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PROLONGATIONS OF HYPERSURFACES
TO TANGENT BUNDLES

By Mariko TaN1

Introduction.

The prolongations of tensor fields and connections to tangent bundles have been
recently discussed in [1], [2], [3] and [4]. Ishihara, Kobayashi and Yano defined
and studied prolongations called complete, vertical and horizontal lifts of tensor
fields and connections. In this paper we introduce the notion of prolongations of
surfaces to tangent bundle, which seems to be a natural one, and develop the
theory of surfaces prolonged to the tangent bundle with respect to the metric
tensor which is the complete lift of the metric tensor of the original manifold. We
shall define in §3 the vertical and the complete lifts of the vector fields defined
along the surface, and choose two kinds of lifts of the normal vector field of the
surface as vector fields normal to the prolonged surface.

We shall recall in §4 some formulas for surfaces for the later use and give,
for prolonged surfaces, some of fundamental formulas containing the so-called second
fundamental tensors in §5. In the last section the equations of Gauss, of Wein-
garten, and the so-called structure equations, those of Gauss, of Codazzi and of
Ricci, for the prolonged surface are formulated in the form of lifts of the corres-
ponding equations of the surface given in the base space.

§1. Notations.

For any differentiable manifold N, we denote by T'(N) its tangent bundle with

the projection ny: T'(N)—N, and by Tp(N) its tangent space at a point p of N.

%(N) is the space of tensor fields of class C* and of type (7, s), i.e., of contra-
variant degree 7 and covariant degree s in N. An element of gYN) is a C~-func-
tion defined on N. We denote by F(N) the tensor algebra on N, ie., T(N)
= Zr.sgg(N )-

Let M be an n-dimensional differentiable manifold and ¥ a coordinate neigh-
borhood in M and (x%) certain local coordinates defined in V. We introduce a
system of coordinates (% %) in zz(V) such that (y?) are cartesian coordinates in
each tangent space T,(M), p being an arbitrary point of V, with respect to the
natural frame (d/0x?) of local coordinates (z*). We call (2%, ¥%) the coordinates in-
duced in 7} V) from («%), or simply the induced coordinates in n7(V). (cf. [3], [4]).
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Let S be a manifold of dimension #z—1 and ¢: S—M its imbedding. The dif-
ferential mapping d¢ is a mapping from Z7°(S) into 7'(M), which is called the
tangential map of <. We denote sometimes by B the tangential map de. Then the
mapping B indgces its tangential map dB: T(T(S)—T(T(M)), which is denoted
sometimes by B. 7T(S) is a submanifold of dimension 2(n—1) in T(M) and T(T'(S))
a submanifold of dimension 4(z—1) in T(T(M)). If we put

TS, M)=m3'((S)),
T(T(S), T(M)=n7unB(T(S)),
we have
2 S—M,
de=B: T(S)—T(S, M)cT(M),
dB=B: T(T(S)—T(T(S), T(M))=T(T(S, M))c T(T(M)).
In terms of local coordinates (x?), ¢ has local expressions
wt=u"(u"),
where (#%) are local coordinates of S. Then B has local expressions
zt=zu"),
{ y'=By",  Bg'=0x'[0u"

with respect to the local coordinates (z*, %), and (%%, v*) induced from (zf) and («%),
respectively. In the sequel we sometimes identify S with the image «(S) and T'(S)
with the image B(T'(S)), respectively.

As for the tensor algebra, if we denote by (S, M) the tensor algebra associated
with T'(S, M), B induces an isomorphism from (S) into (S, M). Similarly dB
induces an isomorphism from I (T'(S)) to Z(T(S, M)). A mapping X which assigns
to each peS a tangent vector at p of MM,

Xpe T(M)

is called a vector field defined along S. (S, M) is nothing but the set of all
vector fields along S. Similarly a mapping T which assigns to each peS a tensor
of type (r,s) at p

Tre To(M)® -+ QT,MQTHIMQ -+ QTHWM),

is called a tensor field of type (7, s) along S, where T3¥(M) is the dual space of
T,(M). We denote by 5(S, M) the space of tensor fields of type (r,s) along S,
then we see that S, M)=g%S). In the following, elements of I(S) are denoted
by f, X, and so on. On the other hand, elements of J(S, M) are denoted by
f, X, @ and so on.
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In the next section, two kinds of isomorphisms of g (M) into g (T(M)) or
g(S) into g(T(S)), which are called vertical and complete lifts, will be given. We
shall give in §3 two kinds of isomorphisms of (S, M) into g (TS, M)), so-called
vertical and complete lifts from (S, M) to T(M).

§2. Vertical and complete lifts.

Let f, X, w and F be a function, a vector field, a 1-form and a tensor field of
type (1, 1) in M, respectively. We denote respectively by f7, XV, o and F7, their
vertical lifts and by f¢, X9 «° and F¢ their complete lifts. For a function f in M,
we have by definition

@1 fV=foru
and
2.2 =y, f  (0;=0/9x")

with respect to the induced coordinates. Moreover these lifts have the properties:
(FXY=frX", (fFX)=foX"+fVXC,
XTfr=0,  XUO=XUV=(XfY, XOFO=(Xf),
2.3 o"(X")=0, " XN)=0(X")=0(X), ’X'=0(X)
FYX0=(FX), FX°=FX),
[X, Y19=[X° Y, [X, Y]'=[XC YV]=[X", Y]
(cf. [3], [4D.
For a tensor field of the form T=P®E where P and @ are arbitrary tensor

fields, its vertical and complete lifts are given respectively by
TV=(PRA)¥=P"QRQ",
2. 4)
T°=(PRQQ)’=P°QQ"+P"R®Q°
(cf. [3], [4]). For the later use we note here the following formulas (cf. [3], [4]):
ToX", YO=T(X, Y),
(2. 5) ToXC YN)=T"(X¢ Y)=T(X, Y), TegyM),
ToXC, YO=T"( X", YO)=TV(X", Y")=0,
X and Y being arbitrary vector fields in M.

Remark. Let X and ¥ be vector fields on T (M) such that X f0=f}f°' for all



88 MARIKO TANI

FequM), then X=Y. Let & and 7 be 1-forms on T(M) such that &(X%)=#X°)
for all XegyM), then =3 Consequently any tensor field on 7'(M) are com-
pletely determined by its action on the set of f ¢ and X, f‘ and X being arbitrary
elements of T{(M) and T¥(M), respectively (cf. [5]).

§3. Vertical and complete lifts of (S, M) to T(M).

We define now the lifts of elements of %S, M) to T(M). Let f be a func-
tion defined on S. The vertical lift 7 of f to T'(M) is defined by

fv=f°ﬂs-

In order to define the complete lift, for an arbitrary point p of S, we consider a

sufficiently small neighborhood U of p in M. In U we can construct a function #

such that f‘ coincides with 7 on the connected component (UNS)° in UNS conta-

ining p. We remark that a local extension f satisfies 3af =0d,f along (UNS)".
Then the complete lift of f‘ to m(U) is defined as

Fo=vyio.f

in the local coordinates in z7(U). We see that the restriction of f" to 72((UNS)%)
is independent of the choice of f. In fact if we denote by # the operation of taking
restrictions to 77/((UNS)%, we have

(.2) 0= 4 (10, f) =0"Baid,f =0"0uf =0"0a

in 72(UNS)%. Then we can define a function which coincides with # f" in each
coordinates neighborhood. We denote it by ¢ and call the complete lift of 7 to
T(M).

Let X be an element of g },(§, M). Then X, being a tangent vector at peS
we shall define the vertical lift X? to T(M) by

3.3) Xvfe=(Xf)
and the complete lift to T'(M) by
@4 Xefo=(Xf)°

along S, where f is an arbitrary elemen_t of TYM). We see easily that this
definition is equivalent to the one that XC is defined to be the restriction on

72(UNS)®) of X¢ where X is a local extension of X in U. To see this, it is
sufficient to prove

Xefo=Xo)fo for FeqyM)

because of Remark in §2. For an arbitrary vector field X, Xf is a function which
takes the value
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(XF)o=Xof .
at p. Therefore we have
Xofo=(Xf)P =4 Xf)=4(&f)=@ ZOf°.
Let @ be an element of %S, M). We define the vertical lift @” to T(M) by
3.5) " (XO=a(X)
and the complete lift @ to T'(M) by
3. 6) X O)=a(X)®
X being an arbitrary element of JXS, M). If we consider a 1-form & in a suf-

ficiently small neighborhood U of p such that &(X) is a local extension of @(X),
ie.,

Q(X)I(Unsw:i)(x)

where X is a local extension of X. We call such é a local extension of @ to U.
Then we have the complete lift &®

(X 0)=a(X)P=$@(X))=%(&X%)

in m((UNS)"), since @(X)° is defined by the restriction of the complete lift of a
local extension. That is, #° is a local extension of @° in the above sense.
We now extend these lifts to a linear mapping from (S, M) to (TS, M))
under the condition:
(P®@)V:PV®G?’
3.7 _ _ o
(PRQ=PTRQ°+P°RQ7,
where P and Q are arbitrary elements of (S, M).
We shall now sum up some properties of lifts derived immediately from the
definitions.

ProrosiTiON 1. The lifts of GYS, M) to T(M) and the lifts of TXS) to T(S)
are related by

3.8 FP=7Y, FO=F¢  for FegS, M)=gYS).
That is
(3.9 frode==(Fo0)V,  Flodi=(For)0  for FegyM).

The lifts of vector fields tangent to S are tangent to T(S), i.e.,
(3. 10) (BX)Y=dB(X"), (BX)C=dB(X°  for XeJkS).
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Proof. (3.8) and (3.9) are easily seen from (2.1), (2.2), (3.1) and (3.2). As
for (3. 10), by virtue of (3.3), (3.4), (3. 8) and (3. 9), we have

dB(X")fO=XY(f % B)=X"(for)'=(X(f o))"

=((BX)f)"=(BX) f¢
and
dB(X0) f¢=X0(f%B)=X0(foi)0= (X(f0))°

=((BX) f)?=(BX)¢ f¢

for an arbitrary element f of 3(M). Consequently from Remark mentioned in §2,
we have (3. 10).

From definition of the lifts of elements of TS, M), we have the formulas
similar to (2. 3) and (2.4). Summing up, we have the following formulas.

Let f and X be arbitrary elements of T%S) and IS, M) respectively, then
we have

3. 13) T9(X°, 70)=T(X, Y)°,

along S.

§4. Formulas for surfaces.

Let there be given a Riemannian metric G in M. If we denote by ¢ the in-
duced metric on S from G, then by definition we have

9(X, Y)=G(BX, BY) for X, Yeg¥sS).
We consider the Riemannian covariant differentiation F determined by G in M.
Then we have along S
“. 1) PoxBY=TxY+NxY for X, Y>TYS),

where TxY and NxY are tangential and normal parts of P sxBY, respectively.
Then the correspondence T which assigns TxY to a pair of two vector fields X
and Y defines a covariant differentiation along S. Thus we introduce a connection
7 on S by the condition

4. 2) BV xY=TxY

X and Y being arbitrary elements of g4S). We can easily verify that F thus
defined is a Riemannian connection with respect to the induced metric ¢ and we
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call F the connection induced on S from P , or simply the induced connection on S.
NxY being normal to S, we can put
4. 3) NxY=nX, Y)N,

N being the nomal vector field and % being a certain tensor field of type (0, 2) on S.
We call % the second fundamental tensor field and we define the tensor field H of

type (1, 1) by
9(HX, Y)=hX, Y).

If we denote by K the curvature tensor field for the induced connection /7, the
equations of Weingarten, Gauss and Codazzi for S in M are written respectively as

@ 4 P sxN=—B(HX),
4.5 KX, Y)Z, W)=G(K(BX, BY)BZ, BW)-+9(HX)WY, Z)—(HY WX, Z), W),
. 6) G(K(BX, BY)N, BW)=g(W xHY—VyHX, W)

X, Y and Z being arbitrary elements of g(S).
S is said to be totally umbilical if there exists a scalar field » such that
X, Y)=mg(X, Y)

for arbitrary elements X, Y of J4S). We call m the mean curvature of S, and
have

Trace H.

1
"=

If a totally umbilical hypersurface has the vanishing mean curvature, it is said to
be totally geodesic.

§5. The induced metric and connectioc on 7'(S).

Let G be the Riemannian metric given in M. Then the complete lift G° of G

* 3k
is the pseudo-Riemannian metric in 7(M). We say that two vector field X and ¥
are orthogonal on 7'(S) with respect to G% when we have

k 3k
GoX, Y)=0
on 7'(S) and we say that f\} is a normal vector field to 7'(S) when we have
G, BR=0  for KeTyT(S)).

If we denote a mapping which assigns to each peS a normal vector N, to S
by N, N is a vector field along S. We can define its vertical lift N7 and complete
lift N¢ to T(M) according to §3. Then we find that for each point xeT(S), (")
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and (NF), are normal vectors to T(S) with respect to G and they are self-ortho-
gonal but not mutually orthogonal, i.e.,

GY(N7, BX¢)=GC(N°®, BX¢)=0,
. 1) GOYNC, NO)=GO(N?, N7)=0,
GO(N?, NO)=1

for Xeqgi(S). These are direct consequences of (3.13). Moreover we can chose
{NV, N¢} as the basis of normal space to 7'(S).
If we denote by § the induced metric on 7°(S) from G¢ then we have

(5. 2) §(X°, YO=GoBXx° BY®  for X, YeTS).

The complete lift Fe of F to T(M) is by definition an affine connection in
T'(M) characterized by the property

(. 3) PeoYe=@F47)  for X, VegiM),
from which we also have

@17y  for X, YVegiM).

<

(5. 4)

q Vv
%ot

Il

It is known that, 4 being the Riemannian connection with respect to G, e is the
Riemannian connection of 7'(M) with respect to the pseudo-Riemannian metric G°.
(cf. [4] Prop. 7.5). Similarly the complete lift /¢ of the induced connection F on
S is the Riemannian connection with respect to ¢°.

Denoting by ¥ the connection induced on T'(S) from ﬁc, along T'(S) we have

(5. 5) P oBYO=B(WxeYO)+NxeY? for X, Yegys),
where NxcY ¢ is the normal part of 4 f‘; ngf Y¢ Then we can put
(5. 6) NxeYO=h(X? YONT+E(XC YONT,

where A and £ are certain tensor fields of type (0,2) which are called the second
fundamental tensor fields with respect to N7 and N, respectively.

PrRoOPOSITION 2. The connection ¥ ifzduced on T(S) from Pe is the complete lift
of the commection V induced on S from V. That is to say, V is the Riemannian
connection of T(S) with respect to ¢° satisfying the condition

VxeYC=WxY)° for X, YegYS).
Proof. First we shall show
G.7) 7¢ cBY=(F5xBY)®  for X, YeTXS).

Recalling the definitions of lifts of BX in §3, we introduce vector fields X and ¥
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on a sufficiently small neighborhood U such that X and ¥ coincide respectively
with BX and BY on (UNS)°. Then we have

Pe oBYO=Pipxa(BY )P =47 4V =4 39)° =@ 5xBY )",

b
X

since F 3717 is a vector field on U which coincides with 7 sxBY on (UNS)°. By the
the same reason we have the following formulas which will be used in the next
section.

Pg oN°=(FsxN)C,
5. 8) ) ) for XegS).
Vs eNV=WFpxN)”
Now by virtue of (3.11), (3.13), (4. 1), (4. 3) and (5. 7), we get
(5.9 re CB YO=BWxY)°+hr4(X, YONT+1¥(XC, YONC,
On the other hand by (5.5) and (5. 6) we have
(5. 10) re CB Ye=B(FgeY9)+h(X?, YONT+E(XC, YONC.

Therefore we obtain
FxY)=FycYC. (q.e.d.)

REMARK. It is known that if K is the curvature tensor fiele of , then K¢ is
the curvature tensor field of FC. (cf. [4]). Similarly, the complete lift of the cur-
vature tensor field K of the induced connection F on S is the curvature tensor
field of F°. Therefore from this Proposition the curvature tensor K of 7 (=F%is
the complete lift of the curvature tensor field of 7.

Moreover from (5.9) and (5. 10) we have

ProPOSITION 3. The complete and wvertical lifts of the second fundamental
tensor field of S are the second fundamental tensor fields with respect to NV and
NC, respectively.

T'(S) is said to be totally umbilic if and only if at each point of 7'(S), there
exists differentiable functions 4 and g such

wX, V=X ) & H=piX, ¥
for any X, Yeg¥T(S)). Then we find

1
—_— V—
A= 5—1) Trace H"=0,

6. 11)

1
= 4
"= =T Trace HY,
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in terms of local coordinates. If both 2 axld o vanish, 7'(S) is said to be totally
geodesic. The mean curvature vector field M of 7'(S) is defined by

M=aN7+pN?,
which is independent of the basis chosen in the space normal to 7°(S). The mean

curvature 1;; of T(S) in T(M) is defined to be the magnitude of the mean curvature
vector field, (i.e. f;;:GC(ZVI, 1\71)).

ProrosiTiON 4. If T'(S) is totally umbilic, then S is totally geodesic. T(S) is
totally geodesic if and only if S is totally geodesic in M.

Proof. If we assume that T'(S) is totally umbilic, then the second fundamental
tensor of S always vanishes, because Trace 4V is zero. Conversely, if S is totally
geodesic, T'(S) is also totally geodesic from Proposition 3.

PROPOSITION 5. The mean curvature of T(S) vanishes.
Proof. If we denote the mean curvature by ;z, by virtue of (5.1) we have
7Z=G0(A7I, 1\7I)=22,u, 2(n—1)2=Trace H?, 2(n—1)p=Trace H°.

Now from (5. 11), we have Proposition 5.

§6. The structure equation of 7'(S).

In this section we shall investigate the equations of Gauss and Weingarten
and the structure equations (i.e., the equations of Gauss, Codazzi and Ricci) on
T(S) in T(M). These are written in the following form:

re oN7=—BHVXC,
6.1) . R for XeguyS),
V¢ oeN¢=—BHXC
J(K (X0, Yo ze, woy=GUKeBx¢, By ©)Bze, BW©)
(6. 2) +IHHCXOR (Y, ZO)+HVXOhe(Y°, Z°)
_(HOYU)hV(XC’ ZC’)___(HV YC’)hC’(XC’, ZC), WC’)
where K is the Riemannian curvature tensor field of F'¢ on T(S).
Re(BX, BYON7=B(W$cHY Yo~ $cHVXC),
(6. 3) KoBX¢ BYONC=BWGcHCY°—VGcHOXC),
Ro(NT, N")BXo=0.
Proof. By virtue of (2.3), (3.10), (4. 4) and (5. 8), (6. 1) is reduced to
7$oN7=(@ 5xN)"=—(BHX) =—BH" X,
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and
P¢ oNC=( pxN)*=—(BHX)*=—BHoXC.
Next as for (6. 2), we note first that R is the complete lift of K, then we find

K(X0, Y9Z0=Ko(XC, Y92 for X, YeqXsS)

because of Remark mentioned in §5.
We shall derive the formulas for the later use
Ke(Xe, YO Z°=(K(X, Y)Z)°,
Ro(BXxe, BY®)Bze=(K(BX, BY)BZ)?,
6.4 Ro(BXxe, BY®)N"=(K(BX, BY)NY,
Ro(BX¢, BY)N®=(R(BX, BY)N)°,

RO(N7, N®)BX®=(K(N, N)BX)®=0.

In fact, from (2. 3) and (5. 3) we have,
KO(XC, YONZ=V$%cV$cZ®—V§cV%cZ®—VC x0,y0:2°
=V$c(VyZ)—V§$6(V xZ)°—V°%,31¢Z°
=W xVyZ)Y—WyV xZ)°—Vx. 11 2)°
=KX, Y)Z)°.

By making use of (5.6) and (5. 7), the others are also obtained.

Now we have
GR(XxC, YOZ°, WO=§(K(XC, YO Z°, WO)=§(K(X, Y)Z)°, W°)

=G°(K(BX, BY)BZ)?, (BW)%)
+I(HX)WY, Z)—(HY )X, 2))°, W)
=Ge(Re(Bxe, ByoBze, BWo)
+F(HCX OV (Y OZO)+(HY XOh(Y C, Z°)
_(HOYORI(XC, Z6)—(EY Y OhC(XC, Z°), W)

from (4. 4).
As for (6. 3), by making use of the equations of Codazzi and Ricci (4.5), (4. 6)

and (6. 4), we have
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KoBXxe, BYO)N7”=(K(BX, BY)N)”
—(B( xHY —V yHX))"
=B HY —VyHX)"
=BWgcHY YO~V cHV XO),
Ko(BX¢, BY®)N?=(K(BX, BY)N)®
=(B(W xHY -V yHX))?
=B xHY —VyHX)®
=BWgcHCY°—FgcHCXC),

KONV, NO)BXC=0.

Thus we have (6. 1), (6. 2) and (6. 3), which are the equations of Weingarten, Gauss
and Codazzi and Ricci on T(S) in T'(M), respectively.
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