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ON LOCAL MAXIMALITY FOR THE COEFFICIENTS a; and a;
By Mitsuru Ozawa

1. In our previous papers [1], [2], [3] we proved the local maximality of Ras
and Ras at the Koebe function z/(1—z)2.. In this note we shall prove the local
maximality of |a¢| and |as| at the Koebe function z/(1—e%z)? that is, the following
theorems.

THEOREM 1. Let f(2) be a normalized regular function wunivalent in the unit
circle

fl)=z+ i and™

Then there is a positive constant ¢ such that |as| =6 holds for 0=2—|a.|=<e. Equality
occurs only for the Koebe function z/(1—e*z).

THEOREM 2. |as|=8 holds for 0=2—|a.|<e. Equality occurs only for the
Koebe function z|/(1—e*z)%

In the sequel we shall use the same notations as in [1], [2], [3]. Further we
put p=2—z, z’'=kp.

2. Proof of theorem 1. By the well-known rotation it is sufficient to prove that
(A) 2}%06 <6

for 0=2—|a:|=¢, |arg a.|=r/4, unless a,=2. Then we can use our earlier result in
(11, [3k
Ras=6—A2—Ra,), A>0

holds for 0=2—%Rae.=<e;. Here equality occurs only for the Koebe function z/(1—z)2.
Hence there are positive constants e; and 6’ such that Ras<6 for 0=2—|a;| <e,,
larg @;|=&’, unless @,=2. Hence we may assume that 0<tan ¢'=6=|k|=1.
By Grunsky’s inequality |bss]=1 we have
689

21 59 2
as—2a:a5—3asas+4a,a.2+ T 252 — s asa:®+ -3%025 = 5

By taking the real part we have

Rae = 2+ 2+ e+ 3+ i Wi+ - (i Yo+
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3 ., e, 11 . e .,
+T(.b+zx Yy+iy' )+ —8—(p+zx ¥ (y+iy")

+ (100 +5 pa™)

We put the right hand side
2

2 0T T s
5—|-401.'> —8—kp(2 k*)+L.

Now by the area theorem for f (222 we have
T(E*+&)+5(0*+7' 5+ 3+ )+ p*(1+kY) =4
Let e; be 2/a/1+k*—p. Then all of & &, 9, 7/, y, ¥’ are O(es*?). Since L is a poly-

nomial of each variable, L tends to 0 uniformly for %4 in d=|k|=1 as e;—0 decreas-
ingly. For |k|=1
k2 p5(2— k%) =0.
Thus we have
Ras<6
for 0=2/a/14+k2—p=e,, 6=|k|=1. Take ¢ as min (e, eso/1+382). Then we have the
desired result (A).

3. Proof of theorem 2. The same idea as in theorem 1 does work in this
case. Again it is sufficient to prove that Ras<8 for 0=2—|as|<Ze, |arg a;|=x/6,
unless @,=2.

In the first place we shall use our earlier result in [2] and determine positive
constants ¢; and 4. Then starting from Grunsky’s inequality

|br] =1
and using the area theorem
11]b11|24-9]bo|24-7|b7|2+5] 052+ 3] bs| 2+ 01|2=1.

we can prove the desired result.
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