .,/ 13 3 ..[16 , 1. . 1.,
“ib <77+7py)§6—4p {—g—p @—)+ 35 @—p")+ 2’ | <O.111264,

-5_ 2(Q — i __ A3 4"172
G P8 —1= o 16— 152 <0.364584,

BL g 5 U9 N L 8T
857 o nypmryere 100 100 4_p o 2316
~ g0 P Y2V s g v S g §P=—g5 ¢

81 11 8l , 1\, [A=F
(Ep2—9p+ —6—4—x’z>x’27y§<— 59— 2>x 2\/T <0.250535.

Further if =0

9 3 2 9 3 9 2 1 3 l 72
gﬁ*x(rﬂ—py)—zy rzégp x'Ep @2—p)+ ﬁ(8~p)+ 4j>x ]<1.303125.

If 7=0

3 9
S Pl — Svtn= o A3 —20) + g pau

3 JEF (9p3—§1>—4)w + % pe /457 <1.303125.

=
Making use of these remarks we have
Ras<8—4.868519
- ?)}6— {(254 p* — 432 p* — 164210 px’?)y* + (492 p* — 864 p+ 324x"%)yn
+(288 p—432)7* — 96 py& — 9679& — 192y ¢}
—432p%x’? — 252'% + 31.125px"*)x"®

- 'g% {(—14.125p5+ 216 p* + 50 p2+41.375 p*z’

+ (408 p2 —192x"%)x'&’ 4 336 pa’ ¢’ +1922" " — 23.16£"%}.
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By applying Lemma 1 we have

—4.868=< —1.217(p*+ 2’ + 39>+ 52+ TE2+ TE"2+ 99 + 9¢"* +11772)
—1.217p*=< —0.30425(p* + p2a’> + 3 pPy> + 5 p272 + T pPE2 + T "2
+ 91)2?2 +9p2¢l2 + 11p21.12)‘

Hence we have
Rty <8—0.3044' — - Q— — R
’ 96 9

Q=(254p*—344.376 p* -+ 334.496 4 210 p"?)y* + (492 p* — 864 p+ 3241 %)yy
+(146.04 p*+ 288 p+152.16)7* — 96 py& — 967& 4- (204.456 p* 4-817.824)&*
—192y¢+(262.872 p*+1051.488)¢?,

R=(—14.125p°+216 p* +79.208 p*4-116.832

+41.375p%¢'2 — 432 p?x"2 — 2522 4 31.125 p’*) "
+ (408 p2—1922"2) &’ 4- (204.456 p 4 794.664)&"2 + 336 p’ ¢’
+(262.872 % +-1051.488)p"% +1922"¢" +(321.288 p* +1285.152) "2,

Since for 0.8=p=1, 22/p*=<1/20

7.556y%— 192y +(262.872 p* 4 1051.488)¢* =0,
5.12y°— 96 pyé +450£*=0,
4.6217% — 9675 + (204.456 p2 4 367.824)£2 =0

and
(254 p° —344.376 p*+ 321.82 + 210 px'?)y% 4 (492 p* — 864 p
+324a"%)yy+ (146.04 p* + 288 p+147.539)5* =0,

Q is positive definite there. Since for 0.8=<p=1, 2'?/p*<1/20

6.22"2+192x't" 4-(321.288 p* +1285.152)r'2 =0,
21.52"% 4336 px’ " +(262.872 p*+1051.488)p"2 =0

and
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(—14.125p°+216 p* +79.208 p*+89.132+41.375 p*x'2 — 432 p*x"?
—252"24-3L.125pz"*)x"?
+(408 p2 —1922"2) '€’ 4 (204.456 p*+ 794.664)&"2 =0,
R is positive definite there. Thus in the present case Ras<8.
Case ii) 0.8=p=1, 2'%/p*<1/20 and y=0.

In this case we start from (A) with A=0, B=3/2, C=3/2. Then we have

1
Ras=U(p)+ 6% » <r; + —gpy> + %Psx(wgby)

_:iz 3 2 /2) r2 ( 81 2 _1_1_ /2) ’2

+(641’ —*+ 128” oyt gy P9+ g7 @ )™
37 9 . 59 19 17

+<" 167 +'2—172—1—615x'2>?/2 +<—‘—4*PZ+9P— 2" Z)Z/’)

+ (—3p+ %)72"' %Py€+>7&‘+3yso

113 5 4__2_5_ 2 331 872 2./ 25 /4)
+<6412p 4" s ettt p +t96 7 2561””

+ <____ %p2+ 2x12>x/$/_ %px/(P/ ___21’./1./ — %x/y{:l.
We remark the following facts;
U(p)=U(1)<1.101973,
3 ., 13
o P <77 + —6-Py> <0.111264,
9 3
5 DpPx(n+py) <1.303125,

3_73_ 2 169 l2) __3_ 7
(6415 9.b+1281>x z'%y zxyf

37 8_9pti 169 /2) 2 2 2 12
é(—ﬁzzb 9%+ Tog 2% )2y + wlyl+ lylé

25.4016

<0.533594 + %

£,
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81 2 /2 /2
—3—2—17 —9p+ ——x 2'%7<0.250535.

Making use of these remarks and applying Lemma 1 to —4.699509 we have

1 1
— e = — —
Ras<8—0.2935p % Q % R,

Q=(222p°—347.472 4+ 338.112+ 354 par’)y* + (456 5* — 864 p-+ 4082 )y
+(140.88 p*-+ 288 p -+ 131.52)? — 144 py& + (197.232 % -+ 788.928)
— 961 — 288y0p-+ (253.584 % +1014.336) %,
R=(—14.125p°+216 p*+78.176 5+ 112.704
41375 pa’® — 432 p°" — 250+ 31,125 par' )
(408 p* — 192272)2' €+ (197.232 %+ T63.576)&" + 336 pr'

+(253.584 p?+1014.336)¢"% + 192"’ +(309.936 p* + 1239.744) 2.

53

It is not so difficult to prove the positive definiteness of @ and R for 0.8=p=1,

2% p?=<1/20. Hence we have in the present case Ra<8.
Case iii) 0.8=p=1, 1/20=2"?/ p*=tan? (z/7), y=0.
We start from (A) with A=1/2, B=3/2, C=1. Then we have

3 13 3 3 5
Ras=U(p)+ ?511’4 (n + pr) + ZP“»’U(n + gpy) + %PZ(S ]

1 11
( igz p3 9p2 5 128 p /2 )x/2y+ (%pz 6p+ /2>xl2}7

17 9 1

(=Tt g P g — b S 6p— L

113 9 , 25 331 25

1
+<~ZP+2>7}2+PZ/E+2775+2W—Zyzﬂ
—_— —_—— —— 3/2 272 I2 /4
+<64-121’6 Rl Y S T R A p +55” 2561’ )

+ (—-—117-152 + Zx’z)x’é’—- -g—px’go’—Zx’r’—Zx'y&'.
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We remark the following facts:

U(p)=U(1)<1.101973,

3 ./ 13
ot (7;+ pr)<0.113465,

5% P8 — 1)y <0.364584,

151 5 149 167
<192 1z + 128 2% )‘” Wt 5 P =0,
1 p3x’2y porsre B en BT

=1o75 ¥ =56

(22 P60+ 5 11 '2>x'%7<0.95237,

%pa <7)+ .by) — < 1.232107.

Making use of these remarks and applying Lemma 1 to —4.235501 we have

1 1
- Qe
Ras=8—0.2646p 96 Q 9% R,

Q=(254p° —355.797 p* -+ 288.92+210 par’)y*+ (288 p* — 576 p-+ 384"2)y
+(127.005 0%+ 72 p+ 316.2)7% — 96 py& — 1929 + (177.807 p* + 71 1.48)c>
—192y0 +(228.609 p*+914.76)?,

=(—14.125p°+ 216 p* +75.401 p*+101.64
+41.375 p%2"2 — 432 5" — 250" + 31.125 par’ )"
+(408p°—1922"%)a' &’ + (177.807 p*+ 687.71)6"> + 336 par’ ¢’
+(228.609 52 +914.76)¢"> + 192/ +(279.411 p* +1118.04) "2,

It is not so difficult to prove the positive definiteness of @ and R for 0.8=p=1,
1/20=2"?/ p*=0.2379. Hence we have in the present case Ras<8.
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Case iv) 08=p=1, 1/20=2"%/p*=<1/10 and y=0.
We start from (A) with A=0, B=5/4, C=1. Then we have

3 13 3 5
Ras=U(D)+ gt <r;+ -6—py> + b <7;+ Zj’y>

p2+ 169 >x/2y+<%p2 61)_,_ 11 ,2>1«',2”

+ 128

21 39
+< e o A T G T I
+{-

9
%p+2>772+2py5 +295+3yp + g bv°

31 25
———174 48 o 62.12 Pz’ — pz 2y 2 96 2'— _28_536_ x/4>x/2

+(stm2
17 ’ II___Z_ o //____?i/ ’
+<—_4_p2+2x 2>x§ sz o' —2x't D) z'yg’.
We remark the following facts:
U($)<1.101973,
3 ., 13
a.b <1J+ 5 py) <0.111849,
3 . 5
v Pz (77+ T Py) <1.030469,

11 L 169 3.,
<—EZP3 2p+128 )xy A

11 2 169 /2) /12, 9 /2 =12
é( P‘"’ 2 15 + 158 Y+ Iyl+ Iyl

<0.985586 -+ 20 ¢,

<§%p2—6 p+ %x'2>x'277<0.384214.
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Making use of these remarks and applying Lemma 1 to —4.385909 we have

1 1
—0 L 4
Ras<8 274p % Q 9% R,

Q=(126°—221.07 p* +315.72+ 384 p"*)y? + (156 p* — 480 p-+ 468x'2)y
+(13L.55%+72 p+334.2)57— 192 pyé — 19276 + (184.17 p* + 736.68)2>
— 288y +(236.79 5+ 947.16) %,
R=(—14.125°+216 p'+76.31 $* +105.24+ 41,375 p*x">
—432 252 — 250"+ 31.125 pa )"
+(408* —19227%)0&’ + (184.17 p*+711.27)6"2 +- 336 pa’ ¢’

+(236.79p*+947.16)¢"* +192x" " 4 (289.41 p* + 1157.64)< "%

It is not so difficult to prove the positive definiteness of @ and R for 0.8=p=1,
1/20=x"2/p*<1/10. Hence we have in the present case Ras<8.

Case v) 08=p=1, 1/10=x"%/p*<tan® (z/7) and y=0.
We start from (A) with A=0, B=5/4, C=1. We remark the following facts;

U($)<1.101973,
3 .,/ 13
o? <71+ = py> <0.113465,
3 5
3 b <>7+ > py> <1.056325,
1 i
1. 15, 169 3
(=507 =2 # + g 1) 0= g =
u, 169
= (= gr 8 — P8+ Tog 7)o 0+ 5 ule 4 oy ole”

152.4096 _,,

< 1.882942 + 9% &',

<§’—23—p2 6p+ =+ x’2>x’277 <0.908094.
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Making use of these remarks and applying Lemma 1 to —2.937201 we have

1 1
— 4_. — —_———e
Ras<8—0.1835p % Q % R,

Q=(126 p°—247.134 5+ 211.464+ 384 pa'2)y> + (156 p* — 480 p+ 4682y
+(88.11 92472 p+160.44);?— 192 py& —1927 +(123.354 p* +493.416)¢*
— 288y +(158.598 p* + 634.392)¢?,
R=(—14.125p°4216 p*+ 67.622 p*+70.488
+41.375 p° 5" — 432 pa'> — 25" + 31,125 par’ )"
(408 4° —1922'2)a'&’ + (123.354 p + 341.006)£72 4336 pa’ ¢’
+(158.598 p* +634.392)¢" + 192"« -+ (193.842 p* +775.368)"2.

It is not so difficult to prove the positive definiteness of @ and R for 0.8=p=1,
1/10=2"2/p2=<0.2379. Hence we have Ras<8 in the present case.

Case vi) 0=p=0.8, z'2/p*=1/20.

In this case we start from (A) with A=0, B=3/2, C=3/2. We remark the
following facts;

U(p)= U(0.8)<0.695811,
3 ./ 13
ot <7;+ ; py><o.038319,

% Pa(y+by) <0.73728,

xy5'<—J;)p\/4_p «/4”1’ <0.292771,

(g; 9p+ 11 ’2>x'2>7<0.14642.

Further if y=0,
37 3 2 12 /2, 3
ea? =9+ 128 be )x y+—ﬁy =+ I)y <1.066868.

If =0,
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37 2 /2 /2, 3 3 2 169 ’2
(Ge2=9+ 1pg o)t gnt = (G 00"+ g )

<0.18506 < 1.066868.

Making use of these remarks and applying Lemma 1 to —5.022531 we have

1 1

Q=(222p°—341.604p* -+ 361.584+ 354 p"*)y? + (456 p*— 864 p-+ 408"y
+(150.66 %+ 288 p+170.64)72 — 144 pyé +(210.924 1° -+ 843.696)¢*
— 9676 —288yp-+(271.188 1 +1084.752)¢%,
R=(—14.125°+216p*+80.132 p*+120.528
+41.375p%x"*— 432 P> — 255"+ 31,125 pa’ )"

Ras<8—0.3138p*—

+(408 p*—192x'%)a’&” + (210.924 p* 4 843.696)& "2 4 336 p’ ¢’
+(271.188 %+ 1084.752)p"2 4+ 192"z +(331.452 p* +1325.808)<"2.

It is not so difficult to prove the positive definiteness of @ and R for 0=p=0.8,
x'2/p*=1/20. Hence we have in the present case Ras<8.

Case vii) 0=p=0.8, 1/20=2"%/p*<tan? (z/7).
We start from (A) with A=0, B=5/4, C=1. We remark the following facts:
U(p)=U(0.8)<0.695811,

3 ./ 13
<t <r;+ pr) <0.03878,
3 (5
Z‘b x<77+ v Py) <0.572523,
3
— 5 o'y’ <0.536495,
ﬁ 2 __ _1i 72 12
<32p 60+ 57 >x < 0.516068.
Further if y=0,
11 __ 169 /2 72 3 3, _9_ 3
( ps— O gy 109 5 )x U+ 2y = 5 £y <1.066868.

If y=0,
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E_ 3 _1_5_ 2 169 12\ .12 2 3 (_l]; 3 _li 2 1_62 /2) 72,
<~64P—2-p +—1-28—px >x y+8.by§ 6413—217+128px x'y
<0.78343 < 1.066868.

Making use of these remarks and applying Lemma 1 to —4.573455 we have

1 1
— . Q— —
Ras<8—0.2858 p % Q %

Q=(126 p*—217.686 p*+329.256 +- 384 px’%)y® + (156 p* — 480 p+-468x"%)y7)

R,

+(137.19 %+ 72 p+356.76)72 — 192 pye — 1927
+(192.066 * +768.264)&2 — 288y + (246.942 * -+ 987.768)¢*,
R=(—14.125 5+ 216 p* +77.438 p*+109.572
+41.375 pPx"* — 432 par’* — 25"+ 31125 par’ )
+ (408 p*—1922"%)"€" + (192.066 5+ 768.264)&">+336 pz’¢s"
+(246.942 4 +987.768)¢"*+ 192"/ + (301.818 p*+1207.272) 2.

It is not so difficult to prove the positive definiteness of @ and R for 0= p=0.8,
1/20=2'?/ p*<0.2379. Hence we have in the present case Ras<8.
Summing up the results we have completed the proof of our theorem.
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