ON AN INVARIANT TENSOR UNDER A CL-TRANSFORMATION

By Satosar Kord ANpD Mitsucl NAGAO

Tashiro and Tachibana showed some characteristic properties of Fubinian and
C-Fubinian manifolds in their paper [6], where the notion of C-loxodromes was
introduced in an almost contact manifold with affine connection.

The purpose of the present paper is to obtain an invariant tensor, that is, a
tensor which is left invariant under a CL-transformation between two almost
contact manifolds with symmetric affine connections. And Takamatsu and Mizusawa
have performed the similar consideration about infinitesimal CL-transformations. [2].

§1. Preliminaries. [4, 5, 7, 8].

Let there be given, in an N-dimensional differentiable manifold A/ of class C=,
a non-null tensor field f of type (1,1) and of class C* satisfying f*+f=0. When
the rank of f is constant everywhere and is equal to 7, such a structure is called
an f-structure of rank 7. 7 is necessarily even.

Now, let M be a (2rn+1)-dimensional differentiable manifold of class C* for
which the second axiom of countability holds true. If there exist a mixed tensor
f#, a contravariant vector field f¢ and a covariant vector field f,, all of which arc
of class C=, satisfying the conditions:

Fiti=1,  fifw=—0+S Y

then such a manifold M is said to have an almost contact structure (fj, 13, f;) of
class C* and we call the manifold an almost contact manifold of class C~.

It is well-known that in a manifold with an almost contact structure (1, %, 1)
of class C®, there exists a positive definite Riemannian metric g;;, which is called
a Riemannian metric associated with the almost contact structure, such that

fi=gif,  gifufR=gm— S e

We call the set (fj, f%, f;, 9;:) an almost contact metric structure and a manifold
with an almost contact metric structure (fj, f% f;, gjs) of class C* is called an
almost contact metric (or Riemannian) manifold of class C*.

In a (2rn+1)-dimensional differentiable manifold with an almost contact structure
(4 15 fa), the following properties are satisfied:

(1' 1) flfl = 1:
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1.2 Téfit=—0 41",
1.3 Fi#7=0,

€49 fitfi=0,

1.5) rank (f;)=2n.

Therefore, the almost contact structure is an f-structure of rank 2u, where f* are
components of f.

Furthermore, if this manifold has an associated metric and f;; is defined as
fi*gn., then in addition to (1. 1)~(1. 5) the following relations hold true:

1.6) Fi=—Fu,

a.7 rank (fj:)=2n,

(1.9 fo=0i,17,
1.9 gy S’ S =gne—I 1S

If, in a (2n-+1)-dimensional differentiable manifold M, there exists a differentiable
1-form f such that fA(df)*=0 everywhere, then such a manifold is called to have
a contact structure f and we call the manifold a contact manifold.

It is well-known that in any contact manifold with a contact structure f there
exists always an almost contact metric structure (f}, % f,, gj:) such that

fitgmu=rn= % 0,1:—0:1),

where, in terms of a local coordinate system s, f is expressed as f=f:dx* and 9;
denotes 9/0x*. Such an almost contact (metric) structure is simply called a contact
(metric) structure. If a (2n+1)-dimensional differentiable manifold has a contact
metric structure (fs, S5 f;, 9;5) in the above sense, then the following relations
hold true,

1. 10) FPan=Fu= - Guf—0if)
1) etttV fir=0,
(112 F71fi=0,

(1.13) S 3 fan=0,

(1. 14) V;f7=0,

.15 7Sy =2nf,

where F;, denotes the covariant differentiation with respect to the Riemannian
connection.
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Next, an almost contact or a contact manifold are called to be normal if the
tensor

Sigr=Njt—1* (0, x—0%f3)

vanishes, where Ny is the Nijenhuis tensor defined by f; If a contact metric
manifold is normal, then the following equations are satisfied:

(1. 16) Vifi=fis

(.17 Vi fi=Figei—fgry,
1.18) Kieii" fo=11q5:— 10
1.19 Ksifi=2nf,

where Ki;;* and Kj; denote the Riemannian curvature tensor and the Ricci tensor
respectively.
Now if we put

1 1
(1. 20) Hj= —Z—ijbf“b= - —Z-Kjia"fh”,

then Hj; is skew symmetric and we have
1. 21) Hyi=Kajon f2o=Kuji® 1

Moreover operating 7, to (1.17) and taking use of the Ricci’s formula we get

1. 22) [i*Kai=0@n—1) fji—Hjs,
and hence
(1. 23) [i°Kai+ K50 =0.

Multiplying (1. 22) by f’ and summing for j we have
(1. 24) Si*Hui=Kji—2n—1)g5—f 1 fus
(1. 25) fi*Hui+fi*H;0=0.

§2. Manifolds with corresponding C-loxodromes.

Let M be a (2n-+1)-dimensional differentiable normal contact manifold with an
associated almost contact metric structure (f7, /%, f;, ¢g5:) and with the Riemannian
connection I7;*.

The equation of a C-loxodrome in the manifold M in terms of any parameter ¢ is
0%zt dz" dz’ dx*

— T —
dt* = dt +df i dt

@D dar’
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where ¢ indicates the covariant differentiation along the curve, a is a function of

t and « is a constant. [6].
If 'M is a second (2r-+1)-dimensional differentiable manifold with an almost

contact structure (f, 1%, f;) and ‘I';* is its symmetric affine connection, then the
equation of its C-loxodrome is analogous to (2. 1) and is obtained by replacing I';:*,
and ¢ in (2. 1) by 'I";", 'a and ‘a respectively.

Suppose that there exists a CL-transformation (correspondence), that is, to C-
loxodromes in M there correspond C-loxodromes in ‘M. Then the equation

dz? dx* dzt

o ar a0

{0{(T i =TI i) — 0" 55— I3}

must be satisfied identically. By the usual process it follows that their connections
are in the relation

2.2 T jt=T" "0 p,+0% pi+c(f3 5+ fi™),

where the vector field p; is equal to ("I":*—1I4:*)/2(n+1) and a constant ¢ is equal

to (la—a)/2.
Let Ki;* and 'Ky be the curvature tensors for the connections I';;* and 'I"j.*

respectively. Then the respective curvature tensors are related to each other by
the relation

? Kieji" = K ji" — 0§ Pji~+- 0% Pri + 0% Pre;— Pjr)

2.3
+V o fit 1 f M) =V (fef P+ 1 i),

where we put
2.4) Pu=Vipi—pipi—c(f fE+1f i) pr—c*fi 1o

and 7, denotes the covariant differentiation with respect to the connection 77;*. [6].
Contracting % and % in (2. 3), we have

2.5) 'Kji=Kji—2nPji+(Poj— Ps)+cVi(f fiE 41 S5
Contracting % and 7 in (2. 3), we have
" Kiega®=2(n+1)(Prj— Pj).
Since 'Kji+'Kjin®, Kji, 318 +f.f* are symmetric in j and i, it follows easily that
Pj; is symmetric in j and 7. [1]. Accordingly it follows that the tensor ’Kji="'Kq;:®

formed by the connection ’/";* must be symmetric in this case. Consequently we
have instead of (2.3) and (2. 5)

2. 6) ! Kiji" = Kieji* — 0k Pji+ 03P+ cV o f, i+ ) — V(e f 1o fi),
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Q.7 'Kyi=Kj—2nPji+cV i f, 1+ S,
Substituting (2. 7) into (2. 6) to eliminate Pj, we get
20’ Wi =2n Wiy +2nc{Vi( f1 fi* +1o f1)
9 =V e S+ SV — AW (o S+ D =0 (fef i+ S}

where Wi;;* is the so-called Weyl’s projective curvature tensor, i.e. [1]
@.9) A -z—ln— K j— K.

In the following, if X is a quantity in M, then we denote the corresponding
quantity in ‘M as ’X. Since the manifold M is normal contact, we see that the
equation (2. 8) is rewritten as follows:

w Wit =n Wi - c[f(0%fr— 0% f5)
(2. 10)
Fn " frs I fro—Fi f10) 0k +nf M) — 0% +nf* [l

Transvecting on both sides of this equation with f*f,, we have

2.11) ' Wi F* fro=nWi;i" ¥ n+cn+1)(g5—1, ).
Substituting (2. 11) into (2. 10) to eliminate g¢;;, we have
2.12) ! Wijit 4! Xiji" = Waji" + Xigji" + Q[ Fiej+1 3 Feo—Ii" fi)s

where we put for simplicity

1

h—
(2. 13) Xijs P

(@42 S 1) W — @k 1 f) Was1 £ o

Further, transvecting on both sides of (2. 12) with f,*, we get

2. 14) (! Wit 4! Xuja?) frr=(Wasi" + Xiegs") fr*+c@n+1) f 2.
Lastly, substituting (2. 14) into (2. 12) to eliminate f;;, we obtain

(2. 15) ! Liji" = Lai",

where we put

L

Liji" = Wi 4+ Xoji — ]

[21 War+ Xari®)

F M Wari® + Xari®) — [ (Waji®+ Xaji®)1 o2
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Substituting (2. 9) and (2. 13) into this equation, we obtain
Lk"h=ch"h’—'1—(5’1[{“—-5’51{16‘)
Ji Jt 21’5 kLN ji j )

- @ +nfhfk><Kaﬂ'f fit 7fj“f»“Km)

—(5’]9+nfhfj)<]§¢ki"f“fb + %fk” b“Km)]

(2. 16)
—_ 1 [2fh<q _,_ __1.._ ch .bfa.f f K >
27’l+1 © kj ﬂ+1 k acj b 2( +1) k ajy
1
_{_ h H+ cK ..0fe afl
f] < ki +1flc r)mffb 2( 1)fk az)

—r(Ht LT T +1)f] Ko) |

Thus if there exists a CL-correspondence between two manifolds M and ’M, then
the tensor Ly;* has the same components for them. In this sense we shall call
the tensor Ly;" defined by (2. 16) the CL-curvature tensor. Consequently, we obtain
the following

THEOREM 1. Let M be a (2n-+1)-dimensional diffeventiable normal contact
manifold with an associated almost contact metrvic structure (fi%, 11 f;, 95) and with
the Riemanian connection I';*. And let 'M be a (2n+1)-dimensional differventiable
manifold with an almost contact structuve (fy, f*, f;) and with a symmetric affine
connection 'I';*.  If the two manifolds M and 'M are related to each other under
a CL-transformation, then their CL-curvature tensors have the same components.

§3. CL-flat manifolds.

The CL-curvature tensor Li;:*, which was obtained in the preceding section, is
able to be defined in an almost contact manifold with a symmetric affine connection.
Now, if the tensor L;" vanishes identically, then we shall call such a manifold to
be CL-flat.

Let M be a normal contact manifold with an associated almost contact metric
structure (f, 14, f5, 9;:) and with the Riemannian connection {%}. In the manifold
M, on account of (1.18), (1.19) and (1. 22) we have

Kajlbfaszgji_f}fh
T Kaw=—Ku+2nf, f.,
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Fit Kol fo=Fji,
f1*Kai=@2n—1) fji—Hj.

‘Therefore the CL-curvature tensor of the manifold M is expressible in the form

Liji" = Krji" — 55 [0k — S [ Kji— (0} — 1" ) Kiil]

2(n+1)

.1 L [ s G )]

2( 1_|_ 1) [zf‘h([{k] _l_fkf) +f]h(H;€Z _l—fk't) _fkh(Hﬂ +f]1)]

And if the manifold M is CL-flat, then we have

Kijit= D +1) Ok =SS Kji— (O —f " ) Kia

T [(Ok+-nt"fi)g5— (O +n S )]

2( _I_l) [2f‘bh(ij+fkj) +f]h(Hkt+sz) —fkh(Hjt‘l'sz)]

Lowering the index %, we have

Kijin= [9#1.(2g 55+ Kjs) — g0 (2gn:+ Kis)

2(n+1)
(3.2 +fefr(2ngji— Kji) =11 fn(2ngei— Ki)

+2 fon(Hg+fep) (s +Fws) —fen(Hya+F0)]-
Since Kijin is skew symmetric in ¢ and 4, we have the identity
(Kkah +Kkjh‘t)gkh =

Substituting (3. 2) into this identity and making use of (1.19) and (1. 25), we have
K K
3.3) Kji—(% —1>gji+<2n+1 - %‘)fifz;

where K is the scalar curvature of the manifold M. Therefore it follows that the
manifold M is »-Einstein and hence K=const. [3].
Substituting (3. 3) into (1. 22), we have
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K
(3. 4) H}'t=<2n—- Z/L—) f]z

If the expressions (3. 3) and (3.4) are substituted in (3. 2), the resulting equation
is reducible to

Kk:’ih = (k F1)(gkn9js— 91 9r)
@3.5) FESfenfii—Finfei—2F e, fin)
- k(gkhfffi +g;ifufn— ginfrfi— gmf]fh),

where

b K—2n(@2n—+1)
T dn(eD)

Therefore it follows that the manifold M is locally C-Fubinian. Thus we have the

THEOREM 2. If a normal contact metric manifold is CL-flat, then the manifold
is locally C-Fubinian.

When an almost contact metric manifold is of constant curvature, then from
(2. 16) it is easily seen that the CL-curvature tensor vanishes identically, that is,
the manifold is CL-flat. Therefore we have the

TuaeOREM 3. An almost contact metric manifold of constant curvature is CL-

flat.

THEOREM 4. A normal contact metric manifold related io an almost contact
metric manifold of constant curvature under a CL-transformation is locally C-
Fubinian.

In particular, we have the

THEOREM b. A normal contact metric manifold related to a locally Euclidean
almost contact metric manifold under a CL-transformation is locally C-Fubinian.
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