A REMARK ON THE SPACE OF CLOSED RIEMANN
SURFACES WITH ORDINARY WEIERSTRASS POINTS

By YasusHl MivAHARA

It is known that the space of hyperelliptic Riemann surfaces of genus ¢(=2)
forms a (29—1)-dimensional complex-analytic submanifold of the Teichmiiller space
T, (cf. [2], [9]). In the paper [10], Rauch generalized this result as follows: the
space of closed Riemann surfaces of genus ¢(=2) having Weierstrass points where
the first non-gap values is #(<g¢) forms an (z+2¢—3)-dimensional complex-analytic
submanifold of 7,. For the proof he used the Garabedian deformation.

We want to discuss the same problem by making use of deformations by
Beltrami differentials introduced by Bers [6] (see also [3]). We have succeeded for
the case n=y.

We remark that a related problem has been discussed by Bers [7] by using
quasi-Fuchsian groups.

1. We begin with the statement of our result. In the present paper we
consider only closed Riemann surfaces of a given genus ¢g(=2). Let S, be such a
surface fixed once for all. We denote by ¢ a homotopy class of sense-preserving
homeomorphisms of S, onto another S, and call the pair (S, ¢) a marked Riemann
surface. Two marked Riemann surfaces (S, ¢) and (S, ¢’) are said to be conformally
equivalent if the homotopy class ¢’¢~! contains a conformal mapping of S onto 5.
We denote by <SS, ¢> the conformal equivalence class of (S, ¢), and call the set of
all <S, o> the Teichmiiller space, which will be denoted by 7,. For given <S;, o,>
and <S,, o>, there exists only one quasiconformal mapping f of S; onto S, which
minimizes the maximal dilatation in the homotopy class g.0,* (cf. [1], [5], [11]).
We define the distance between two elements by

d(< Sy, 01>, <Ss, 0:>)=log K(f),

where K(f) is the maximal dilatation of the mapping f. A topology on T is
induced by this metric.

Let # be a positive integer and P, be a point of S. If no meromorphic function
exists on S having as its only singularity a pole of order » at P,, we say that # is
a gap value at P,, or that the point P, has a gap value ». It is known that there
exist exactly g gap values at each point P,. A point P, is called a Weierstrass
point of S if it has a gap value » greater than ¢g. There are only a finite number
of Weierstrass points on S. Consequently, except a finite number of points on S,
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each point has gap values 1, 2, -, 9. A Weierstrass point with gap values 1, 2, -,
g—1, g+1 will be called an ordinary Weierstrass point.
The purpose of this paper is to prove the following theorem.

THEOREM. The set of all the conformal equivalence classes of closed marked
Riemann surfaces of genus 9(=2) having ordinary Weierstrass points is an open
subset of the Teichmiiller space T,.

2. By a differential of type (p,q) on a Riemann surface S we mean an in-
variant form A(z)dz?dz? on S. We call a differential of type (—1,1) a Beltrami
differential, a differential of type (—1, 0) an inverse differential, and a differential
of type (2,0) a quadratic differential. In this paper we consider only Beltrami
differentials f=pu(2)dZ/dz with bounded |8|=|u(z)]. When such a Beltrami differential
B is given on S, we denote by S? the new Riemann surface which has the conformal
structure on S defined by the conformal metric ds=|dz+pdz|. More precisely, over
the topological space S, S? is defined by a local parameter {(z) which is a homeo-
morphic solution of the Beltrami equation {3;=¢, for each local parameter z on S.

A Beltrami differential 8=p(z)dz/dz on S is called locally trivial or stationary
if there exists an inverse differential 4(z)/dz such that /%(z) is continuous and

ok

U=z

is satisfied for each local parameter z on S with respect to the generalized derivative.?
The following lemma is important.

TEICHMULLER’S LEMMA. A Beltrami differential pdz/dz on a closed Riemann
surface S is locally trivial if and only if

Ssspfdxdy=0

for all regular quadratic differentials fdz* on S (cf. [3], [6], [11]).

The dimension of the complex factor space B of all Beltrami differentials on S
modulo the locally trivial ones is known to be 3¢g—3 (cf. [3], [6], [11]). We call a
basis of B a (complex) Beltrami basis on S. Bers introduced a complex-analytic
structure in 7, by the following method (cf. [6]). Let <S, ¢> be an arbitrary
element of 7Ty and b=(Bi, B2 -+, Bsg-s) be a Beltrami basis on S. For complex
vectors e=(ey, €, -+, £39-3)€Csy—3 sufficiently near the origin, we define the mapping

e——< S to>eTy,
where
e-b=e1fB1t+efot - +egg-3fs9-3

and each 7 is the homotopy class of homeomorphisms of S onto S¢? containing the
identity mapping. It is shown that this mapping is a homeomorphism of a neigh-

1) As for the generalized derivative, see Bers [4].
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borhood of the origin of Csy-s onto a neighborhood of <S, 6>, and that e=(e, e,
---, e3g-3) are complex-analytic co-ordinates on 7y (see also [3]).

3. Let 0;=¢i(2)dz (i=1,2, ---, 9) be a basis of the space of all the abelian dif-
ferentials of the first kind on S. We denote by W(z) the Wronskian of functions
©1(2), 2(2), -+, 0g(2) for a local parameter z on S. It is well known that a point
of S is a Welerstrass point if and only if it is a zero of the differential
Q= W(z)dze9+V/* of type (9(¢g+1)/2, 0). Furthermore, a point PyeS is an ordinary
Weierstrass point if and only if £ has a simple zero at P, (cf. [8]). For S°® we
define the Wronskian We¢({) in the same way.

As a consequence, in order to prove our theorem, it suffices to show the fol-
lowing: if W(z) has a simple zero at z(P,), then W¥({) also has a simple zero at
C(P,) whenever e=(ei, &, -, €39-3) is sufficiently near the origin, for a suitable
Beltrami basis d=(Bi, B2, -+, Sss-3) on S and a certain local parameter { on S¢2.

4. Let P, be an ordinary Weierstrass point of S and let U be a fixed para-
metric disk about P,. We shall show that there exists a Beltrami basis (udZ/dz,
12dZz]dz, -+, pag-sdZ|dz) on S satisfying
(1) #,=01in U (=1, 2, ---, 3g—3).

For this purpose we define an inner product in the space @ of regular quadratic
differentials on S by setting
(e, adzt) =

JJS=U

f—g— dxdy,
0

where p|dz] is a metric on S such that p>0. The dimension of @ is 3¢9—3 (cf. [11]).

An orthonormal basis of @ relative to this inner product will be denoted by fidz?
Jedz?, -+, fag-sdz?. By setting
I 0 in U,

U= (= .

Filp in S—U,

we obtain Beltrami differentials B;=p;dz/dz (=1, 2, .-+, 3g—3) on S, which are
linearly independent as elements of the factor space B. In fact, if ¢ifi-+csfs----
~+cgg-3Pag-s is locally trivial, then, by Teichmiiller’s lemma,

3g—3

0= ]Zﬂ ch Sspjfidxdy = igZ:chS

=2Cy (Z=1, 2) Tty 39_3)'

5> gaay

§—=U

Therefore (B, B, -+, Bag—3) is a Beltrami basis on S satisfying (1).
Now we fix a Beltrami basis b=(8i, s, -+, Bag-») satisfying (1) and

lml=k<l (=12, -, 9),

where B;=p;dZ/dz and k is a constant. Let Ai, Bi, As, Bs, -+, Ag, By be a canonical
homology basis on S which does not meet U. We denote by #;=¢i(2)dz and 0¢
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=¢¥{)dC (1=1, 2, ---, g) the normalized bases of abelian differentials of the first kind
belonging to this homology basis on S and S¢?, respectively. That is, they satisfy

(2) S 01‘:515]; S 02=5i1 (Zy]:‘]—) 2’ ) g)'
4y 4,

Note that A,, B, (=1, 2, ---, ¢) is a homology basis on both S and Se*. We fix a
local parameter z=z(P) in U, where 2(P)=0 and z(U)=unit disk. By the assump-
tion, W(z), the Wronskian of ¢(2), ¢:(2), ---, 0¢(2), has a simple zero at z=0. By
condition (1) the parameter z is also a local parameter on Se¢?. We take this
parameter z as a local parameter { in U (cS¢?) which we mentioned at the end of
Section 3.

Then the proof of our theorem is reduced to show that, if |e|—0,
(3) We(z)— W(z) uniformly in the wider sense in |z|<1,

where We(z) is the Wronskian of ¢%(2), ¢%(2), ---, &(z). Indeed, by Hurwitz’ theorem,
(3) implies that for an arbitrary neighborhood U, of z=0 W¢(z) has only one simple
zero in U, if |e| is sufficiently small.

5. In order to prove (3) we shall represent W(z) and W¢(z) by periods of certain
abelian differentials of the second kind. Let P be an arbitrary point of U. We
denote by g, »=¢r,(2)dz the abelian differential of the second kind on S which
has, as its only singularity, a pole at P with the principal part

(4) (z—z(P))"dz (n: integer, n=2)

for the previously fixed parameter z in U, and which satisfies
(5) [ ona=0  G=12-0.
4,

Similarly, we denote by g, ,=¢%,,(()d{ the abelian differential of the second kind
on S which has, as its only singularity, a pole at P with the principal part (4)
for the same parameter z on S*? and satisfies

S 0)3,,,"—‘0 (]=1y 2’ Y (/),
4,
Furthermore wec set

— e _ e
”P:n,j—-S Wp, n, ”P,nyj—S @p, n.
B, . B,

Then, by use of Riemann’s period relation, we have

d"2piz)  (n—=1)!
dzn=* T 2mi

Pyny 7y

(7=1p 21 45 n=27 31 ))

A ?ei(z)  (n—1)! ¢
(ZZ,”"Z - 27fi Pynyg
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where z=2z(P). Hence we obtain

Tpy2t Tpyarg
213191
6 W)= —"— T~ ...
(6) A== ,
Tpyg+1s1 *°* Tpygtlyg
22)2’1 7'[15, 25 ¢
2131.g!
7 We(z)= ———— | e
(7) @= "5 ,
TP, 94151 0 Thygilrg

where z=z(P).

6. The proof of (3) is derived from the variational formula
3g—3

( 8) %, nyj—”PyijZi Z 5TSSS#T§DJ'¢P’ndxdy’l‘o(lel):

r=1
which we shall prove in the sequel.
If we set briefly
39—3
e-b=p(2)dz|dz ic. pR)= ), en(2),

r=1

we have
lel=clel  (c=kn/3g—3).

The identity mapping f¢ of S onto itself is a quasiconformal mapping of S onto
Sed, For arbitrary local parameters z and ¢ on S and S*?, respectively, the com-
posite function {=f*(z) satisfies the Beltrami equation {(7={,.. We denote by ag,»
the transplant of w%,, by the mapping fe, that is,

atn=9%, () f2dz+ S {d2).
Then clearly

(9) S af;,n:S 0fn=0 G=1,2, - ),
45 4y

(10) S a:s,n=g on=mms  (G=1,2, - ).
B, B,

We notice that the differential af,,—ws,» has no singularities on S since f%(z)=z
for the previously fixed parameter z on S and Se®. By using (2), (5), (9), (10) and
Riemann’s period relation, we obtain

e p— e
T[Pynyj""n'l’yn)j'_s Ap,n—Wpyn
By

::S ag”n—wan'I'oJ_S 0.1
By

B,



SPACE OF CLOSED RIEMANN SURFACES

g
Z[S 0.78 ale;"n—'wmn"{‘ﬂj_g af;,n——wp,,,—{-ﬁjs 0]]
=1 Ay By Ay By

T

S SS (af’» n—Wpyp + 0]‘)/\0]

2 S 10id%, o f Sdady

i,
=2\ s ndiy -,
S
where
v=2iSSS 1055y n fi—Pry n)d2dy.

By Schwarz’ inequality,

i szetel| ({ 1oamar | [ [ 98,055 gy |

/2

11
<2cle| 110;]] llat,n—wp,nll,

where ¢=£k,/39—3. Hence it is sufficient to show
Ha‘f’y n—Wp, n] ] :O(Iel)'

By using again (5), (9) and Riemann’s period relation, we get

O:SSS (ale’y n—@p, 71)/\((—;21?:_@)
= SSS (]955, n./g_g‘—,"l’y n[z—lpﬁbg" nfglz)dz/\df

= l[ Ia;)n_wl’) nl |2+4LS SS I,USZ’;) nfglzdxdy,
and consequently,

o 1/2
Ila%,n—wp,nll—*-Z[SSS |#¢§,nfﬁlzdxdy]

§2€'8'[SSS_U |¢§,nf§|2dxdy]1/2

<2cle| |lat, n|ls-v

ézclel(llale;)n_wf’,‘n”+“wP9nHS—U)'
Therefore we obtain

2
2 0200, ol | S gy 051l ls-r=0CleD,

where ¢c=kn/30—3. Thus (8) has been proved.
7. By the variational formula (8) it follows that
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b5 j—Tpyn,; aS |el—~+0

Each integral [[sgidp, ndxdy in (8) is bounded when P varies on a closed set F
contained in U, for it is continuous with respect to P. Furthermore by (11) and
(12) there exists a constant K, independent of e and P, such that

7| =K le|*||wp, n||s-0-

Consequently, 7 is bounded when P moves on F, for [|ws,,|ls-r is bounded on F
by the same reason as before. Hence we can conclude by (8) that the convergence
in (13) is uniform when P is restricted to a closed set in U. Therefore (3) follows
by (6) and (7). Thus our theorem has been proved.
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