FREDHOLM EIGEN VALUE PROBLEM FOR
GENERAL DOMAINS

By MITSURU OzAwA

1. Formulation of the problem.

Let D be a general planar domain and {D,} be its exhaustion in the usual
sense. Let Ly(D,) be a class of single-valued, square integrable, analytic
functions having a single-valued indefinite integral in D,. In Ly(D,) we shall,
as usual, introduce the notion of the inner product (¢, ¢)p, by an integral

jjp" ¢(2)f(2)dr.,

then Ly(D,) forms a complete Hilbert space. In this space Ly(D,), there are
the so-called reproducing kernel K,(z, %) and its adjoint I[-kernel [,.(z, %) which
satisfy the following identities: for any f(z) € Lu(D,),

(f(), Ku(z, W)p,, = f(u),  Ku(z, %)= Kn(u, 2)
and
ln(z’ u) = ln(uy Z), (ln(z; u); ln(uy w))Dn = Kn(z7 Z—U) - Fu(zy 'w);

'z, ) = 1 SS dr;

o P

where D,° denotes the complementary set of D,. The kernels K,(z, @), I",(z, @)
and K,(z,%)— I',(z,%) are all positive definite and hermitian. For these, see
[2] and [3]. K,(z,@) and [,(2,4) converge strongly and hence uniformly in
the wider sense to K(z,#) and [(z, ), respectively, when 7 tends to the
infinity. For these, see [5] and [8]. Therefore we have the corresponding
identities:

(f(2), K(z, W)p =S (w)
for any f(z) € Ly(D) and
(=, w), Cu, w))p = Kz, w) —I'(z,w), Uz, w) =Uu, 2),
where we put

=\ — 1 . d‘l'z; 1 —
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And I'(z, w) belongs to the class Ly(D). In fact, we have
0< “ [ (2, )2, < Ko(w, )
Dn

for any »n by the eigenfunction expansion of I,(z,w) and a fact that each
eigen value A of the Fredholm eigen value problem

A WHp(w), En(U, 2) — I'n(U, 2)0, = ¢u(2),  $u(2) € Lo(Dy)

for D, is greater than 1. For these, see [2], [3], [6] and [7]. By Fatou’s
theorem we have

0< j g I, ®)fde. < Tim j 5 ([ue, )5 < Kw, B),

which shows that I'(z, w) € Lx(D).

Evidently the kernels K(z, %), I'(z,%) and K(z,%)— ['(z,%) are all hermitian
positive definite. We shall now consider the Fredholm eigen value problem
for D defined as follows: To seek for any constant ¢ and the corresponding
function ¢(2) satisfying a homogeneous integral equation of the Fredholm type

(1) (p(u), K(u, 2) — I'(u, 2)) = p*¢(2).

When p? and ¢(z) satisfy the equation (1), then we call ¢ the eigenfunction to
a spectrum p? or an eigen value 1/0®.. And any non-trivial eigenfunction can
be normalized by the normalization

l¢llo® = (¢(2), ¢(2))p = 1.

Let 7 be a transformation of Ly(D) into Ly(D) defined by the left hand side of
the equation (1). This transformation 7 is hermitian self-adjoint and positive
unless the kernel K(z,%)—I'(2, %) vanishes identically. Moreover 7 satisfies the
half-boundedness

e, 9) =9

for any ¢ € Ly(D), which is obtained by the reproducing property of K and
the positive definiteness of the kernel I'(z, #). Therefore by Neumann’s theory
of hermitian operators in Hilbert space we have a unique spectral decom-
position

1
r= j p*dE (o),
-0
where E'(o) is a resolution of the identity corresponding uniquely to the 7.

If there are only the point spectra, then we have an orthonormal complete
system {¢,} of the eigenfunctions of (1) such that for any element ¢ & Ly(D)
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o) =Xae@,  a=¢e).
Evidently we have
K(z, ) = 2} (20 (0)

by its reproducing property. Let 2,2=1/p,? be the eigen value for ¢.(z), then
we have

_ il 1 —
I m)=3) (1 75 )e@nw).
These relations are formally equivalent to those in [2]. However we can
recognize that several differences lie between theirs and ours. For example,
the first eigen value 4,2 may be equal 1 in our case. And secondly, the sum

does not converge in our case. A simple example illustrating these phenomena
is a domain D excluding a straight line segment [—2, 2] from the whole
complex plane. For this domain D we have

Iem=0,  Kom=S060m, oo =i/2r6-17,

which shows that all the eigen values are equal to 1. In Bergman-Schiffer’s
case [2], the above domain D is excluded by their analyticity assumption for
the boundary curves.

2. Fredholm eigen values and the class Ng.
Let us now define a notion of the Fredholm null-set. Let E be the comple-
mentary closed set of D, that is, = D°.

DEFINITION. FE & Ny means that all spectra of the Fredholm eigen value
problem (1) for D concentrate on any non-negative number.

THEOREM 1. Nr=Ngy,

where £ Ny means D& O,p.

Proof. Assume that £ Ng. Any function ¢(z) € Ly(D) and its indefinite
integral ¥(z) can be continued analytically onto &, and hence ¥(z)=const. or
equivalently ¢ =0. Thus the equation (1) is satisfied by any real non-negative
number, which shows E € Nr. Conversely we assume that F <= Ny. Let a be
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a real non-negative number on which all spectra concentrate. Then there is
an orthonormal complete system {¢,} of eigenfunctions of the equation (1).
And hence we have

K(z, %) — I'(z ) = a* 2 .2).(w)
and

I'(3, )= (1 — %) 3 9,700,

However, since a is arbitrary, I'(z,w)=0 putting e =1 and hence K(z,w)=0
putting ¢ =0. On the other hand, it is well known that K(z,%) =0 is equi-
valent to E€ Ng [1]. Thus E € Ny implies that E &€ Ng,.

THEOREM 2. If all the spectra are equal to zero for D and the two-
dimensional measure of E is equal to zero, that is, m(E)=0, then E < No.

Proof. Since all the spectra are concentrated at zero, we have
K(z, w) =I'(z, ).
And m(E)=0 implies I'(z, w) =0, whence follows K(z,w)=0, that is, EENgy.

In the theorem 2 the assumption m(E)=0 cannot be excluded, since we
have l(z,w)=0 for the exterior of the unit circle, which does not belong to
the class Ng.

LEMMA. Let D' be o domain and Ko (z,W) be the reproducing kernel of
LyD"). Assume that Kp (2, @) has the local expansion

fﬁok,w(z — 2o)"(w — Z0)”

#yy=

around (2, 20) and ¢(z) is an analytic function around 2z, having the local
exPANSion

2 Moz — zo)

=

If there holds a system of inequalities
N |2 N—1 _
I‘Z:]‘,uc,,w,,i = Z‘{?—‘__‘Ok””x””x““

for any complex number x, and any integer N, then ¢(z) € Ly(D’), and vice
versa.

Proof. This lemma has already been proved in our previous paper [4] in
a somewhat restricted case, that is, in a case of finitely connected domain D’
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with analytic boundaries. Since, however, the proof carried previously has

been quite formal, we can extend our lemma to the general case.

THEOREM 3. Let U be a circular disc contained in D. If all the spectra
of the equation (1) for the domain D —U are concentrated at zero and the
two-dimenstonal measure m(E) of E 1s equal to zero, then E & Nx.

Proof. Since all the spectra are concentrated at zero, we can choose an
orthonormal complete system {¢,} of eigenfunctions of the problem (1) for
D —U. Therefore we have 7¢ =0 for any ¢ € Ly(D —U), that is, Kp_v(z, W)
— I'p_y(z, D) is orthogonal to the space Li(D —U). This implies an identity

Ky _y(2, W) =Ip_p(2,W).

However I*term is additive by its definition, that is,
Ip_y(2,w) = Ip(2, )+ Iye(2, D).
On the other hand, it is well known that ly<(z,w) =0 and hence
Ky(z, w) = I'yez, W).
Since m(E) =0, we have
Iy(z,w)=0

by its definition. Therefore we have

Kp_y(z, w) = Kye(z, w).

Let ¢(z) be any element of L,(D—U), then a system of inequalities

! J

2 N—-1
é M Z kyvxp+1xp+1’ M: HSD”D—UZ’
)3

, V="

N
S pe,,
=1
holds for any integer N and any complex number x,, where we put

Kooz @)= 31 ku(z — 20/ (= 20

U,y

and
o(2) = E} He(z — zo) L.
=
By the equality Kye(z, w)=Kp_y(z,@), we have the same local expansion of

Kye(z, w) as that of Kp_y(z, w). This implies that ¢(z) € Ly(U°®), that is, ¢(2)
can be continued analytically onto E, which shows that E € Ng,.

THEOREM 4. If E & No and all the spectra are concentrated at 1, then
m(E)=0. Conversely, if Ed& Ny and m(E)=0, then all the eigen wvalues
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are equal to 1, or all the spectra are equal to 1. In other words, if m(E)
=0 and if there is at least one spectrum less than 1, then E < Nx.

Proof. This theorem 4 may be regarded as a precision of theorem 2. By
the assumption, we have

K(z,7%) = 31 ¢, (w) = K(z, ) — I'(2, %)

for an orthonormal complete system {¢,} of eigenfunctions. This implies that
I'(z,@)=0, that is, m(E)=0. Let ¢ be an eigenfunction corresponding to a
real number A2 =1/p?, then we have 27¢ =¢. From this we have

”50”2 = 12(9”(“), (sD(W), K(wr ﬁ) - F(wr a))D)D-
By m(E)=0, we have I'(w, %) =0, and hence
el = 2%(g(w), (p(w), K(w, @))p)p = All¢]?,

by the reproducing property of the kernel K. This implies the desired result
2=1. By m(E)=0, we have that the 7¢ coincides with (¢(u), K(%,z))». Thus
we have E(0)=0 for p<1 and =1 for p=1 in the spectral decomposition of
the transformation 7.

We can consider another Fredholm eigen value problem: Let I?(z, ) be
the Bergman kernel function in the class (D), whose elements are all single-
valued analytic functions square integrable on D. Then the problem to be
considered concerns with the equation

p2ou) = (¢(2), K(z, @) — I'(2, W))p,

where ¢(z) belongs to the class £x(D). This problem contains the earlier problem
as its part and leads to another Fredholm null-set corresponding to a class
Ozup. Details are omitted here.
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Added in proof. Recently, Mr. N. Suita has pointed out that our Theorem 3 can
be improved. In fact, it is shown that our assumption with regard to the two-dimensional
measure of £ may be eliminated.





