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A RENEWAL THEOREM ON (J, X)-PROCESSES

By Hironuisa HatTori, TosHio Mor: AND HirosHi OODAIRA

1. Let I,={1,2,-,7} and R=(—oo, o0), and let {(Ja, Xa); #=0,1,2,---} be a
(J, X)-process with the state space I.X R, or a two-dimensional stochastic process
that satisfies X,=0, and

P{]n=k; Xn_—<_x|(f0, XO)’ R (fn—l, Xn—l)} =QJn_1. k(x) (a.S.),
for all (&, z)e I, X R, where {Q(+); 7, k=1,2, ---, 7} is a family of non-decreasing func-
tions defined on R such that Qx(—o0)=0 for j,k=1,2,--,7, and X ;-Qu(+c0)=1
for j=1,2,---,7. In the following we shall prove under some conditions that

- _|Afm if m>0,

where m is a constant such that

p-lim—‘—+ﬂ=m
n—oo n
2. Throughout this paper we set the following assumptions:
(i) There exists a positive integer M for which every elementfof the matrix
de:

PM is positive, where P=(p;z) is the X7 matrix with elements p;;=@Q u(+ o),

(ii) the conditional distribution of every X, given J,_;=j and J,=Fk is a non-
lattice distribution with the finite moment of 2nd order,
and

(iii) lll—iﬁ [ <1 (jeI, kel)),

t|—oo
where
def X A
Pi()y=FE{e"Xn|[o =7, Ja=F}
1 (> . . .
—— " oaque) (=)
bk J-c

When p;1=0, ¢,z may be chosen arbitrarily. There is some notational advantage,
however, in choosing the characteristic function of a non-lattice distribution with the
finite moment of 2nd order. Now we have the following

THEOREM. Under the assumptions (i), (ii) and (iii), we have

L _ [#lm if m>0,
(2) chLm”EIP{x_—iSnéx—i—h}— 0 if m<,
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wheve Sp=X,+-+Xn and m is a constant concerned with {(J., X,); n=0,1,2,---}.
Proof. To prove (2) it is sufficient to prove that

S 1—cos At )
|tl=a

(3) lim lim e 37 roa(8)di=0 for any >0
n=0

T—00 r—1—0 t2
and
o1 1—cos At o Pa(D)
4 __S P Rele-itz. _Pull)
) lim lim Bm )y RO L ey [

Pl 1
=5 ()

where gon(t)d;fE{e”Sﬂ}. This fact has been shown by Chung and Pollard [1]. From

def
the assumptions (ii) and (iii) we have e(0)=Max; k=1,2,.,» SUP|e|zs| ()] <1 for all
0>0. Since

loa(t)] = ”Z;] P{Js=7}b13:01102 " Prn-132P35:0P 1120 D3, 12,8
=e(0)"  for |t=9,

we have
2 o) = 20 e(0)"= 1 for 0<7<1 and |#|=9,
=0 = 1—&(5)

which implies with Riemann-Lebesgue lemma that

. 1—cos 4t
lim lim S —_—
lt|zo

=00 r—1—0 tz

— h ®
S 1_Ctos_f et 3 o)t
lt1z3 n=0

=0 for every 0>0.

et 3 on(t)dt
n=0

=1lim

Zr—0

Therefore we have (3). The equation det (05— 2P ¢ x(#))=0 on z has a root z=_(/)
for small # such that {y(#)—1 as t—0. We have under the assumption (i) that

7o(8) r—1) (n+1)2

Co(®)" (14-ep)"~"*2

for n=1,2,---, and |#|<t#y,, where K, ¢; and #, are positive constants. The functions
&o(?) and 74(¢) have continuous derivatives of 2nd order for |¢|<#, respectively, and
lim;_,o to(#)=74(0)=1. These facts have been proved in [2]. Putting @.(¢)=714)/Le()"
+p.(t) for |t|<ty, we have from (5)

_ K
A+4-&/2)"

where K, is a positive constant independent of # and ¢z. We shall now prove (4).

Since
it Pn(t) K,
|Re{nz=o <1+s)”] R E

<K

(5)

(6) loa(®)| = for |#] <z,
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for ¢>0 and || <#, we have for every d<#, that

. . l—cosht _.. &  oa0)

lim 11mS e S L =0,
(7 wl—>°° =40 Jt| <o I ¢ nZ=:0 (1+¢)" 0
Thus in order to prove (4) it remains to show that

T i 1—cos At _ir 7o(?) }
Jim tim tim G Re| e 3 rry e |
TR _1_ 1—cos At itz 7o(t)

( 8 ) —61—1»1-}-}) J:!‘Lrg sl—I’I-E:}' T S[;|<5—t2—‘q Re ‘ € 1+E—‘C0(t)_l }di

Pl 1
=5 (5 o)

Writing m=1¢}(0), m’=¢{}’(0), m and m’ are real constants. In fact, we have that
(X4 -+ Xy)/n converges in probabilty to m and (Xi+---+X,—nm)/a/n converges
in distribution to N(0, m?+m’), which are found in [2]. Since
1 1
-1 =
SO T T Tt o 2P o)
=1+imt—(m2+m’[2)t2+o(?),

we have that
R=R(t)=Re (1—Ly(t))=0(t),
T=I(8)=Tm (imt—Co() )= o(2),

( 9 ) def
Ri=R\(t)=Re (zs())=14+0()

and

L=L()=Im (z(£) =0(2).
Moreover, we have
(10) R(®)=0.

x 0
We shall prove it. There exists a 7-dimensional vector { SI}F[ : } such that
0

Xy
( (t»[x'l] L [x]
Dixix LTTw |

Taking joelI, such that Max;.1,s,...» |2;]=]x,,| >0, we have

Zjo

Co(?)

= ' kzglpfok%ok(f)'xk

.
ékz_:lﬁjoklxklélxml,

which implies that

1
— =
l &o(®) l_l
and so
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Re (Co(®)™H)=1.

Hence we have (10). Now, we have that

Relg-ite. 7o(8) _ Pcos tr+Q sin tx
14e—Co(H)! (e+ R+ (mt—1)*’
where
P=(e+R)R,-+(mt—D)I;
and

Q=(e+R),—(mt—I)R,.
Since Q=0(t) as —0, it follows by using (10) that

|2-Q |2-Q
(5+R)2+(mf—[)2 = R2+(mt—l)2 éKz for 0<€<6o and |t|<t0,

where ¢, is a constant and K, is a constant independent of # and e, which implies,
with the fact that

{RI,—(mt—I)R:} -t

R4 (mt—1I)*
is of bounded variation,
T | 1—cos At tQ sin ¢tz
o EiToTSm@ R Sy W ey s R

1)
—1im 1—cos At ) {RL—(mt—D)R\} -t I*
e £ R2+(mt—I® ~ 2m’

To prove (8) we must now show that

e e . 1 Pcostx h

(12) 51—1»% }:1—51;10 }LTO?S”K,;H. (e4+R)2+A? di= 2lm|’
where

H=H(t)‘1—efl—_‘;fs—’” and A= AD=mi—T.
The integrand in (12) can be written as

P(COS tx-l) ERl . RR1+(mt—‘I)Il

T erryra T rrpra T T iR
=Ji+Tat T (say).
Since
RRAG—DL_ _ 4y 45 10,

R2_|__A2

we have
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RR+(mt—DI

. . . — 1' .
51—133) lg?o ELTOS|L|<5]8dt 51—’n';'10 }LTO S]tl<5H (€+R)2+A2 dt
13)
— lim S 7 P
e |t]<a R+ A* )
Since
|P-(costz—1)| _ Kit? =K,

(c+RyP+A* — R*+A®
for fixed @, |¢|<0 and 0<e<e, where K; and K, are independent of #, and

[ P LO: RRyA-(mi=DIL _ 1

10,
CIRY T A° R A “

we have by Riemann-Lebesgue lemma that

lim lim limS Tt
|t]1 <o

6-+0 r—00 e—+40

I (cos tx—1)-{RR;+(mt—1)I}
R24 A2

=—1 Lo e 2t
6-1—»TOS|”<,; R2+A2

dt

(14) — 1im limg
|tl<a

4=+0 z—00
dt=0.

Now, we shall estimate [|<;/.dt. We have

—lim lim LS Tudt
fti<s

2|m|  sot0en40 T

.. 1 5 eR
=1 - . — !
(5) 5_1210 E»To T S,;K,;H {ez—l—mztz (e+R)?*+A? dt

AR+ A —m*PR) 2 RESA—R) o
(E+m*B)(c+ R+ A o

—lim lim LS i
0=+0 e=+0 T Jyt)<s

because we have by using A=mit+o(#) and (9) that

[R*+A—m*t*Ry| _ |R*+A*—m**R|

(e+Ry4+A>  — R A* =o(1) as 1—0,
2¢2R ORH
i (+m?t2)[(e+R )2+ A? =R A =0(1) as t—0
and
e+ |1=Ry| 1R
ErmPer R+ A =1 e =00 as 0.

(13), (14) and (15) imply (12), whence the desired result.
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