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A RENEWAL THEOREM ON (J, X)-PROCESSES

BY HIROHISA HATORI, TOSHIO MORI AND HIROSHI OODAIRA

1. Let 7 r ={l,2,. . ,r} and Λ=(-oo, oo), and let {(Jn,Xn); » = 0 , l , 2 , - } be a
(/, X)-process with the state space Ir X R, or a two-dimensional stochastic process
that satisfies X0 = 0, and

n = k, Xn^x\{U Xo), •••, (/»-!, -Yn-i)} =Q/ n _ l f *(*) (a.S.),

for all (k, x)GΪrxR, where {Q^ ); h k=l, 2, •••, r} is a family of non-decreasing func-
tions defined on R such that Q/*(—°°)=0 for /, &=1, 2, •••, r, and Σϊ- iQ/*(+ 0 0 )=l
for y=l , 2, - ,r. In the following we shall prove under some conditions that

ί-»»n=i [ 0 if m<0,

where m is a constant such that

2. Throughout this paper we set the following assumptions:
( i ) There exists a positive integer M for which every element of the matrix

def

PM is positive, where P=(pjk) is the rxr matrix with elements pjk=Qjk(+°°),
(ii) the conditional distribution of every Xn given Jn-i=j and /«=& is a non-

lattice distribution with the finite moment of 2nd order,
and

(iii) Πm \ψJk(f)\<l
|ί|->oo

where
r"i/.-i=y, /•=*}

= ~7— \ β dQjk\x) \ι = V — 1
Pyfc J-oo

When pjk^O, φjk may be chosen arbitrarily. There is some notational advantage,
however, in choosing the characteristic function of a non-lattice distribution with the
finite moment of 2nd order. Now we have the following

THEOREM. Under the assumptions (i), (ii) and (iii), we have

h/m if
( 2 ) lim Σ P{x^Sn^^ i "j — i A . . . Λ

a-oo^i I 0 if ni<0,
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where Sn=XiΛ \-Xn and m is a constant concerned with {(/n, Xn); n—0,1, 2, •••}.

Proof. To prove (2) it is sufficient to prove that

1—cos ht
(3)

and

lim lim \
#-»oo r-+1—0 J

Σ rnφn(t)dt=O for any <5>0

1 r
(4 ) lim lim lim — \

δ->+0 #-κ» e-»+0 7Γ J

1-COSfe
R c L - « ,

I

?»(*) dt

2 V*w

where
Sw} This fact has been shown by Chung and Pollard [11. From

df
the assumptions (ii) and (iii) we have ε(d)=Max^=i, 2,..., rsupμι^|^(OI<l for all

[). Since

\ψn{t)\ =

for \t\^δ,

we have

71 = 0

for
l — ε(δ)

which implies with Riemann-Lebesgue lemma that

1—cos ht

and \t\^δ,

lim lim \

= lim [

eitx- Σrnφn(t)dt
71 = 0

1—cos ht.ait*. T

= 0 for every

Therefore we have (3). The equation det (δjk—zpjkψjic(t))=O on z has a root z—ζo(i)
for small t such that ζ0(0—>1 as /—>0. We have under the assumption (i) that

(5) ψn{t)~
UO"

for n=l,2, •••, and | ί |<ί 0 , where iζ ei and t0 are positive constants. The functions
ζo(t) and ro(ί) have continuous derivatives of 2nd order for \t\<U, respectively, and
lim^oτo(O=τo(O)=l. These facts have been proved in [2]. Putting φn(t)=τ0(t)/ζo(t)n

+Pn{f) for \t\<tβ, we have from (5)

(6) for \t\<U,

where Kx is a positive constant independent of n and t. We shall now prove (4).
Since
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for ε>0 and \t\<t0, we have for every δ<t0 that

161

( 7 ) lim lim \
1-COSfe

.
Pn(t)

Thus in order to prove (4) it remains to show that

1—cos hi

)\t\<δ t2

1—cos ht

lim lim lim — \
δ—»+0 X—»oo ε—* + 0 7Γ J I

( 8 ) = lim lim l i m — \

dt

•Re

2 \m ι \m\J'

Writing m=iζf

0(0), mf=ζ/

0

/(0), m and mf are real constants. In fact, we have that

(Xi-\ \-Xn)/n converges in probabilty to m and (X\Λ \-Xn—nm)l\/n converges

in distribution to N(0, m2+m'), which are found in [2]. Since

= 1 = 1

" ζo(t) l~imt-\-WI2)t2Λ-o{t2)

=l+imt-(ni2+m'/2)t2+o(t2),

=1+0(0

we have that

( 9 )

and

Moreover, we have

(10)

We shall prove it. There exists a r-dimensional vector

def

R=R(t)=Re (l

/=/(ί)=

7 ? ! = 2 ? χ ( ί ) =

def

7i=/i(f)=Im(r0(/))=O(β.

Xι
such that

Γ i Ί

Taking 7Oe/r such that

!
\_Xr\

, we have

Ut)

which implies that

and so
Ut)
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Hence we have (10). Now, we have that

-p I _itx τo(t) Pcos tx-\-Q sin tx

l+β-Cotf)-1

where

P=(e+i?)i?1+(wί-/)/1

and

Since Q=O(t) as t-*09 it follows by using (10) that

Z l i r =κ> for 0 < ε < ε° and

where ε0 is a constant and K2 is a constant independent of t and e, which implies,
with the fact that

R2-\-{mt-If

is of bounded variation,

i:~i:~ I f 1-cosht t Q sin tx d t1 Γlim lim — \
ό\t\<b I . .

m - - — . , ,
l i m

To prove (8) we must now show that

Pcostx 7t h2
,IΛX v i i I f TT

(12) lim hm lim — \ H--
δ->+0 a;->oo e->+0 7Γ J j ί K i (

where
def 1 p π ς Λ/

H=H(t)= ° and

The integrand in (12) can be written as

P(costa-l) εR, RR1+(mt-I)I1
^ 2""

=/i+Λ+/8, (say).

Since

^ ^ 2 =0(1) as

we have
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lim lim lim \ Jsdt= lim lim \ H . , ^.
—I)Ii

'

H dt=O.

(13)

Since

for fixed x, \t\<δ and 0<ε<ε 0, where Kz and iΓ4 are independent of t, and

lP-(cosfa-l)l ^

[_JL_] r ~ =0(1) as

we have by Riemann-Lebesgue lemma that

lim lim limv Jλdt
δ+0 +Oj

(14) = lim limC H
j

r RRi+(mt-I)Ii
R2-\-A2

Now, we shall estimate Ut\<*hdt. We have

h2

 Λ. ,. :

at=Ό.

=lim lim i-C g. e1)

because we have by using A=mt+o(t) and (9) that

\R2+A2-mΨR1\ ^ \R2+A2-m2t2Rλ

(ε+R)2+A2
R2+A2

„

=0(1) as f->0,

" U j

and

(13), (14) and (15) imply (12), whence the desired result.
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