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ON THE INFLUENCE OF A CONFORMAL KILLING TENSOR
ON THE REDUCIBILITY OF COMPACT
RIEMANNIAN SPACES

By SHizuko Sato

§0. Let M be an u-dimensional Riemannian space whose metric tensor is
given by ga. A contravariant vector field »* is called an infinitesimal conformal
transformation or a conformal Killing vector if there exists a scalar function p
such that

Vovy+Vova=2pgas,

where v,=gau? and F, means the covariant derivation with respect to the Riemannian
connection. Especially, a conformal Killing vector »* is called an infinitesimal
isometry or a Killing vector if p=0. In a compact reducible Riemannian space,
the following theorem is well known.

THEOREM (Tachibana [1]®). In a compact reducible Riemannian space, an
infinitesimal conformal transformation is an infinitesimal isometry.

On the other hand, as a generalization of a conformal Killing vector, Kashiwada
[3] has defined a conformal Killing tensor, that is, a skew-symmetric tensor #q,.a,
is called a conformal Killing tensor of degree » if there exists a skew-symmetric
tensor pg,..a,_, such that

(0 1) ‘7c%a1--.a,, + Valucazma, = 2Pa2---a,gca1 - Zz (_ 1)1:(Pa1~--¢’iz.-.a,gcai +Pca2~~~éi--«ar!]u1ai),

where d, means that «; is omitted. This pq,.a,_, i called the associated tensor
of #g,..a,. Especially, #q,..q, is called a Killing tensor if pa,..q,_,=0.

The purpose of the paper is to discuss the relation between the existence of a
conformal Killing tensor and the reducibility of compact Riemannian spaces as a
generalization of the above theorem.

The author expresses her hearty thanks to Prof. S. Tachibana for his kind
suggestions.

Received April 9, 1970.
1) Indices @, b,c, -+ run over 1,---, n.
2) See the bibliography at the end of the paper.
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§1. Preliminaries. Let M"™ be an #(=2) dimensional connected® reducible
Riemannian space. Then there exists a system of coordinate neighborhoods {U,}
such that in each U, the line element is given by the form

ds*=gq(x")dx*dx" + 9; (x®)dz*dx?

(a?) (6"1 °
el 0 _51:})

in each U,, then they define a tensor field of type (1,1) over M™. The metric
tensor g4 and the tensor ¢,° satisfy

If we define ¢.* by

(1. 1) ‘;Dab@bc = 5¢lc:
1.2) gab900b = gcb@ab’
1.3 Papd =0,

If we put geep®=0e and g%py’=¢*, then they are symmetric tensors and it holds
that ga*=p—gq.

Since tensor equations are independent to choice of coordinate systems, these
equations hold good in any allowable coordinates and equations appeared hereafter
will be considered there too.

Throughout the paper we shall assume that M"™ is an z-dimensional reducible
Riemannian space.

Let & @ =£&q,.0,°07¢ be a tensor of type (¢,p). If it commutes with ¢.° at a
pair of indices remaining other indices fixed, then it is called pure with respect to
the two indices. For example, it is pure with respect to @ and b, if

c__
Sal...c...ap(b)¢ak —Socbhs(a)bl obe

and pure with respect to ar and a, if

Sar“c«»ahwap(b)gﬂakc=@ahcfaruakmcu.ap(b)-

Ew® 1is called pure if it is pure with respect to any pair of indices. The equation
(1. 2) means that metric tensor g¢q is pure. The purity of tensors is invariant
under rising (resp. lowering) of their indices by ¢*® (resp. gas). Let Rap? be the
Riemannian curvature, then Rg.® and Ricci tensor Rep=Re® are pure by virtue
of Tachibana’s lemma [2].

3) We shall always assume that M 1s connected.
4) Indices 2, #, v (resp. i,4,k) run over 1,.--,p (resp. p+1, .-, p4+g=n) and p 1s a constant
positive integer over Mn.
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§2. An integral formula. In this section we shall assume our M"™ to be
orientable.
Let #q,..a, be any tensor field and we define

% % s
Uca) =Uay..a,= Pay ubaz...ar,

*
Avcar () = Vst ay — o Vett().

Denoting the square of Aywy(#) by A%%), we can obtain
P (e (1) = (7 Ao )+ - A%,

from which and Green’s theorem it follows

TureoreM 1 (Tachibana [1]). In a compact orientable space M™, the integral
formula

[ (R =g mr o + T4 @ Jdo=0
M

is valid for any tensor w,, where do means the volume element of M.

§ 3. Non-existence of a conformal Killing tensor. We consider a conformal
Killing tensor #,.., of degree 7, then from (0.1) the associated tensor Oaga,_y
satisfies

@1 Vtsaga,=n—7+1)pay.q,.
Operating 7, to (0. 1), we have

3.2 VchualmaT"‘ VbValucazmar

r
= ZTba,z...a,,rgcy,l bl Zﬁ ( - l)i(Tba,l...[i,L...a,rgcai + Tbcaz‘..ﬁi...a,rgalai),

where tsa,.0,=Vopay-a,» By interchanging indices b,c¢,a;, as b—c—a,—b and
b—a,;—c—b in the equation (3. 2) and substracting the latter equation from the sum
of (3.2) and the former, we have

r
20, char--ar + Z Rbcaieuaruema, - (Rbalce + Rcalbe)ueaz...a,,
1=1

,
- Z (Rbala,;eucazmema,"'Rcalaieubazmema,,)
=2

=2tay-a,0ca; + 2Tca2~~~a,gba1 - 2Ta1«~-a,gbc

3.3

”
- Z (- 1)i(7bca2m&i~-~ar + ‘l'cbazu-&imar)gala,;
1=2
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,
- Zz (= 1)i(Tba1-~~6i---ar - Talbaz-né\,;u-ar)gcai
1=

”
— 22 (=D¥(teaybya,—Taseag-y-a,)bas
=
Transvecting (3. 3) with g%, we have

Vb%ug,l...ar + Raleueaz.ua,r - Z R balaieubaz..,e...ar
1=2
3.4
-
=—m—r—1Dopa,— 22 (—D*tas0pmdape
=
By virtue of equations (0. 1), (3. 3) and the purity of curvature, we have
SDchch%;alma, = SDbc(Vchufagna,)SDalf
= — Raleuea,z..‘ar + Zz R balaieubaz...e...ar + 22'0,1...41,7,
=

3.5
~ (b= sugeapus’ = T (~Diercagda pu

r
- 1§2 ( - 1)i(‘l'bca1m&,;mar - cha2~~~6i~~ar)§0a,;b§0alc~

Substracting (3. 5) from (3. 4), we have

*
PPVythay...a,— " VoVetha,..a,

”,
= (%—7’-[- l)Ta,l...ar'— Zz (—1)"1'%“1...31;...,;7
1=
3. 6)
.
+(P—Drray-a,0e,” + Zz‘rbcaz...éi‘--a,go%algob”
1=

+ ;; (—L)i(tocay-bs-a,— Tebagmbp-a,)Pa; Pay’s
In the equation getting by transvection (3.6) with #°°r, its right hand side is
the sum of the following five terms cy, **, Cs.
c1=—n—r+1)apa,u® "= —(n—1+ 1)V 00,0, u" "
= — (=7 + 1)V (Pag-a, ")+ (=1 +D)pag.a,Vau ",

where the first term of the right hand side vanishes by applying Green’s theorem

when it is integrated. Hereafter we substitute = for = when we abbrieviate the
terms which vanish by integrations. Taking account of (0.1) and (3. 1), we have
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*®
c1=n—7+1)%00y.4,0%",

M-~

Co=— (_ 1)17aia1~-&z---arua’r"ar

1=2

*
=—m—r+1)r—1)pay 0,0,

Cs= ( p— q)ffazn-a,,(/’alf”almar

*
=—(p—Dpay-a,0" "+ (P — D" —1D)pvay.a,0° " 0,

”
C4= Z (—= 1)szmz-~€1,~~-a7§0aia1§0bcualmar =0,
1=2

"
Cs= Z (— l)l(Tbcazuﬁi---d,. - chaznﬁy-~a,.)§0a,-b§0alcua'1mar
1=2

*
=—20—Dlpay-a,0""*"—(p—Ppvag-a,0°" " 0
+ (= Dpraay.a, 07 g o1 )
Thus we get
(P Vst ay — PP ebicar)te @
*
=[n—r+12—m—r+3)r—1)—(p—0)"1pay-a,0% "
3.7
+ 3(? - q)(f’—- 1)pbaamarpca3<..a.,-§ocb
—_— 2(7_ 1)(7— 2)pbea4_“arpcf a‘”ar@cb@fe.

Substituting (3. 7) into the integral formula of Theorem 1, we have
1
() |[5+5 24w w0,
" 2
where B=the right hand side of (3. 7).
From the hypothesis, M™ is locally isometric to the direct product of a p-
dimensional Riemannian space and a ¢-dimensional one and we can suitably choose

a basis at any point such that

Gab="0ap,

(5“ 0
(ﬂDab)— 0 —5”)‘

If we put p—qg=s, then with respect to the basis, we have
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B=[n2—3(r—1)n—5+350—1)]psuap.a,0™ "
+ [ =3 —1n—s*—3s(r—Dlpoija,.a,0 %
+200° = 3(r— 11— +40~ 1)~ 2]pusiay.a, 0™

Hence if the following (3. 8)~(3. 10) is satisfied, B=0 holds good.

3.8) n*—3(r—1n—s*+3s(r—1)>0,
3.9 n?—3(r—1n—s*—3s(r—1)>0,
(3. 10) n*—=3r—1)n—s?+4@r—1)r—2)>0.

Taking account of #—s=2¢>0 and z+s=2p>0, (3. 8) and (3. 9) are equivalent to
3.11) s+n—3(r—1)>0,
(8.12) n—s—3(r—1)>0.

Now we assume that » satisfies 3(#x—1)<n. Then from (3.11) and (3. 12), we
have

3.13) r—1)—n<s<n—3r—1).

It is easily seen that (3. 10) is a consequence of (3.13), and (3. 13) is also written
in the form

@.14) %(7—1)< p<n— %(7—1),

taking account of p+g=# and p—g=s.
The following (3. 15) is equivalent to (3. 14).

3. 15) 3(r—1)<2p (pé %)

Hence if (3.15) is satisfied, then (3.8)~(3.10) are satisfied and we obtain B=0.
Thus (3. 15) and (**) imply B=0 and hence pq,..,=0 holds good.
Consequently we get the following

THEOREM 2. Let M™ be a Riemannian space which is compact and locally
isometric to the dirvect product of a p(=n|2)-dimensional Riemannian space and a
(n—p)-dimensional one. Then M" can not admit a conformal Killing tensor of
degree r satisfying 3(r—1)<2p which is not a Killing tensor.

TurorREM 3. If a compact Riemannian space admits a non-Killing conformal
Killing tensor of degree v satisfying 3(r—1)<mn, them it is irreducible or locally
isometyic to MiX M™* (0<i=3(r—1)/2), where M? means a j-dimensional Riemannian
space.
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