ON GENERALIZED UNISERIAL ALGEBRAS
OVER A PERFECT FIELD

By SHIGEMOTO ASANO

Let A be a ring with a unit element satisfying the minimum condition; let
N be the radical of A. We call A a generalized uniserial ring if every inde-
composable left [right] ideal of A possesses only one composition series. A
generalized uniserial algebra over a field F' is defined similarly. Recently H.
Kupisch [3] discussed such rings and proved that a (two-sided) indecomposable
generalized uniserial algebra over an algebraically closed field is completely de-
termined up to isomorphism by a certain system of invariants. In the present
note we shall generalize his method to the case of algebras over a perfect field,
starting from the fact that the residue class algebra A =A/N of a (two-sided)
indecomposable generalized uniserial algebra A over a field F (modulo the
radical N) has the structure B X pD, where B is a split semisimple algebra
over F' and D is a division algebra over F.
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be a decomposition of A into direct sum of indecomposable left [resp. right]
ideals; e.,, 1 =<k <k, 1 <1< f(x)) are mutually orthogonal primitive idempotents;
Ae,,,=Ae,;,, if and only if k=4 e,=es1, Ei=>¢;, and E=>, E, is the
unit element of A. ¢, 1=<k=<k,1=17, j<f(x)) be a system of elements of A
such that ¢, = €x,4, Cr,0jCr, 51 = 0jxCr,u1; 9(A) =k be the number of simple consti-
tuents of A=A/N. V=VOoVP5...oV%®=0 be the upper Loewy series of
an A-left module V; here V™ =N"V. V=V4ypD--+2VypDVw=0 be the
lower Loewy series of V; here Vi={v|veV, Nv=0}. d(V)=d be the
length of the upper and lower Loewy series of V; d(A)=p is the index of N,
ie. Ne-ix0, N°=0.

1. A certain system of generators of composition factor modules of a two-
sided composition series of a generalized uniserial ring.

Let A be a generalized uniserial ring and let N be its radical. We first
consider an (4, A) composition series of A, which is a refinement of the series
ADNDON2D---DNr=0:

(1) A=go#>---D8,=N=3D---D3, =N*=g>---D3,}, =N =0.
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In the above composition series every factor module Mi=3_,/33(0<1<p—1,
1<j=<7r) is a simple (4, A) double module and there exists a unique pair of
positive integers («, 1) (¢, A< k) such that EJEE,=M, i.e. M is of type
(x, ). When that is so, we see that Mie; is a simple left submodule of M.
In fact, by the definition of generalized uniserial rings we have Nie, = 3i_.e;/3ex
=N'e;/Ni*te; and N'e;/N''e; is a simple left A-module. Similarly, ¢ is a
simple right submodule of Mi. Therefore e, Mie; is simple as left ¢,Ae,-module
and, at the same time, as right e¢;A4e¢;-module. Let m be an arbitrary element
of ¢, Mie;. Then for any element x of e .Ae, there exists an element y of e;Ae;
such that xm = my; the correspondence Z—7% gives an isomorphism between
¢.Aée, and &;4é; (bars indicate the residue classes modulo N), which is deter-
mined uniquely up to inner automorphism of &,4é,. From these arguments and
from the Jordan-Hoélder theorem we have the following

PrROPOSITION 1. Let A be a generalized wumiserial ring. Let 3, D3 be
two-sided ideals of A such that the factor module M =3,/3 is a simple (A, A)
module of type (k, A). Then Me; and e, M are simple left and right sub-
modules of M, respectively. Moreover, by relation xm = my (x € e, Ae,, Yy € e;Aey;
m(£0) €M) we have an isomorphism between é,Aé. and &,Aé; T—7y. The
isomorphism s uniquely determined up to immer automorphism of é,Aé;.

PROPOSITION 2. Let A be a generalized wuniserial ring; let N be the
radical of A. Then for every i (1=i1=<p) the factor module N' /N s
(two-sided) completely reducible (we set N°=A). Moreover, the (two-sided)
decomposition of N-1/N* into direct sum of simple (A, A) modules is unique
and is given by N Y/N:=3>' E(N'"!/N?) (« runs through integers 1<x <k,
for which E.(N*'/N?%) +0).

In fact, as e,(Ni"!/N") = e, N-!/e.N* is either 0 or a simple right module,
E(N%*!/N% is either 0 or a simple two-sided module (1=<«k=k); N“!/N*
=3, E.(N*"1/N% is therefore (two-sided) completely reducible. Our last asser-
tion is now trivial.

In the followings we assume that A is generalized uniserial and (two-sided)
indecomposable. (The latter restriction is not essential.) We know then, owing
to Kupisch [3], that for a suitable reordering of «’s (a) d(Ae.) =2 for «<k;
(b) Ne./N2?e.=Ae..1/Ne..; for <k and Ne,/N2e,=Ae;/Ne, if Ne,+0, (c)
d(Ae..1) = d(Ae,) — 1, where the «’s are to be taken mod k. By (b) we take for
every « (<k) an element ,,;b* of e..;Ne, which does not lie in N?; and, if
Ney, +0, we take an element b of ¢;Ne, which does not lie in N2, Put ,,,bl.p-1
“erp-10t,po2e ¢t 1bt = (1,00, if the product of the left-hand side is not zero; here
the subscripts are to be taken modk, if necessary. Further, we put e, = .b°
1=k=k).

1) Cf. Asano [2], §1.
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LEMMA. Ewvery .. ,b. belongs to N”.?

Proof. We have only to consider the case when p>1. Suppose that ,.,b7
is an element of N?*t, ,,b? is then expressible as ;. ,b? = %2+« -2, + ¥ (y € N?*Y),
where ¢ = p+1 and every x, (1 <7< q) belongs to N*! and satisfies e,%:.q, =2,
for some u(%) (u(1) =«+ p) and v(i); moreover, we may assume that xx,---x,
belongs to N’ for every j (<¢q). But, prop. 1 and prop. 2 show that for a suit-
able regular element ¢; of e, 14é..,-1 we have z;=,,,bl,,-1¢; (mod N?), hence
that @+ 2, = bl po16:%2- « -2, (mod N?*1); similarly proceeding, we get finally
Xydge+ &y = cpbic, =0 (mod N?*'), where ¢, is an regular element of e,Ae,.
This contradicts our assumption that z,x.---x, belongs to N”.

THEOREM 1. Every ,.,b% is a (two-sided) generator of one and only omne
composition factor module #-.1/3) 1<j=<r,) of the (two-sided) composition
sertes (1) of A. Conversely, every composition factor module 3-1/3 (0=gq
=p—1 117, is generated by one and only one element ;,.b:.

Our first assertion follows immediately from prop. 2 and from lemma; our

second assertion can be seen straightforwardly by a similar method as in the
proof of lemma.

From the above theorem it follows that there exists in A a system S = {,b%}
of generators of (two-sided) factor modules of (1) with the properties: (i) «
=p+4(modk); (ii) ,b% belongs to N?, .b°=e, and e,ble, = .b5; (iii) S is closed
under multiplication. We shall call such S a (x)-generator system of A.

REMARK 1. For an arbitrarily fixed pair («, 4) the number of elements in
a (x)-generator system of type («, 4) is denoted by ¢.;; the numbers c,; are the
left (and at the same time the right) Cartan invariants of A. We shall write
in the followings the elements of type («, ) in a (*)-generator system as b3,
D, - -, D2, if necessary.

REMARK 2. It is easy to see that a (x)-generator system consitutes a
system of (two-sided) generators of composition factor modules of an arbitrary
(two-sided) compositipn series of A.

2. (Two-sided) indecomposable generalized uniserial algebras over a per-
fect field.

Let A be a (two-sided) indecomposable generalized uniserial algebra over a
field F. We now take, after a suitable reordering of x=1, 2, ---, k as above,
a (x)-generator system S = {,b%}. Since S is closed under multiplication, the
subset A%, =3, , F,.,b° of A is a subalgebra of A (over F'); similarly, the
subset A =3 .3, ¢ 4% 1,1, of A is also a subalgebra of A. A, and A,
are themselves both split generalized uniserial algebras and Af, is a basic
algebra of A.,. These subalgebras A%, and A, will be called a (x)-basic

9) An element of A is said to belong to N? if a & N? and a & N7+,



GENERALIZED UNISERIAL ALGEBRAS 23

algebra and a (x)-algebra of A (related to the (x)-generator system S), respec-
tively. The next proposition follows immediately from Satz 6 of Kupisch [3]
and from the definitions.

PROPOSITION 3. The (x)-algebra [the(x)-basic algebra] of a (two-sided)
indecomposable generalized uniserial algebra A is uniquely determined by A
up to isomorphism.

It is obvious that the radical of A, is N ~ A, and that the radical of A,
is N~ A,. We denote these by N, and by N¢,,, respectively. Furthermore
we have

THEOREM 2. Let A be a (two-sided) indecomposable generalized uniserial
algebra over a field F with a radical N; let A, be a (x)-algebra of A. Then:
1) between two-sided ideals of A and those of A, there exists a 1-1 lattice-
isomorphic correspondence, which is given by 3— 3~ Auo G — A3 A) where
3 [3er] 28 a two-sided ideal of A [A,]1; 2) each imdecomposable left ideal
A e of A, has the corresponding composition series to that of the inde-
composable left ideal Ae. of A, i.e., Niye./Niiie. =Ae:/Nwer if and only
if N?e.,/N?*'e.=Ae;/Ne;, and the same for right ideals. (The notations be
the same as before.) Similar assertions are also true for a (x)-basic algebra
AL, of A.

Proof. 1) Let A, be the ()-algebra of A related to a (+)-generator system
of A, S={..,b’}, and let 3 be a two-sided ideal of A. By what we have re-
marked (remark 2), 3 is generated by a subset S’ of S; so that 3~ A, con-
tains S’ and hence A3~ A,)A=3. Conversely, let 3+, be a two-sided ideal
of A,,. Then 3¢ is generated by a subset S, of S which satisfies SS,,S
=S. However, the two-sided ideal 3’ (of A) generated by S, can not con-
tain the elements of S other than those of S(,. (This fact can be verified
straightforwardly by a similar method as in the proof of lemma.) We must
therefore have 3’ ~ A =A36 A~ A =3 2) Since the element ..,b7 is a
generator of the A ,,-left module N¥,e./N¢ije. and since at the same time it
is a generator of the A-left module N?e./N?"e,, A.e. and Ae. must have
the corresponding composition series.

Hereafter we shall assume that the underlying field F' is a perfect field.
A is then expressible as a direct sum of the radical N and a semisimple sub-
algebra A*(=A=A/N), and we may assume that the elements ¢, ., 1<« =<k,
1<4, j=f() are in A*. Prop. 1 shows that the division algebras e.A*e,
(1<« =<k) are all isomorphic over F. By the well-known structure theorems
of semisimple algebras we have the following

PROPOSITION 4. A* is expressible as A¥, X pD, where A¥,, is a split semi-
stmple algebra over F and D is a division algebra over F.

The division subalgebra D of A in this proposition may be taken such that
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every element x of D satisfies #,,,0!=,,1blx (mod N?) for «<k. If Ne,=0,
then clearly «,,,b?=,.,b%¢ (x< D). If, on the other hand, Ne,+0, then bi
#+0 and we have an automorphism o: z—a’ of D by the relation z'b}= bix
(mod N?); by prop. 1 it follows that ¢ is uniquely determined up to inner auto-
morphism. And, in this case, we have for every .b$°>=,b (1<7=<c¢.) and for
every x in D that #°* b = b2 (mod N?*!) when « = 2 and that x°",b{" = ,b{x
(mod N?*') when « <24

Let (1, g, -+, U,) be a basis of D over F. From u, .1 =, u,
(mod N2) (x < k) it follows

M Cr+lox
(2) x+1bgl)uz = U, x+1b£l) +Z E tfjl, u] x+1b£l)y

9=1 l=2
where #;, (1<%, j=<n, 1=<«=<k—1,2=<1=<¢,1,.) are elements of F; similarly,
from u{ b = ;b{Pu, (mod N?) it follows

m  Cik
(3) b = b+ 30 St B,
I=1i=2

where tf; (1<, j<n,2=<1=ci) are elements of F.. On the other hand, we
have the following proposition, which is a direct consequence of the definitions
and of prop. 1.

PROPOSITION 5. Notations and assumptions being as above, we have A
=DAy,=AwD.

It is now easy to see that the multiplication table of the basis elements of
A over F' is completely determined by the coefficients of (2) and (3). We have
thus proved the following

THEOREM 3. Let A be a (two-sided) indecomposable generalized umiserial
algebra over a perfect field F'; let the motations be as before. If Ne,+0,
then A is expressible as A, X pD. If, on the other hand, Ne,+ 0, then the
structure of A is completely determined by A, and D, by the automorphism
o of D and by the coefficients of (2) and (3).
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