A REMARK ON THE GENERALIZATION OF
HARNACK’S FIRST THEOREM

By Yosuikazu HIRASAWA

1. In the previous papers [1], [2], we gave some uniqueness conditions for the
solution of the Dirichlet problem concerning semi-linear elliptic equations of the
second order

*u
axiax] —f(x: u, Vu);

a1 L(u) E;; gzj(x)-

and under one of those uniqueness conditions, Harnack’s first theorem was ex-
tended to the solution of the equation (1.1). It was the case where the function
f(x, u, p) was non-decreasing with respect to #. In the present paper, we consider
the case where the function f(x, u#, p) has not necessarily the above-mentioned
property, and since Harnack’s first theorem for solutions of the elliptic differential
equation is really based on the continuous dependence of solutions upon the boundary
data, we will here treat of this dependence.

Regarding the notations used in the present paper, confer the above-cited
papers.

2. Let D be a bounded domain in the m-dimensional Euclidean space and let
the differential operator L(x«) be of elliptic type in the domain D. In the present
paper, we always suppose that the function f(z, «, p) is defined in the domain

D={(®, u, p); xeD, | u|<+oo, |p|<+oo}.
For the sake of comparison with the later discussion, we first mention:

TurorEM 1. Let the function f(x, u, p) fulfill the following condition:
For a>u and any p, q, we have

(2° 1) f(x’ I’?, q)_f(x’ u, p);—ao(x)(a*u)—‘al(x) l q—p l;

where ay(x) and o, (x) are functions defined in D. And suppose furt_her that there

exists a function o(x) belonging to C*[D]N CLD), which is positive in D and satisfies
the inequality

@2.2) al(@)o(®) +a(x) | poz) | + L)) <0.
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Then there exists at most one solution of the equation (1.1) which attains
prescribed boundary values on the boundary D of D.

Proof. Let u:(x) and u.(x) be solutions of the equation (1.1) which attain the
same boundary values. To prove the theorem, it is sufficient to show that a con-
tradiction arises if these solutions are not identically equal with each other.

Suppose that u,(x)=u.(x) in D, then, without loss of generality we can assume
that there exists a point zeD, such that

u;(i‘) '—ul(‘l_T) >0.

If we put
() —ur(x)
Szl)lp—a)(x)—— =k(>0),
then there exists a point &eD, such that
2. 3) ua(8)— uy(§)=ko(8),

and for any xeD,
us(x) — u,(2) ko ().

Hence we have

@ 4 pux(E)—pu(§) =kpo§)
and
2. 5) L(u2(8))— L(u1(8)) =k L(w(8)).

On the other hand, by (2. 1), (2. 2), (2. 3) and (2. 4), we obtain
L(uo(6)—L(r(E) =S (€, ux(8), puo(6)—S (€, ui(§), pus(£))
> —a(§)(u(8) —ua(§)) — () | pua(E) —pua(8) |
=—k{a(©o@)+ai(8) [ (@) [} >EL(@($)),
which contradicts (2. 5).

3. Next we prove the following:
LEMMA. Let ai(x) and ai(x) be functions defined in the domain D and let
w(x) be a function belonging to C*[D), such that ow(x)=0 n D and

3.1) a(x)o(x)+a1(x) | po(x) |+ L{w(x))<0 in D.

Then we have w(x)>0 n D.
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Proof. We will show first that both the equalities w(x)=0 and |pw(z)|=0
can not occur at the same point of D. Suppose that o(x)=0 and | pe(x)|=0 hold
at a point § of D, then we have L(w(x))<0 at the point & by the inequality (2. 1).
Hence we see o(x)<0 at some points lying in a neighborhood of the point &.
This fact contradicts the hypothesis that the function w(x) is non-negative
in D.

Therefore, if w(x) vanishes at a point & of D, then |pw(x)| does not vanish
at this point & But this situation shall be shown also not to occur.

Suppose that at a point & of D, we have

o(§)=0, [pa(é)]|+0,

then there exists a direction v issuing from the point & such that the differential
coefficient d9,w(x) with respect to the direction v has the same value as |po(z)| at
the point &. We can therefore find out a point { in a neighborhood of the point
& such that w(x)<0 holds at the point {, which contradicts the hypothesis that the
function w(x) is non-negative in D.

By the above reasoning, we have w(x)>0 in D.

4. For any positive number ¢, we denote by &. the family of all couples (u:(x).
u,(x)) of solutions of the equation (1. 1), which satisfy the inequality

Hﬁﬂ () —us(x) | e

for any boundary point ze€D. Furthermore we put

M(u,, MZ)ZS})JP | 22(x) — 21 () |

and

M(e)= S%up M(uy, u,).

Then we can prove the following:

THEOREM 2. Let the function f(x, u, p) satisfy the following condition:
4.1 S, i, —f(x, u, p)=—anz)(@—u)—a(x) [ g—p |

for any xeD, and any p, q, and @>u, where ayx) and a(x) are defined in D, and
ao(x) is bounded in D. B

Suppose further that there exists a non-negative function w(x)eC?[D]NC[D],
such that

4.2) ao(@)o(@)+a(@) | po() | +Lo@)<—<0 in D,

for some positive number 7).
Then, under the above-mentioned conditions, we have
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4. 3) M(e)—0  for 0.

Proof. 1t is sufficient to show that a contradiction arises, if (4.3) is false.
Suppose that (4. 3) does not hold, then there exists a positive number M, such that,
for all ¢>0,

(4.9 M(e) > M, > 0.
Let ¢, and M, be positive numbers such that M,>2s;, and
M,—2
(4. 5) —“—Ki > M, >0,

where K= Maxp o(x). Furthermore let ¢, be a positive number such that
4. 6) — 2a0(x)e + Mip =0

for any xeD and any positive number e¢=<e,. The existence of such a number e,
may be verified by the boundedness of the function a¢(x) in D.
We put

4.7 eo= Min{e;, &},

then, the inequality (4. 4) implies that there exists a couple (u:(x), u(x))eF., such
that

S}l)lp | wo(2) — 21 () | > Mo,

and without loss of generality, we can assume

SL})p {uo()—20:(2)} > M.

Thus the function
() =) — 14, () — 229

assumes positive values in D and we have

Tim v(x) < — <0
Tz
for any boundary point zeD. Furthermore, by Lemma in § 3, we see o(z)>0 in D.
Hence, the function v(x)/w(x) attains the positive maximum in the interior of
D, that is, there exists a point £eD, such that

we) _ Max (@) =k>0.

o) 1 ol

We obtain therefore



REMARK ON HARNACK’S FIRST THEOREM 125

4.8 ng {v(x)—ko(2)} =0v(8)—kw(£)=0,
4.9 Fo)=Fkpw(),
(4. 10) L&) =kL(w(£)).

On the other hand, by (4.5) and (4.7) we see

e o(@ _ My—2: _ M,—2e,
4. 11) k_Mﬁxw(x)> ® = K =M,.

Now, by (4.1) we have
Lw(&)=L(u=(£)) — L(m:(8))
=f (& ux(8), pu(©))—f(§, us(8), pus(£))
= —a(E)(Ux(E) — () —au(§) | pu(§) —pua () |
= —2ay(§)e,—ao(E(E) —ar(§) | po(§) |,
and it follows from (4.2), (4. 8), (4.9) and (4. 11) that
Lw(£) = —2a4(8)eg—k{ay(E)o(€) +au(§) | por(8) |}
> —2ay(5)eo+k{n+L(0(E))}
= —2a0(8)so+ Min+EL(0(8)).
Since —2ay(&)ea+Mip=0 by virtue of (4. 6) and (4.7), we get
Lw(€)>kL(w(£)),
which contradicts (4. 10). Thus the theorem is proved completely.

ReMARK: To the existence of the function w(x) satisfying the inequality of
the same sort as (2. 2) or (4. 2), a reference has been given in Nagumo’s book [3],
p. 134.

THEOREM 3. Let D be a domain lying between two hyperplanes x;=a and
ri=p(—cola<f<L+o0). Suppose further that the function f(x, u, p) satisfies the
condition

A(x) _ B(x)
N sy Y

| Di—p:l,

for any xeD, p=(p1, -+, Pi, =+, Pm), P=(P1 -+, Di, *+*, Pm) and @>u, where A(x) and
B(x) are functions defined in D, such that A(x)/(x;—a)(f—x.) is bounded 1n D and

A@)+ B(x) 41 <2a::(x)
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for some positive number 1.
Then we have M(c)—0 for e—0.

We can prove this theorem along the same lines of the proof of Theorem 2,
by putting w(x)=(x;—a)(f—x:).
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